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Introduction

Discrepancy function

N positive integer, P € [0, 1)? point set with N points

Dp(x) = FEOLD _jpo )
[[0,X)] = X1 - ... Xg volume of [0,x) = [0, x1) X ... X [0, Xq)
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Introduction

Discrepancy function

@ Measure the deviation between the number of points of P in [0, x) and N|[0, x)|
(perfect distribution)

@ Task 1: calculation of the norm of Dp in L ([0,1)?), L2([0,1)?), also Lp([0,1)9)
and S}, B([0, 1)9)

@ Task 2: search for best possible distributions

@ Purpose: quadrature formulas (quasi-Monte Carlo), number theory
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e Known results

@ Star discrepancy
@ [,-discrepancy
@ Sp,B-discrepancy
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Star discrepancy
Known results Lp-discrepancy
S! _B-discrepancy

(]

Star discrepancy

D'(N)=_int ||l
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Star discrepancy
Known results Lp-discrepancy
S! _B-discrepancy

(]

Star discrepancy

D'(N)=_int ||l

@ d = 2: (Schmidt; van der Corput)

D*(N) = 09N
N
@ d > 2: (Bilyk, Lacey, Vagharshakyan; Halton)

(log N)?—1
N

d—1
55— +ng
(log N)Nz <

D*(N) =<
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Star discrepancy
Known results Lp-discrepancy
S’ B-discrepancy

(]

L,-discrepancy

DP(N) = inf ||Dp|L
(N) #P:NH P ILpl|
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Star discrepancy
Known results Lp-discrepancy
S’ B-discrepancy

(]

L,-discrepancy

DP(N) = inf ||Dp|L
(N) #P:NH P ILpl|

@ 1< p < oo: (Schmidt; Chen)

Q

Do) = (09N T

N
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Star discrepancy
Known results Lp-discrepancy
S’ B-discrepancy

(]

L,-discrepancy

@ p = 1: (Halasz; Chen)

1 a—1
(logN)z < DP(N) < (logN)™2
N N

Lev Markhasin Discrepancy in spaces S;,qB



Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-spaces

Dpg(N) = inf | Or1S5B|
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Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-spaces

Dpg(N) = inf | Or1S5B|

@0 € S(R), ¢o(t) =1 for [t| < 1 and go(t) = 0 for || > 3

ok() = po(27Kt) — g2kt fort € R, k € N

k() = ok, (1) - - - iy (L)

k=(ki,....ka) €NG, t = (t,...,1g) € R

Z er(x) =1

d
keNg

pk a dyadic resolution of unity
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Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-spaces

Hf‘slr’qB(Rd)H _ Z or(ki+...+ky)q H]:_1(ka.7:f)\Lp(Rd)Hq

kend
1115548010, 1)*)|| = inf { {|1S5eBR)]| : g € S5qBER), glo 1o = f}
Besov space with dominating mixed smoothness

SpqB([0,1)%) = Lp([0, 1))
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S;,q B-discrepancy

SpqB-discrepancy

o 1§p,q§oo,%—1<r<%;q<ooifp:1andq>1ifp:oo:(TriebeI)

d—1
N=1(1og N) T < Dhg(N) < N~ (log N)(d~ DG +1=")
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Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-discrepancy

o 1§p,q§oo,%—1<r<%;q<ooifp:1andq>1ifp:oo:(TriebeI)

d—1
N=1(1og N) T < Dhg(N) < N~ (log N)(d~ DG +1=")

@ d =2, r > 0: (Hinrichs)

;
Dpg(N) < N (log N)@
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Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-discrepancy

Question:

d—1
Dho(N) < N~ '(logN) @ ?
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Star discrepancy
Known results Lp-discrepancy
S;,q B-discrepancy

SpqB-discrepancy

Question:

d—1
Dho(N) < N~ '(logN) @ ?

