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Let E := {e1,en,...,eq}, Ef = words over Ey, E) = Ey4 X
Eq x --- = infinite sequences over Ejy.

Let a € E*, e =e1e0...€ EN, el =¢1.. . ep.

Let
Mry(ela) = #{B1, Bole! = BraBo}.
Definition. ¢ is a normal sequence if for every o € E*,

g™ My (g|a)
qT

A a) = length of a.

> 1 (T — 00),




Clear: If £E = A; = {0,1,...,9 — 1}, then ¢ is a normal
sequence if and only if
En

§ = —n
q

is @ g-normal number, i.e. if {¢"¢} is UD sequence.

I. Let Rln) =n(n+1)---(n4+q9g—1).

R(n) =197T(1X1...7T,,?‘7“
g+1<m<...<m, mETP
P(9) <q.



Let
N if |
[ if 7%n 41

hn(m®) = hn(m) = {

Let

Theorem 1. n and { are normal sequences.



II. BCN, B(zx) =#{b<zx;, be B}

F(b
F:B— N, (O<)01§%§62 (b € B)

n=> ei(n)¢, ej(n)e Ay

n=cgn)...c¢(n), e(n)=*0
log x
log ¢q

2

Let 0 <1 < - <[ (< TN), ai,...,ap € Agq.

BF (:B

al,...,0ap
Bp(x) = B(x).

-ty ):#{ng, beB, o (F() =a;j=1,...

7h}7



We say: F(B) is a g-ary smooth sequence, if there exists
O<a<l1, e(xr) — 0, such that for every fixed h > 1:

ajl,...,ap
sup
Na<ly <<l <rN—No Br(x)

— 1| <c(h)e(x)

&n = F(bn) = eg(F(bpn)) . ..¢(F(bpn)).

Theorem 2. Assume that B(x) > c&. Let F(B) be a

g-ary smooth sequence, B = {by1,bo,...}, bp < by41, (n =
1,2,...)

n=20,§&...
Then n is a g-normal number.



Remarks. 1. If Pe Z[x], r=degP(> 1), P(z) — oo (x —
o), then for B=N, and B = P, the corresponding n is
normal.

Annales des sciences mathematiques du Quebec

2. L. German - I. Katai: Let P be a subset of the primes
such that m(z|P) = #{p < =z, p € P} > ¢gey if © >
xg, ¢ > 0. Let N(P) = subgroup generated by P.
P € Z[z], P(z) — oo (& — o0), N(P) = {n1 < no <
...}. Then n =0,P(ny1) P(ny)... is a normal number.
(Annales Sectio Computatorica ELTE, 38 2012))




€L+1
1. q > 2, n=p€il--°pkf1, p1 <...<DPp+1

Hn)=ci(n) ---c(n), ifk>1

qlogp;
l0gpjt1

cij(n) = € Aq

H(p%) = A.

£=0,H(1)H(2)...

Theorem 3. £ is a g-normal number.



Theorem 4. Let R(x) € Z[z], R(m) > 0 ifm > mg H(R(n)
as earlier,

§=0,H(R(mg)H(R(mg+1))...

Then € is a g-normal number. Assume further that R(0) #
0.

Let

n=0,H(R(p1))H(R(p2)) - ..

where p1 < p> < ... IS the whole sequence of the primes.
Then n is a g-normal number.



IV. P=RUPogUP1U...UP,4_1 disjoint

7([u, u + ’U]|7Dj) = %w([u,u +v]) + O <(|O;LU)C>

c>5b, 2<u<w. Let

' ifpeP;, 57=0,...,d—1

Hpy=14+ P77
N ifpeR.

If n= pClL1 ---pr then let

R(n) = H(p1)--- H(pr).
Let

§E=0,R(1R(2)...
e =0,R(24+a)R(3+a)...R(p+a)...



Theorem 5. We have¢ is a d-normal number, furthermore
e IS @ d-normal number, if a # 0.

Special case: {hg,...,h,p)_1} set of reduced residues mod
D,

Pj={plp=h; (mod D)}
j=0,...,0(D) -1
R = {p; p|D}.
Functiones et Approximatio 45, 2(2011), 231-253.
P(z) = epz +--- + e1x € R[z], P(z) € Q[x].

Io,I1 C [0,1),X(Ip) = A({1) > O,



intervals
Po={p:{P(p)} €lo}; P1=A{p:{PW)} €1}

R =P\ (PoguUPq).

