Hausdorftf Dimension of Sets of Numbers
with Prescribed Digit Densities

Ladislav Misik, Ostrava
Jan Sustek, Ostrava
Bodo Volkmann, Stuttgart
Jozsef Bukor, Komarno

Smolenice 29.6.2012



Sets with Prescribed Digit Densities

Misik, Sustek, Volkmann, Bukor

1 Definitions

e C(lass of infinite subsets

e Dyadic mapping 0: P — (0, 1]

e Asymptotic density of A € P

e Borel (1909)
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1 Definitions

e C(lass of infinite subsets

e Dyadic mapping 0: P — (0, 1]

e Asymptotic density of A € P

e Borel (1909)

e (Question

Poo:{AQN‘cardA:oo}

o xa(n)
o(A) = ‘;n

n=1

cardfn € A|n < N}

d(A) = Alfim ~
— 00
1
)\Q{A € Pu ‘ d(A) = 5} _

dim o{A € Py | d(A) = a,d(A) =B} =7
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e For 0 <a< <1 define G(a,p) = {A € Px ’ d(A) = a,d(A) = /5}

dim oG (e, ) =
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e For 0 <a< <1 define g(&,ﬁ)Z{AEPoo |C_Z(A)=047EZ(A):5}
e Entropy function ¢: [0,1] — [0, 1] d(x) = —zlogz — (1 — x)log(l — x)
e Volkmann (1952) dim ¢G (e, 8) = min{d(a),d(B)}
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For 0 < a < 8 < 1 define G(a,B) = {A € Px | d(A) = a,d(A) = B}
Entropy function §: [0, 1] — [0, 1] d(x) = —zlogz — (1 — x)log(l — x)
Volkmann (1952) dim oG (av, ) = min{d(c),d(5)}
Gap density of A ={a; <az < ...} € Py g(A) = limsup fn1
n—oo an
Inequalities 1<g(A) < %
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e For0<a<pf<1define

e Entropy function ¢: [0,1] — [0, 1] d(zx) =

e Volkmann (1952)

e Gap density of A={a1 <as <...} € Py

e Inequalities

=

o For0<a<pf<1<vy< — define

e

e (Question

G(a,B) = {A € Px | d(A) = a,d(A) = B}
—zlogz — (1 — x)log(l — x)

dim oG (av, ) = min{5(04)a 5(6>}

g(A) = limsup fn1
n—oo an
1< g(4) < DY

dim oG (o, 5,7) = 7
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2 Segments and Descendants

e Initial segment of A € P, A" =An{l,...,n}

e Initial segments of S C P, S" = {A" } A€ 8}
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2 Segments and Descendants

e Initial segment of A € P, A" =An{l,...,n}

e Initial segments of S C P, S" = {A" } A€ 8}

S = {0001001010110101011. ..
0011001010011001001. ..
0011001001110100011. ..
0011110101011001010...
1000100101010010101. . .
1001000111000101011. . .
1001010101100100010. ..
1001010110010011101. ..
1001100101011001100. . .
1100111010010011101. ..
1100111100101000101. .. }

cardS =11
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2 Segments and Descendants

e Initial segment of A € P, A" =An{l,...,n}
e Initial segments of S C P S" = {A" } A€ 8}

S* = {0001 ,

0011 ,

1000 :

1001 :

1100 ,

}

cardS* =5
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2 Segments and Descendants

e Initial segment of A € P, A" =An{l,...,n}

e Initial segments of S C P S" = {A" } A€ 8}

%

= {00010010 ,
00110010 ,

00111101 ,
10001001 ,
10010001 ,
10010101 ,

10011001 ,
11001110 ;
11001111 }

cardS® =9
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e Descendants of 7 C S* in S” ST) = U {Ses"| s =T"}
TeT
ST ={ . ST =A{ :
0011 : 00110010 :
7 00111101 |
1001 : 10010001 :
, 10010101 ,
, 10011001 ,
} }
card T = 2 card S*(T) =5
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3 Homogenity

card §™(9)

W = 2°0) for every ng < k < n < ck and S,T € S*

e Homogeneous class
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3 Homogenity

d n
e Homogeneous class (xar—S(S) — 2°0F) for everyng < k<n<ckand S,T € S*
card S*(T")
A 1
o S= {A C Py ' (o) > 5 =nec AVn > no} not homogeneous
no
St={ : S® = {00000010 :
S = 0000 : S%(S) = 00000011 :
, 00000110 ,
, 00001101 :

T = 0111 : S8(T) = 01111111 ,



Sets with Prescribed Digit Densities

Misik, Sustek, Volkmann, Bukor

4 Saturation

e Forevery § C Py

oS € () J{e(@) | T € P and S" =T"}

- 1
covering of oS with <2a—n, a; ]
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4 Saturation

e For every S C Py oS C ﬂ {Q(T) } T € Py and S" = T”}
n=1SeS
covering of oS with <ﬁ, o 1]
2n2n
e Saturated class oS = ﬂ U {Q(T) } T € Py and S" =T1"}

n=1 SeS



Sets with Prescribed Digit Densities Misik, Sustek, Volkmann, Bukor

4 Saturation

e For every S C Py oS C ﬂ {o(T)| T € Py and S" =T"}

n=1Ses ,
1
covering of oS with <ﬁ, o ]
2n° 2n

e Saturated class oS = ﬂ U {o(T)| T € Py and S" =T"}
n=1SeS

o Q_l(Q N (0,1]) not saturated, RHS = (0, 1]

o G(o,f.7) ={A€Px|d(A) = a,d(A) =B, g(A) =}
not saturated, RHS = (0, 1]
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5 Theorems

e Misik, Volkmann, Sustek (2017)

1 dS"
For homogeneous and saturated S C P dim oS = lim inf oscardo
n—00 n
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5 Theorems

e Misik, Volkmann, Sustek (2017)

1 dS"

For homogeneous and saturated S C P dim oS = lim inf oscardo
n—00 n

e Volkmann (1953) For A € P dim o{ B C A} = d(A)
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5 Theorems

e Misik, Volkmann, Sustek (2017)

1 ds”

For homogeneous and saturated S C P dim oS = lim inf M
n—o0 n

e Volkmann (1953) For A € P dim o{ B C A} = d(A)

e Volkmann (1952) dim oG (av, ) = min{d(c),d(5)}
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5 Theorems

e Misik, Volkmann, Sustek (2017)

1 ds”

For homogeneous and saturated S C P dim oS = lim inf M
n—o0 n

e Volkmann (1953) For A € P dim o{ B C A} = d(A)

e Volkmann (1952) dim oG (av, ) = min{d(c),d(5)}

e Misik, Volkmann, Sustek (2017)

1
dim oG (e B,) = min{8(a), 6(8), L (o) }
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