The answer is YES for r > 0!
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e The new result

@ b-adic Haar bases
@ Characterization of the spaces
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b-adic intervals

b-adic interval of length b/, j € Ny
Im = [67Im, b=/ (m + 1))
form=0,1,...,b/ —1

divide /i, into b intervals of length b=/=" (notation /I’fn)

J=0,-sda)y m=(my,...,mg)

lim = lymy X% X ymg
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Haar basis

hjme function with support in /;;; and value e%“ in Ij’;n fore=1,...,b—1

Rime, h—1,01 = 1j,1) — orthogonal basis of L,([0, 1))
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Haar basis

hjme function with support in /;;; and value esz“ in Ij’;n fore=1,...,b—1
himes h—1,0,1 = 1jp,1) — orthogonal basis of L»([0, 1))

J= U5 da)ym=(my,....mg), €= (€1,...,£q), X = (X1, ., Xd)

hjmé(x) = Hjymye4 (X1 ) s hjdmdld(xd)

hjme — orthogonal basis of Lo([0, 1)9)
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b-adic Haar bases
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Haar coefficients

f € L»([0,1))? by Parseval’s equation

|| f|L2 ”2 — Z bmax(O,j1 )+...+max(0,jq) Z |/ljm£|2

jeN‘L m, £

where

Hjme = / f(X)hij(X) dx
[0,19

Lev Markhasin Discrepancy in spaces S;,qB
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Characterization

0<p,g<oo, 3 —1<r<min(}, 1) then e SpB([0,1)7) if and only if it can be
represented as
f= Z Z/"‘fmg pmax(0.ji )+m+max(0’jd)hjme
/eN‘L m, £

for some sequence (11jm¢) satisfying

1) (r— 1 41
Z b(h+ +Hg)(r pt )q Z |/ijml|p < 0o
m, £

jend
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Generalized Hammersley point sets

t1,...,tne{0,1,...7b—1}}

forany i =1,...,neither s; = t; (half of them)ors;=b -1 —

N = b" points
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Chen-Skriganov point sets

(2)=tfh+Hz+...+ fh_q2"
polynomial in Fp[Z2]

A € N, A-th hyper-derivative

>

—1 )
9 M(z) = ()I\)f)\z"_’\
i=0
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Chen-Skriganov point sets

b > 2d2 prime, w € N, n = 2dw
Biw €EFpfor1 < i< dand1 < v < 2d (distinct)

w 2d
ai(f) = ((8*‘11‘(6;,”))A:1) € Fp

Cn = {A(f) = (ai(f), ..., aq(f)) : f € Fp[z], deg(f) < n} C FI
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b-adic Haar bases
Characterization of the spaces
The new result Constructions

Chen-Skriganov point sets

a=(ay,...,an) €Fp

A= (a1,...,ad) Gan
OF(A) = (®n(ar),- .., Pn(aq))

CSp = o4(Ch)

N = b" points
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Property of the point sets

b-adic interval ljy, with |m| = b="
# (lmNCSn) =1

1
q\ 9
P

> plirteal Zm,mev’ < 1%

jend
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Calculation of 14

(i) j=(-1,...,—1) then |u,,,,,_,| <cb "

(i) j#(=1,...,=1), i+...+jg < nthen
‘HW’ < cb 22,
(i) jA(1,..., =), ji+...+ja>nji,...,Jg < nthen
|ij€’ < cb i da=n
and
|Mjm£| < b2~

for all but b" coefficients 14jm,
(iv) j#(—1,...,=1),j4 > nor...orjy > nthen

—2f1—...—2j
‘ijl| <cb™h /d,
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Results

Integration error

N

1
erry(M([0,1)%)) = inf sup / f(x)dx — — f(xi)| -
: CESD S

{X1,...,xn}C[0,1)9 feMi([0,1)9) P

Let1 < p,g<ococand0<r< %. Then for any integer N > 2 we have
() )
Dh(N) =< N (log N)T
(i)
g—1)(d—1

1—r d 1 7)
ermv(Spg 'B([0,1)9)) = N"=" (log N) ,
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Thank you!
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