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Abstract

In the first part of the thesis we consider a differential inclusion
T e Alt)x + f(t,x) + g(t,z, X4)

in a Banach space X with a general exponential dichotomy, where X; is the closed
unit ball of X. The right-hand side is strongly measurable in the time variable and
Lipschitz continuous in the others. We prove the existence and uniqueness of qua-
sibunded solutions corresponding to suitable selectors. Analogues of stable and
unstable manifolds are introduced and a graph characterization is given. We show
some deeper properties of these multivalued manifolds concerning their hierarchy
and independence on a special parameter. These kinds of inclusions model among
others the effect of roundoff error in the numerical analysis of dynamical systems.
The first chapter is closed with various sufficient criteria for exponential dichotomy:.

The next chapter is devoted to the analytical study of the relationship between
the Poincaré map and its one step discretization. Error estimates are established de-
pending basically on the right-hand side function of the investigated ODE and the
given numerical scheme. Our basic tool in this chapter is a parametric version of
the Newton-Kantorovich method. Applying these results, in the neighborhood of a
non-degenerate periodic solution a new type of step-dependent, closed curve is de-
tected for the discrete dynamics. The discretized Poincaré map is also a preparatory
stage for further investigation of bifurcations of discrete dynamics near periodic so-
lutions.

Key words: multivalued analysis, integral manifolds, exponential dichotomy,
hierarchy, Poincaré map, discrete dynamics



Abstrakt

V prvej Casti dizertacnej prace uvaZzujeme diferencialnu inkltziu
T e Alt)x + f(t,x) + g(t,z, X4)

v Banachovom priestore X so vSeobecnou exponencidlnou dichotémiou, kde X; je
jednotkova uzavretd gula v X. Prava strana rovnice je silne meratel'nd v casovej
premennej a lipschitzovsky spojitd v ostatnych. V praci je dokdzana existencia a jed-
noznacnost’ kvaziohrani¢enych rieSeni zodpovedajicich vhodnym selektorom. Je
uvedend analdgia stabilnych a nestabilnych variet a je dokdzana ich grafova cha-
rakteristika. Dalej sti ukdzané niektoré hlbgie vlastnosti tychto viacznaénych variet,
ich hierarchia a nezavislost’' na Specidlnom parametri. Diferencidlne inklazie tychto
typov modeluji okrem iného efekt zaokrtthlovacej chyby numerickej analyzy dyna-
mickych systémov. Na konci prvej Casti sti prezentované rézne nutné kritéria expo-
nencidlnej dichotémie.

Naslednd kapitola je venovand analytickému skiimaniu vzt'ahu medzi Poinca-
rého zobrazenim a jeho jednokrokovou diskretizaciou. Chyby odhadov st dané
v zavislosti od pravej strany skiimanej ODR a pouZitej numerickej schémy. Zaklad-
nym nastrojom tejto kapitoly bola parametricka verzia Newtonovej-Kantorovicovej
met6dy. Aplikdciou tychto vysledkov, v okoli nedegenerovaného periodického rie-
Senia bola objavena nové, krokovo zavisla, uzavretd krivka pre diskrétnu dynamiku.
Diskretizované Poincarého zobrazenie je zdkladom d’alSieho sktimania bifurkécit
diskretizovanej dynamiky v okoli periodickych rieSeni.

Klacové slova: viacznacna analyza, integrdlne variety, exponencidlna dichoto-
y

mia, hierarchia, Poincarého zobrazenie, diskrétna dynamika
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Preface

The present thesis is the result of my four year long doctoral studies at the Math-
ematical institute of Slovak Academy of Sciences. The thesis is an adaptation and
extension of two papers written under the leadership of my supervisor (c.f. [25,26]
— the first one was already published, the second one has been submitted and we
have received an affirmative answer recently).

Our objects of studies are the numerical notions in dynamical systems, namely
the inflated dynamics and the numerical Poincaré map. We have chosen this topic
tirstly because we hope that the numerical aspects of the “pure” theory of continu-
ous dynamical systems (DS) keep our results closer to some real-word applications.
Secondly we have been highly motivated by the typical question: What properties
of DS persist under the various numerical procedures applied to the continuous DS?
The goal of our thesis is at first to give an adequate description for the analogous of
the stable and unstable manifolds in a multivalued setting for differential inclusions
possessing exponential dichotomy on R. Second, to introduce a numerical Poincaré
map with a rigorous analytical approach.

We hope that our investigations bring some new insights to the perturbations
of continuous DS and also that it might lead to some improvements in the future
regarding the general understanding of numerical procedures.

Our thesis is written on the level of mathematics which is accessible to the reader
having a basic knowledge of mathematical analysis. Rarely occurring advanced to-

pics are everywhere properly explained.

Bratislava, 29" of April, 2013
Sandor Kelemen
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Introduction

As we already mentioned in the Preface, this thesis is a contribution to the present
knowledge of the dynamics of numerical procedures applied to continuous dynami-
cal system (DS). The emphasis is made on two topics discussed in two independent
chapters. Now, we would like to give some brief insights into these topics.

It is well-known that invariant manifolds like stable and unstable ones play an
important role in understanding saddle dynamics for smooth nonlinear DS [3,36,38,
55-57]. To the best of our knowledge, instead, there are only few papers dealing with
saddle dynamics for non-smooth or even multivalued DS. The simplest example of
multivalued DS is the so-called inflated dynamics, which was introduced in [39] and it
was used in a fairly large number of papers since then (for details, see [30]). Chapter
1 is a continuation of [12], and we refer the reader for more results and a discussion
on multivalued hyperbolic dynamics to that paper. Like in [12], our multivalued DS
takes a special form of a parametrized, i.e. controlled form with Lipschitzian nonlin-
earities/multifunctions. In view of a parameterization result by Ornelas [46], this
is not a loss of generality in finite dimensional cases and with convex valued Lips-
chitzian multifunctions. However, in the general case such a parameterization does
not exist, see the Appendix of [12] for a short discussion about the parameterization
problem for multifunctions. Multivalued differential equations are closely related
to numerical procedures and they serve a good model in order to include the step-
to-step error terms to the exact model. Such an errors always occur in numerical
realizations.

In the first chapter we consider parameterized Lipschitzian and Carathéodorian
semi-linear differential inclusions in Banach spaces with exponentially dichotomous
linear parts. Under additional assumptions, we prove the existence and uniqueness

of quasibounded solutions. Then the analogy of the stable and unstable sets corre-



sponding to these quasibounded solutions are defined and it turns out that they are
the graphs of suitable multifunctions. We also introduce and study solutions corre-
sponding to more general weighted selector spaces. We discuss hierarchy like in [3].
Chapter 1 is concluded with presenting some criteria on the existence of hyperbolic
exponential dichotomy on R. These sufficient conditions are derived for constant
matrices on a finite dimensional C”, for a class of infinite matrices on complex ¢,
spaces and finally for some non-autonomous periodic ODE’s also on ¢,,.

After that, Chapter 2 is devoted to the precise analytical derivation of the nu-
merical /discretized Poincaré map of an ordinary differential equation possessing a
periodic orbit. We have been motivated by papers [33, 64], where numerical tools
are used for computing the Poincaré map. There is a vast amount of materials con-
cerning dynamics of numerical approximations of ODE, see for instance [23,27,28,
31,59,60]. This chapter of the thesis gives a contribution to this direction.

The continuous Poincaré map P for the smooth ODE with a 1-periodic orbit v
is a well-understood topic and is contained in almost every textbook on continuous
dynamical systems (e.g. [45]). To define the numerical Poincaré map P, for a dis-
cretized dynamical system obtained from the one-step discretization procedure we
have chosen a method originating in [33]. Here m designate the first natural num-
ber of the whole-step realizations of the discretization scheme such that the next,
m + 1-th realization, exceed the Poincaré section. Our goal is to give a precise an-
alytical meaning of P,, and to establish error bounds for the difference [P — P,
and its various differentials. Accuracies are given in a form -< for every m large
enough. Here the constant C' essentially depends on the right-hand side of the ODE,
on the particular numerical scheme and ¢ is usually a simple linear function of the
order p of the scheme. Achieved results, as we have anticipated, correspond to [28]
where the author examined the C’—closeness, j > 0, between the flow and its nu-
merical approximation. Our approach uses the method of a moving orthonormal
system (introduced rigorously in [32] and then used successfully in [6, 8, 59]) and
the Newton-Kantorovich type theorem (cf. [37,47,67]).

In the end of Chapter 2 we apply the previously established properties of P,,.
It is a slight completion of the paper [21] where two closed curves were found in a

neighborhood of the orbit . The first one is the set of m-periodic points z of the dis-



cretization scheme, where the step & of the scheme depends on = and is close enough
to 1/m. The existence and uniqueness of this curve was shown under the nondegen-
eracy condition of . The second curve, the maximal invariant set of the scheme in a
neighborhood of 7, was derived basically under the hyperbolicity of v, for any suffi-
ciently small step (this is a historically well-known topic, it was treated for example
in [6, 8,22,53]). With our setting we show in Section 2.4 that the nondegeneracy
of v in a small surrounding neighborhood leads us to the third interesting curve.
Namely the set of those points which are invariant under the action of P,,. We es-
tablish the existence and uniqueness for any m large enough and any h close enough

to 1/m. We also give a short remark about the spectral property of this curve.



Chapter 1

Multivalued Integral Manifolds

1.1 Preliminaries

1.1.1 Measure Theory

Throughout the whole chapter except Section 1.3 we suppose that X is a real Banach
space (a complete normed space over the field R). We say that an interval / C R of
arbitrary type is positive if |I| > 0 for its (Lebesgue) measure (the case +oc is also
involved). For this subsection assume that I C R is a nonempty interval.

The function f : I — X is strongly measurable' (abbreviation s. m.) if the range
f(I) is separable and f is measurable (f is measurable if the pre-image f~!(B) is a
Borel set for all Borel sets B C X). Further f is simple if it has only finitely many
values and is strongly measurable. A fundamental fact about s. m. functions is the

following lemma.

Lemma 1.1 (The approximation property of s. m. functions). Suppose that we have
as. m. function f : I — X. Then there is a sequence { f,,}°°, of simple functions which
converges pointwise to f and satisfy the estimation |f,,(t)| < |f(t)| for all t € I. Moreover
every pointwise limit of a sequence of s. m. functions is again strongly measurable, in other

words, the set of s. m. functions is closed under the formation of pointwise limits.

Proof. See [11, Appendix E]. O

A function f : I x X — X has a Carathéodory property if at one hand f(¢,-) : X —

X is continuous for all fixed ¢ € [ and on the other hand f(-,z) : I — X iss. m. for

IThere are slightly different approaches of this notion, we follow [3,11].
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all fixed z € X. We denote the set of these function by CAR(I, X). The following

consequence of Lemma 1.1 will be useful for us.

Lemma 1.2. Suppose that f € CAR(I,X) and p : I — X is a s. m. function, then the
partially composed mapping g : I — X defined as g(t) := f(t, u(t)) is also a s. m. function.

Proof. As the proof of [3, Lemma 2.2] where continuous 1 was investigated. O

We suppose that the reader has been acquainted with the theory of Lebesgue
integrals. The brief definition of Bochner integrals using Lebesgue integrals is the
following one: a s. m. function f : I — X is Bochner integrable (or simply integrable) if
the norm function |f| : I — R defined as |f|(t) := | f(t)| is Lebesgue integrable. The
function f is called locally integrable if it is s. m. on I and integrable over compact
subintervals of I.

For an integrable simple function f = >

j=1 ajx1; where o; € R, I; C [ are

measurable and y 1; s the characteristic function of the set I; we define the Bochner

integral as
k
/fdt = Z(Ij|jj|.
% j=1

For an arbitrary integrable function from Lemma 1.1 we get simple integrable func-
tions f, such that f = lim,,_,o fn, |fn(t)] < |f(¢)]. Then the well-known Lebesgue’s
Dominated Convergence Theorem for real-valued functions implies the well-defi-

niteness of

n—oo

/fdt = lim [ f,dt.
I I

1.1.2 The Uniform Contraction Principle

One of the most often used tools in the theory of differential equations is the Uni-
form Contraction Principle. We do not formulate it in the most general version, but
only the case what we use. In general | - | x will denote the norm in a Banach space
X, however in most of the cases there are no arising confusions so we use simply a

notation | - |.

Theorem 1.3. Assume that X is a Banach space, M is a nonempty metric space with a

metric dand f : X x M — X is a uniform contraction that is there exist o € [0, 1) such



that
‘f(ml,y)_f($2,y)‘ SO&|.T1—SC2’, 3717552€X73/€M-

Then for all y € M there exists a unique fixed point x = x(y) of the function f(-,y) :
X — X. In addition x : M — X is continuous under the continuity assumption of

f(x,-) : M — X for every x € X. The uniform Lipschitz property

’f(xayl>_f(x7y2)| SLd(ylay2>7 $€X7y17y2€M

implies
L

x(y1) — x(y2)| < md(yh?ﬁ)a € X,y1,y2 € M.

Proof. The existence and the uniqueness of x(y) is a straightforward application of
Banach’s Fixed Point Theorem (cf. [17, Theorem 7.1, p. 39]). The continuity and the
Lipschitz property follows from the identity

() ~ x(02)] < T [ (x(n), 1) — F (1), 0

which is a consequence of

x(y1) = x(y2)| = [f(x(v1),91) — f(x(y2), y2)]
< |fx(y1),y1) = F(x(r), v2)| + | f(x(v1), y2) — f(x(y2), y2)]

< |fx(1),y1) — fF(x(y1), y2)| + afx(y1) — x(y2)] -

1.1.3 Solution Concepts, Inflated Differential Equations

Suppose for this subsection that I is a positive interval and M is a topological space.