(0 ifpePy
H(p)=1<1 if pe Pq
A ifpeR.

n=npt---pd, H(n) = H(p1)... H(pr)
E=0,H(2)H(3)...



V.
Theorem 6. Let I € Z[x], r = deg F, the leading coeffi-

t .

cient of I' is positive. For somen €N letn= 3} €;(n)¢,
j=0

et(n) 70, m=-¢g(n)...e¢(n). For some nonpositive integer

m, let m = /A\. Let
n=0F(P(2+ 1) F(P(3+1))...F(P(p+1))...
§E=0,F(P(2)) F(P3))...F(P(n))...

Then n and & are g-normal numbers.

J-M. D.K. - I.LK.: On a problem of normal numbers raised
by Igor Shparlinski, Bull. Austr. Math. Soc. 84 (2011),
337-3409.

Remark. The assertion remains true by changing P —
P, = the k'th largest prime divisor.



VI. Problems on normal numbers

Let ¢ > 2, Eq 1= {lo,l1,-- -, l)—1} W (mod ¢g) are the
reduced residues mod g. A, = {0,1,...,p(q) —1}. Let
P = {p1,p2,...} be the whole sequence of primes. f,: P —

N Agg )

Let

g ifp=1; (mod q)
f‘I(p)_{/\ if(q,p)]>1.

Let

Bqy = {fq(p1), fa(p2),...} € Agf(q)
£ =0, fq(p1) f(p2) - ..



Conjecture 1. ¢, is a ¢(q)-normal number, i.e.

zn = {¢(q)"&q}

is UD mod 1.

Conjecture 2. Let q > 3, k1,ko,...,kpe A Then

©(q)-
Pntj =1k, (modg) (G=1,...R)
holds for infinitely many n.

This seems to be open for R > 2 and for R > 3 in the case
q = 3.

Knapowski-Turan wrote several papers on 2+ estimations
on

77(567 ka ll) — 7T(£7 ka l2)



A. Rényi formulated a conjecture, namely that for every
permutation « of A@(q) S Agp(q ) there exists a
segquence x1,x>...,Tn — oo such that

) — A
W(Qﬁy,q,ﬂ'(O)) > 7T($1/7Q77T(1)) > > ﬂ-(xl/a(ZJﬂ-(SO(Q) — 1))

This seems to be very hard also.

Assume that the Hardy-Littlewood conjecture holds, namely
that if 0 < b < q, (b,q) = 1, a1,...,a,_1 be such pos-
itive numbers for which the number of solutions p(p) of
F(m) =0 (mod p) is smaller than p, where

F(m) =(mg+b)(mg+b+ay) --(mg+b+ay1+---+ar_1).



Then the number of pg = p <z, for which p=5b (mod q)

p]:pO_I_a'l_I__I_a’] (]Zlaak_l)
are primes satisfies

Ny(z,a1,...,a5_1) = (1 +0:(1)) x ] (1 — @) :

<z

TEP
From the Hardy-Littlewood conjecture one can obtain that
large part of the primes (pg, ...,pr_1) counted in Ny(xz,a1,...,ar)

are consecutive primes, i.e. no primes exists in the intervals
(pj;pj+1) G=1,...k—1).

From this not hard to deduce that for every hqg,...,hp_1 €
Eq4 there are infinitely many consecutive primes pq,...pr_1,
such that

p]Ehj (modq) (j:O,,k—l)



Problem. Construct explicitly such a sequence of integers:
n1 < nyp... for which in the notation n; = 6; (mod q), 0 <
5j < q, the number

n=0,816>... ( g-ary expansion)

IS a g-ary normal number.

I can imagine that one can prove that it is impossible to
define such a sequence explicitly, if we would like to use
only "simple functions". The following theorem seems to
be interesting.

Let £1,&5,... be independent random variables in (£2, A, P)
taking valuesOand 1, P(ép, = 1) = Ap, P(£, =0) = 1— A\p.



Assume that A\{ = A =0, A\, = @ (n > 3).

For some w € Q2 let S(w) := {n1,no,...} where ni,no,...

are those indices for which &, = 1.

Let S(w) |q= {l1,l2,...}, where n; =1; (mod q), [; € Ay
Theorem 7. Let

0, .= 0,l1lo... ( g-ary exp.)

Then 04 is a g-ary normal number with probability 1.



