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Discrepancy function

N positive integer, P ∈ [0, 1)d point set with N points

DP (x) =
#P ∩ [0, x)

N
− |[0, x)|

|[0, x)| = x1 · . . . · xd volume of [0, x) = [0, x1)× . . .× [0, xd )
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Discrepancy function

Measure the deviation between the number of points of P in [0, x) and N|[0, x)|
(perfect distribution)

Task 1: calculation of the norm of DP in L∞([0, 1)2), L2([0, 1)2), also Lp([0, 1)d )
and Sr

pqB([0, 1)d )

Task 2: search for best possible distributions

Purpose: quadrature formulas (quasi-Monte Carlo), number theory
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Star discrepancy

D∗(N) = inf
#P=N

‖DP |L∞‖

d = 2: (Schmidt; van der Corput)

D∗(N) �
log N

N

d > 2: (Bilyk, Lacey, Vagharshakyan; Halton)

(log N)
d−1

2 +ηd

N
� D∗(N) �

(log N)d−1

N
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Lp-discrepancy

Dp(N) = inf
#P=N

‖DP |Lp‖

1 < p <∞: (Schmidt; Chen)

Dp(N) �
(log N)

d−1
2

N
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Lp-discrepancy

p = 1: (Halász; Chen)

(log N)
1
2

N
� Dp(N) �

(log N)
d−1

2

N
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Sr
pqB-spaces

Dr
pq(N) = inf

#P=N

∥∥DP |Sr
pqB
∥∥

ϕ0 ∈ S(R), ϕ0(t) = 1 for |t | ≤ 1 and ϕ0(t) = 0 for |t | > 3
2

ϕk (t) = ϕ0(2−k t)− ϕ0(2−k+1t) for t ∈ R, k ∈ N

ϕk (t) = ϕk1 (t1) . . . ϕkd (td )

k = (k1, . . . , kd ) ∈ Nd
0 , t = (t1, . . . , td ) ∈ Rd

ϕk a dyadic resolution of unity ∑
k∈Nd

0

ϕk (x) = 1
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Sr
pqB-spaces

∥∥f |Sr
pqB(Rd )

∥∥ =

∑
k∈Nd

0

2r(k1+...+kd )q
∥∥F−1(ϕkF f )|Lp(Rd )

∥∥q

 1
q

∥∥f |Sr
pqB([0, 1)d )

∥∥ = inf
{∥∥g|Sr

pqB(Rd )
∥∥ : g ∈ Sr

pqB(Rd ), g|[0,1)d = f
}

Besov space with dominating mixed smoothness

Sr
pqB([0, 1)d ) ↪→ Lp([0, 1)d )
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Sr
pqB-discrepancy

1 ≤ p, q ≤ ∞, 1
p − 1 < r < 1

p ; q <∞ if p = 1 and q > 1 if p =∞: (Triebel)

N r−1(log N)
d−1

q � Dr
pq(N) � N r−1(log N)

(d−1)( 1
q +1−r)

d = 2, r ≥ 0: (Hinrichs)

Dr
pq(N) � N r−1(log N)

1
q
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Sr
pqB-discrepancy

Question:

Dr
pq(N) � N r−1(log N)

d−1
q ?

The answer is YES for r ≥ 0!
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b-adic intervals

b-adic interval of length b−j , j ∈ N0

Ijm = [b−j m, b−j (m + 1))

for m = 0, 1, . . . , bj − 1

divide Ijm into b intervals of length b−j−1 (notation Ik
jm)

j = (j1, . . . , jd ), m = (m1, . . . ,md )

Ijm = Ij1m1 × . . .× Ijd md
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Haar basis

hjm` function with support in Ijm and value e
2πi

b ` k in Ik
jm for ` = 1, . . . , b − 1

hjm`, h−1,0,1 = 1[0,1) −→ orthogonal basis of L2([0, 1))

j = (j1, . . . , jd ),m = (m1, . . . ,md ), ` = (`1, . . . , `d ), x = (x1, . . . , xd )

hjm`(x) = hj1m1`1 (x1) . . . hjd md `d (xd )

hjm` −→ orthogonal basis of L2([0, 1)d )
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Haar coefficients

f ∈ L2([0, 1))d by Parseval’s equation

‖f |L2‖2 =
∑

j∈Nd
−1

bmax(0,j1)+...+max(0,jd )
∑
m,`

|µjm`|2

where

µjm` =

∫
[0,1)d

f (x)hjm`(x) dx
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Characterization