Our subject of investigation will be the ordinary differential equations (ODE)

T = f(t,x,y) (1.1)



for parameters y € M and the inflated differential equation (IDE)
i€ F(t,z,X,) (1.2)

where X; = {y€ X : |z| <1} and F(t,z,X;) = {F(t,x,u) : u € X;} for an arbi-
trary function F' : I x X x X; — X. Here and later on Y; designate the closed unit

ball for any Banach space Y.

Definition 1.4. Assume that J is a positive subintervalof /and f : I x X x M — X
satisfies f(-,-,y) € CAR(I,X) for all y € M. A continuous function A : J — X isa
solution of the ODE (1.1) at the parameter value y € M if the function f(-,A(),y) :
J — X is locally integrable and

A(t) — A(s) = / f(r (7). y)dr

holds for all s,t € J. In addition we say that A satisfies the initial condition z(ty) =

for some fixed values tg € I,z¢ € X if ty € J and A(ty) = zo.

Remark 1.1. A function f : J — X is said to be absolutely continuous (abbreviated
a. c.) if there is an integrable function g : J — X such that f(¢) = f(s) + f;g(T)dT
for all s,t € J. Locally a. c. means a. c. on every compact subinterval. Note that
in the context of Definition 1.4 a solution A of (1.1) is automatically locally abso-
lutely continuous on J. The fundamental properties of a. c. functions implies that
A is differentiable a. e. in J and (1.1) is valid a. e. in J (a. e. is used for “almost
everywhere”, it means that the measure of the set where the given property does
not hold is zero). The given notion in Definition 1.4 is called sometimes absolutely

continuous or Carethedéodory or generalized solutions (c.f. [40, Chapter 18]).

Let us recall the following fundamental theorem about existence, uniqueness and

continuous dependence of these solutions.

Theorem 1.5 (See Theorem 2.4 in [3]). Suppose that

f:IxXxM—=X, f(,y) € CAR(I, X) forall y € M.



Assume also with locally integrable functions I, 1y : I — R the following conditions

’f(taxhy)_f(t?m?ay)’
|f(t707y)| < lO(t)7

IN

[(B)]z1 = o,

foralmostallt € I, forall x1,x, € X and y € M. Finally, suppose that f(t,z,-) : M — X

is continuous for all (t,x) € I x X. Then the initial value problem

jj:f(taxay)? x(tO) = Zo

has a unique solution \(-;to, xo,y) : I — X for all (ty,x0,y) € I x X x M. In addition
the so-defined mapping A : I x I x X x M — X is continuous.

Let J be a positive interval. We introduce a function space
H(J):={h:J — X : hiss.m. and |h|j. < oo} (1.3)

where |h| o = sup,c; |h(t)|. It is easy to see that H(.J) endowed with the norm |- | ;-

is a Banach space. For simplicity we introduce also

T

H:.= H(R)> ’ ) ‘oo = ’ ) |R,ooa Hj-[ = H<R$)’ ‘ ’ |i = | ) ‘Rf,oo'

where R := [1,00) and R := (—o0, 7| for 7 € R. We will refer to the elements of

H(.J) as selectors.

Definition 1.6. Assume that .J C I for positive intervals J, I. We say that the contin-
uous function A : J — X is a solution of the IDE (1.2) corresponding to the selector
h € H(J), if X is a solution of & = F\(t,x, h(t)) (in the sense of Definition 1.4). In
addition we say that A satisfies the initial condition x(t,) = x¢ for ty € I,zo € X if we

have ty € J and \(tg) = xo.

Remark 1.2. Consider a multivalued mapping F' from I x X to the set of all subsets
of X (usual notationis F' : I x X ~» X). Then we should investigate a more general
differential inclusion i € F(t,z). Here a solution would be an a. c. function \ : J — X
for which the relation i(t) € F(t,z(t)) holds for a. e. ¢t € J. However, following

papers [12,13] we cover only those differential inclusions where F has a suitable

8



single valued parametrization F : I x X x X, — X, thatis F(t, ) = F(t,z, X;) (about
the question of the existence of such a parametrization see the thorough studies
in [1,2,18,58, 63]; for example in the case X = R" with a convex valued F which
is continuous in x (we do not present the definition of the continuity of multivalued
mappings — interested reader should consult [2]) a parametrization is always pos-
sible — c.f. [46]). Moreover in a case when F(-,x,u) : I — X is measurable and
F(t,-,-) : X x X; = X is continuous we can justify our Definition 1.6 because then
the set of those locally a. c. functions which satisfies the relation © € F(¢,z, X;) a. e.
coincides with the set of solutions in a sense of our Definition 1.6 (c.f. [34, Theorem
7.2]). The indubitable advantage of Definition 1.6 is that the final object of considera-
tion is a differential equation with a right-hand side parameterized over the function

space H(.J);.

Theorem 1.7. Assume that I is a positive interval and the right-hand side function F :

I x X x X; — X satisfies the following three requirements:
(i) F(-,x,u): I — X iss.m. forall fixed (zv,u) € X x X,
(ii) F(t,-,-): X x X1 — X is continuous forall t € I,
(iii) there exists a locally integrable functions ly, 1,1y : I — [0, 00) such that

|F(t, m1,u1) — F(t, 22,u2)] < Li(t)|21 — @] + la(t)|uy — us,

‘F(tvoa())l < l0<t)>

fora.e. t € Iand forall x1,29 € X, us,us € Xy.

Under these conditions for every triple (ty,xo, h) € I x X x H(I); there exists a unique

solution A(-) = A(-; to, xo, h) : I — X of the initial value problem
T = F(t,x,h(t)), x(tg) = .
In other words, for every (to,xo) € I x X the initial value problem

ZtGF(t,I,Xl), l’(to)ixo



has a unique solution \(-) = A(-;to, o, h) corresponding to the selector h € H(I);. In

addition the mapping X : I x I x X x H(I), — X is continuous.

Proof. The proof follows the lines of [3, Theorem 2.4]. We discuss only the main
idea. Without loss of generality we may restrict our attention to the case I = [a, b]
for arbitrary fixed a < b,a,b € R (the simple reason is that every positive interval /
can be written in the form I = (J,y[a;, b;] where a;1 < a; < b; < bj; for j € Nand
a;,b; € R).

Denote by C(1, X) the Banach space of continuous functions z : I — X with a

norm | - |«. Define an operator 7 for x € C(I,X) and ¢5,t € I,zo € X,h € H(I); as

T (x;to, xo, h)(t) := xg —|—/ F(s,z(s),h(s))ds.

to

It turns out that 7 : C(1,X) x I x X x H(I); — C(I,X) is well-defined and
continuous. Moreover for n € N sufficiently large the iterated mapping 7" (defined
as T"*(z;tg, o, h) := T(T* Y(x;ty, o, h); to, 2o, h) for k > 2and T! := T)is a uniform
contraction at the first variable. Applying Theorem 1.3 we get a unique fixed point
x of 7™ which depends continuously on the “parameters” ¢, zg, h. Now T (x) =
T(T"(x)) = T™(T(x)) (to, o, h omitted) therefore using the uniqueness of x we have
T (x) = x and the proof is complete. O

1.1.4 Non-autonomous Systems

For a Banach space X we introduce 5(X) the space of bounded and linear operators

L: X — X. The norm in B(X) is given as

|L|px):= sup |Lxl|x, L e B(X).

|Z‘X:1,I€X
Let us have a positive interval I and an arbitrary function A : I — B(X).

Definition 1.8. We say that ® : [ x I — B(X) is the evolution operator of the non-

autonomous homogeneous linear differential equation

T = A(t)z, reX

10



if &(-,s) : I — B(X) is a solution of the operator valued (Y (-) € B(X)) initial value

problem

Sometimes it is also convenient to use the solution of the operator differential
equation Y = A(t)Y on I with the initial condition Y'(0) = Ix. It is denoted by
® and it is a function from I to B(X). The obvious relations between ¢ and d are

~ ~ -1

®(t) = B(t,0) and D(t,s) = (t) o (B(s))

Consequence 1.9 (of Theorem 1.5). Suppose that A : I — B(X) is locally integrable
(see Subsection 1.1.1) then Theorem 1.5 ensures that there is a unique evolution operator

O xI— B(X)of &= A(t)z. In addition ® is continuous.

Proof. Apply Theorem 1.5 in a framework f : I x B(X) — B(X), f(t,Y) = A@})Y
and I(t) = |A(t)|, lo = 0. Then set ®(t, s) := \(t, s, [x). O

From now on we always suppose at least that A is locally integrable. We collect

some important properties of ® to the following lemma.

Lemma 1.10. For all t,s € I we have ®(t,s) € GL(X) which is the group of invertible
operators in B(X). Moreover ® : I x I — B(X) is continuous, |®(t, s)|px) < el Js 1A@ldr]

forall s,t € I and the following cocycle property is valid
(D(tg,tz)o(b(tQ,tl) :(I)(tg,tl), ty,to,t3 € 1.

In addition for any locally integrable function f : I — X there exists a unique solution
of the inhomogeneous linear differential equation © = A(t)x + f(t) with initial condition
z(ty) = xg € X, ty € 1. Moreover this solution is given by an explicit formula the so-called

variation of constants formula

z(t) = ®(t,t0)xo +/ O(t,s)f(s)ds. (1.4)

to

Proof. See Lemma 2.9 and Theorem 2.10 in [3]. O

Definition 1.11. We say that the equation & = A(t)x possesses an exponential di-

chotomy on I if there are constants KX > 1, o < 3, o, 8 € R and a projection P € B(X)

11



(projection means that P = P) such that

’5@) oPto(®(s) |  <Ke ) t>stsel

B(X)

<Kt t<s t,sel
B(X)

(1.5)

’Cf)(t) oP o (@(S))_l

where P* := P and P~ := Iy — P*. We denote by &, 3(I) the set of all locally
integrable A : R — L(X) for which © = A(t)z possesses an exponential dichotomy
on /.

Furthermore we introduce notations

PE(t) == ®(t) o PTo (1), PF = PH(t)(X).

Note that P*(t) are projections and P*(t) + P~(t) = I. It is easy to establish the
quasi-commutation P*(t) o ®(t, s) = (¢, s) o P*(s) for any s,t € I. Now (1.5) could

be equivalently formulated using the co-cycle property of ® as

|®(t,s)PT(s)| < K =9t >, |®(t,s)P(s)] < K efl=9) t<s
or

|PH)@(t, s)| < K e, >, P~ (H)®(t,s)| < KeP79), t<s

The notion of exponential dichotomy and its various basic applications is nicely
presented for example in [14]. Note that the Definition 1.11 makes sense also for a

complex Banach spaces.

Remark 1.3. Suppose that X = K" with K* = R" or C". Let A be a constant squared
matrix with n rows, we use notation A € M"™*"(K). Now a sufficient condition for
Aec &, p(R)is

AeC:a<<RWN)<B}No(A) =10

where R is the real-part function and o(A) is the spectrum of A. Moreover A €
Ea5(R) still holds if we assume a weaker {A\ € C : a < R(\) < 8} No(A) = () and
that for any A € o0(A) such that ®(\) € {«, 3} the corresponding complex Jordan
block is a diagonal matrix A\/. For details one should consult the books [35,41]).
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We adopt the definition of quasibounded functions from [3, Definition 3.1]. We say
that the interval I is unbounded to the left if / is one of the interval types (—o0, a),
(—00,a], R, similarly / is unbounded to the right if I is one of the following interval

types (a, ), [a, c0), R.

Definition 1.12. Assume that / is unbounded to the left (resp. to the right). Let
g : I — X be an arbitrary function and v € R. We say that g is v~ -quasibounded (resp.

v -quasibounded) if || g||;., < oo (resp. ||g||;,, < oo) for some 7 € I, where

gl := sup |g(t)] e, (reSp- g1l = sup [g(t)| e“)

teR; teRt

In the peculiar I = R case we say that g is y-quasibounded if | g||, < oo where

gl :=sup |g(t)] e .
teR

We use the abbreviation g. b. for the long word “quasibounded”.

Now we give a basic information about q. b. solutions of an inhomogeneous

linear differential equations. Exponential dichotomy plays a crucial role.

Lemma 1.13. Suppose that 7,c, 5,7 € Ria < v < fand A € E,3RT) (resp. A €
Eap(R7)). Let us have a s. m. function f : Rt — X (resp. f : R. — X) such that
| fII5, < oo (resp. || fl|;,, < 00). Then p: RF — X (resp. p: RZ — X)isa~y"-q. b. (resp.
¥~ -q. b.) solution of & = A(t)x + f(t) ifand only if thereisa £+ € PI (resp. £~ € P;) such
that

u(t) = o(t, 7)er —l—/ O(t,s)Pt(s)f(s)ds — /too O(t,s) P~ (s)f(s)ds

(resp. utt) = 26+ [ 0P (155005 +

— 00

(¢, 3)P+(s)f(s)ds) :
(1.6)

In addition in both £ cases we have an estimation

1 1
+ —YT | ¢E +
pllE < Ke e +KfT< T ) (1.7)

As a trivial consequence we get also that if f : R — X is as. m. function with || f||, < oo

and A € &, 3(R), then there is a unique v-q. b. solution y : R — X of & = A(t)z + f(¢)
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and it is given by the formula

y(t) = / O(t,s)PT(s)f(s)ds — /too O(t, )P (s)f(s)ds. (1.8)

—00

Further we have

1 1
Il < K11 (52 + = ). 19)

Proof. It is enough to study the “+ case” that is to characterize y-q. b. solutions.
Indeed, it is equally easy to perform the analogical proof of the “— case” (moreover
the transformation y(t) = z(—t) could be used to switch from “— to + case”). Hav-
ing the representation (1.6) from (1.5) and |f(s)| < [|f]|f, €7° we infer easily (1.7).
Similarly (1.9) follows from (1.8) which is again a consequence of (1.6). Hence it is
enough to show (1.6) in the “+ case”.

