
On the distribution properties of hybrid point sets

Peter Kritzer
(partly joint work with P. Hellekalek and F. Pillichshammer)

Department of Financial Mathematics
University of Linz, Austria

peter.kritzer@jku.at

UDT 2012, Smolenice

Research supported by the Austrian Science Fund, Project P23389-N18

P. Kritzer (JKU Linz) Distribution of hybrid point sets UDT 2012 1



Outline

1 Hybrid quasi-Monte Carlo point sets

2 Diaphony

3 Hybrid diaphony

4 Results on the diaphony of hybrid point sets

5 Conclusion

P. Kritzer (JKU Linz) Distribution of hybrid point sets UDT 2012 2



Hybrid quasi-Monte Carlo point sets

Hybrid quasi-Monte Carlo point sets

P. Kritzer (JKU Linz) Distribution of hybrid point sets UDT 2012 3



Hybrid quasi-Monte Carlo point sets

In many applications of mathematics (e.g., financial mathematics,
computer graphics) we use quasi-Monte Carlo (QMC) algorithms of
the form

1
N

N−1∑
n=0

f (xn)

for numerically approximating the integrals of functions f .

Here, x0, . . . ,xN−1 are deterministically chosen points in [0,1)s.

It is a good idea to choose the points such that they are evenly
distributed in [0,1)s.
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Hybrid quasi-Monte Carlo point sets

• Spanier proposed mixing QMC and MC points (by concatenation).

• Related results by Gnewuch, Niederreiter, Ökten, Winterhof, . . . .
• Niederreiter: numerous results on QMC point sets with pseudo

random points.
• Third option (in this talk): mix different sorts of QMC point sets,

first proposed by Faure, related to Owen’s latin supercube
sampling. Yields “hybrid” point sets.

• Many results on hybrid point sets (Hellekalek, Hofer, Larcher,
Niederreiter, Pillichshammer, K.,. . . ).
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Hybrid quasi-Monte Carlo point sets

In this talk: we discuss the distribution properties of

(A) hybrid point sets based on Niederreiter’s digital sequences and
lattice points
(joint work with F. Pillichshammer),

(B) hybrid point sets based on Halton sequences and lattice points
(joint work with P. Hellekalek).

As a way of measuring uniformity of distribution, we consider diaphony.
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Diaphony

Diaphony: measure of uniformity of distribution.

Introduced by Zinterhof in the trigonometric form.

Definition

F trig
N (ω1) :=

cs1

∑
k∈Zs1\0

ρ1(k)

∣∣∣∣∣ 1
N

N−1∑
n=0

e2πixn·k

∣∣∣∣∣
21/2

for the first N terms of a sequence ω1 = (xn)n≥0 in [0,1)s1 .

ρ1(k) is a weight function depending on s1 and k , and cs1 a constant
depending on s1.

F trig
N is well suited to study distribution properties of lattice points.
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Diaphony

Carried over to Walsh functions in base b by Hellekalek/Leeb and
Grozdanov/Stoilova.

Definition

F walsh
N (ω2) :=

cs2

∑
k∈Ns2

0 \0

ρ2(k)

∣∣∣∣∣ 1
N

N−1∑
n=0

bwalk (xn)

∣∣∣∣∣
2


1/2

for the first N terms of a sequence ω2 = (xn)n≥0 in [0,1)s2 .

ρ2(k) is a weight function depending on s2 and k , and cs2 a constant
depending on s2.

F walsh
N is well suited to study distribution properties of digital sequences.
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Diaphony

Carried over to the p-adic function system {γp,k : k ∈ Ns3
0 } by

Hellekalek. p = (p1, . . . ,ps) is a vector of primes.

Definition

F p−adic
N (ω3) :=

cs3

∑
k∈Ns3

0 \0

ρ3(k)

∣∣∣∣∣ 1
N

N−1∑
n=0

γp,k (xn)

∣∣∣∣∣
2


1/2

for the first N terms of a sequence ω3 = (xn)n≥0 in [0,1)s3 .

ρ3(k) is a weight function depending on s3 and k , and cs3 a constant
depending on s3.

F p−adic
N is well suited to study distribution properties of, e.g., Halton

sequences.
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Diaphony

What can we say about the diaphony of. . .

(A) . . . hybrid point sets made of digital sequences and lattice points?

(B) . . . hybrid point sets made of Halton sequences and lattice points?

