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Underlying ideas

This talk has three underlying ideas:
@ from algebra:
addition (of real numbers, of digit vectors, ...)

@ from harmonic analyis:
the dual group and associated function systems on [0, 1[°

© from applications:
hybrid sequences
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D a nonempty set,
f a function on D, integrable in some suitable sense,
w = (Xn)n>0 @ sequence in D.
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D a nonempty set,
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Question 1: a limit relation
Under which conditions on f and w do we have
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D a nonempty set,
f a function on D, integrable in some suitable sense,
w = (Xn)n>0 @ sequence in D.

Question 1: a limit relation
Under which conditions on f and w do we have

T~
A)L»mmN;f(X"):/Df? (1)

Il
| \

Question 2: an error estimate
w = (X»)N=,' a finite sequence
What can be said about the error

N—1

g fom = [ @

n=|
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T : D — D structure preserving,
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Several answers

These two questions are studied in several fields

m Theory of dynamical systems: Q1
T : D — D structure preserving,
w = (T"Xx)n>0 the orbit of x € D

keywords: ergodic theorem

m Stochastics: Q1, Q2
f a random variable on the probability space D, w a given sample;

keywords: LLN, applied statistics
m Numerical mathematics: Q2
keywords: quadrature formulae

m Metric Number Theory: Q1, Q2
w a uniformly distributed sequence;

keywords: Weyl criterion, discrepancy, Koksma-Hlawka inequality




Monte Carlo and Quasi-Monte Carlo Methods

The underlying space

R®/7Z° ...s-dimensional torus, identified with [0, 1[°, s > 1
As ...Haar measure on [0, 1[° (s-dimensional Lebesgue measure)
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Applications

Suppose f[oj[s f cannot be computed.
N—1

Approach: generate a suitable finite sequence w = (x»),,_, such that, for large N,

1 N—1

N f(xn) s close to / fdXs.
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Monte Carlo and Quasi-Monte Carlo Methods

The underlying space

R®/7Z° ...s-dimensional torus, identified with [0, 1[°, s > 1
As ...Haar measure on [0, 1[° (s-dimensional Lebesgue measure)

Applications

Suppose f[o 1 f cannot be computed.
Approach: generate a suitable finite sequence w = (xn),",’:‘01 such that, for large N,

| A\

1 N—1

N

n=|

f(xn) s close to / fdXs.
[0,1[s
Two techniques to construct such sequences w in [0, 1[°:
@ random points x,: Monte Carlo method (MC)
@ deterministic points x,:

m pseudorandom numbers (PRN): mimic random points
m low-discrepancy points (LDP): quasi-Monte Carlo method (QMC)
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Sample means

w = (Xn)n>o - . . S€QUence in [0, 1[°
f: [0,1[°*— R(C) ... Riemann-integrable function

f(xn) ...sample mean

Intervals in [0, 1[°

J = {JJluvl: 0<u<v <1y,

i=i

T = {[Jlo.v[: 0<v <1}
i=1

For J € 7, define

1, ...the indicator function of J, As(J) .. .the volume of J.




Uniform distribution of sequences

Remark

Sn(1y = As(J),w) = Sn(1y,w) — As(J).

Definition
w = (Xn)nxo0 uniformly distributed in [0, 1[° (u.d.), if
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Uniform distribution of sequences

Remark
Sv(1y — As(J),w) = Sn(1s,w) — As(J).

Definition
w = (Xn)nxo0 uniformly distributed in [0, 1[° (u.d.), if

| A\,

VJd e J: Nlim SN(1J = )\S(J),w) = 0.
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Definition
Discrepancy of w:
Dn(w) = ?Uplslv(h = As(J), W),
es




Uniform distribution of sequences

Sn(1y = As(J),w) = Sn(1y,w) — As(J).

v

w = (Xn)nxo0 uniformly distributed in [0, 1[° (u.d.), if

VJd e J: Nlim SN(1J = )\S(J),w) = 0.

v

Discrepancy of w:

Dn(w) = ?gglslv(h = As(J),w)l,

Di(w) = Sup, ISn(1y = As(J), )] -




Results
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Results

w = (Xn)nxo0 Uniformly distributed in [0, 1[° if and only if one of the following is true:
@ for all subintervals J of [0, 1[5:

[im SN("J,w) = / 1, d)s,
N—oco [0,1[
@ for all functions f Riemann integrable on [0, 1[°:
lim Sny(f,w) = / fds,
N— oo [0,1[

© the discrepancy converges to zero:

Jim Dy(w) = 0.

The same results hold for J € J™ or for Dy,.




@ Prove the u.d. mod 1 of a given sequence w
@ Measure the u.d. mod 1 of a given sequence w
© Construct sequences w with good uniform distribution

@ On the 1st question: sometimes we have to resort to counting . . .
@ On the 2nd question: cannot compute discrepancy exactly (in many cases) ...
© On the 3rd question: thisis an art . ...

