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Multivariate integration — QMC

We want to approximate an integral

using a QMC rule
Qn,s(f) = f(xn)

where xg, ..., xy_1 € [0,1)°.
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Multivariate integration — QMC

We want to approximate an integral

[0,1]°
using a QMC rule
] V-1
QuslF) = 5 3 Flxa)
n=0
where xg, ..., xy_1 € [0,1)°.
Point sets with good distribution properties yield a small error. J
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Multivariate integration — QMC
Koksma-Hlawka inequality

|Is(f) = Qu,s(F)| < V(f)Dn(P),
where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes P = {xo,...,xn_1}.
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where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes P = {xo,...,xn_1}.

For z € [0,1]° let

np(e) = 02 =X ER2N g )
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Multivariate integration — QMC
Koksma-Hlawka inequality

|Is(f) = Qu,s(F)| < V(f)Dn(P),
where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes P = {xo,...,xn_1}.

For z € [0,1]° let

np(e) = 02 =X ER2N g )

Definition (star discrepancy)

Dn(P) := sup |Ap(2)|
z€[0,1]°
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Schmidt 1972; Bilyk, Lacey,
Vagharshakyan 2008)

For s € N there exists ¢; > 0 and 0 < s < % such that for all P C [0,1)°

(log )"

Diy(P) = e

where N = |P|

and where k1 =0, ko = 1 and 552%-1—65 for s > 2.
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Schmidt 1972; Bilyk, Lacey,
Vagharshakyan 2008)

For s € N there exists ¢; > 0 and 0 < s < % such that for all P C [0,1)°

(log )"

5 >
DN(P) =~ Cs N

where N = |P|

and where k1 =0, ko = 1 and 552%4—65 for s > 2.

v

, , Bs . .
Point sets with Dy (P) < % are called low discrepancy point sets.
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Schmidt 1972; Bilyk, Lacey,
Vagharshakyan 2008)

For s € N there exists ¢; > 0 and 0 < s < % such that for all P C [0,1)°

(log )"

* >
Dn(P) > cs N

where N = |P|

and where k1 =0, ko =1 and msz%—kés for s > 2.

v

: . Bs . .

Point sets with Dy (P) < % are called low discrepancy point sets.
@ van der Corput-Halton sequences and Hammersley point sets;
@ good lattice point sets (Korobov and Hlawka);

e (t, m,s)-nets, polynomial lattice point sets (Niederreiter).
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(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every interval of the form

S
a; ai+1
H[m, 5 )Q[o,l)s

i=1

of volume b*~™ contains exactly b* points of P.
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Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every interval of the form

S
a; aj+1
H[m, 5 )Q[o,l)s

i=1

of volume b*~™ contains exactly b* points of P.

@ Any P consisting of b points in [0,1)° is a (m, m,s)-net in base b;
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Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every interval of the form

S
a; aj+1
I [ %) <o

i=1

of volume b*~™ contains exactly b* points of P.

@ Any P consisting of b points in [0,1)° is a (m, m,s)-net in base b;
e small quality parameter 0 < t < m implies good distribution
properties;

Friedrich Pillichshammer (Linz/Austria) Discrepancy of Polynomial Lattice Points 5/ 36



(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every interval of the form

S
a; aj+1
I [ %) <o

i=1

of volume b*~™ contains exactly b* points of P.

@ Any P consisting of b points in [0,1)° is a (m, m,s)-net in base b;

e small quality parameter 0 < t < m implies good distribution
properties;

o Niederreiter: if P is a (t,m,s)-net in base b, then

bm

s— | N s—1
Djm(P) <5 bt <<<5,b bf(ogN)) .

Friedrich Pillichshammer (Linz/Austria) Discrepancy of Polynomial Lattice Points 5/ 36



Digital (t, m, s)-net over Zj

Let b € P and let Zj, be the finite field with b elements.
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Digital (t, m, s)-net over Zj

Let b € P and let Zj, be the finite field with b elements.

e choose Cy,...,Cs € ZJ™™,
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Digital (t, m, s)-net over Z,

Let b € P and let Zj, be the finite field with b elements.

e choose Ci,...,Cs € ZJ™*™,
e forne{0,...,b" —1}and i€ {1,...,s}:
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Digital (t, m, s)-net over Zj