Let 1o : Rf — X be a~*-q.b. solution of & = A(t)x + f(t). From (1.4) we have

w(t) = Ot to)u(to) +/ O(t,s)f(s)ds, t,tg>T. (1.10)

to

Using the projection P~ (7) for both sides of equation with a rearrangement, setting

t = 7 we get easily

'mem + [ 2P (9760 = [0 )Pt (1)

< K T [t e = K &, €000,

Taking the limit as ¢y — oo we get P~ (7)u(1) = — foo O(7,5)P~(s)f(s)ds. Now set
& = PT(r)u(r). Using pu(r) = €7 — [ ®(7,5)P(s)f(s)ds and (1.10) with ¢y = 7
we arrive at (1.6).

On the other hand let us have an arbitrary £t € P} and suppose that . is given

by (1.6). From Lemma 1.13 we have that ® : R x R — B(X) is continuous, therefore
O(r, )P~ (-) : R — B(X)

is also continuous (for any » € R). Hence g(s) := ®(r,s)P~(s)f(s) is s. m. on R;.

Moreover using (1.5) and that f is y"-quasibounded, it turns out that g is integrable
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on Rt. We get similarly that

/too O(t,s) P (s)f(s)ds = (¢, 7) /OO O(1,5) P~ (s)f(s)ds — / O(t,s) P (s)f(s)ds.

So (1.10) is valid with ¢, = 7. Using (1.4) we get that x" is a solution and its -
quasiboundedness is once again the consequence of (1.5) and || f||;, < co. The proof

is complete. O]

Applying Theorem 1.3 it is easy to extend this result to the Lipschitz nonlineari-

ties. In the formulation we are using the standard double notation +.

Consequence 1.14. Let us have again 7,c,v, € R such that o« < v < fand A €
Ea 5 (RE). Suppose that F € CAR(RE, X), ||F(+,0)||£, < oo and

T77

|F(t,zy) — F(t,z9)| < Ly — 25|, teRE 21,20 € X

for L > 0. Finally suppose that K L (ﬁ + 7%()) < 1. Then for every £* € P* there is a

unique y*-q. b. solution y of & = A(t)x + F(t, z) such that P*(1)u(r) = &*.

Proof. We focus again only to the “+ case”. Let yx be a y*-q. b. solution of & =

A(t)x + F(t,x). Then pis s. m. and F(-, u(-)) as well from Lemma 1.2. Moreover
IFC, ) < NEC )L, + Ll < oc.

Now p is a y7-q. b. solution of the linear equation © = A(t)z + F(t, u(t)) hence
Lemma 1.13 implies that

u(t) = Bt T)EH + / B(t, $)P*(5)F (s, pu(s))ds — /t T (1, 5) P () F (s, p(s))ds

for ¢* € PF. Let us designate by Cf the Banach space of continuous and 7*-q. b.
functions from R} to X endowed with a norm || - [|,. Consider an operator 7 :

- + - ;
Cr, xPT — CF defined as

T(z, &%) = ®(t, 7)ET —|—/ O(t,s)Pt(s)F(s,z(s))ds — /too O(t,s)P~(s)F(s,z(s))ds.

Still from Lemma 1.13 follows the well-definiteness of 7. Note now that y satisfies
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our theorem if and only if T'(x,£T) = u for some . The central property of 7T is its

contractivity. For any n* € P}, z, 25 € C using the + variant of (1.7) with {* := 0

and f(s) := F(s,z1(s)) — F(s, z2(s)) we infer

1 1
IT00%) = Tl < KL (= + 2 o = sl

Hence Theorem 1.3 is applicable (its remaining assumptions hold trivially) and its

statement completes the proof. O

Remark 1.4. Let us suppose all the assumptions of the above consequence for two
values 7; o such that o < 41 < 72 < . Then for the corresponding 7",-q. b. solutions

[y e+ and fi,, e+ Of
T =A(t)x + F(t,x), PH(r)z(r) =¢"

we have ji,, ¢+ = [1, ¢+. Indeed, for example in the “+ case” either of p, ¢+, 1, e+
is a 75 -q. b. solution with P (7)., (1) = P (7)u,(7) = £*. Hence the uniqueness

part of Consequence 1.14 for 7 = 7, implies our statement.
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1.2 Inflated Dynamics with Exponential Dichotomy

From now on our inflated differential equation will be of the form
TeAlt)r+ f(t,z) + g(t,z, X1) (1.11)

A central assumption in the whole section is A € &, 3(R) for various a < 5. We
apply classical tools to detect and characterize bounded /quasibounded solutions of

(1.11) and corresponding multivalued stable /unstable integral manifolds.

1.2.1 Bounded Solutions

For this subsection suppose that
a<0<pand A € & 5(R). (1.12)

Itis easy to see according to Remark 1.3 that (1.12) for suitable «, 3 is always satisfied
for every constant matrix whose spectrum does not intersect the imaginary axis.
Next we briefly recall the results from [12, Section 4, Theorem 3 and 4]. For the
sake of completeness we also mention the main ideas of their proofs, again without

technical details.

Theorem 1.15 (Theorem 3 in [12]). Introduce ko p := = — é Let us have

1
B
fRxX =X ¢g:RxXxX; —X

such that

(i) Smoothness: f(-,z),g9(-,z,u) : R — X ares. m. forall x € X,u € X, and
f(t,): X = X, 9(t,-,-): X x Xy = X are continuous for all t € R,

(ii) Boundedness: |f(,0)] < 00, |g(+,0,0)]0 < 00,
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(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that

|f(t, 1) = f(t, 22)] < La|zy — 22,
lg(t, x1,u1) — g(t, w2, u2)| < Lo|w1 — 22| + La|uy — us
are valid for all t € R, x1, 20 € X, ug,us € X;.
Finally suppose that
(iv) K(Ly + Lo)kap < 1.

Then for every h € Hy (see (1.3)) there exists a unique bounded solution I'(-, h) : R — X of
the problem (1.11) corresponding to the selector h. In addition the mappingI' : RxH; — X

1s continuous with an estimate
|F(7 hl) - F(a h2)|oo S C(Ka Lla L27 L37 «, 6)|h1 - h2|oo

where
KLgKZa/B
C(K, Ly, Ly, Ls, v, ) := ’ . 1.13
(K, Ly, Ly, Ly, . B) 1 — K(Ly 4 Ly)ag (1.13)

Proof. For x € C(R,X),h € H; and t € R we set

'nﬂm@y:/ B(t, )P (s)] f(s,2(s)) + g5, 2(s), h(s))] ds
o0 (1.14)

—ZWQQJﬁV@Mﬂ&x@»+g@w@%M@ﬂ®.

Lemma 1.13 for v := 0 implies that 7 : C(R, X) x H; — C(R, X) is well-defined,
continuous and that z is a bounded solution of & = A(t)x + f(t,z) + g(t,z, h(t)) if
and only if 7 (z,h) = x. Moreover the uniform contractivity also follows from the
mentioned lemma. Application of Theorem 1.3 gives our assertions, where I'(-, ) is

the unique fixed point of 7(-, h). O

For the later use we introduce another sets of selectors

Ho:={h eH : |hlo <e},

1.15
Hi. :={h:Rf — Xiss.m.and |h|; := sup |h(t)] <e}, (L15)
+(t—7)>0
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where 7 € R,e € [0,1]. Note that H.,HZ_ are complete metric spaces with corre-
sponding metrics derived naturally from norms | - |, | - [£. Further in a situation
of Theorem 1.15 we put down an important set of initial positions of the bounded
solutions

Sre:={T(r,h) : h € H.}, ee€l0,1],7 € R.

It is easy to see that every assumption of the fundamental Theorem 1.7 are satisfied

in the context of the initial value problem
T =A(t)x + f(t,x) +g(t,xz, (1)), x(to) = xo.

Hence we get the existence, uniqueness and continuous dependence of the solution
A(+, to, o, h) for every triple (to, o, h) € R x X x Hy. Trivially, Theorem 1.7 is appli-
cable also for intervals I = RE and we get also solutions A (-, ¢y, 2o, h*) on RE for

(to, xo, hi) ERx X x Hf,r However the uniqueness of these solutions we have
A+, to, mo, h) = AF (-,to,:co, h|R$) forany h € H;. (1.16)

This argumentation justify that from now on we write in place of A* simply .
For arbitrary functions f : Dy = X,g : Dy, — X we write f C gif Dy C D, and

glp, = f. Now we define the stable set of 5. as

M2, = M:.(S,.) = {g € X :3n* € H'_,h € H. such that h* C hand

T,E)

lim [A(t,7, € h*) = T(t,h)| = 0},
t—o0
and the unstable one as

M:, = M"(S,.) = {g € X :3h € H-_h cH, suchthat h~ C hand

T,E?

lim |A(t,7,6 ) = Dt )| = 0}.
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Further introduce

M;.={§€ X - 30" € H_ such that |\(, 7, & h)|f < oo},
M. ={¢ € X : Ih~ € HZ_ such that |\(-, 7, &, h~)[7 < oo} .

T

Note the straightforward relations M?_ C M M. C M}fa

T,E?

Theorem 1.16 (Theorem 4 in [12]). Suppose all the assumptions of Theorem 1.15 and

choose T € R, ¢ € [0, 1]. Then there are Lipschitz continuous functions
w® : Pf x Hf . — P, w' P x H . — Pf
such that

M,f’g = Mi,a = {er +ws(§+,h+) : €+ c Pj,th c Hj,a} ’

N (1.17)
M! =M! ={& +w(€,h7) : & €eP,,h” eH__}.
Exact Lipschitz constants are expressed in the formulaes
(€, 1) = w(&F, 1) < \
6(K7 L17L27aaﬁ>|£f— - £;| + C(K7 L17L27L37Oé75)|hii_ - h;_ 7—1—7 (1 18)

W' (&7, hy) —w"(&5 hy)| <
6(K7 L17L2aaaﬁ)|£1_ - 52_| + C(Ka LlaL27L3>a75)|h’1_ - h2_|_

T )

where C is defined in (1.13) and C' := {7 %

1=K(L1+L2)ka s
Proof. We give a short proof only for the stable case, the unstable variant is han-
dled analogically. At first a characterisation of ]\7;?78 in (1.17) is proven and than the
equality Mjﬁ = M; .. Arguments from Lemma 1.13 yield that the suitable operator

is
T(z, 1, hM)(t) = q)(t,T)§++/ @(t,s)PﬁL(s)Ax’th(s)ds—/too O(t, 8) P~ (s)Ayp+(s)ds

viewed as 7 : CF x PF x Hf_ — CF, where A, +(s) := f(s,2(s)) + g(s,2(s), h*(s))
and C7 is the Banach space of bounded and continuous functions from R to X

endowed with a norm | - |. The operator 7 is suitable in a sense that y € C; is a
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bounded solution of & = A(t)x + f(t,z) + g(t,z,h*(t)) if and only if T (1, T, h7) =
for some £t € P

Still from Lemma 1.13 we get that Theorem 1.3 is applicable. It shows the ex-
istence of the unique fixed point x¢+ ,+ € CF of T(-,£*,h") and also the corre-
sponding Lipschitz bounds. The statement of (1.17) for ]\A/[/;i8 then follows with
w (€T, W) == xer p+ (7).

For the nontrivial ]\77?,6 C M:_we use Lemma 1.14. Let § € M _, then there is an

T,

h* € Hf_such that [\(-,7,&, h")[] < oo. Let us have u : R — X given by
u(t) = MNt, 7,6, h") —T(t,h),  heH,ht Ch
Then u is a bounded solution (on R}) of & = A(t)x + F(t,z) on RI where
F(t,x) = f(t,x +T(t,h)) = f(t,T(t, h) + g(t,x +T(t, h), A" (t)) — g(t,T(t,h), h*(t)).

On the other hand ||F(-,0)f, = 0 < co forany v € Rand |F(t,71) — F(t, z2)| <
(L1 + Lo)|z1 — 2. Finally choose v < 0 such that K(L; + L,) (ﬁ + ﬁ) < 1,
such a choice is possible due to the requirement (iv) of Theorem 1.15. Then every
assumption of Lemma 1.14 is satisfied with L := L; + L,. This yields a y"-q. b.
solution v of & = A(t)x + F(t, z).

From Remark 1.4 we easily have u = v, hence |u(t)| < |[v||;, e — 0Oast — oo
and the proof is complete. Note that we get as a by-product the uniform exponential
convergence in the definitions of the sets A/_, M}  (uniformity for h* € Hf_,h €

He,ht C hand 7 € R —because y does not depend on these quantities). O

Remark 1.5. An easy (in fact only formal) modification of the above proof yields

Lipschitz functions
We:PrxH. P,  W":P- xH. - PF
such that

ME = {5+ W3, h) - " ePF heH. ],
MY ={& +WH"(E,h) : & €P;,heH.}.
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Their Lipschitz bounds (using C ,C from (1.18)) are

(W (& h) — W2(&S, ho)| < Cle — & + Clht — halw,
(W (&7, ha) — W&, ho)| < CléT — & | + Clhi — halwe.

Remark 1.6. Sets characterized in Theorem 1.16 have some invariance properties.

Namely
A, 7,65 + W3 (P, h),h) € M}, .., At 7, & +W*(E,h),h) € My, .

for every t,7 € R, £* x P, h € H.. Hence we sometimes refer to them as the inflated
or multivalued integral manifolds of (1.2). Even though integral manifolds are usually

defined as subsets of R x X not only of X parameterized on R. New sets

M? = {(7_757]7») eRx X x He . |A('77—7€7h|i— < OO}
MY = {(7-757}1) eRx X x He . |)\(';7—7£7h’; < OO}

would fix this problem we have for them
(., &, h) e ML = (t+71,AMt, 7,6, h),h) € M, teR,r e {s,u}.
However from Theorem 1.16 we have (we describe only the stable case)

M= {(r, &+ W(ET h),h) : (1,67,h) € R xPF x H.}

= {(r 3 + W@(IE ), B) = (r& ) € R x By x H.}

where we have used that CTD(T)|P3 : P¢ — P} is a bijective mapping (c.f. Definition

1.8). Hence for
W R x P x Ho — X, WH(T, &8, h) == O(r)& + W(D(1)& , h)
we have a graph characterization
ME = {(T,W(1, &5, h),h) « (1,65, h) e Rx P§ x H.}.

