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Multiplicative subgroups

Multiplicative subgroups

o p be a prime number, I C F, = Z/pZ be a multiplicative
subgroup.
o t=1|l|, tdividesp—1, n=2

I— - {17gn7g2n7 tt T 7g(t71)n}7

where g is a primitive root, i.e.

F, = (Z/pZ)\ {0} = {1,8.8°,...,8°°}.

M={x": xeF,}={xcF, : xX=1 (mod p)}.
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Multiplicative subgroups

Uniform distribution

I is uniformly distributed if for any ¢ € (0, 1] and any segment
A, |A| = op the following holds

|r|

IFTNA| =
p—

|A[ 4 05(p),  p =00

Here -=; is the density of I in Iy

If t = |T| > p'/**¢ then T is uniformly distributed (Konyagin).
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Small subgroups

Small subgroups

Theorem (Bourgain—Glibichuk—Konyagin, 2006)
Let € € (0,1). If

[ > p* (or || > pewies)

then T is uniformly distributed.

Sum-—product phenomenon
For any A C F,, |Al < p'~?, we have

max{|A - Al,|A+ Al} > a| A",

where ¢; > 0 is an absolute constant, ¢ = £(6) > 0.
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Additive properties of multiplicative subgroups

Additive properties of subgroups : sumsets

If T is a random set, |['| < ,/p then
IFT+£T >|F>*, >0.

Theorem (Garcia—Voloch, 1988)
Suppose that || = O(p*/*). Then

IFT£T| > T3,

Theorem (Heath-Brown and Konyagin, 2000)
Suppose that || = O(p*?). Then

IF£T| > o2,
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Additive properties of multiplicative subgroups

Theorem (Shkredov—Vyugin, 2010)

Suppose that || = O(p'/2). Then

|r|5/3

[T >g——:.
F=T= s amn

For subgroups || > p!/2 there are better results (the same
method) Schoen—Shkredov, 2010. Applications to
sum—product problems in R, C.
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Additive properties of multiplicative subgroups

Additive properties of subgroups : expanding

property

Theorem (Schoen—Shkredov, 2011)
Let A C T be an arbitrary set, and |[| = O(p*?). Then
re

A+T|>
A+TI2 1AL gy

> c|A|IT|Y?, ¢>0.

More generally, for any sets AX) C T, xe€ B, BCT

)

U (x+ AL)| >

xeB
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Additive properties of multiplicative subgroups

Theorem (Shkredov—Vyugin, 2011)

Let P C T be an arbitrary progression, and |I| = O(p*/?).
Then
T+ P| > c[l||PI*°W, c>0.

Higher dimensional generalizations.
Certainly, the result is best possible.
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Additive properties of multiplicative subgroups

Additive properties of subgroups : intersections

Theorem (Garcia—Voloch, 1988)

If
p—1

N < —7—
4 (p—D¥V*+1

then for any nonzero s

F()(T+5)| < 4[r /3.

We generalize the result. Our generalization has found some
cryptographic applications
(Bourgain—Garaev—Konyagin—Shparlinski, 2011-2012).
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Additive properties of multiplicative subgroups

Theorem (Shkredov—Vyugin, 2010)

Let k > 2, and s1,...,s,_1 # 0 be different residuals. Suppose
that
1< |T| < prP%.

Then

PN+ s () (Y + sea)| < I

where ay, Bk — 0, k — oco.

For ' = quadratic residuals
changing RHS to p°, ¢ > 0 implies Vinogradov conjecture.
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About the proof

About the proof

Theorem (Shkredov—Vyugin, 2010, again)

Let k > 1, and pq, ..., ux # 0 be different residuals. Suppose
that

1< T < pl_’gk.
Then

MY+ p) () ()T + ] << [FH25e,

where oy, Bk — 0, k — oo.

Proof : Stepanov's method.
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About the proof

We want to estimate the cardinality of the set

gzrﬂ(r+ﬂl)ﬂ"'ﬂ(r+ﬂk)-

Construct a polynomial W s.t.
o W is nonzero.
o W(x) has root of order D at any x € £.

Then

€] < deg\ll‘
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About the proof

We know that

Fr={xeF, : x*=1}, t=]r|. (1)

V(x) = Z Aax P (x — )™ (x = k)

3=(a0,a1,..-,ak)
By (1) we know that

apt

X :(X—Ml)alt:...:(X—'uk)akt:]_

atany x € E =TT+ p1) - N+ pk).

Thus W(x) has small degree.
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About the proof

Further for any n < D

X(X—p1)... (X—p)]” (dix)"xwx—m)a” (X

=X

= P,,’g(X) , Vx e €.

We have
o Any P, 5(x) has small degree.
o Coefficients of P, 5(x) are linear forms on ;.