We look for general techniques to study these questions.
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Examples of sequences

Example (Kronecker sequences)

a:(m,...,as)e]Rs
w = ({na})n>0 - ..sequence of fractional parts of the vector na

If « = g/N, g € Z°: good lattice points and lattice rules.

Example (Digital sequences)

b > 2 integer
n € Nop: n denotes digit vector of nin base b
T T
w= (((,pb(CJv> )s---,9(Csn )))n>0, With suitably chosen matrices Cy, ..., Cs and

some output function ¢y
a finite digital sequence in base b: a finite sequence w on the grid

b~"7° (mod 1).

Example (Van der Corput sequence)

w = (0 M2 a0, where n =73, n;2/ dyadic expansion
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Classical approach

Trigonometric functions

k=(ki,....ks) €Z°,x=(x1,...,%) € [0, 1] ex(x):=[[}, &

7 = {ex:keZ°} ...trigonometric function system on [0, 1[°.

Theorem (Weyl criterion)
w = (Xn) o uniformly distributed in [0, 1[* if and only if

Wk#£0: fim Sy(eqw) = 0.

A\
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Theorem (Inequality of Erdés-Turan-Koksma)

Cs | it Z - |Sn(ex, w)|
kearmy |

DN(w)

IA
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Classical approach

Trigonometric functions

k=(ki,....ks) €Z°,x=(x1,...,%) € [0, 1] ex(x):=[[}, &

T = {ex:keZ°} ...trigonometric function system on [0, 1[°.

Theorem (Weyl criterion)
w = (Xn) o uniformly distributed in [0, 1[* if and only if

Wk#£0: fim Sy(eqw) = 0.

\

Theorem (Inequality of Erdés-Turan-Koksma)

keA* (M)

DN(W) < CS (I:/I+ Z r(1k) 'SN(ekaw)l)

r(k) = TT5_, max{1, |k}
A*(M) ={k = (ki, ..., ks) € Z°\ {0} : ||K||oc = Mmaxi<i<s |Ki| < M},
Cs a constant
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Observations

m 7° is well suited to study Kronecker sequences:

l ek(a)N —1

(809) = N e(a) =1
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Observations

Problems

m 7° is well suited to study Kronecker sequences:

l ek(a)N —1

(809) = N e(a) =1

m 7° is not suited to study digital sequences or van der Corput sequence!

Diagnosis

The type of addition used in the construction principle has to match the function
system used in the analysis of the u.d. behavior of the sequence.

Consequence
Let us study addition!
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Construction principles for sequences

The general setting

Given the state space 2,
@ generate a sequence (2n)n>o in Z,
@ map this sequence to w = (X»)n>0 in [0, 1] by an output function

p: Z—[0,1],

with X, = ¢(2,), n=0,1....
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Construction principles for sequences

The general setting

Given the state space 2,
@ generate a sequence (2n)n>0 in Z,
@ map this sequence to w = (Xa)s>0 in [0, 1] by an output function
¢:Z—[0,1],
with X, = ¢(2,), n=0,1....

Need some structure on Z in order to derive properties of (z,)»>0 and, in
consequence, of the final sequence w.

Algebraic properties

Type of addition used in the construction principles:
m Kronecker sequences: addition modulo 1
m digital sequences: addition without carry
m van der Corput: ?

13/48



Adding binary vectors, Approach 1

Two binary vectors of length m:

X = (X0, -5 Xm—1),
y = o, -, ¥m—1)

How to define addition of these two vectors?
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Adding binary vectors, Approach 1

Two binary vectors of length m:

X = (X0, -5 Xm—1),
Yy = Yooy Ym1)

How to define addition of these two vectors?

Approach I: XOR

Xy = (Xo+yo,...,Xm_1 +ym_1)

v

Consequences

Underlying group: (F5', @)
Appropriate function system: Walsh functions in base 2




b-adic representations

b-adic representation
For k € Ny, let

k=> Kb, Kke{od, .. b-1}
j>0
For x € [0, 1], let
X:ijb‘/‘1, x €{0,1,...,b—1}.

j=0

Representation is unique under the condition x; # b — 1 for infinitely many j.
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b-adic representations

b-adic representation

For k € Ny, let

k=> Kb, Kke{od, .. b-1}
j>0
For x € [0, 1], let
x=>"xb7", xe€{01,. .. ,b-1}
j>0
Representation is unique under the condition x; # b — 1 for infinitely many j.

Let

Definition

keNo, k=359 kb, xc[0,1],x= Lo xb~/ =1
k-th Walsh function in base b:

w(x) = e ((Z /qxj)/b) .

j=0




Walsh functions on [0, 1[°

Definition

b= (b,...,bs) a vector of not necessarily distinct integers b; > 2
k=(ki,....ks) €N, X=(xi,...,xs) €[0,1[°

k-th Walsh function in base b:

S
w(x) = [ w(x), wy inbase b;.
=1

W) = {w : k € N§} .. .the Walsh system in base b

ONB property

W is an ONB of L2([0, 1[%).