£
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Note that W* is uniformly Lipschitz in & and h, however it is generally (due to our
Carathédeory settings) only continuous in 7. Further we will not give remarks in this
spirit (because it is more technical then interesting) and we restrict our attention to
the T-parametric sets M?>_, M.

T,E7

1.2.2 Quasibounded Solutions

Now we are going to investigate the set of quasibounded solutions of (1.11) and their
stability /instability region. That is we are looking for quasibounded counterparts of
Theorem 1.15 and 1.16. Our main tool will be the simple transformation discussed

in the next lemma.

Lemma 1.17. Assume that I is a positive interval and f € CAR(I, X). Letx : I — X be
a solution (in the sense of the Definition 1.4) of & = f(t,x)and p : I — R\ {0} isa C*
scalar function. Then y : I — X defined as y(t) := p(t)x(t) is a solution of y = g(t,y) for
9(t.y) = 23y + p() (£, 559)-

Proof. Since z is a solution so f(-,z(-)) : I — X is locally integrable and z(t) —
z(s) = fst f(r,z(7))dr is valid for ¢, s € I. Fix an arbitrary functional ¢ € X* and
elements ¢,s € [ such that s < ¢ (X* is the dual space of X). With a notation
u(r) == ¢(z(r)) we have u(ry) — u(ry) = f:f o(f(r,x(7)))dr for r1,r9 € [s,t]. Then
u : [s,t] — R is absolutely continuous on [s,t]. So u(r) exists for a. e. r € [s,1]
and 4(r) = ¢(f(r,z(r))) for these r € [s,t]. This means that v(r) := p(r)u(r) is also

absolutely continuous on [s, t] with derivative

0(r) = a(r)p(r) +u(r)p(r) = ¢(f (r,2(r))p(r) + (x(r))p(r)

fora.e. r € [s,t]. Therefore for all ry,ry € [s,t] we have

o) = v(r) = [ (8(4rr))olr) + Salr))itr) ) dr.

T1

After elementary computations we obtain for all ¢ € X* and s,¢ € I the follow-

ing equality



or with a notation y(t) = p(t)x(¢)

A consequence of the Hahn-Banach Theorem states that functionals separates po-

ints, so we have

which means exactly that y : I — X is a solution of y = ¢(¢, y). ]

Remark 1.7. This lemma shows in fact that it is possible to transform questions about
v-quasibounded solutions of © = A(t)x + F(t,x) to the task about the bounded
solutions of y = (A(t) — vI)y + e " F(t, e'y). The right transformation between
these problems is y(t) = z(t) e and for justification it is enough to apply Lemma
1.17 with p(t) := e .

Noting the bijective correspondence between these solution sets and the fact

(A(t) = 1) € & -ap (1)

with vy —a < 0 < § — v, we can generalize Theorem 1.15 as follows.

Theorem 1.18. Assume that we have functions f : R x X — X, g: Rx X x X; - X

and a constant y € (o, 3) such that

(i) Smoothness: f(-,z),g(-,z,u) : R — X ares. m. forall x € X,u € X, and
f(t,): X = X,9(t,-,-) : X x Xy — X are continuous for all t € R,

(i) Quasiboundedness: || f(t,0)|, < oo, |lg(t,0,0)|, < o0,

(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that

|f(t,ZL‘1) - f(t,$2)| S L1|l‘1 - 1'2|

and

g(t, 21, u1) — g(t, 22, u2)| < Lo|wy — 2| 4+ L3 e |uy — uy| (1.19)
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are valid for all t € R, z1, 29 € X, uy,us € Xy,

(iv) K(L1 + Lg):‘ioé_%ﬁ_7 < 1.

Then for every h € H, there exists a unique v-q. b. solution I',(-,h) : R — X of the
problem (1.11) corresponding to the selector h. In addition the mapping I', : R x H; — X

is continuous and
HF’Y(Vhl) - F’Y('ﬂ hQ)H’Y < C(Ka Lla L27L37a - 77ﬁ - 7)|h1 - hQ‘OOa

where C' is given in (1.13).

Proof. Apply the transformation y(t) = o(t)z(t) from Lemma 1.17 with o(t) := e .

Then the differential inclusion for y is

where

A(t) = A(t) =71 € Earpy(R),  a=v<0<f—7,

flty)= e "ft, ety), gty u) = e g(t, ey, u).

Assumptions (i)—(iv) of Theorem 1.15 are direct counterparts of (i)—(iv) listed above.
Hence, Theorem 1.15 ensures the well-definiteness of the solution operator [:Rx
H, — X of bounded solutions of (1.20). With a notation T, (t,h) := e"T'(t,h) we

arrive at the statement and the proof is finished. O

Remark 1.8. At first glance the Lipschitz-exponential condition (1.19) is quite unnat-

ural. To avoid it let us introduce a new set of selectors
HY :={h € H. : ||h|, < o0}, e € [0,1].

H? endowed with a metric d, (hy, h) := ||h1 — h2||, is a complete metric space (the
topology on H? is induced by this metric). Now suppose all the conditions of Theo-

rem 1.18 and replace (1.19) by the usual

|g(t, 21, w1) — g(t, @2, u2)| < La|z1 — 22| + Lafur — ual. (1.21)
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In this framework we have to modify our the assertion of our theorem as follows.
Corresponding to any i € H{ there is a unique 7-q. b. solution fw(-, h) : R — X of

(1.11). fy : R x H] — X is continuous and
Hf'y('7 hl) - f’y('7 h2>H’y S O(K7 L17 L27 L37 o — 7, 6 - 7)||h1 - h2||’7’

To justify this statement let us introduce K, : Hl — H; as K, (h)(t) := e "h(t) and
g(ta X, U) = g(t, Z, efth). Then

teAlt)r+ f(t,z) +g(t,z, X1) (1.22)

tulfills trivially all the prerequisites of Theorem 1.18 (even the critical (1.19)). The
application of this theorem gives I'}(-,-) : R x H; — X the 7-q. b. solution operator
of (1.22). Returning to our original setting let us introduce fw :RxH - X as

[, (t, h) :== T (¢, KC(h)). Then the statement follows easily, for example the Lipschitz

property comes from

D () = T h) | = |

< C(K, Ly, Ly, Lg, 0 — v, 8 = 7)|K(h1) — K(h2)|oo

I (- K () = I3, K(ha)) |

= C(K7L17L27L3aa - 7’6 - ’Y)th - h2||"/'

The conclusion of this remark is that if one insists on the natural Lipschitz condition

then its price has to be paid in a form of reducing our selector space.

It is clear that Theorem 1.7 under the assumptions of Theorem 1.18 implies that
the problem (1.11) is uniquely solvable on R corresponding to selector i € H; with
initial condition z(7) = . If we designate this solution by A = A(¢,7,¢, h) then
A: RxRx X xH; — X is continuous. We will use the same notation \ also
for selectors defined only on RE, we are aware of the arising ambiguity, see the
discussion around (1.16).

Now we generalize Theorem 1.16. Suppose that all the conditions of Theorem
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(1.18) is fulfilled and let us introduce

ST = {T(m,h) : h € H.},
MY :={¢eX :3n" eH ,3heH, h" C hand

7,7

lim (At 7,6, 57) = Ty (¢, k)] e = 0},
— 00
MY ={{€X :3h €eH__,FheH,h” Chand

T,

i [IA(E 7, € h7) = Ty (8, h) | e = 0}

These notations might be somewhat misleading, note that the letters s, u no longer
refer to the stable and unstable case in a usual sense that is lim; 1 [|\(¢, T, &, hT) —

[,(t,h)|| = 0. It still has a reason to use MY, M, firstly because it reveals the

T,E T,E )

connection between the theory of q. b. and bounded solutions. Secondly because in

an appropriate exponential rate s and u still refer to some asymptotic behavior.

Theorem 1.19. Suppose all the assumptions of Theorem 1.18 and fix T € R,e € [0,1].

Then there are Lipschitz continuous functions
w Prx HI = Po, w" cPDx H = Pf
such that

Mi2 = (€€ X - 30 e HE NG 6 I, < o)
€ ) € B )
M= {E€ X 2 I e Ho MG T E ), < oc)

={& +w" (¢, h),: & €PL heH )

Moreover we get exact Lipschitz bounds if we replace in (1.18) w®, w", o, B by w®7, w™7,

Proof. We present here the proof of the “stable” case, the other one is similar. We
follow the lines of the proof of Theorem 1.18 and we are going to use notations
therein. Denote by A(-,7, &, h) the solution of the transformed inclusion (1.20) on R
(resp. R*) with initial condition y(7) = £. Theorem 1.16 for an appropriate function

w® : Pf x Hf_ — P (continuous and satisfying (1.18) where «, 3 are replaced by
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a —vand 3 — v) yields

{¢ € X,3nt e HY

T,

3h € Ho, i C by lim At 7,6 h%) = T(t,h)| = 0} =

(¢ € X,3n" e HT

7,7

At 7,6 W) < oo} =
{er +a°(¢" ), e P, AT e HE ).

This identity implies exactly the statement of the theorem. It is enough to set w*? :=

@° and to the relations A\ = A e and T’ = T, e *. The proof is finished. O

Remark 1.9. The theorem above has again a variant for the situation when (1.19)
is replaced by (1.21). Now it is straightforward how to achieve this, we will use

notations from Remark 1.8. Let us begin with new selector spaces
Hi = {h € HL, : ||h*]|}, < oo}

Endowing HE; with metrics df_ (hi, he) := ||h1 — ho||Z, they turn into complete met-
ric spaces.
This time we have to apply the fundamental Theorem 1.5 to get a continuous

:RixRxXxHgﬁX(orX:RffoPxXxHﬁg—>XWithasamenotation

>) >)

) such that X(, 7,&, h) is a unique solution of & = A(t)x + f(t,x) + g(t, z, h(t)) with
z(7) = £ on R (resp. RY). Let us have K : HY — H7, the transformation given by
K5 (h)(t) :== e "h(t).

Introduce

§Z’€ = {f,y(T, h) : h € H!},
M) = {€e X : 3h* € H!?,3h € HI,h* C h such that
. +\ ey -t _
lim At 7,8, 7)) =T, (¢ )|l e 0},
M"Y :={¢e X : 3h €H:7,3h € HI,h~ C hsuch that

T,E )

lim A(t, 7,6 h7) =Ty (t,h)]| e = 0},
t——o0

For modified system (1.22) the Theorem 1.19 is applicable and gives functions

w*)>7, (w*)*™7 with corresponding properties. Then for Lipschitz continuous func-
p g prop p
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tions

TP X HYE - P

T

DY - P v +
w7 Py x HID — P}

defined as
W (ET,hT) = (w)M(ET KT (RT)), @t A7) = (wh) Y (ET K (RT))
we have

MY ={¢€ X : I e HIY A7 & R, < oo}
={&"+ @ ") €T e PE AT e HEDY,
M ={£e X : 3 eH 7 A, 7,& 07|, < oo}
={& +w" (& ,h7),: & eP,hm e H D}

The Lipschitz bounds - for instance in the “stable” case — follows from

‘AS’Y él 7h+ AS’Y 52 7h+ ‘ - ‘ S’Y T,K+(h+)) ( *)&’V(&J”C’J{(h;))l
< Olef = &1+ OIS (b)) — K5 ()l = Clef = &1+ ClIaf — k3 |1E,

where C and C come from (1.18) as it is described in the formulation of Theorem

1.19.

1.2.3 Independence and Hierarchy

Now we change the topic and our following short investigations will be focused
on some interesting questions concerning the previously defined and characterized
notions. Without any pressure and efforts to be as complete as possible we rather
would like to make a starting point for possible further directions of research. We

show some results basically motivated by two questions:
Q1: Under which conditions are we able to prove the independence of I', on 7?

Q2: What relations should we expect between various integral manifolds descri-
bed in Subsection 1.2.2 if the linear part possesses exponential dichotomy on

R corresponding to more then one, properly linked projection?
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At first partial answer to the question Q1.

Theorem 1.20. Let us have o < oy < 1 < [ and functions
f RxX =X  ¢g:RxXxX;—X

such that

(i) Smoothness: f(-,z),g(-,z,u) : R — X ares. m. forall x € X,u € X, and
f(t,): X = X, 9(t,-,-) : X x X1 — X are continuous for all t € R,

(ii) Upper bound: there are constants My, My > 0 such that
|f(t,0)] < Min(t), |g(t,0,0)] < Myn(t),  teR,

where n(t) := min{ e, A1t}
(iii) Lipschitz condition: there are constants Ly, Lo, L3 > 0 such that
|f(t,231) - f(t7'r2)| S Ll‘xl - x2|7
lg(t, w1,u1) — g(t, 01, up)| < Lo|wy — 22| + Lan(t)|ur — ug
are valid for all t € R, z1,29 € X, uy,us € Xy,
(iv) for a constant § := max {I{a_al’g_al, “a—ﬂl,ﬂ—ﬁl} we have K(Ly + Lo)0 < 1.