Taking large number of A5z we make all P, 5(x) identically zero.
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About the proof

Why W(x) is nonzero? Recall that

\U(X) = Z )\gx"ot(x — ,ul)"lt 500 (X - ,uk)"’kt o
If W(x) = 0 then there is a polynomial

Z )\ECEXbOt(X - Ml)blt c(x = Mk_l)bk—lt
b

which is divided by (x — pu)*.

In the case of small k one can apply the unicity theorem in
Fp[x].

We use more quantitative method.
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About the proof

Put
®i(x) = xP0(x — pg )Pt (x—pgeg) Pt i =12, 1.

and consider Wronskian

$}<x) g;(x) if(x)
W(Py,... &) = i) 2:(X) o O
o V(x) o V(x) oV (x)

If a linear combination of ®3(x) is divided by (x — p)* then
W(®,, ..., &) is divided by (x — pu )01
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About the proof

Suppose that W(®;(x),...,P,(x)) =0 and deg W < p. Then
®1(x), ..., P/(x) are linearly dependent.

Lemma 2

Suppose that W(®1(x),...,®/(x)) =0. Then
®y(x), ..., P/(x) are linearly dependent provided by
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About the proof

If
®i(x) = xP(x — pg)PE (X — prgeq )Pt
W(ds,...,0) = 1) 2:(X) 1(x)
cDg/—l)( ) q)gl—l)(x) cbgl_l)(x)

then W(®4,...,®)) is divided by

W,(x) = (x — ag)(tZimbed) =200 g1 k1.
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About the proof

Comparing the degrees of W(®y,...,®)) and

we obtain a contradiction.
Thus

\U(X) = Z )\gx"ot(x — ,ul)"lt o0 (X - ,uk)akt 5

is nonzero provided that not all Az are zero.
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About the proof

Work in progress ...

Theorem (Shkredov—Vyugin, 2012-77, work in progress)

T+ ) () () + siea)] < TP,

where v, — 0, k — o0.
For any || = O(y/p)

IF£T| >c|F)P°, c,e>0.

Unfortunately, for small subgroups.
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Sumsets in quadratic residuals

Quadratic residuals and sumsets

R={x*: xeF}, |Rl="—%—.

Paley Graph conjecture

Let A,B C I, |A],|B| > p°. Then

A+BCR. (2)

Karatsuba proved (2) for

Al > p  and  |B| > p'/?t=2,
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Sumsets in quadratic residuals

Karatsuba conjecture
Let A, B CF,, |A|,|B| ~ p'/2. Then

A+BCR.

Chang's results for specific A and B.
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Sumsets in quadratic residuals

Sarkozy Theorem

Theorem (Sarkdzy, 2012)
Let R=A+ B, |A|,|B| > 2. Then

p1/2
3logp

Actually (Shkredov, 2012)

<|A|,|B| < p*logp.

1/2
p 1/2
— < |A],|B| < 12 :

> < |AlLIBl <12p
The proof uses Weil's bounds for exponential sums with
Legendre symbols.
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Sumsets in quadratic residuals

Perfect difference sets

Definition
A set A is called a perfect difference set if the number of the
solutions of the equation

dy —a =X 31,32€A

does not depend on nonzero x.

For example, if p = —1 (mod 4) then R is a perfect difference
set.
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Sumsets in quadratic residuals

—2TiAX
Replace the family {e” #  },cr, and Fourier transform

f=f)=> flx)e s

by the family

1
{x(x+A) —— AeF,

75

and the transform

f—F) =Y f(x) (X(x—l— A) — %) ,

I. D. Shkredov Additive structures in multiplicative subgroups



Sumsets in quadratic residuals

A—]—A:{a1+32 : 317&22,31,82614}.

Example

A+ A= R and A is a perfect difference set:

(@) p=3 A={0,1}.

(b) p=7, A=1{3,5,6}.

(c) p=13, A={0,1,3,9}, A= {0,4,10,12}.

Here p=n®>+n+1,|Al=n+1,n=q° qis a prime number
or 1.

v
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Sumsets in quadratic residuals

Singer's Theorem

Let n = g°, g is a prime number or 1. Then there is a perfect
difference set AC Z/(n> + n+ 1)Z, |A| = n+ 1.

In other words the number of the solutions of the equation
ay —a =X 31,326/4

equals 1 for all nonzero x € Z/(n* + n + 1)Z.
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Sumsets in quadratic residuals

Theorem (Shkredov, 2012, work in progress)

e R=A+Aiff p=3 A= {2}.
e R = A+ Athen Ais from example above.

Similar results for R ~ A+ A that is |[R A (A+ A)| small.
If R~ A+ Athen Ais "close" to a perfect difference set.
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Thank you for your attention!
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