For W,(,S), we have a Weyl criterion as well as an Erdds-Turan-Koksma inequality.
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Adding binary vectors, Approach 2

Two binary vectors of length m:

X = (X0, -5 Xm—1),
Yy = Wos--sYm-1)
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| A

Approach II: integer addition

X — int(X) =X+ X124 - + Xp_12™"
y e int(y) = Yo+ yi2+ -+ ym 12"
x+y = digit vector of {int(x) + int(y) (mod 2™)}
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Adding binary vectors, Approach 2

Two binary vectors of length m:

X = (XO>-~~7Xm—1)7
y = o,y Ym—1)

v

Approach II: integer addition

X — int(X) =X+ X124 - + Xp_12™"
y e int(y) = Yo+ yi2+ -+ ym 12"
x+y = digit vector of {int(x) + int(y) (mod 2™)}

v

Consequences

Underlying group: (Zom, +) ...generalize to (Zz, +)
Appropriate function system: ?




Conclusion

Adding two binary vectors of length m:

Essentially, there are only those two types of addition!
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The b-adic integers

Definition
The compact abelian group of b-adic integers Zy:

j=0

Zp = {Z:ZZ/U, withdigitszje{0,1,...,b1}},
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The b-adic integers

Definition
The compact abelian group of b-adic integers Zy:

Zp = {zZz,-b’, withdigitsz,e{o,1,...,b1}},

j=0

Z is embedded in Zp. In particular, —1 =3 ,(b— 1)b.

Definition
The dual group Zy:
Zo = {xo}
U{z— e(b%(zo+z1b+ng2+-~)) :1<a<b’ageN},

x(a,9:2)

Xo - - - the trivial character, Vz € Zy, : xo(2) = 1.

19 /42




Monna’s map

Definition (Monna’s map)

©b : Zb—> [0,1[,
oo(>"zit) = Y zb7 (mod 1).

j=0 j=0

Properties

wp IS continuous and surjective, but not injective.
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Monna’s map

Definition (Monna’s map)

©b : Zp — [0,1[7
eo(d_zb) = > zb7 (mod 1).

j=0 j=0

Properties
wp IS continuous and surjective, but not injective.

7, enumerated

Zy = {z»—>e(cpb(k)(zo+21b+22b2+---)): k € No},

Xk(2)
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Pseudo-inverse of Monna map

Definition (Pseudo-inverse of Monna’s map)

‘P; : [071[_> Zp,
eb(x) = > _xb,
j=0

if x =" x b~/ with x; # b — 1 infinitely often

j=0
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Pseudo-inverse of Monna map

Definition (Pseudo-inverse of Monna’s map)

@;: [071[_> Zp,
ep(x) = > _xb,
j=0

if x =" x b~/ with x; # b — 1 infinitely often

j=0

Definition (The b-adic function system in dimension s = 1)
k € No

Y : [0,1[ = {ceC: |c] =1},
W(X) = xx(ph (X))

Put ) = {v: ke Ny} ...the b-adic function system on [0, 1]
b

21/48



The b-adic function system

Definition (The b-adic function system in dimension s > 1)

b = (by, ..., bs) a vector of s not necessarily distinct integers b; > 2
k=(ki,..., ks) € N§

w: [0,1° = {ceC: |c| =1},

S
w(X) = [[w(x), €Ty,
i1

Put r,(j) = {w: ke N§} ...the b-adic function system on [0, 1[°

ONB property
r(®) is an ONB of L2([0, 1[%).

For Fff), we have a Weyl criterion.

22/48




b-adic Wey! criterion

Theorem (b-adic Weyl Criterion)

b = (bi,...,bs) a vector of s not necessarily distinct integers b; > 2

Then w u.d. in [0, 1[° if and only if
Vk #0: Nlim Sn(k,w) = 0.
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b-adic Wey! criterion

Theorem (b-adic Weyl Criterion)

b = (bi,...,bs) a vector of s not necessarily distinct integers b; > 2

Then w u.d. in [0, 1[° if and only if
Vk #0: Nlim Sn(k,w) = 0.

Van der Corput sequence in base b has the form

w = (b(N))n>o0-
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b-adic Wey! criterion

Theorem (b-adic Weyl Criterion)
b = (bi,...,bs) a vector of s not necessarily distinct integers b; > 2

Then w u.d. in [0, 1[° if and only if

Vk #0: Nlim Sn(k,w) = 0.

| \

Remark
Van der Corput sequence in base b has the form

w = (b(N))n>o0-

Corollary
For w = (¢»(n))n>0 the van der Corput sequence in base b: Then

| A\

_ 1 e(pn(k)" - 1
SN(’Vkaw) = NW, k € N.