Then T, from Theorem 1.18 is well-defined for y € [y, £1] and independent from ~ — that is
F’Yl = F’Yz fOT’ all V1,72 € [ala 61}

Proof. We set | (a8 = ||Z|la; + ||z]|5, for z € C(R, X). The space
Y ={zcCR,X) : |T|ja,8] <00}

become a Banach space with a norm | - |4, 5,). Define 7 : Y x H; — Y formally as in
(1.14). Fix z € Y, h € Hy and introduce f(s) := f(s,z(s)) + g(s, z(s), h(s)). From our

assumptions we infer for v € {ay, 5} that

1l < (Ly + Lo) el + Lalhlos + 1 (00l + [l9(-, 0, 0) I < oo
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Hence Lemma 1.13 implies that 7 (z, h) is the unique v-q. b. solution of y = A(t)y+ f.
Using (1.9) (again for v € {a, 5}) we get the well-definiteness of 7. Moreover 7 is
continuous and also a uniform (in H;) contraction (on Y), this follows from the easily

derivable estimations

|T($, hl) - T(ﬁ, h2)|[011,51} < KL3(K“04—0¢175—0¢1 + Ka—5175—ﬁ1)|h1 - h2|00’

’T<x17 h) - T<x27 h)'[oqﬁﬂ < K(Ll + L2)9|J;1 - I2|[041,51]'

Theorem 1.3 is applicable, it yields the unique fix point x of 7 (-, h) in the space YV’
(note that x is a solution of the nonlinear problem y = A(t)y + f(t,y) + g(t, y, h(t))).
Using the uniqueness property of I',, from Theorem 1.18 and that for every y € Y
and v € [a1, f1] we have |ly||, < oo we infer that I', = x for all v € [ay, £1] and we

are done. O

Note that in the spirit of the theorem above without any effort we should de-
velop y-independent variants of Theorems 1.18, 1.19 and Remarks 1.8, 1.9. Because
it would be mechanical we do not present it and turn our attention to the question
Q2.

Let us have fori = 1,--- ,n,n > 2, projections P, € B(X) (thatis P? = P,) and
K; > 1,0, 8,7 € R. Suppose that

Oéi<7i<ﬁia izla"'anandﬁigaﬂrla Z:177n_1
Set P* := P;, P := I — P, and assume the following hierarchy of the projector ranges
PHX) C PLy(X), Pr(X)DPpy(X), i=1-n—L (1.23)

Now suppose A € &,, 3,(X) = &, 5,(X; P, K;) that is

|B(t,0)PF0(0, 5)| < K; e, >

— Y

|®(,0) P @(0,s)| < K; &%), ¢ <.

Introduce moreover n*(t) := min;—; .. ,{ €'} and 6* := max;—1 ... n{Ka;—; 51— }- UnN-

der these assumptions we can state the following theorem.
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Theorem 1.21. Let us have f : R x X — X, g: R x X x Xy — X such that

(i) Smoothness: f(-,z),g9(-,z,u) : R — X ares. m. forall x € X,u € X, and
f(t,): X = X, 9(t,-,-) : X x Xy = X are continuous for all t € R,

(ii) Upper bound: there is a constants M > 0 such that

[f@0)l < Mn*(t), [g(t,0,0)] < Mn*(t),  teR,

(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that

|f(t,z1) — f(t,22)] < La|zy — 29

lg(t, z1,u1) — g(t, w1, u2)| < La|wy — 2o| + Lan™(t)|ur — ug

are valid forall t € R, xq, x5 € X, uy,up € Xj,
(iv) we have K (L, + Ly)0* < 1.

Then T’
tion © € A(t)x + f(t,x) + g(t,x, X;1) are well-defined and the following inherited (from
(1.23)) hierarchy is valid

M2, MY from Theorems 1.18 , 1.19 concerning the inflated differential equa-

Vi T, )

M2 C MEDH, MBS MUY, =1, n— 1

Proof. We present the proof of the “stable” variant. In fact the statement follows

immediately from (cf. Theorem 1.16)
M ={ee X D AR ENIE, <oof, i=1-n
combined with an elementary fact

B 2 I I, €T, =1, n =

The proof is complete. O

The hierarchy of integral manifolds for non-autonomous systems without infla-

tion and with a bit restrictive f(¢,0) = 0 was brilliantly presented in [3, 4].
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1.3 Remarks on Exponential Dichotomy of ODE

Here we would like to present simple criteria on hyperbolic exponential dichotomy
for linear systems. That is there are & < 0 < j such that A € &, 3(R). In this
section by exponential dichotomy we always mean this property. This section is
essentially independent from previous ones, hence there might be some duplicity
in notations which will be always clarified. We will use the following well-known

lemma (cf. [61]).

Lemma 1.22 (Neumann'’s Inversion Lemma). Suppose that X is a Banach space and
A € B(X) is invertible. Then for B € B(X) such that |A™'B| < 1 we have (A + B)™! €
B(X), and

A

(A+B)'=>(A"'B)"A™", |[(A+B)| < T A

n>0

This section is organized as follows. At first we focus on constant matrices
in finite and infinite dimensions. Then we give some results for countable non-
autonomous ODE’s regarding exponential dichotomy (these systems were exten-

sively studied in [7, 16, 54]).

1.3.1 Finite Dimensional Case

We consider on X = C" the following standard norms (c.f. [41,61])

[lp = & aal? + [walp + -+ [l Jaloo = max {|a], |22, feal}

where p > 1 and = = (x1,29,- - ,x,). The corresponding norms on B3(C") are de-
noted by || - ||, and || - ||cc. We recall the following result [61]: If A = (aij)zjzl €
M"™*"(C) then

n
= g _ i
Al = max (2 Iam|> : | All2 \/ 1ax Nyry,
]:
n
[Alloe = max (2 |a¢j|> ,
]:

(1.24)

where \; 1,2,--- ,n are eigenvalues of AT A.

Arart =
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Next, by using the Holder inequality, for p > 1 we compute

EETE

- 3 (Z aij|q)p/qxp

i=1 \j=1

n

Az, = \ >

=1

n
E aijxj

j=1

1 1 . . .
for > + - =1, which gives

i=

n n p/q
A, < JZ (Z \aiqu> . (1.25)

Take A € C. In order to show the invertibility of A, := Al — A first we suppose that
ai £\, Yi=1,2,---,n, (1.26)

and then we consider the following modification of A,
Ay = (M> , (1.27)
A= i )i

where
1,ifi = j,

0,if i # J.

51']' =

Now we decompose (1.27) as follows

n

(0ij — 1)%"

Avi=1+By, By:= (b)) N a,

A
i,j=1" bij -

Note Ay = DMZA for D, := diag (A — ai1, A — ag2, - -+ , A — any). Clearly A, is invert-
ible if and only if A \ is invertible, and then A;l = K;lD/(l.

Now we have the following consequences of Lemma 1.22.

Theorem 1.23. Suppose (1.26) and set d := maxj<;<, {|\ — a;|™'}. Then the following

statements hold
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1 If
— - |a;il
J_

then A, is invertible and | A '], < 2

p— 17771'
2. If
" ag
Moo ‘= MAax {M} <1, (1.29)

then Ay is invertible and || A3 oo < 12—

3. If

p/q
i <Z;‘l:1 i |aij|q>
= Al <1, (1.30)

=1

1,1 o ; -1 d
for some p > 1, where -, + =1, then A, is invertible and || A" ||, < e

Proof. From (1.24) and (1.25) we get in the light of the conditions (1.28), (1.29), (1.30)

that || B,||, < 1 for any p € [1, 00]. Neumann’s Lemma 1.22 implies

1451, < 105 A5, < A2l
A llp = A llp A p_l_HB)\Hp
Because of || Dy'||, < d statements follow and the proof is finished. O

Remark 1.10. a) For A = 0, condition (1.28) is the Hadamard classical assumption on
invertibility of A (see [52]), but Hadamard ones have no estimates on the norm of
A1, Further results on the invertibility of matrices are presented in [29].

b) Taking the transpose A’ we get dual results of Theorem 1.23 which here we
do not present explicitly.

c) Taking opposite inequalities in the above conditions (1.28), (1.29) and (1.30),
we can localize the spectrum o(A) by obtaining Gersgoring type sets [29,66].

d)If Ra; # Oforalli =1,2,---  ,nthenusing |[\—a;| > |Ra;|foralli =1,2,--- 'n
and any A € C with R\ = 0 we see that A is hyperbolic, i.e., Ro(A) # 0, if one of the
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next assumptions holds

" e "
max Z —‘aﬂ| <1, max —Z]_I’HM il <1,
1<i<n Ra;] 1<i<n Raz|

=15
p/q
Z": (Z?:Lm |az‘j\q> .,
i=1 [ Raiil”

\

J

(1.31)

for some p > 1 where ; + . = 1. Moreover, A has the same type of hyperbolicity as

diag (Raq1, Rage, - - - , Ray, ). This follows from the fact that all matrices

dlag <§Ra117 %(IQZ) Ty éRa?’m) + g (A - dlag (%alla §Ra’227 e 7§Rann)) )

are hyperbolic.

1.3.2 Infinite Dimensional Case

Let us introduce for p € [1, oo the well-known ¢, Banach spaces

l, = {x ={x;}tiez : v, €C, |z|, < oo},

|z, = Z |z;|P, pel,o00), | 2|00 := sup |z
1EL 1€EZL

We deal with infinite dimensional matrices of the form

i+s

= Z bijxja 1€ 7

Jj=i—s

li—i|<s

for s € N and a bounded sequence {b;;} ;e

easily derive (as we obtained (1.24))

i+s
|Bali =) [(Br)i| < <Sup >, Ibﬂl) EiR

1€ j=ti—s
i+s

|Bx|oe = Supl(BfC) | < (Sup > |b13|> %o
Jj=i—s

i+s k+s r/q
o= [ B 5 (5 w) el
€L k i—s \j=k—s
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forp > 1and zla + % = 1. These results rely on similar tricks therefore we show only
the third, the most complicated one. Let us have an element = € ¢, such that there

isl e Nwithz; =0ifi e Z\ {-l, -1+ 1,--- ,l —1,1}. Then

i+s p I+s | i+s p
|Bzxl, = Z|(Bl")i|p =\ Z Z bija;| =y Z Z bij;
€7 i€l |j=i—s i=l—s |j=i—s

because for ¢, j € Z conditions |i — | > s, |i — j| < simply [j — 1| > |[i =] —|i —j] > 0

hence z; = 0. Further from Holder inequality we have

l+s i+s % l+s k+s i+s %
oty {35 (50 i) 3 o 3 (3 ) bl

i=l—s \Jj=i—s i=l—s i=k—s \Jj=1—s

Note that in the last term the coefficient before |z|, is independent on I. Now the
density of the set of these z-es in ¢, implies the desired upper bound (some relabel-
ing of indexes is also needed).
Let us take a matrix s
(Az)i = Y ayz;, i€ (1.32)

j=i—s

for s € N and a bounded sequence {aw}‘f ;'ZSS. Take A € C with

inf |\ —ay| =w >0, (1.33)
i€Z
introduce A, := I — \A and also ;1;, By, D, corresponding to sequences {d?j LZJGJ‘ZSS )

{v, ‘Z]_ej |ZSS and {d}},_, (D, is a diagonal infinite matrix) defined as

“A L OijA — aij r o (0 — Day
Y —~

d) =\ — ay.

)\—aii’ we )\—aij ’ !

Then A, = D\ A A A x» = [+ B, and we arrive at the following extension of Theorem

1.23 to infinite matrices.

Theorem 1.24. Suppose (1.33) then the following statements hold

1. If
Jﬁ%s il (1.34)
‘= su —_— , .
e o A gl



then A, is invertible in ¢, and || A < (w(1 —mn))~%

2. If
s i sl (1.35)
o +— SUu , .
1 ieg jmis i |>\ - am‘|

then Ay is invertible in (o, and || Ao < (w(1 — 1)) L
3. If

' & r/q
i (Zjilj—s,j;ék |akj|q)
T, 1= sup Z D= al?

€L k—i—s

<1, (1.36)

for some p € (1, 00), where é + % =1, then A, is invertible in (, and

-1

143 s < (w(1 = 7))

Proof. The idea is the same as the proof of Theorem 1.23. Formally the only differ-
ence is that | D} '], < 1/w. O

Remark 1.11. Assuming inf,cz |Ra;;| > 0 we infer that A is hyperbolic

. X al . . S lais]
in /¢, if sup <1, in/l if sup ==/ <1,
i€z st |§Rajj| i€Z |§Ran"
1.37
its <Z"?fs o Jag; |q>p/q (1.37)
in ¢, if sup Z Ik <1
" e o [ Ray|? ’

for some p > 1 where | + ¢ = 1. It is enough to use Theorem 1.24 for A € C such
that R\ = 0 and note that then |\ — a;| > |Ra;;|. Moreover, A has the same type of
hyperbolicity as diag (Ra;;),.;-
Note that these results are the direct consequences of the previous subsection.

More sophisticated results are presented in [62,65] on spectra of infinite matrices.

1.3.3 Periodic ODE’s

Consider a first order T-periodic ODE

&= At)z (1.38)
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with '
1+s

(At)z); = Y ay(t)r;, i€,
Jj=t—s
for s € N and a uniformly bounded sequence {a;;(t)} |Z” j_ei‘zgs of T-periodic continuous

functions. First we suppose that

lim a;4(t) = aif(t), Vke{-s,—s+1,---,5s—1,s} (1.39)

i—+o0

uniformly on [0, 7']. Then we set

S cal Wy, i>0,

(Alt)a); = S0
il saity, <0,
It is an easy exercise to verify that C(t) := A(t) — A (t) are compact in any ¢,

p € [1,00] forallt € [0,T] (T € B(X,Y) is compact if the closure T'(M) is compact
in Y for arbitrary bounded M C X). The fundamental matrix solution X' (¢) of (1.38)

has the form

X(t) = Xoo(t) + /0 Xoo(t)(Xoo(z))_lC(z)X(z)dz,

where X, is the fundamental matrix solution of # = A, (t)z (this is a consequence of
(1.4), because Y (t) = X(t) is a matrix solution of the linear equation Y = A, (t)Y +
C(t)X(t)). Hence X(T) — Xo(T') is compact and s0 0s(X (1)) = 0ess(Xoo(T)) (the
essential spectrum o..(7") of T' € B(X) is not uniquely defined in the literature, one

can find various definitions [20, p. 40], we follow the most general one

Oess(T) :={X € C : A — T is not Fredholm }
={A e C : dim(Ker(A\I - T') = o0 or codim(R(\[ —T)) = oo} .

