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In general, a set A C NU {0} is called a basis of BC N U {0} if
every element of B belongs to the sumset

A+A={a+4d : adeA}

Usually, B is NU {0}, but we also consider the case
B={0,1,2,...,n}.
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Definitions

Let A be a finite or infinite subset of the set NU {0}. The square
of the power series
fa(x) = > x?

acA

associated with A is given by the formulae
fa(x)2 = ra(m)x”,
n=0

where ra(n) stands for the number of representations of the
integer n > 0 by the sum a+ b with a, b € A, namely,

ra(n) :=|{(a,b) € A% : a+b=n}|
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ra(n) is called the representation function.

So Ais a basis of B if
ra(n) > 1

for each n € B.
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n > 0, cannot all lie in the interval [1, 5]

[1 G. GREKOS, L. HADDAD, C. HELOU AND J. PIHKO, On the
Erdbs-Turan conjecture, J. Number Theory, 102 (2003),
339-352.

andin [1,7].

[ P. BORWEIN, S. CHOI AND F. CHU, An old conjecture of
Erd6s-Turan on additive basis, Math. Comp., 75 (2006),
475-484.
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Partial results on the Erdds-Turan conjecture

By an entirely different method, Sandor showed that the values
of ra(n), where n runs through all sufficiently large integers,
cannot all lie in the interval [u, v], where u > (/v — 1)2.

[§ C. SANDOR, A note on a conjecture of Erdés-Turdn,
Integers, 8 (2008), #A30, 4 p.

For instance, all ra(n) cannot all lie in the interval [7,13],

because
V13- V7=0959-- < 1.
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Some futher work on the Erdés-Turan conjecture:

N. Alon and M.N. Kolountzakis (1995), Helm (1993, 1994).
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Related results

In the opposite direction, Erdds answered a question of Sidon
and showed that there exists a basis A of NU {0} such that

ra(n) < cilogn (1)

for some positive constant ¢; and each n > 2.

@ P. ERDOS, On a problem of Sidon in additive number
theory, Acta Sci. Math., 15 (1954), 255-259.
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Rusza’s result

In 1990 Ruzsa proved that there is a basis A of NU {0} whose
representation function ra(n) is bounded on average, namely,

1 n—1
—> k)< (@
k=0
foreach n > 1.

[§ 1. RuzsaA, A just basis, Monatsh. Math., 109 (1990),
145-151.
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Constant ¢, in Rusza’s result

> ¢, = 1449757928 Tang (2008)
> ¢, = 1069693154 Tang (2010)

» ¢, = 3000 Yong-Gao Chen and Quan-Hui Yang
(announced)



Constant ¢ ?



Constant ¢ ?

Theorem 1



Constant ¢ ?

Theorem 1
For each ¢ satisfying 0 < € < 1/2 there is a positive constant

c(e)



Constant ¢ ?

Theorem 1
For each ¢ satisfying 0 < € < 1/2 there is a positive constant
c(e) and a basis A of NU {0} such that



Constant ¢ ?

Theorem 1
For each ¢ satisfying 0 < € < 1/2 there is a positive constant
c(e) and a basis A of NU {0} such that

0.1¢2log n < ra(n) < (2e +¢)log n + c(e) (3)



Constant ¢ ?

Theorem 1
For each ¢ satisfying 0 < € < 1/2 there is a positive constant
c(e) and a basis A of NU {0} such that

0.1¢2log n < ra(n) < (2e +¢)log n + c(e) (3)

forevery n > 2.



Constant ¢ ?

Theorem 1

For each ¢ satisfying 0 < € < 1/2 there is a positive constant
c(e) and a basis A of NU {0} such that

0.1¢2log n < ra(n) < (2e +¢)log n + c(e) (3)

forevery n > 2.

26 =5.4365...
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Under additional assumption of f being a reciprocal polynomial,
namely, f(x) = x"f(1/x), it was proved

[§ A. DUBICKAS AND G. SEMETULSKIS, On polynomials with
flat squares, Acta Arith., 146 (2011), 247-255.

that if the coefficients of f(x)? are all at least 1 then the largest
coefficient of f(x)? must be at least #ec(n), Where

2
firec(n) ~ —logn

as n — oo.
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Polynomial reciprocal version of ET with nonnegative
coefficients

The extremal reciprocal polynomial with nonnegative
coefficients was found explicitly:

Ln/2] n—[n/2]-1

2k 2k
E 2—2k< p )Xk + 2 2—2k< p )Xn—k‘ (4)
k=0 k=0

In fact, the first |[n/2] + 1 and the last |n/2| + 1 coefficients of
its square are all equal to 1.
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Polynomial version of ET with nonnegative coefficients

We conjectured that the extremal polynomial (with nonnegative
coefficients) in the general case should be the same reciprocal
polynomial (4). However, there are no results in this direction
so far (neither for general polynomials with real nonnegative
coefficients nor for Newman polynomials).
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For a general Newman polynomial we prove that

Theorem 2
For each ¢ > 0 and each integer n > ny(¢) there is Newman

polynomial of degree n whose square has all of its coefficients
in the interval [1, (1 + ¢)(4/7)(log n)?].
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Under weaker assumption

Under a slightly weaker assumption
{0,1,....[(2—¢e)n]} CA+ A

Theorem 1 gives a stronger bound with (log n)? replaced by

log n:

Corollary 3

For each ¢ > 0 there is a positive constant C = C(¢) such that
for every integer n > 2 there is a set A C {0,1,..., n} for which

the sumset A+ A contains the set{0,1,...,|(2 —¢)n]|} and
ra(k) < Clogn

forevery k =0,1,...,2n.
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Reciprocal Newman polynomial

For a reciprocal Newman polynomial the correct growth is of
the order \/n:

Theorem 4

For each reciprocal Newman polynomial f(x) of degree n
whose square has all of its 2n + 1 coefficients at least 1, the
middle coefficient for x™ in f(x)? must be at least 2\/n — 3. On
the other hand, for each n € N there is a reciprocal Newman
polynomial of degree n such that the coefficients of its square
are all in the interval [1,2v/2n + 4].
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To prove the second part of Theorem 4 we use the following
explicit example

t—1 s
DX 4300+ x4+ 6(x), (5)
i=0 j=1
where
t:=1[v/n/2], s:=[n/2t] —1,
0, if {n/2t} <1/2,
5(x) == < x"/2, if {n/2t} >1/2 and n is even,

x(n=1)/2 4 x(n+1)/2 if {n/2t} > 1/2 and n is odd.
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Other proofs

The first part of Theorem 4 is proved by a counting argument.

All other proofs are probabilistic.
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The constants —3 and 4 in Theorem 4 can be easily improved.
However, we do not know for which constant in the interval
[2,21/2] both parts of Theorem 4 hold, so we ask for the best
possible constant « for v/n in the sense that for each ¢ > 0 and
each sufficiently large n € N the first statement of Theorem 4
holds with (x — )y/n instead of 2,/n — 3 while the second holds
with (x + €)v/n instead of 2v/2n + 4.
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For the proof of Theorems 1 and 2 we define mutually
independent random variables Yy and Y taking only values 0
and 1, by

P(Yo=1)=P(Yg =1) =P(Y1 = 1)

—P(Y; =1)=PB(Ya=1)=P(¥; = 1) =1

and
2log k
Kk

for each integer k > 3. Here, A\ will be chosen in the interval

P(Yk=1)=P(Yx =1) =px = A

(6)

1< <2, (7)
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sothat0 < px < ps < 2\/2';?3 < 0.97 < 1 for k > 3, by (6) and
(7).
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™

(7). For convenience, we shall also use the notation
Po = p1 = p2 =1, so, by (6),

P(Ye =0)=P(Y; =0) =1 — px

sothat 0 < px < p3 < 2\/2':?93 < 0.97 < 1 for k > 3, by (6) and

for every nonnegative integer k, and

Po=P1=P2>P3>Ps>P5s>Ps>.... (8)



Probabilistic construction



Probabilistic construction

Suppose Xi, ..., Xs are s independent Bernoulli trials,



Probabilistic construction

Suppose Xi, ..., Xs are s independent Bernoulli trials, where
P(X;i=1) =pi €[0,1]

fori=1,...,s.



Probabilistic construction

Suppose Xi, ..., Xs are s independent Bernoulli trials, where
P(X;=1)=p;€[0,1 and P(X;=0)=1—p

fori=1,...,s.



Probabilistic construction

Suppose Xi, ..., Xs are s independent Bernoulli trials, where
P(X;=1)=p;€[0,1 and P(X;=0)=1—p

fori=1,...,s. Set X:=X; +---+ Xs and

E(X) = p;
e



Probabilistic construction

Suppose Xi, ..., Xs are s independent Bernoulli trials, where
P(X;=1)=p;€[0,1 and P(X;=0)=1—p

fori=1,...,s.8etX:=X;+ -+ Xs and
S
E(X) = p;
i=1

for the expectation of the random variable X.
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Then Chernoff’s inequality asserts that

Lemmab
For any § > 0 we have

P(X > (1 + §)E(X)) < e (1+9)log(1+8)-8)E(X) ©)
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Then Chernoff’s inequality asserts that

Lemma 5
For any § > 0 we have

]PJ(X > (1 + 5)E(X)) < ef((1+5) log(1446)—08)E(X)

and

P(X < (1 — §)E(X)) < e (0+(1=0)log(1=0))EX)
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In the proof of Theorem 2 we will consider the random Newman
polynomial

n
() =3 Uxk= S (Yxk + YVix"™ k) ¥ 0x™2, (1)
k=0 0<k<n/2

where Yy, o = Y;;/z = pmy2 = 0 if mis odd.
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Preparation for the proof of Theorem 2

By symmetry (see (6), (11) and (12)), for each interval /| C R we

must have
P(Zmel)=P(Zp-mel) (14)
forn< m<2n.
In the sum
V= > UkUnx (15)

0<k<m)/2
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UxUm_k, Wwhere 0 < k < m/2, are mutually independent
random variables taking only values 0 and 1, so we will be able
to apply Lemma 5 to V. For k < n/2 we have Uy, = Yk if
m—k<n/2and Uy = Y,_,. ., it m—k>n/2. Hence, by
(6),

P(UUn— =1) = P(YkUpn—k = 1)

=P(Yk=1)P(Unk=1)= Pk Pmin{m—k,n—m+k}-
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Thus the expectation of V, for m < nis

E(Vn) = Tm = Z Pk Pmin{m—k,n—m-+k}- (16)
0<k<m/2