Zp and the vdC-sequence

The setting

For the van der Corput sequence w in base b:
@ State space: Z = Zy,
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Zp and the vdC-sequence

The setting

For the van der Corput sequence w in base b:
@ State space: Z = Zy,
@ Generating principle: T :Zp — Zp, Tz =2z+ 1
© Putz,=7"0=n, n=0,1,...
@ Output function: vy : Zp — [0,1],
@ vdC: w = (Xn)n>0 in [0, 1] with X, = pp(n), N =0,1,...

Remark

| \

The exponential sums Sy(k,w) for It are of the form

N—1

1/N> e(pb(k))", k=0,1,...

3
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b-adic Inequality of Erdds-Turan-Koksma

w a sequence in [0, 1[°,
b= (bi,...,bs) € N°, by > 2, not necessarily distinct,
9= (9,...,0s) € N°, arbitrary:

Dy(w) < 2smax by ¥+ > po(K)|Sn(w,w)| ,

1<i<s
keAs(9)

where, for b > 2 integer:
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b-adic Inequality of Erdds-Turan-Koksma

Theorem

w a sequence in [0, 1[°,

b= (bi,...,bs) € N°, b; > 2, not necessarily distinct,
9= (9,...,0s) € N°, arbitrary:

Dy(w) < 2smax by ¥+ > po(K)|Sn(w,w)| ,
1<i<s
keAF(9)

where, for b > 2 integer:

{ 1 if k=0

po(k) = 2 ; t—1 t

- - @@ <
BFsin(rki_1/D) if b7'<k<b,teN,

pb(k) = Hpbi(kf)v _(k17"'7 )ENO,

i=1
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b-adic Inequality of Erdds-Turan-Koksma

w a sequence in [0, 1[°,
b= (bi,...,bs) € N°, by > 2, not necessarily distinct,
9= (9,...,0s) € N°, arbitrary:

Dy(w) < 2smax by ¥+ > po(K)|Sn(w,w)| ,
1<i<s
keAF(9)

where, for b > 2 integer:

1 if k=0
po(k) = 2 i b

bt sin(mk;—1/b)

pb(k) = Hpbi(kf)v _(k17"'7 )ENO,

i=1

Do(@) = {k=(ki,...,ks): 0< ki< bl 1<i<s},
Ag(9) = An(9) \ {0}

b~ <k < b, teN,

25/48



Main lemma
Where do the weights p, (k) come from? l
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Main lemma

Where do the weights p,(k) come from?

Lemma

Choose g = (g1, - .-, 9s) € N§ and consider f(x) = 1,(x) — \s(/),
where | = [[;_, [a,-b,‘g’,d,-b,_g’[, 0<a<d<bl g>1.
Then

Q vkeN;\ A5(9),

f(k) =0,
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Main lemma
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Main lemma

Where do the weights p,(k) come from?

Lemma

Choose g = (g1, - .-, 9s) € N§ and consider f(x) = 1,(x) — \s(/),
where | = [[;_, [a,-b,‘g’,d,-b,_g’[, 0<a<d<bl g>1.
Then

Q vkeN;\ A5(9),

f(k) =0,

Q vke 1ia). )
()] < po(K),

Q@ foralix € [0,1[°:
fx) = > Tik) w(x).

keAg(9)

26/48



Another notion

Definition

Uniform distribution determining subclass F = {&x : k € =} of the class of all Riemann
integrable functions on [0, 1[°:

<V§k e F: Nlim Sn(ék,w) = & d)\s> <= wis unif. distr. in [0, 1[°.
— 00 [071[5
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Another notion

Definition

Uniform distribution determining subclass F = {&x : k € =} of the class of all Riemann
integrable functions on [0, 1[°:

&k d)\s> <= wis unif. distr. in [0, 1[°.
[0,1[°

<v.gk e F: Jim Sy, w) =/

@ Trigonometric function system on [0, 1[%, = = Z°.
@ Walsh function system W{* on [0,1[°, = = N§.
@ b-adic function system ') on [0, 1%, = = N§.

b 0

Q..
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Another notion

Definition

Uniform distribution determining subclass F = {&x : k € =} of the class of all Riemann
integrable functions on [0, 1[°:

&k d)\s> <= wis unif. distr. in [0, 1[°.
[0,1[°

<v.gk e F: Jim Sy, w) =/

@ Trigonometric function system on [0, 1[%, = = Z°.
@ Walsh function system W{* on [0,1[°, = = N§.
@ b-adic function system '™ on [0, 1[5, = = N§.

b 0

Q..