Let b € P and let Zj, be the finite field with b elements.

e choose Cy,...,Cs € ZJ™™,
e forne{0,...,b" —1}and i€ {1,...,s}:

nw—n
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Digital (t, m, s)-net over Zj

Let b € P and let Zj, be the finite field with b elements.
e choose Cy,...,Cs € ZJ™™,

e forne{0,...,b" —1}and i€ {1,...,s}:

n— iy = Gn
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Digital (t, m, s)-net over Zj

Let b € P and let Zj, be the finite field with b elements.

e choose Ci,...,Cs € ZJ™*™,
e forne{0,...,b" —1}and i€ {1,...,s}:

ne—n—y:= C,-ﬁ»—)x,,' = +~--—|—%
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Digital (t, m, s)-net over Z,

Let b € P and let Zj, be the finite field with b elements.

e choose Ci,...,Cs € ZJ™*™,
e forne{0,...,b" —1}and i€ {1,...,s}:

ne—n—y:= C;ﬁ»—>x,,' :—T—i—---—k%
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Digital (t, m, s)-net over Z,

Let b € P and let Zj, be the finite field with b elements.

e choose Ci,...,Co e Zp™™,
e forne{0,...,b" —1}and i€ {1,...,s}:
(i) . Yia

n— i yi:= G xp :—T—i—---—l—%

o X, = (x,(,l), .. 7x,(,s)).

P ={x0,...,Xpm_1} is a (t, m,s)-net in base b for some 0 < t < m.
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Let b € P and let Zj, be the finite field with b elements.

e choose Ci,...,Co e Zp™™,

e forne{0,...,b" —1}and i€ {1,...,s}:

ne—n—y:= C;ﬁ»—>x,,' :—T—i—---—i—%

o X, = (x,(,l), .. 7x,(,s)).

P ={x0,...,Xpm_1} is a (t, m,s)-net in base b for some 0 < t < m.

Definition
P is called a digital (t, m, s)-net over Z. J
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Digital (t, m, s)-net over Z,

Let b € P and let Zj, be the finite field with b elements.
e choose Ci,...,Co e Zp™™,
e forne{0,...,b" —1}and i€ {1,...,s}:

ne—n—y:= C;ﬁ»—>x,,' :—T—i—---—i—%

° X, = (x,(,l), e ,x,(,s)).
P ={x0,...,Xpm_1} is a (t, m,s)-net in base b for some 0 < t < m.
Definition
P is called a digital (t, m, s)-net over Z. J

t depends only on the generating matrices Cy, ..., Cs.
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Digital nets: an example

Let b=2,s=2and m=4.
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Digital nets: an example

Let b=2, s =2 and m = 4. Choose the matrices

1000 000 1
0100 0010
G=l o010 |™M%=|g1 90
000 1 1000
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Digital nets: an example

We construct xs.
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Digital nets: an example

We construct x5. In base 2 we have

5=1+0-21+1.224+0.2%
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Digital nets: an example

We construct x5. In base 2 we have
5=1+0-2'41.-2240.2%

Now

C]_ and C2

O = O =
O = O =
= O = O

1
0
1
0
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Digital nets: an example
We construct x5. In base 2 we have

5=1+4+0-2'+1-224+0-25.

Now
1 1 1 0
0 0 0 1
C1 1 = 1 and Cg 1 = 0
0 0 0 1
Hence
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Digital nets: an example

We construct x5. In base 2 we have

5=1+4+0-2'+1-224+0-25.

Now
1 1 1 0
0 0 0 1
C1 1 = 1 and Cg 1 = 0
0 0 0 1

Hence
p_ L, 1t 5 g1 1_5
5 2 23 8 5 22 24 16

and
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Digital nets: an example

Figure: (0,4,2)-net over Z, generated from C; and G,.
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Digital nets: an example

Figure: (0,4,2)-net over Z, generated from C; and G,.
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Figure: (0,4,2)-net over Z, generated from C; and G,.
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Digital nets: an example

Figure: (0,4,2)-net over Z, generated from C; and G,.
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Lattice point sets

Lattice point set (Korobov, Hlawka)
For N> 2 and g € Z° let

xn:{%g} for 0 <n<N.
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Lattice point sets

Lattice point set (Korobov, Hlawka)

For N > 2 and g € Z° let

xn:{%g} for 0 <n<N.