0 < p, q ≤ ∞, 1
p − 1 < r < min( 1

p , 1), then f ∈ Sr
pqB([0, 1)d ) if and only if it can be

represented as

f =
∑

j∈Nd
−1

∑
m,`

µjm` bmax(0,j1)+...+max(0,jd )hjm`

for some sequence (µjm`) satisfying∑
j∈Nd

−1

b(j1+...+jd )(r− 1
p +1)q

(∑
m,`

|µjm`|p
) q

p


1
q

<∞
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Generalized Hammersley point sets

Rn =

{(
tn
b

+
tn−1

b2
+ . . .+

t1
bn
,

s1

b
+

s2

b2
+ . . .+

sn

bn

)
|

t1, . . . , tn ∈ {0, 1, . . . , b − 1}
}

for any i = 1, . . . , n either si = ti (half of them) or si = b − 1− ti

N = bn points
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Chen-Skriganov point sets

f (z) = f0 + f1z + . . .+ fh−1zh−1

polynomial in Fb[z]

λ ∈ N , λ-th hyper-derivative

∂λf (z) =

h−1∑
i=0

( i
λ

)
fλz i−λ
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Chen-Skriganov point sets

b ≥ 2d2 prime, w ∈ N, n = 2dw

βi,ν ∈ Fb for 1 ≤ i ≤ d and 1 ≤ ν ≤ 2d (distinct)

ai (f ) =

((
∂λ−1f (βi,ν)

)w

λ=1

)2d

ν=1
∈ Fn

b

Cn = {A(f ) = (a1(f ), . . . , ad (f )) : f ∈ Fb[z], deg(f ) < n} ⊂ Fdn
b
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Chen-Skriganov point sets

a = (α1, . . . , αn) ∈ Fn
b

Φn(a) =
α1

b
+ . . .+

αn

bn

A = (a1, . . . , ad ) ∈ Fdn
b

Φd
n (A) = (Φn(a1), . . . ,Φn(ad ))

CSn = Φd
n (Cn)

N = bn points
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Property of the point sets

b-adic interval Ijm, with |Ijm| = b−n

#
(

Ijm ∩ CSn
)

= 1

∑
j∈Nd

−1

b(j1+...+jd )(r− 1
p +1)q

(∑
m,`

|µjm`|p
) q

p


1
q

� bn(r−1)n
d−1

q
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Calculation of µjml

(i) j = (−1, . . . ,−1) then
∣∣µjm`

∣∣ ≤ c b−n

(ii) j 6= (−1, . . . ,−1), j1 + . . .+ jd ≤ n then∣∣µjm`

∣∣ ≤ c b−2j1−...−2jd ,

(iii) j 6= (−1, . . . ,−1), j1 + . . .+ jd > n, j1, . . . , jd < n then∣∣µjm`

∣∣ ≤ c b−j1−...−jd−n

and ∣∣µjm`

∣∣ ≤ c b−2j1−...−2jd

for all but bn coefficients µjm`

(iv) j 6= (−1, . . . ,−1), j1 ≥ n or . . . or jd ≥ n then∣∣µjm`

∣∣ ≤ c b−2j1−...−2jd ,
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Results

Integration error

errN (M([0, 1)d )) = inf
{x1,...,xN}⊂[0,1)d

sup
f∈M1

0
([0,1)d )

∣∣∣∣∣
∫

[0,1)d

f (x) dx −
1
N

N∑
i=1

f (xi )

∣∣∣∣∣ .
Let 1 ≤ p, q ≤ ∞ and 0 ≤ r < 1

p . Then for any integer N ≥ 2 we have

(i)

Dr
pq(N) � N r−1 (log N)

d−1
q ,

(ii)

errN (S1−r
pq B([0, 1)d )) � N r−1 (log N)

(q−1)(d−1)
q ,
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