What other function systems are u.d. determining?
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Weyl arrays

w a sequence in [0, 1[°,
F = {& : k € =} u.d. determining class on [0,1[°, = € {Z°, N},

s
Definition

Define the array of functions Ar = (&k)ke=.
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Weyl arrays

w a sequence in [0, 1[°,
F = {& : k € =} u.d. determining class on [0, 1[%, = € {Z°,N§, ...}

Definition

Define the array of functions Ar = (& )ke=-
The Weyl array of the first N points of w with respect to F is defined as

SN(A]-',UJ) = (SN(£k7w))keE'
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Weyl arrays

w a sequence in [0, 1[°,
F = {& : k € =} u.d. determining class on [0, 1[%, = € {Z°,N§, ...}

Definition

Define the array of functions Ar = (& )ke=-
The Weyl array of the first N points of w with respect to F is defined as

SN(A]-',UJ) = (SN(£k7w))keE'

Let || - || be an arbitrary norm on R®, and let p : = — R be a weight function such that
@ vke=: pk) >0,
e p(O) =1,

Q Yiezr(K)® <00 (=l p(k) = 0).
Define the array of weights A, = (p(K))ke=-
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Weyl arrays

w a sequence in [0, 1[°,
F = {& : k € =} u.d. determining class on [0, 1[%, = € {Z°,N§, ...}

Definition

Define the array of functions Ar = (& )ke=-
The Weyl array of the first N points of w with respect to F is defined as

SN(A]-',UJ) = (SN(gk,w))kez.

Let || - || be an arbitrary norm on R®, and let p : = — R be a weight function such that
@ vke=: pk) >0,
e p(O) =1,

Q Yiezr(K)® <00 (=l p(k) = 0).
Define the array of weights A, = (p(K))ke=-

Definition
Define the weighted Weyl array as

Sn(A, ® Ar,w) = (p(K)Sn(&k, w))gex -

28/48



Spectral test and diaphony

w, F, and p as before
Let =" ==\ {0} and A% = (&)ke=+, A, = (p(K))ke=+-
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Spectral test and diaphony

Definition
w, F, and p as before

Let =" = =\ {0} and A% = (&k)ke=+» A, = (p(K)Jke=--
The spectral test of the first N points of w w.r.t. 7 and p is defined as

1 x
UN("J) ||A*|| HSN(A ®A.7-'aw)||<>07

and the diaphony of the first N points of ww.rt. 7 and p as

Fn(w) = |ISn(AL ® AF, w)|l2-

IIA*II
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Spectral test and diaphony

w, F, and p as before
Let =" = =\ {0} and A% = (Ske=+, A, = (p(K))ke=-

The spectral test of the first N points of w w.r.t. 7 and p is defined as
1 *
UN("J) ||A*|| HSN(A ®A.7-'aw)||<>07
and the diaphony of the first N points of ww.rt. 7 and p as

Fn(w) = |ISn(AL ® AF, w)|l2-

IIA*II

Theorem
on and Fy are normalized and are u.d. measures:

B 0 <on(w), Fnv(w) <1
B wisud in[0,1]° < limy_ o on(w) = 0 & limy_ o0 Fn(w) = 0.

| A
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Definition (Integration Lattice)

A d-dimensional integration lattice is a lattice in RY that contains Z< as
a sublattice.

Some points of an integration lattice in R?.

30/48



Spectral Test: Aspects

m Geometric Interpretation of the spectral test (for 7):
Maximum distance between adjacent parallel hyperplanes
that cover L

m Efficient computation:
Algorithms due to Dieter (1975), Knuth (1981), LEcuyer and
Couture (1997)
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b-adic Diaphony

Example (b-adic Diaphony)

= (b1,..., bs) a vector of s not necessarily distinct integers b; > 2
w a sequence in [0, 1[°

1/2
Fn(w) = CEENE (Zﬂb 2 |Sn (ks w)| )

k=0

where, for an integer b > 2:
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b-adic Diaphony

Example (b-adic Diaphony)

= (b1,..., bs) a vector of s not necessarily distinct integers b; > 2
w a sequence in [0, 1[°

1/2
) = =y (Zpb ? ISw(ow ))

K#0
where, for an integer b > 2:

po(k)

1 if k=0
b; if b7'<k<bl teN,

po(k) = [[re(k), k=(ki,..

=1

= f[(bi +1)
i=1

'7k5) GN(S)a
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Results |

Theorem (H., 2010)

=(p,...,p), p prime
geN,
w = (1/p9)Z° (mod 1) the regular grid of p%® points in [0, 1[°.
Put N = p%.
Then

log N

G §izs S Fn(w) < Co Nijs:  C Ce explicit constants
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Results |

Theorem (H., 2010)
=(p,...,p), p prime

geN,
w = (1/p9)Z° (mod 1) the regular grid of p%® points in [0, 1[°.
Put N = p%.
Then
log N -
G §izs S Fn(w) < Co Nijs:  C Ce explicit constants

Theorem (H. and Polt, 2011)
p, g and w as before

Put N = p%.