Polynomial lattice point sets are in their over all structure very similar to

(classical) lattice point sets.

lattice point set

polynomial lattice point set

based on
number theoretic concepts

based on
algebraic methods
(polynomial arithmetic)
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Polynomial lattice point sets

Let Zy((x~1)) be the field of formal Laurent series over Zj;, (b prime).
Its elements are of the form

o0
L= Z tox“ where weZand t; € Z,.

l=w
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Polynomial lattice point sets

Let Zp((x~1)) be the field of formal Laurent series over Z; (b prime).
Its elements are of the form

o0
L= Z tox“ where weZand t; € Z,.

l=w

For m e N let
Um : Zb((xfl)) —[0,1)

Vm (i th_e> = i tgb_[.
l=w

f=max(1,w)
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Polynomial lattice point sets

Let Zy((x~1)) be the field of formal Laurent series over Zj;, (b prime).
Its elements are of the form

o0
L= Z tox“ where weZand t; € Z,.
(=w

For m e N let
Um : Zb((xfl)) —[0,1)

Vm (i th_e> = zm: tgb_[.

l=w f=max(1,w)

Let Gpm = {h € Zp[x] : deg(h) < m}. We have |Gp, | = b
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Polynomial lattice point sets

Definition (Niederreiter 1992)

For s, m € N, choose p € Zp[x]| with deg(p) = m, and q € Z[x]*.
The point set consisting of the b™ points

= ( E ; (x)) where h € Gy,

is called a polynomial lattice point set P(q, p).
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Polynomial lattice point sets

Definition (Niederreiter 1992)

For s, m € N, choose p € Zp[x]| with deg(p) = m, and q € Z[x]*.
The point set consisting of the b™ points

= ( E ; (x)> where h € Gy,

is called a polynomial lattice point set P(q, p).

Dual polynomial lattice

D={hecGj,, :q-h=0(modp)}
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Polynomial lattice point sets

Definition (Niederreiter 1992)

For s, m € N, choose p € Zp[x]| with deg(p) = m, and q € Z[x]*.
The point set consisting of the b™ points

= ( E ; (x)> where h € Gy,

is called a polynomial lattice point set P(q, p).

Dual polynomial lattice

D={hecGj,, :q-h=0(modp)}

P(q, p) are the polynomial versions of good lattice point sets.
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Polynomial lattice point sets

Theorem (Niederreiter 1992)

P(q, p) is a digital (t, m, s)-net over Z;, with generating matrices

Ci, ..., Cs, where

NG
() (i)
u u u i(x
G = 2 .3 m+1 for q,( )
: p(x)
(N 3) (i)
Um™  Up'iq Upm—1
and
t=m-s+1— min Zdeg(
heD\{0}
v
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(Polynomial) lattice point sets: an example

left: N =987, g = (1,610)
right: p(x) = x10+x®8 + x* + x2 + 1, g = (1, x° + x5 + x) in Zy[x]
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Discrepancy estimates

Three methods for estimating the star discrepancy of P(q, p):
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Discrepancy estimates

Three methods for estimating the star discrepancy of P(q, p):
Discrepancy estimate based on

@ the quality parameter t;
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Discrepancy estimates

Three methods for estimating the star discrepancy of P(q, p):
Discrepancy estimate based on

@ the quality parameter t;

@ a Erd6s-Turan-Koksma type inequality for Walsh functions
(Niederreiter 1986, Hellekalek 1994);
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Discrepancy estimates

Three methods for estimating the star discrepancy of P(q, p):
Discrepancy estimate based on

@ the quality parameter t;

@ a Erd6s-Turan-Koksma type inequality for Walsh functions
(Niederreiter 1986, Hellekalek 1994);

@ the digital construction.
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Discrepancy estimate based on t

Theorem (Larcher, Lauss, Niederreiter, Schmid 1996)
Let m € N large enough and let p € Z[x] be irreducible with deg(p) = m
Then there exists q € Gg’m such that

ms—l

(s — 1)V

t§1+|0gb
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Discrepancy estimate based on t

Theorem (Larcher, Lauss, Niederreiter, Schmid 1996)

Let m € N large enough and let p € Z[x] be irreducible with deg(p) = m

Then there exists q € G; . such that

ms—l

(s — 1)V

t§1+|0gb

Theorem (Niederreiter 1987)
If P is a (t, m,s)-net in base b, then

ms—l
pm -

DZm(P) <<s7b bt
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Discrepancy estimate based on t

. m2s—2 lo N2s—2
Din(P(a,p)) <o T (: %)

Hence
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Discrepancy estimate based on t

. m25—2 lo N2s—2
Din(P(a,p)) <o T (: %)

Hence

For dimension s = b = 2 and for any m € N let

[log, m|+1

gn(x)= > x" I e zy[x] and g, = (1, 8m).