The fundamental fact is that o..s(-) is invariant under the compact perturbations,
that is 0..5(T' + C) = o(T') for any compact C' € B(X), c.f. [20, Theorem 4.1, p. 40]).
Then for instance, if X, (¢) = 0 then X'(7") is a compact perturbation of I.

We recall [15, Theorem 2.1, p. 203] that (1.38) has an exponential dichotomy on
R if and only if o(X (7)) N .S* = @ for the unit circle S* in C. This is equivalent to say
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that the inhomogeneous system

& = A(t)z + h(t) (1.40)

has a unique bounded solution on R for any bounded continuous /& € C,(R, X) (here
X is a complex Banach space, namely one of the ¢, spaces for p € [1,o0]). Now we

rewrite (1.40) as a system

i+s
T; = aii(t)xi + Z Qjj (t)CUj + hi(t), 1€ Z (1.41)
J=i—s,j#1
for h(t) = {hi(t) }icz. We suppose
W= iEIZI,lthR |Ra;;(t)] > 0. (1.42)

We want to find criteria that (1.41) has a unique bounded solution on R. For this

purpose, we rewrite it as

t i+s t
z;(t) :/ etit?) Z aij(z)xj(z)dz—i—/ et p(2)dz, i€,

j=i—sj#i e

where a; := sign Ra;;(t) and A;(t, 2) := th a;;(u)du. Note |[RA;(t, z)| > w|t — z|.
Then for z, h € Cy(R, ¢~ ) we derive

i+s

|ai;(2)] ' RA, (t,2)
|z;(t)] < sup Z W —ai/ |Raii(2)] e®4 2 dz ) |2]o

leZ’ZERj:ifs,j#i a; 00

¢
+ |h|oo(—ai)/ e®w(t=2)q
i+s
a;qi(z hloo

i€LzER ;T Raii(2)]

Consequently, if
i+s
|ai ()]

<1
[Rai(2)]

sup

1€Z,2€R jmi—s,jti

then (1.40) has a unique solution = € C,(R, /) for any h € C(R, ¢,), and thus (1.38)

has an exponential dichotomy on /.
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Similarly for z, h € Cy(R, /1) we derive

el =D |m®)] < —a;

1€EZ 1EZ

1€Z
Jts

JEL i=j=s,it]

t
/ eaiw(tfz)
a; 00

t
+> —a / et~ |h,(2)|dz

> lag()llzi(2)ld=

j=is,ji

t t
S R OO S B OIS

€L

a;=—1 t a;=1 0o
- > [ e Nl [ e @)l
JEZ \0<|i—j|<s ¥ ™ 0<i—jl<s 7t
a;=—1 t a;=1 00
+ ) / e U |hy(z)|dz + ) / (=) hy(2)|dz
i€z Y X icz V1
ai:—l (Zizl
sup | sup  >-  fa(2)| +sup 3o a(z)]
JEZ \ 2€R 0<|i—j|<s 2€R 0<|i—j|<s iz +2|h|oo
Tloo R
- w w

which implies

a;=—1 a;=1
SUDPjez <SUPzeR Yo la(2)| +sup,er D |az~j(z)|>
2] < 0<li—j|<s 0<li—j|<s o] + 2|hloo
= w o w

Consequently, if

a;=—1

a;=1

sup | sup Z la;;(2)] + sup Z laij(2)] | <w

JEZ z€R 0<|i—j|<s

z€R

0<li—j|<s

then (1.40) has a unique solution x € Cy(R, ¢;) for any h € Cy(R, ¢;), and thus (1.38)

has an exponential dichotomy on /;.
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Finally for z, h € Cy(R, ¢,), p € (1, 00) we derive

t 'L+S t P
2O = 2|3 |- / et 3 Jay(2)lay(2)dz — / e i) By (2)d 2
i€t a;00 j=i—s,ji e
t i+s p
US| et Y jaelln)ie
<y e j=i—s,j#i
t p
S| e
iez 17 aico
t i+s 1+s
sz/ eaiw(t—z) a Z lag(2)]2p Z |z;(2)[pdz
i€Z a;00 j=i—s,j#i J=i—s,j#i
t pla| pt
T | emtendsl | [ emtah ooz
icZ ;00 ;00
. p/q
<O || e
i€z 4100
t 1+s p/q i+s 1/p
/ <>( ) raij<z>\q) ( > |xj<z>|p) a
;00 j=i—s,j#i Jj=i—s,j#i
a;=—1 a;=1
Sy
ah 1 its p/q
\f (Z / e ( > \am<z>|q> 2,()Pdz
JEL 0<|i—j|<s \k=i—sk#i
a,_l its p/q 1/p \17—
. 2
£ [ e ( > |aik<z>|q> |xj<z>|pdz) oy
JEZ 0<|i—j|<s \k=i—s,k#i
1 ai=—1 its p/a
o, S (5 o)
jEZ’Z€R0<|i—j|§s k=i—s,k#i
a;=1 i+s p/aN 1/p \/—
v/ 2
o 5 (3 iar) ) e S
JELZER (\ i i1<s \h=i—s keti
Consequently, if
ai=—1 its p/q ai=1 its r/4a
s (3 ) v S (F )
JELZER o T \ i ot JEL2ER i Til<s \k=i—s ki
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then (1.40) has a unique solution x € Cy(R, ¢,) for any h € Cy(R, ¢,,), and thus (1.38)
has an exponential dichotomy on /¢, (note that in the above computations |z|,, =
sup;er | ()|, strongly depends on p € [1, x0]).

Finally we consider a second-order ODE
&= A(t)x (1.43)

with .
1+s

(At)z); = Y ay(t)r;, i€

Jj=i—s

for s € N and a uniformly bounded sequence {a;;(t)} L] ;\ng of T-periodic continuous
functions. We say that this equation possesses an exponential dichotomy on R —

generally on a suitable Banach space X —if the corresponding first order system

S0

is exponentially dichotomous on X x X. By following [15, Theorem 5.1 p. 32, The-

orem 2.4 p. 208] we know that (1.43) on the Hilbert space X = /¢, possess an ex-

ponential dichotomy on R if o(R(¢)) > 0 for any ¢t € R where R(t) := RA(t) =

$(A(t) + A*(t)), A*(t) is the adjoint of A(t) (defined through (Az,y) = (z, A*y)) and

o(R(t)) > 0 means R\ > 0,VA € o(R(t)),t € R. Itis an easy computation to show
i+s

(R(t)x); = Y rijz;, i € L,

Jj=i—s

1 .
rij(t) == 5(ay(t) +@u(t)),  teR GIEZ |i—jl<s.
Let us suppose in the light of (1.33) that
inf r;; = inf Ra,; > 0.
i€ i€

Using Theorem 1.24 (the third part with p = 2) for A € C,R\ < 0 (noting that
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‘)\ — 7“7;7;’ 2 gRTZ'Z' = %CL”) we get that if

i+s k+s —
2 X e (0 (0) + T(0)/2°

1
%akk(ty

sup
€L k=i—s

then o(R(t)) > 0,t € R and hence (1.43) is exponentially dichotomous on R.
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Chapter 2

Discretization of Poincaré map

2.1 General Settings and Tools

Assumptions made here are going to be valid for the whole chapter. Let us have

f e C3RY), N e N\ {1} such that
¢ : R x RY — RY is the global flow of # = f(x).

For a numerical scheme v : [0, ho] x RY — RY hy € (0,1) suppose for some p € N
that
Yl 2) = plh, ) + T(h, 7). @1)

Assume again ¢, T € C3([0, ho] x RY,RY). Some technical reasons cause that we are
forced to assume also p > 2 (see below Remark 2.2 for more details).
Let v(s) := ¢(s,&) be a 1-periodic solution for fixed § € R”. Then there is a

system {e;(s)}X;! of vectors in RY for any s € R such that

e; € C3(R,RY), e(s =¢e;(8),
€ CYR,RY), ei(s+1) = ei(s) } .
07

(ei(s), j(s)) = 05, (eils), f(7(s))) =
where i,j € {1,--- N — 1}, ¢;; is a Kronecker’s delta and (-, -) is the standard Eu-
clidean scalar product. Introduce an N x (N — 1) matrix E(s) = [e1, - ,en—1]

(i-th column is e;, i = 1,--- ;N — 1). Let us set also a tubular coordinate func-

tion £(s,c) = (s) + E(s)c for s € R,c € RY~!. For standard euclidian norm
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c|a == +/{c,c) note that |E(s)c|y = |c|o,c € RY7L For § > 0 introduce the notation
By = {ce RN : |¢]; < 6} . Using the implicit function theorem finite number

of times we get that there is a J > 0 such that
€:10,1) x BY_, — R" is a C*~transformation,

in other words § ][ is a C*-diffeomorphism between its domain and range

0,1)x B |

(cf. the moving orthonormal system along 7 in [32, Chapter VLI, p. 214-219]) . For

values

hel0,hy], s €R, ce RN A €[0,h,

X = (xl,xQ,--- ’xm—l) c RN(m—l)’ ¢ eRY meN, m>4
define the following useful functions

Fo(h,s,c, X, A) :=(Gp(h,s,¢, X), Hy(h,s,c, X, A)),
Gm(h,s,c, X) :=(v(h,&(s,c)) — ot p(h, ') — 2%, (h, 2%) — 2°,
(e ) =2,
Hy(hy s, 0, X, A) = (i (A, 2™71) = (), f((s))) -
X =Xp(h,s,¢) = (2", 2%, ,z""),

fj ::jj(hﬂS’C) = @(jh,g(S,C)), .] = 1727 e, M — L.

Further let B be a compact set such that «(R) is contained in the interior of B.

Hence there is a constant R > 0 such that

{z eRY : %QW —(s)I} <R} C B. (2.3)
We mean by | - | the standard maximum norm |v| := max{|v;| : ¢ = 1,--- [} for

v € R/l € N. Notation| - | is used also for linear operators A : R"* — R defined
as |A] := max,cgt |y=1 |Av|. An open ball in a Banach space X will be denoted as
B(z,0) ={ye X : |y—z| < g} forany z € X and p > 0.

Several times we will use Lemma 1.22 from the previous chapter. Our central

tool will be the following lemma, because of it importance and for the sake of com-
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pleteness we give also a short proof.

Lemma 2.1 (Newton-Kantorovich method). Let us have Banach spaces X, Y, Z and

open nonempty sets U C X,V C Y. Lety : U — V be any function such that
B(y(z),0) C V forevery x € U and for some o > 0.
Let us have a function F € C™(U x V, Z) for r > 1. Suppose that

DyF(x,g(x))"" € B(Z,Y),

[Fle.g(@)| < a, |DyF(,g(x)"' <8

for every x € U and for some «, 5 > 0. Let

|DyF(z,y1) — DyF (,y2)| < Uy — 2], 2 € Uy, y2 € B(y(z), 0)

hold for some | > 0. For constants «, 3,1, o finally suppose

plo < 1,

af < o(1 - ple).
Then there is a unique function'y : U — V such that
lv(x) — gy(z)|y < oand F(z,y(zx)) =0forallz € U.

Moreover
y(z) —g(z)| <o, DyF(z,y(x))™" € B(Z,Y)

forall x € U with an estimate

s
1—Blo

|DyF(x7 Y(x))_l{ <

We get alsoy € C"(U, V) if we additionally assume the continuity of y.
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Proof. We transform the task to the fixed point problem of the mapping

G(x,y) ==y — [DyF(z,y(x))] " F(z,y).

Choose an arbitrary = € U. For y, y» € B(y(z), 0) we have

Gz, y1) — Gz, y2)| = ‘yl — Y2 — DyF(ajvg(m))_l(F(xayl) - F(x7y2))|

<B /O [DyF(z,5(x)) = DyF(z,y2 + s(y1 — 12))] (41 — y2)ds

1
< Bl / o + s(1 — 92)] [y1 — 9olds < Blolyr — vo]
0

where we used i, + s(y; — 42) € B(g(x), o) which is caused by the convexity of the
closed ball B(j(x), o).

On the other hand |G (z, y(z)) — y(x)| < fa < o(1— Slo) (cf. (2.6)) implies for any
y € B(y(x), o) that

G(2,y) — y(@)| <[G(z,y) — Gla,y(2)] + |Gz, y(x)) — y()]

<Bloly — y(x)| + o(1 — Blo) < Blo* + o(1 — Blo) = o

therefore G(z,-) : B(y(z),0) — B(y(z),0) C B(y(x), o) and it is a contraction (from
(2.5)). Banach’s Theorem yields a unique fixed point y(z) € B(y(z), 0) of this map-
ping which lies in B(y(x), o).

Now because of

DyF(z,y(x)) = DyF(z,y(z)) + DyF(z,y(2)) = DyF(x,y(x))

= DyF(x,y(x)) [I+ Dy F(z,5(x)) " (DyF(x,y(x)) = DyF(x,5(x)))]

and

| DyF (2, 5(x)) ™" (DyF(2,y(x)) — DyF(w,§(2)))] < flo <1
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we get from Lemma 1.22 that D, F(z, y(z)) is invertible with

N < Dy F(z,y(x)) "
—1— |DyF(z,5(x)) "D, F(z,y(x)) — D,F(z,§(x))|
p
1—plo

‘DyF(as, y(x

<

Now we show C"-smoothness. Choose any z, € U and let yy := y(z¢). From the
results above we have F(xzg,y,) = 0 and that D,F(x¢,yo) is continuously invert-
ible. Implicit Function Theorem yields a unique function y* € C"(U’, V') such that
F(z,y) = 0 holds for (z,y) € U’ x V' if and only if y = y*(z). Here U’, V' are sulffi-

ciently small open sets with properties

zo €U CU, yoeV' C B(y(zo),0).

Next

v () = g(@)| <[y (2) = yol + lyo = §(wo)| + [4(x0) — y()].