Then

1 1 -
Ci N < on(w) < G N5’ C1, G, explicit constants

33/48



Results Il

Theorem (Inequality of Erdés-Turan-Koksma)

w a sequence in [0,1[°,
g € N° arbitrary
> o 1 2 2
FR(w) < 585+ ——= > (k) |Sw(m @),

keAg(g)
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Results Il

Theorem (Inequality of Erdés-Turan-Koksma)

w a sequence in [0,1[°,
g € N° arbitrary

o 1 2 2
S0+ — > oe(k)? [Sn(w, w)[?,

keA; (9)

Fi(w) <

where

Do(g) = {k=(ki,...,ks): 0< ki< b 1<i<s},
Ap(9) = An(9) \ {0},
& = max(b; +1)""b; %"

b-adic Weyl criterion follows immediately.
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Hybrid sequences

Definition

Hybrid sequence w = (Xn)n>0 in [0, 1[°:

mix at least two lower-dimensional sequences of different types s.t. certain
coordinates of x, stem from the first sequence, certain of the remaining coordinates
stem from the second sequence, and so on.

References
Spanier (1997); Niederreiter (2009 —)

Problem
Need new tools to analyze hybrid sequences.
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Hybrid sequences

Definition

Hybrid sequence w = (Xn)n>0 in [0, 1[°:

mix at least two lower-dimensional sequences of different types s.t. certain
coordinates of x, stem from the first sequence, certain of the remaining coordinates
stem from the second sequence, and so on.

References
Spanier (1997); Niederreiter (2009 —)

Problem
Need new tools to analyze hybrid sequences.

We have different function systems on [0, 1[° at our disposition:

79, W, 1

35/48



Hybrid function systems

s>1:s=8+5%+8; SEN
y:(y1,...7ys)eRs:

y =",y y?),
withy™ = (y1,..., ¥,), Y® = Vs, 41, - - - » ¥s1+5,), @nd so on.
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Hybrid function systems

Notation

s>1:s=8+5%+8; SEN
y=0A,..-,Ys) ER®:

y=",y@,y®),
with y = (1, ..., ¥5,), Y& = Vs, 11, - - » Vs, +5,)» @nd SO on.

\

Definition (Hybrid function system)

§>1, s=51+ S+ 83, Si € No,

b = (by,...,bs,) a vector of s, not necessarily distinct integers b; > 2,
b’ = (b, ..., bs,) a vector of s3 not necessarily distinct integers b; > 2.
71 the trigonometric function system in dimension s,

W,(f?) the Walsh function system in base b in dimension s;,

rE;‘;S’ the b’-adic function system in dimension s;.

Hybrid function system F = 70 @ W) @ 1) = {& : k € Z% x NZ x N2},

&%) = 6 (xX1) - W) (x?) - 30 (x?)

(here, = = Z° x N2 x N¢°)
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Clearly, F is an ONB of L3([0, 1[°).

The concept of Weyl arrays applies, which leads to a hybrid spectral test and to hybrid
diaphony.
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Clearly, F is an ONB of L3([0, 1[°).

Remark

The concept of Weyl arrays applies, which leads to a hybrid spectral test and to hybrid
diaphony.

v

Theorem (Hybrid Wey! Criterion)

§>1,8=258 + S+ 53, 5 € Ny, bandb’ as before
The the associated hybrid function system F is u.d. determining.

.
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Some details of the proof

A b-adic elementary interval, or b-adic elint for short:
a subinterval kg of [0, 1[° of the form

s

g =[] [¢a()en(e) +p7% ]

i=1

g=(91,...,9s) EN§, e =(C1,...,C) EN§: 0< < b¥ 1<i<s.
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Some details of the proof

Definition
A b-adic elementary interval, or b-adic elint for short:

a subinterval I g of [0, 1[° of the form

s

g =[] [¢a()en(e) +p7% ]

i=1

g=1(91,....9s) EN§,e=(C1,...,c) EN§: 0< < bl 1<i<s.

Written in the ‘classical’ form:

s

kg =] [ab (a+ 15|,

i=1

where ¢p,(¢;) = aib; %, with a; € No, 0 < @ < bY', 1 < i < s.
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Two lemmata

Forb = (b,...,bs) € N° b > 2forall i, and g € N§:

Dp(g) = {k=(ki,...,ks): 0< ki< bf',1<i<s},
Ap(9) = Db(9) \ {0}
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Two lemmata

.,bs) € N°, by > 2forall i,and g € N§:

Forb = (b, ..
ks): 0< k< bl 1<i<s},

Ab(g) = {k: (k1,...
Ap(9) = An(9) \ {0}

Lemma (H., 1994)

le.g an arbitrary b-adic elint, f =1, — As(le,g)-
f(x) = Z 1o (K)wi(x), Vx € [0,1[°.