We need hybrid diaphony.
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Hybrid diaphony

Hybrid diaphony, based on three function systems (Hellekalek).

Definition

F hybrid
N (ω) :=

(
c
∑

k1∈Zs1

∑
k2∈N

s2
0

∑
k3∈N

s3
0︸ ︷︷ ︸

(k1,k2,k3)6=0

ρ1(k1)ρ2(k2)ρ3(k3)×

×

∣∣∣∣∣ 1
N

N−1∑
n=0

e2πixn,1·k1 bwalk2(xn,2)γp,k3(xn,3)

∣∣∣∣∣
2)1/2

for the first N terms of a sequence ω = (xn,1,xn,2,xn,3)n≥0 in
[0,1)s1+s2+s3 . c a constant depending on s1, s2, s3.

If s1, s2 or s3 is zero→ obvious adaptions.
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Hybrid diaphony

Analyzing hybrid diaphony is challenging due to the expression∣∣∣∣∣ 1
N

N−1∑
n=0

e2πixn,1·k1 bwalk2(xn,2)γp,k3(xn,3)

∣∣∣∣∣
2

,

involving three different function systems.
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Hybrid diaphony

For all notions of diaphony:

• Diaphony measures uniformity of distribution.
• Low values mean good distribution properties,
• high values mean bad distribution properties.
• A sequence is uniformly distributed if and only if its diaphony

converges to zero.
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Results on the diaphony of hybrid point sets

(A) Hybrid point sets based on digital sequences and lattice points
(joint work with F. Pillichshammer).
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Results on the diaphony of hybrid point sets

For this case, we consider the special case where s3 = 0,

F hybrid
N (ω) :=

(
c
∑

k1∈Zs1

∑
k2∈N

s2
0︸ ︷︷ ︸

(k1,k2)6=0

ρ1(k1)ρ2(k2)×

×

∣∣∣∣∣ 1
N

N−1∑
n=0

e2πixn,1·k1 bwalk2(xn,2)

∣∣∣∣∣
2)1/2
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Results on the diaphony of hybrid point sets

Theorem

Let (xn,2)n≥0 be a digital (t , s2)-sequence over Zb (b prime). For any
α ∈ [0,1), and any odd prime N 6= b,

one can find more than αNs1 generating vectors
g ∈ {0,1, . . . ,N − 1}s1 of an s1-dimensional lattice point set (xn,1)

N−1
n=0 ,

such that the hybrid point set ω = ((xn,1,xn,2))
N−1
n=0 satisfies(

F hybrid
N (ω)

)2
≤ c

1− α

(
4
N

+ b2t (logb N)s2

N2

)
,

where c > 0 is a constant independent of N.
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Results on the diaphony of hybrid point sets

(B) Hybrid point sets based on Halton sequences and lattice points
(joint work with P. Hellekalek).
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Results on the diaphony of hybrid point sets

For this case, we consider the special case where s2 = 0,

F hybrid
N (ω) :=

(
c
∑

k1∈Zs1

∑
k3∈N

s3
0︸ ︷︷ ︸
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N
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Results on the diaphony of hybrid point sets

Theorem
Let (xn,3)n≥0 be an s3-dimensional Halton sequence in bases
p1, . . . ,ps3 , where p1, . . . ,ps3 are s3 distinct primes. Let N be a prime
different from p1, . . . ,ps3 .

Then there exists a generating vector g ∈ {1, . . . ,N − 1}s1 of an
s1-dimensional lattice point set (xn,1)

N−1
n=0 , such that the hybrid point set

ω = ((xn,1,xn,3))
N−1
n=0 satisfies

F hybrid
N (ω) ≤ c

(log N)s1+s3+1

N
,

where c is a positive constant that is independent of N.
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Conclusion

Conclusion
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Conclusion

• We can show the existence of hybrid point sets with low diaphony.

• The hybrid point sets considered here are based on lattice points
and digital sequences (A), or lattice points and Halton sequences
(B).

• Theorems 1 and 2 are existence results.

• Open problem 1: Component by component constructions, in
particular, for (A)?

• Open problem 2: Explicit constructions?
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(B).

• Theorems 1 and 2 are existence results.

• Open problem 1: Component by component constructions, in
particular, for (A)?

• Open problem 2: Explicit constructions?
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Conclusion

Thank you for your attention.
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