Here the second term is < p and other two terms are arbitrary small if « is sufficiently
close to z (because of the continuity of y* and 7 at ). Therefore we have an open
set U" such that zp € U” C U’ and for which |y*(z) — g(x)| < o for every z € U".
The uniqueness of the first part of this proof ensures that y = y* on U”, so y|y» €
C"(U",V). Because x, was chosen arbitrarily in U we get alsoy € C"(U, V) and the
proof is finished. O
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2.2 Numerical Poincaré Map

At first as a basis for further investigation we state a lemma about the global Poin-

caré map for the continuous dynamical systems.
Lemma 2.2 (Poincaré’s time return map). There is an * € (0,1/2) such that for every
€ (0,&*] there is b = Ore(€) € (0, O] and a C3*—function
. dre(e)
T:Rx By = (1—¢g1+¢)

such that fort € (1 —e,1+¢),s € Randc € Bf\}“_(sl) we have

z(t,s,¢) = 0for z(t, s, ¢) == (p(t,£(s, ¢)) = 7(s), f(7(s))) (2.7)

ifand only if t = 7(s,c¢). In addition 7(s + 1,-) = 7(s,-),s € R.

Proof. The C3-smoothness of z : R x R x R¥~! — R is straightforward. It is easy to

see that

2(1,5,0) = 0 and D;2(t, 8, ¢)|i=1..=0 = | f(7(5))]5 # 0.

From the Implicit Function Theorem we get for all s € [0, 1] numbers 6(s") >

0,7(s") > 0,e(s’) € (0,1/2) and C*-smooth implicit functions

71 (s = (s, s + () x By} = (1—e(s)),1+¢(s'))

determined uniquely by the equation (2.7) for
(t5,¢) € (1= (), 1+ () x (5" = n(s"), ' +n(s") x BY").

Now Ueo (8" = n(5')/2,8' +n(s')/2) D [0,1] so we can choose finite number of
elements 0 < s; < --- < s, < 1 such that U, (si — n(s:)/2, si + n(s:)/2) D [0,1].
Introduce

d := min{dy, ‘I{link{é(si)}} and ¢* := .gﬂnk{s(si)}.

Now 7°%(s,0) = 1 together with uniform continuity of 7% on [s; — n(s;)/2,s; +

n(s:)/2] x BY2, implies that for every ¢ € (0,c*] there is a de = dre(€) € (0,6/2]
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such that
7% (s,c) € (1 —e,1+4¢)

foralli=1,--- ,k,s € (s; —n(s:)/2,si+n(s;)/2) and ¢ € Bf\}eﬁ). Therefore 7 : [0, 1] x

Bf\}eﬁ) — (1—¢, 14¢) can be defined by functions 7% naturally as follows, for s € [0, 1]
choose any s; such that s € (s; — n(s;)/2,s; + n(s;)/2) then set 7(s,-) = 7%(s, )
(equality of 7% and 7% on the intersection of their domains comes from 7% (s, 0) =
1 = 7%(s,0) and the Implicit Function Theorem - so 7 is well-defined).
Because the determining equation (2.7) is 1—periodic in s we can easily extend 7
Sre

to become a function R x B N_gl) — (1—¢, 1+¢) which is 1-periodic in the first variable

by the identity 7(s + k, ¢) := 7(s,¢), k € Z, s € [0, 1]. The proof is complete. O
In this context the usual Poincaré map is defined as

P(s,c) = o(7(s,c),&(s,c)).

Further for admissible values of (A, s, ¢) using 7 from the above lemma introduce

A=Ay (h,s,c) i=7(s,¢) — (m —1)h.

To get the exact meaning of P,, mentioned informally in the introduction we
have to solve the equation F,,(h,s,c, X, A) = 0 near (X,A). Here comes the first

application of Lemma 2.1. Before this let us introduce some technicalities, at first
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the following positive constants

Cy > D[k],r h
x> mex  {|DEY(h 2)l},
ke{0,1,2,3}

hel0,ho], z€B,
ke{1,2,3}

C, > max{ max  {[D¥e(h, z)|},

héﬂ)%% {l¢L(h, z)]}, hn[la;"f]{hpmx (h,z ]}}

Crnin < mln {lf( )‘ I

zey(R

C, > a DEl(s, o)},
selo, 1r]nké<{1 2}, {| ( )|}
cepeE/2

(2.8)

Cr > max{|E'(s)|,s € [0,1]},

Dy (h .
Cy 2 he[On;zl[%XzeB“ ¥ ,x)|}
ke{1,2,3} J

Here D™ is the k-th Fréchet differential. Note that an upper bound of a type C,
could be given simply using (2.1) and constants C,, Cy. Next, let us have § > 0, 1 €

(0,1) and introduce

w—= Cl&l
i := dm(p, 6, p) = mlm — 1)’
for y )
2 J P CTé)p—l
m > mo(p,0, ) :=maxs |— |, || —— , +15,
>t = ms{ [ 2] (55) ]| (S) 7| ]
where [z]| :=min{k € Z: k > z} and |z| := —[—=z] for any = € R. Further

1 1 )
Im = Im<pa 57 /u) = (E - dma E + dm) )

B, := B (p,8) := BY™ (2.9)

He = Hm(p7 5a M) =7, xR X Bm7

also for m > my.
The simple goal of these complicated assumptions is that for (h, s, c) € H,, it is

straightforward to show
dp >0, T, C (0,hg), ce By,
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and
= 1
STH A, < 1 (2.10)

m m

Theorem 2.3. Choose any constants Cy, Ca such that

_ _ NCCy
Cx>Cx =C,Cr,  Ca>Tai=—5——,

2.11)

Fix 6 > 0, then for every m large, jn small enough and (h, s, c) € H,.(p, 0, p) there exists a
unique pair (X, An) = (X (h, s, ¢), Ay (hy s, ¢)) such that

F( X, An) = Fn(h, s, ¢, Xpn(h, s, ¢), A (b, s,¢)) =0

and

|Xm - Xm| < CX/mp> |Am - Am| < CA/mp' (212)

Moreover the functions X,,, A, are C*~smooth in its arguments and
(X, Ap)(h, s+ 1,¢) = (X, A (hys,¢),  (h,s,¢) € Hp. (2.13)

Proof. The proof is divided into several steps. Two main parts are the following
ones:

Part 1. The solution X, close to X,,, of G,,(h, s,c, X) = 0 is found.

Part 2. We solve H,,(h, s, c, X,,(h,s,c),A) = 0 for A near A,,.

These parts are handled using Lemma 2.1 and contain four steps.

Step 1.1. We show that
G (h, 5, ¢, Xp)| < CrhPT (2.14)

is valid for all (h,s,c¢) € H,, and m large enough. From (2.1) we have for j =

1,---,m — 1if mis large enough that

(Gl s, X) V| = |00, 2 7Y) = o, 3971))]
< th‘T(h, Ejfl)] < CphPtl
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where ° := (s, ¢). Indeed, noting that
. : 1 3
5/mP < min{R/C,,6(7)/2}, and jh < (m —1) (a n czm) <3
are valid for m large enough using (2.8) we get that

o =2t + )l =| [ ulinn(e) + 0B (e

< | B(s)e] < ColE(s)els = Cylele < C,d/m? < R,
Hence using (2.3) we have
7 = p(jh,§) € Bforj=0,1,--- ,m—1, (2.15)

and so |Y(h,z77')| < Cy and we are done.

Step 1.2. We show that for any p; € (0,1)

‘DXGm(h, s, ¢, Xm)_l‘ <

(2.16)

holds if (h,s,c) € H,,, and m is large enough (the main point is of course that the
lower threshold of m-s depends also on i, its limit is co as y11 — 07 — from now on
we omit remarks of this type).

Using (2.1) again we get DxG,,(h, s, ¢, X,,)[Y] = AY + BY where

AY = (—y' @ (h3h)y' — o2, @ (R 7)y” — ¢, -
(BB TRy =y,

BY = (0, R (B, 2h)yt, WP (B 22y, - RPTIY (B, jm—Q)ym—2) .
Now AY = Z is solvable. Straightforward computation shows

y =-—z
| g - (2.17)
y] ==z _ngé(rha*/f]ir)zjira ] :27 , M — 1.
r=1

Therefore |[A~*Z| < C,m (because (2.17) implies |y/| < (1 + (m — 2)C,)|Z| for j =
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1.---

Y

,m — 1, noticing C, > 1 and (2.15) we arrive at the statement). Next we obtain

in a moment also |BY'| < Cyh?*! ((2.15) is used again). Now using

1 1
h< = +d, < —* (2.18)
m

m

we get
CngT(l + ,M)erl

mpP

|A7'B| < C,mCyhPt <

and so we have |[A™'B| < pu; < 1 if m is large enough. Lemma 1.22 implies the

invertibility of A 4+ B and also that

A C,m
At By <] < =
R - e

and we have arrived at (2.16).

Step 1.3. We show that for any 1, > 0 we have

(1+p)Cy + o
m

|DxG(h,s,c, X1) — DxGp(h, s, ¢, Xa)| < | X1 — X (2.19)

for all Xy, X5 € B(X,,, R/2), (h,s,c) € H,, and m large enough.

At first notice that from

o(h,z) = p(0,2) + / a%«o(nh, )y

1
=af+h/ @r(nh, z)dn
0

we have

1
o (hx) = h / S (h, )y
0

which readily implies (cf. (2.8))
|25 (h, 1) — @l (B, 2)] < hCylzy — 29 (2.20)

for all z1, x5 such that z1 + ¥(z2 — x1) € B, € [0,1].

For m large enough we have that

VX1, Xo € B(X,,,R/2) : 2] +0(a)—2])€B, j=1,---,m—1 (2.21)
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This follows from the following considerations. The condition
§/mP < min{R/2C,, ore(e*)/2}

is fulfilled for m large enough, this implies that |77 — y(jh + s)| < R/2 (similar

considerations as we obtained (2.15)). Now

2] + 0(xh — 21) = (iR + 5)|
< (1= 9)|af = &|+ 0|z — | + |77 = v(jh + s)|
R R R

<(1—19)§+19§+5 R

so from (2.3) we have ] + 9(z} — 27) € B which is exactly (2.21).
For such an X, X using (2.1) we derive that

(DxGp(h,s,¢,X1) — DxG(h,s,c, X)) [Y] =
(0. (¢ 21) = &, 2d)) o' (2 () = ol ad)) 2,
o (a2 = () 2
(0,2 (T (hyd) = () o' (4, @) = Th(h,ad)) 2,

B (T~ T a5 ) y ).

Using (2.20) and (2.8) we obtain
|Dx G (h,s,¢,X1) — DxGp(h,s,c, Xo)| < h(Cy, 4+ hPCr)| Xy — Xo.

Note again that (2.18) is valid, therefore for every m large enough we have

+1
LA mC+ BT (14 )+

h(C, + h"Cr)

m m

and we have obtained exactly (2.19).
Step 1.4. Now the final step of the first part is coming. To fit into the framework
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of Lemma 2.1 with an equation G,,(h, s, ¢, X) = 0 set

U:=Hp,V =RV"D o — (b, s ¢),5(z) == Xm(h,s,¢),
Cry C,m (14 pw)Cyp + o o Cx (2.22)

=——, B =— 1= = .
“ mP“’B 1—py’ m mp

It has to be noted that for m large Cx/m” < R is valid and so (2.4) holds on
B(y(z), 0). Conditions (2.5) and (2.6) has to be fulfilled. For (2.5) pick ps € (0,1),
then for m large enough we get

(14 p)C? + pu2CxC,,
mpP

plo =

< pz <1

Further using (2.18) we get

af _ CoCr(1+ p)P!
o(1—plo) ~ Cx(1—my)(1—ps3)

s0 (2.6) in this setting will be valid if

(14 p)Pt!

C,C < Cx. 2.23
) < 22
According to the assumption Cx < Cx and that % — 1% as p, puy, uz — 0T,

there are always such suitably small parameters y, i1, i3 € (0, 1) that (2.23) is valid.

Therefore Lemma 2.1 can be used (the remaining assumptions are trivially satisfied)

and gives a unique element X,,(h, s, c¢) € B(X,,, Cx/mr) such that
Gm(h,s,c, Xpm(h,s,c)) = 0.

Moreover X,, is C3-smooth, | X,, — X,,| < Cx/m? and

B < Com
—Blo = (1= pq)(1 — p3)

|DxG(h, s, ¢, Xm) 7t < 1

Step 2.1. Set

z(h,s,c,A) : = H,,(h,s,c,X,,(h,s,c), A
( ) ( (h.s,0),A) } 020

= (YA, zp") = (s), F(1(s))) -
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We show that for any p4 > 0 we have

NC?DCX + [y

mpP

|2(h, s, ¢, Ap)| < (2.25)

for all (h, s, c) € H,, and m large enough. At first note that

2(hy s, ¢, An) = (@(Dp, 2™ ) = 7(s), f(7(5)))

(B, am ™) = @A, 3™ + AT (A, 2 ™), f(1(5)))

where the first term vanishes because of Lemma 2.2. From (2.10) we infer A,, €

(0, ho/2) for m large enough. Next

(B, ™) = (B, 71| < Cplay™ = 771 < C,Cx /mP,

(1+p)P*+Cy
mp+1 )

ALY (A, )] <
From |(a, b)| < Nlal||b| and ¢}(0,x) = f(z) we obtain

NC, <C¢CX + M)

m

|2(h, s, ¢, Am)| <

mpP

For m large enough %’M < 4 is valid, therefore (2.25) holds.

Step 2.2. We show for any p5 > 0 that

L+ ps

‘DAz(ha S, C, Am)ill < C

(2.26)
where (h, s, c) € H,, and m is large enough. Straightforward computation yields

DAZ(h,&C, AM) = |f<7(5)>|§ + wm(h757c)
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where

win(h, 5,€) i=( (B ™)) = F(2(A0,37))
+ AT (A7), F(9)) ).
A=A, (h,5,0) =1~ (m—1)h,

10 =z (b, 5,0) = (s 4 (m — 1)h).