ke (g)
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Two lemmata

.,bs) € N°, by > 2forall i,and g € N§:

Forb = (b, ..
ks): 0 < ki< b, 1<i<s},

Ab(g) = {k: (k1,...
Ap(9) = An(9) \ {0}

Lemma (H., 1994)

le.g an arbitrary b-adic elint, f =1, — As(le,g)-
fx)= > A (km(x), vxelo,1[°.

ke (g)

Lemma (H., 2009)

la,n an arbitrary p-adic elint, f=1,,, — As(lan):
)= > dp,(Knx), vxelo1[°.

keA; (h)
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A lemma of Niederreiter

Lemma (Niederreiter, 2009)

J an arbitrary subinterval of the form [u,v[,0 < u < v <1, of [0, 1][.
For every H € N, there is a trigonometric polynomial

H

PJ(X) = Z cJ(k)ek(x), X € [0,1[,

k=—H

with coefficients c,(k), c;(0) = A(J), and | cy(k) |< 1/ | k| for all k # 0, such that

[1u(x) = Pu(x)| < H+1 Z us(k)ex(x), Vxel[o,1],

with some complex numbers uy(k), where | uy(k) |< 1 for all k and u,(0) =

0.
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Idea of proof

Definition (b-adic subinterval)
Forb = (by,...,bs) € N°, b; > 2 for all i, and g € Ng:

s
a G b
H l:b!;i’ bgli [’ 0<a<c< biglv gi>0, a,ci,9i € No
i=1 i i
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Idea of proof

Definition (b-adic subinterval)
Forb = (by,...,bs) € N°, b; > 2 for all i, and g € Ng:

S
ai G !
H{b*éb*é[ 0<a<a<b 9>0, a,0,0¢cN
i=1 BT

| .

Idea of the proof

Assume that w be uniformly distributed in [0, 1[°. Each function & is
Riemann-integrable, hence Sy(&k,w) = 0, for all k # 0.
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Idea of proof

Definition (b-adic subinterval)
Forb = (by,...,bs) € N°, b; > 2 for all i, and g € Ng:

s

ai G !
H{b*éb*é[ 0<a<a<b 9>0, a,0,0¢cN
=i 5 i

Idea of the proof

Assume that w be uniformly distributed in [0, 1[°. Each function & is
Riemann-integrable, hence Sy(&k,w) = 0, for all k # 0.

Assume that limy_, oo Sn(&k,w) = 0, for all k # 0.

Let J by a subinterval of [0, 1[° of the form J = J") x J®) x J® where
J" is an arbitrary subinterval of [0, 1],

J@ is an arbitrary b-adic subinterval of [0, 1[*, and

J®) is an arbitrary p-adic subinterval of [0, 1[%.

| \,

We show that limy_. . Sn(1s — As(J),w) = 0, which will prove the uniform distribution
of the sequence w.
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Details of the proof: |

Sv(1s — Xs(J)) =

N—
=N Z (Xn) — As(J)
n=0
N—-1
=5 2 Lo () 1 (X07)10 (x37)

n=0

= s (Ve (F)Ae, (U
(150 65 = Py () 1 ()1 0 (X8

1 N

+ 7.2 P () L () o 7)
A

—1
s (J<1)))‘52 (J(Z) ))‘33 (J(S))
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Details of the proof: Il

Define
1 N—-1
2 3
T =y 2 (1000 067) = Py (67)) 1 (0671 0 (7).
n=0
1 N—1
T2 = 5 2 Pu ()1 (657150 (657) = Ay (S Ae, ()5, (U).

n=0

Then, by application of Niederreiter’s lemma above,

1 1
‘ P |§ Os (H + Z I’(k) | S’V(ekvw) |) ’

k(M0 Mk <H

where O denotes a constant that depends only on s
and M(k™) = max;<i<s, |Kil-
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Details of the proof: Il

Define
1 N—-1
2 3
T =y 2 (1000 067) = Py (67)) 1 (0671 0 (7).
n=0
1 N—1
T2 = 5 2 Pu ()1 (657150 (657) = Ay (S Ae, ()5, (U).

n=0

Then, by application of Niederreiter’s lemma above,

1 1
‘21 |§ Os <H+ Z m |SN(ek7w) |) ’

k(M0 Mk <H

where O denotes a constant that depends only on s
and M(k™) = max;<i<s, |Kil-
This implies

lim Y, =0.

N— oo
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Details of the proof: Il

For X», we note that
Py (xX)1 0 ()1 0 (x¥) =

> S Y kM) e k@) e (k@) (x),

k(M:0<M(KM)<H k@ enp(g) k@ eap(h)

forallx € [0, 1[°.
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Details of the proof: Il

For X», we note that
Py (xX)1 0 ()1 0 (x¥) =

> > > ankMie

k(M:0<M(KM)<H k@ enp(g) k@ eap(h)
forallx € [0, 1[°.