Jj=0
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Discrepancy estimate based on t

Hence

. m25—2 log N 2s—2
Din(P(a, p)) <s.b o <: (gl\l)> .

For dimension s = b = 2 and for any m € N let

[log, m|+1

gn(x)= > x" I e zy[x] and g, = (1, 8m).
j=0

Theorem (Niederreiter 1987, 1992; Larcher, P. 2002)
For any m € N, P(g,, x™) is a digital (0, m, 2)-net over Z, and hence

" m m 9 1 log N
" <=+ =)= :
D3 (P(8m, x™)) < (3 + 19> o <<< N )
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Discrepancy estimate based on R,
Theorem (Niederreiter 1992; Dick, Leobacher, P. 2005; Dick, Kritzer,
Leobacher, P. 2007)

S
Dim(P(a, p)) < i Ru(q, p),

Ro(a.p) = Y [ re(h),

heD\{0} i=1

where

where for h € Gp

o if h=0,
ro(h) = Sy i b= Ko+ mux 4o xRy 0.
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Discrepancy estimate based on R,

Theorem (Niederreiter 1992; Dick, Leobacher, P. 2005; Dick, Kritzer,
Leobacher, P. 2007)

For (irreducible) p € Zp[x] with deg(p) = m there exists a vector q € G} ,
with ) N
1 b —1
<
Rb(Q:P)—bm_1<1+m 3b )

Din(Plar)) <on g (=5 ).

Such a q can be constructed with a component-by-component algorithm.

and hence
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Discrepancy estimate based on R,

Theorem (Niederreiter 1992; Dick, Leobacher, P. 2005; Dick, Kritzer,
Leobacher, P. 2007)

For (irreducible) p € Zp[x] with deg(p) = m there exists a vector q € G} ,

with ) N
1 b —1
<

Rb(q,P)_bm_1(1+m 3b )

and hence

bm N

Such a q can be constructed with a component-by-component algorithm.

Din(P(a,p)) <6 (: M) |

The fast cbc-approach requires only O(smb™) operations (Nuyens and
Cools 2006).
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Discrepancy estimate based on R,

Theorem (Kritzer, P. 2010)
For any p € Zp[x] with deg(p) = m and any q € (Gp,m \ {0})° we have

m — deg(d s
Rb(a, p) >s b bdeg(ﬁs)(b#’

where 05 := ged(q1, - - -, gs, p)-

Friedrich Pillichshammer (Linz/Austria)

Discrepancy of Polynomial Lattice Points

25 / 36




Discrepancy estimate based on R,

Theorem (Kritzer, P. 2010)
For any p € Zp[x] with deg(p) = m and any q € (Gp,m \ {0})° we have

m — deg(d s
Rb(a, p) >s b bdeg(ﬁs)(b#’

where 05 := ged(q1, - - -, gs, p)-

Hence

m® log N)®
Rb(a, p) =s6 o (: ( ) ) :
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Discrepancy estimate based on the digital construction

Theorem (Larcher 1993; Kritzer, P. 2011)
For any p € Zp[x] with the property

e p(x) =x"; or

@ gcd(p, x) =1 and deg(p) = m

there exists a generating vector q € G; . such that

« m*~Llogm log NYs~ log log N
Djn(P(a, P)) Ksp (: (og M) _ )
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Discrepancy estimate based on the digital construction

Sketch of Proof (rather technical): Let Ci,..., Cs be the generating
matrices of P(q, p).
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Discrepancy estimate based on the digital construction

Sketch of Proof (rather technical): Let Ci,..., Cs be the generating
matrices of P(q, p).

@ Show that
m—1s—1 pn
meZ’"(P(qap)) <s,b Z Z Z W
n=0 w=0 peENW
+conditions depending on
1oeoesCu

where h(w + 1) depends on p € N* and on Cy41.
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Discrepancy estimate based on the digital construction

Sketch of Proof (rather technical): Let Ci,..., Cs be the generating
matrices of P(q, p).

@ Show that
m—1s—1 pn
meZ’"(P(qap)) <s,b Z Z Z W
n=0 w=0 peENW
+conditions depending on

1o C

where h(w + 1) depends on p € N* and on Cy41.
o Define a set H of q such that h(w + 1) is “large” for all w.
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Discrepancy estimate based on the digital construction

Sketch of Proof (rather technical): Let Ci,..., Cs be the generating
matrices of P(q, p).

@ Show that
m—1s—1 pn
meZm(P(q,p)) <s,b Z Z Z W
n=0 w=0 peENW
+conditions depending on
1oeoesCu

where h(w + 1) depends on p € N* and on Cy41.
o Define a set H of q such that h(w + 1) is “large” for all w.
@ Show that H contains enough polynomials; |H| > b*(m=1) /2,
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Discrepancy estimate based on the digital construction

Sketch of Proof (rather technical): Let Ci,..., Cs be the generating
matrices of P(q, p).

@ Show that
m—1s—1 pn
meZm(P(q,p)) <s,b Z Z Z W
n=0 w=0 peENW
+conditions depending on
1oeoesCu

where h(w + 1) depends on p € N* and on Cy41.
o Define a set H of q such that h(w + 1) is “large” for all w.
@ Show that H contains enough polynomials; |H| > b*(m=1) /2,

@ Average the discrepancy bound over all q € H.
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Summary of the three methods:

Method 1: based on t yields optimal discrepancy bound and a
construction for s = 2, but not for s > 2;
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together with a reasonable fast construction;
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Summary of the three methods:

Method 1: based on t yields optimal discrepancy bound and a
construction for s = 2, but not for s > 2;

Method 2: based on Ry, yields a good discrepancy bound for any s > 2
together with a reasonable fast construction;

Method 3: based on (i, ..., C; yields the currently best discrepancy
bounds for s > 3, but no construction.
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Open question

Open question
For s > 3, do there exist P(q, p) such that

Din(P(a. p)) <o T (: M) .

bm N
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Open question

Open question

For s > 3, do there exist P(q, p) such that

. ms—l log N s—1
Djn(P(@, P)) <6 - (: %) ,

Computer experiments (s = 3): g, = (1, gm) can be extended to
g’ = (1, gm, fm) such that P(g/ ., x™) is a digital (2, m,3)-net over Z,.
This would mean that

22 log NV)?
Din(Plgx™) < T2 (i (ERLY
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The weighted star discrepancy

Let v = (71,72, ...) € RY (weights). For u C {1,...,s} let vy = [[;c, -
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The weighted star discrepancy

Let v = (71,72, ...) € RY (weights). For u C {1,...,s} let v = [[;c, Vi-

Weighted star discrepancy (Sloan and Wozniakowski 1998)
The weighted star discrepancy is given by

Dy ~(P) = sup max Ap, (2)].
Wa(P)= s max (@)
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The weighted star discrepancy

Let v = (71,72, ...) € RY (weights). For u C {1,...,s} let v = [[;c, Vi-

Weighted star discrepancy (Sloan and Wozniakowski 1998)
The weighted star discrepancy is given by

Dy ~(P) = su max Ap, (2)].
Wa(P)= s max (@)

Weighted Koksma-Hlawka inequality
|Is(f) = Qu,s(f)| < Dy (P)I|f

s
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Tractability

Discrepancy bounds of the form

(log ) 1
D/*\tl’ DK/N <s N Lse N1-¢’
450000
375000
300000
0 50000 100000

Figure: The function N — (log N)*/N is increasing for N < ¢° (here s = 10).
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Tractability

For s € N and € > 0 define

N(s,e) =min{N € N : 3P C[0,1)*,|P| = N and Dy ,(P) < e}
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Tractability

For s € N and € > 0 define

No(s,e) =min{N € N : IP C [0,1)*,|P| = N and Dy (P) < ¢}.

Tractability

The weighted star discrepancy is called polynomially tractable, if
3C, a, B > 0 such that

Ny (s,€) < Cs®¢™P Vs e N, Ve (0,1).