Hence,

Sn(Pn101,0),w) =

1

> ) e (KE)T e (k)

k:
0<m(k(M)<H,
k@ eap(g),
k® enp(h)

~

)1

)Sn (&,

(k@

w).

N4

k(%)
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Details of the proof: Il

For X», we note that
Py (xX)1 0 ()1 0 (x¥) =

> S Y kM) e k@) e (k@) (x),

k(M:0<M(KM)<H k@ enp(g) k@ eap(h)

forallx € [0, 1[°.
Hence,

Sn(Pn1o1,0,w) =
ST k) e (k)1 6 (K@) Su(&, w).

k:
0<m(k(M)<H,
k@ eap(g),
k® enp(h)
We observe that

0 (0714 (01 5 (0®)) = Mg, (V) Ae, (P A5, (JP).
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Details of the proof: IV

As a consequence,

Yo=Y kM) e )T e k®)Su(&, w).
K=£0:
0<M(KD)<H,
k@ eap(g),
k® enp(h)

Our assumption implies
lim >, =0.

N— oo
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Details of the proof: IV

As a consequence,

o= Y e (k)T e (k@) 0 (k) Su(d, w).
K=£0:
0<M(KD)<H,
k@ eap(g),
k® enp(h)

Our assumption implies

lim >, =0.
N— oo
As
Sn(1y = As(J),w) = Z1 + Zo,
we obtain
Nlim Sn(1y = As(J),w) = 0.
This finishes the proof of the hybrid Weyl criterion. O
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Some weight functions

Weight functions

We define two types of weight functions:

ez o] 1T k=0
€Z: =\ 1k i ko

S

k=(ki,....ks) € Z°:  r(k) =[] r(k),

=1

o(r,s) = > _r(k)® = (1+°/3)°.

k
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Some weight functions

Weight functions

We define two types of weight functions:

1 i k=0
keZ: k) =
€ r(k) {1/k if k0,

k=(ki,....,ks) €Z°: r(k):f[r(kf),

=1

o(r,s) = > _r(k)® = (1+°/3)°.

k
b=(bi,...,bs) € N, b > 2

S
k:(k‘])"'?ks) GNS : pb(k):HPb,(k/)
i=1

S

o(pw,8) = 3 pw(0® = [[(b1+ ).
k

i=1
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Hybrid diaphony

Definition (Hybrid diaphony)

s, b, and b’ as in hybrid Weyl criterion
w a sequence in [0, 1[°

1/2
Fuw) = =377 (Zp(k)2|sw(sk,w)|2>

k40
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Hybrid diaphony

Definition (Hybrid diaphony)

s, b, and b’ as in hybrid Weyl criterion
w a sequence in [0, 1[°

1/2
Fu(w) = ﬁ (é;p(k)ﬂsw(sk,wnz)

p(k) = r(k™)op(k®)pp (k@)
o =o(r,s1)o(po, S2)0(pw ; S3)
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Hybrid diaphony

Definition (Hybrid diaphony)

s, b, and b’ as in hybrid Weyl criterion
w a sequence in [0, 1[°

1/2
Fuw) = =377 (Zp(k)2|sw(sk,w)|2>

k40

p(k) = r(k™)op(k®)pp (k@)
o =o(r,s1)o(po, S2)0(pw ; S3)

| A\

Theorem
w a sequence in [0, 1[°
Q 0<Fn(w) <1
@ w uniformly distributed modulo one < limy_, o, Fy(w) = 0.
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Theorem (Inequality of Erdés-Turan-Koksma)

S =51+ 82+ 83, Si € Np,
b = (b1,...,bs,) a vector of s, not necessarily distinct integers b; > 2,
b’ = (b, ..., bs,) a vector of s3 not necessarily distinct integers b; > 2,

H € N, g € N*2 arbitrary, h € N* arbitrary.
w a sequence in [0, 1[°:

FN(w) < 36+ 1 Z |SN(§k7 ‘ )

keA*
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Theorem (Inequality of Erdés-Turan-Koksma)

S =51+ 82+ 83, Si € Np,
b = (b1,...,bs,) a vector of s, not necessarily distinct integers b; > 2,
b’ = (b, ..., bs,) a vector of s3 not necessarily distinct integers b; > 2,

H € N, g € N*2 arbitrary, h € N* arbitrary.
w a sequence in [0, 1[°:

FN(w) < 36+ 1 Z |SN(§k7 ‘ )

keA*

A = A(H,g,h) = {(k" k® k@) : 0 < [[k'V||lo < H,k® € Ap(g).k® € Ay (h)},
A* = A\ {0},

5:max{(2/(1 +7°/3))/H, max(b; +1)~ 1 pyai max(b +1)7 b "”}.
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