If « =0, then D;(,’,y is said to be strongly tractable. The infimum of
for which 3C > 0 such that N, (s,s) < Cs~7 is called the e-exponent of
strong tractability.
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The weighted star discrepancy

Theorem (Dick, Leobacher, P. 2005 and Dick, Leobacher, Kritzer, P.
2007)

1 [u|
Dim (P(a.p)) < > (1 — (1 — b—m) > + Rb~(a, p),

0AuC{1,...,s}

where
Roy(a,p) = H ro(hi, vi)-
heD\{0} i=1
Here for h € Gy, ,, we put

|1+ ifh=0,
”’(h’”)_{ ~yrp(h)  if h # 0.

Rb.~(a, p) can be computed in O(b™s) operations.
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
v = (Vi)iz1-
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
v = (Vi)iz1-

@ Choose ¢q; = 1.
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
v = (Vi)iz1-

@ Choose g; = 1.

@ For d > 1, assume we have already constructed qi,...,q94-1 € G} .
Then find gq4 € G, ,, which minimises the quantity

Rb,‘y((qla -+, qd—1, qd): p)

as a function of gg.
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Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
v = (Vi)iz1-

@ Choose g; = 1.

@ For d > 1, assume we have already constructed qi,...,q94-1 € G} .
Then find gq4 € G, ,, which minimises the quantity

Rb,‘y((qla -+, qd—1, qd): p)

as a function of gg.

@ The cost for the CBC-algorithm is of O(b*>™s?) operations.
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Zp[x], with deg(p) = m, and weights
v = (Vi)iz1-

@ Choose g; = 1.

@ For d > 1, assume we have already constructed qi,...,q94-1 € G} .
Then find gq4 € G, ,, which minimises the quantity

Rb,’y((qla -+, qd—1, qd): P)

as a function of qy.

@ The cost for the CBC-algorithm is of O(b*>™s?) operations.

@ Nuyens and Cools (2006) introduced the Fast CBC-construction with
a significant reduction of cost to O(smb™) operations with O(b™)
memory space.
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The weighted star discrepancy — CBC-construction

Theorem (Dick, Leobacher, P. 2005; Dick, Kritzer, Leobacher, P.
2007)

If q € (G ,,,)° is constructed with the CBC-algorithm. Then

1 £ b2 —1
Rb,v(qap)gbm_lg(1+7f(l+m G ))7
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The weighted star discrepancy — CBC-construction

Theorem (Dick, Leobacher, P. 2005; Dick, Kritzer, Leobacher, P
2007)

If q € (G; ,,,)° is constructed with the CBC-algorithm. Then

g

1 2 —1
Ror(a,p) < [T {1+ ) )
=1

Corollary

If Y7207 < oo, then for any § > 0 there exists ¢, s > 0, such that

* .6
Dy o(P(.p)) < 1.
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The weighted star discrepancy — strong tractability

@ Let N=2™ 4 ... 4 2Mk where 0 < m; < mp < ...< mg.
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 4+ 2™k where 0 < my < mp <...< myg.

o For 1 < j < k choose pU) € Z,[x] with deg(pU)) = m; and construct
q¥) € st’mj with the CBC-algorithm.
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o Let N=2M 4 ... 4+ 2™k where 0 < my < mp <...< myg.
o For 1 < j < k choose pU) € Z,[x] with deg(pU)) = m; and construct
q¥) € st’mj with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), plk).
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 4+ 2™k where 0 < my < mp <...< myg.

o For 1 < j < k choose pU) € Z,[x] with deg(pU)) = m; and construct
q¥) € st’mj with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), plk).

Theorem (Hinrichs, P., Schmid 2008)
If Y7207 < oo, then for any § > 0 there exists Cy 5 > 0, such that

. Gs
DN,7(PN) § Niy—(s'
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 4+ 2™k where 0 < my < mp <...< myg.

o For 1 < j < k choose pU) € Z,[x] with deg(pU)) = m; and construct
q¥) € st’mj with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), plk).

Theorem (Hinrichs, P., Schmid 2008)
If "0 < oo, then for any § > 0 there exists C, 5 > 0, such that

. Gs
DN,7(PN) § Niy—(s'

The weighted star discrepancy is strongly tractable with e-exponent
equal to one.
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