Elementary considerations shows that

NC25(Cx + 6(C, + VNC,))

W] < -

therefore for m large enough we obtain

2 .
|DAZ(h,S,C, Am)| > |f(7(8))|2 > len ‘
L+ ps 1+ ps

This shows (2.26) and we are done.

Step 2.3. We have
|Daz(h,s,¢, A1) — Daz(h, s, ¢, Aq)] < NC,Cy|A; — Ay (2.27)
is valid for all (h, s,¢) € Hn, A1, Ay € [0, ho] and m large. We easily derive that

Daz(h,s, ¢, A1) — Daz(h, s, ¢, Ay) =
(U (Ar 2™ = Y4 (A, 2 ™), f(1(5))) =

< [ ofda 021 - B, a0 f(v(S))> (A~ Ay)

which immediately yields (2.27).
Step 2.4. Finally we solve z(h, s, ¢, A) with Lemma 2.1 (see (2.24)). Set

U:=Hp, V:=(0,ho), x:= (h,s,¢), g(x) := Ap(h, s, c),

_NCCxtpm y 1t
mP 7 . Cmin

(2.28)

a: , 1:=NC,Cy, 0:=Ca/ml.
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Note (2.10) again, so B(A,,, 0¢) C V holds for m large enough. Now

(1+ p15) NC,CyCa
mpP

plo=

<pe <1

is valid for any pg € (0, 1) if m is sufficiently large which fulfills (2.5). Now

af (NCZCx + pua)(1 + p15)
o(1 —plo) — Ca(l — )

therefore (2.6) holds if
(NCZCx + pua)(1 + pi5)

Ca(l — pe)

Because of Cn < Ca and the already proven part of our theorem - that is Cx can

<1. (2.29)

be chosen arbitrary close to Cx for m large enough — we conclude that (2.29) can be

fulfilled (with sufficiently small s, f14, 15, t6 > 0). Now Lemma 2.1 gives a unique

element A, € B(A,,, Ca/mr) with z(h, s, ¢, A,,) = 0. Moreover

B < 1+ ps

Am_Am <C mp7 D Zh?‘S’C?Am - S -
| | A/ | A ( ) | 1-— ﬁl@ Cmin(1 - ﬂ4)

are valid and the proof is finished ((2.13) is a straightforward consequence of the
1-periodicity of G,,, X, Hn, 2, A,,, in the variable s, and the uniqueness parts of the

steps 1.4. and 2.4.). O]

Remark 2.1. In the framework of Theorem 2.3 a natural approximation of P is
Pon(h,s,0) =0 (An(h, s, c),xn " (h,s,c)).
Now

[P(5,0) = Pl 5,0 < 97, ) = (A, mi )| + [AZHT(A, 2]
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Notice that

|90(7—a f) - @(Am>XrTnn_1)‘ = ‘@(Amwfm_l) - @(Aﬂ%ajz_l)‘

< {@(Amvfim_l) - @(Amv im_l){ + }@(Am’ jm_l) - SD(Asz_l)}

1
< / (A 4 OBy — A, 2" )] Ar — A
0

1
4 [ 1B 0 = lddle -
0

therefore |o(7, &) — (A, X 1| < Cy(Cx + Ca)/mP (we used (2.8) and (2.21)). In
addition from (2.10) and (2.12) we have

_ _ 1 C
An] < |Am] + [Apy = A| < —H 4 2
m mpP

SO 41
(14 p+927)" Oy

mp—1
mp-‘rl

|APFIY (A, 2 )| <

Hence for any fixed i; > 0 we have [AZF (A, 27n"1)| < £ for every m sufficiently
large.

Putting all this together we arrive at
[P(5,) = Pulh, 5,0)| < ifmi? (2.30)

where k > % := C,(Cx + Ca) is an arbitrary constant, m is sufficiently large and

i, iz are small enough (c.f. (2.11)).

Remark 2.2. With a minor modifications in our settings p > 1 would be possible until
now (basically to tackle the additional case p = 1 we would need: the extension 1
to be a function defined on [—ho, ko] x RY; enlarging constants in (2.8) by replac-
ing [0, ho] with [—hg, hol; suitable changes in the definitions of d,,,, mo, Z,,, B,,). The
fundamental difference in the case p = 1 would be that the natural requirement
0 < A, < 2h is generally not satisfied, even for m large. So the last step size is
inappropriate. Possible correction would be to find the right number of iterations

of ¢(h,-) to ensure that the next iteration with a step A near h (at least satisfying
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0 < A < 2h) we hit the Poincaré section. This procedure doesn't fit to our approach

based on Lemma 2.1 therefore we are not going to specify the details.

2.3 Closeness of Differentials

Now we would like to get an upper bound in the spirit of (2.30) but for various
differentials |D,[P(s,c) — Pwm(h, s, c)]| for v € {h, s, c}. At first we upgrade Lemma

2.1. Undoubtedly it is of its own interest in this abstract setting.

Lemma 2.4. Suppose all the assumption of Lemma 2.1. Moreover let us have o, g, l; > 0

such that

ye CYU,V)and |7 (z)] < o,
|V (2)] < ag, x € U, for d(x) := F(z,y(x)), (2.31)

\Fl(x, 1) — Fo(x,y2)| < lilyn — yo| for x € U, y1, 42 € B(y(x), 0).

Then we are able to extend the results of Lemma 2.1 by an estimate
' (z) =7 () <01, zel, (2.32)

where

01" (loog + 1o+ a2) . (2.33)

T 1-Blo
Proof. From the equations F'(z,y(z)) = 0 and F(z,y(z)) = ¥(z) after differentiation

we infer for x € U that

y(2) = =(Fy(z,y(2))) " Fy(z, y(x)),
7(x) = (Fy(z, g(2))) (¢ (z) — Fy(z,5(x))).

From now we omit (z, y(z)) and (z, y(z)), the superscript ~ above F' will indicate the

substitution of (z,y(x)), otherwise we substitute (z,y(x)). We have

v~ = ()7 (~F - ) = ()7 (B~ B3~ Eyyf — FY)

= (F) " ((Fy = F))Y + F, = F, =),
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from which we get exactly (2.32) (using (2.31) and the assumptions and results of

Lemma 2.1) and the proof is finished. O

Now we are going applying this lemma we continue Theorem 2.3, adopting its

notations get the following statement.

Theorem 2.5. There are constants Cy,, for V€ {X, A} and v € {h, s, c} such that

|Dy[Vin = Vinl| <Cy/mP, V€ {X,A},v € {s, C}’} (2.34)

|Dh[Vm — Vm]l SCv,h/mp_l, Ve {X, A},

where § > 0is an arbitrary constant, m is large enough, y is sufficiently small and (h, s, ¢) €

Hon(p, 0, 11).

Proof. To be able to apply Lemma 2.4 twice with frameworks described in (2.22) and
(2.28) we have to find additionally constants (for the sake of (2.31))

ap = aq[Viv], ay=alVv], L =4L[V,v]

forall V e {X,A},v € {h, s, c}. This will be a bit sweating task.
Part 1.1 —about oy [ X, v] for v € {h, s, c}. After differentiation we get

Dy(') = f(@")j,  Ds(@) = ¢, (ih,€)(f(1(s)) + E'(s)e),
De(#7) = ¢ (jh, §)E(s)

for j = 1,2,--- ,m — 1. Therefore (using (2.8) and that |E(s)| < V/N)
|Di(Xn)| < Com, [ Do(Xm)| < CL b o, |Del(Xm)| < CoVN

where 1y > 0 is an arbitrary parameter and m is large enough (C,Cgd/m? < py is

valid for m large enough). So

a1[X,h] :=Cyom, ai[X,s]:=C+py, ai[X,d:= C,VN. (2.35)
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Part 1.2 —about o3[ X, v] for v € {h, s, c}. Note that

Gl =Gl 5,0, Xon(hy5,0) ) = b(h, @) — p(h, @)

m

=hPTIY(h, 2771, j=1,2,--- ,m—1.
This implies

Dy(GY,) =h*[(p + 1)Y(h,27~)

+h(,(h, 277 1) + Y0 (h, 21 Dy (27 ))],
Dy(G3,) =hPT0 (h, 277 Dy(27 ),
De(Gy,) =h" 00 (h, & 71) De(3 7).

Using Part 1.1. of this proof and h < £ for G, := (G}, G2,,--- ,G"~!) we infer

= Cy(Co+p+1)+ pio

D@ < T2
_ CyC? + po - CrCoV'N + g
|Ds(G)| < IS |D(G)| < s .

for any fixed 1119 > 0, every m large enough and p sufficiently small. This yields

Cr(Co+p+1)+ CxCZ +p
asli¥, ] = 1 - JF10 o1, o =
(2.36)
CrCuV/N + 119
as[X, c] = o :

Part 1.3 —about [;[ X, v] for v € {h, s, c}. We have in a moment that /;[ X, v] = 0 for
v € {s, c}. Further note at first that

Dth(h7 S, G, XZ) = <wh(h> f)? wh(}% le)v e 7wh(h7 x;'nil))

for X; € B(X,,,Cx/m?),i € {1,2}. Now for z;, x, such that z; + ¥(zy — z1) € B for
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all ¥ € [0, 1] we have

1
n(hy 1) — du(hy 22)] < / Ly s+ (s — 22))| A0 —

<Cylr1 — 22|
which implies that ;[ X, h] := C,; is a good choice. Therefore
LIX,h]:=Cy, L[X,s]:=0, §L[X,:=0. (2.37)

Part 1.4 — determining Cx,, for v € {h, s, c}. Now we are ready to apply Lemma
2.4 in a setting (2.22) extended with (2.35),(2.36) and (2.37). From (2.32) we obtain
exactly (2.34)ina case V = X,v € {h, s, c} with

CX,h >6X,h = CQO[C?OCX + Cwax + Cy(C@ +p+ 1)],
CX,s >GX,5 = C?O[CgoCX + C'r)],
Cx. >Cx,. = VNCZ[C,Cy + Cy)]

for every m large enough. Indeed, for example in the case v = h (others are treated

similarly) we get from (2.33) for p;; > 0 that

f
1—plo

|Du(Xn — X)| < [lgozl[X, h] + L [X, hlo + as[X, h]]

C 1 C C
_ el (1+p) ¢+NZ—XC@m+C¢—X
(1= ) (1 — pa) m mP mp
+CT(C¢ +p+1) + o < Cxp + pi11
mpP - mpfl

for m large and p small enough (we have also used (2.11) from Theorem 2.3).

Part 2.1 —about o [A, v] for v € {h, s, c}. We easily get

Di(Ay) =—m+1, DyA,) =17, D.JA,)=T.

Therefore

a1[A Rl i =m,  a[As]:=C, ay[X, ] :=C,. (2.38)
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Part 2.2 —about as[A, v] forv € {h, s, c}. Lemma 2.2 implies (see also the definition
(2.24))

2(h, 5,0, 8m) = (@B, 7"71) = 7(s), f((5))) + (win(h, 5, ¢), f(4(5)))
= (wm(h,s,¢), f(7(5)))

where

Now

Dyz(h, s, ¢, Ap) =(Dywp, f(7(s))), s €{h,c},

Dyz(h, 5, ¢, Am) =(Dswm, f(7(s))) + (wm, £(7(5)).f (7(5)))-

So at first we handle terms D,w,, for v € {h,s,c}. Straightforward computation

shows that

(2.39)

Dvwm = (Al + AQ)DvAm + (Ag + A4)Dv.f'm_1
+(As + A)Dy(a™ ! — ™), vwe {h,s,c}

where

Ay =g (A, 2 ™) = (A, 277,
Ay =(p+ DAL Y(A,,, 2™ 1) + AP (A, 2771,
A3 ::@;(Amv ljrz_l) - @;(An%jm—l),

Ay =AY (A 2 Y,

ms Loy

As =¢" (A, xz_l).

Let us have ;5 > 0, then computations as in the previous parts show that for m

large and p small enough we have

CoCx + Cr(p+ 1) + prz

mpP

|A; + Ay| <

C<p6X + 12
mpP

|Ag + Ayl < ; |As + Ay < Cy + p112
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For the remaining parts of the right side of (2.39) we have upper bounds in (2.35),
(2.38) and in the already proved case of (2.34) (c.f. Part 1.4). Putting this together we
get for any 13 > 0 that

Ch + p3

mp—1

Cs + 13

mpP

Cs + 13

|thm| S mp

) |Dswm| S ) ‘Dcwm| S

where m sufficiently large, 1 is small enough and

C ::C¢6X +Cyr(p+1)+ Ciax + GX,wa
Cy :=(C,Cx + Cx(p+1)) Cr + C3Cx + Cx..C,,
C3 = (CoCx + Cr(p+1)) C; + VNCZCx + Cx,.Cy.

Furthermore for C, := C,Cx similar computations show also |w,,| < (Cy+ py3)/m?..
Therefore we can finish this step with the following choices

NC,Cy + p1a NC,(Cy + Cy) + t114

Qg [Av h‘] = mp—1 ) &%) [Av S] = mp (2 40)
 NC,C5 + g '
ol A, ] s= I

where yi14 > 0 is an arbitrary parameter, m is large and . is small enough.

Part 2.3 — about [;[A,v] for v € {h,s,c}. For A € B(A,,,Ca/m?) differentiating

yields

Dyz(h, s, e, A) =(0n (A, 2 ) Doa ™ f(4(5))), v € {h,c},
Dyz(h, s, ¢, A) =W (A, 2 ) Dsapy ™, f(v(s)))
+ (WA, 2 = (s), 9l (s, &)

Note that from a triangle inequality we have

|thm_1| S |thm_1| + |Dh($nm1_1 — i’m_l)| S C¢m + CX7h/mp,

Dl ™| < C2 + g + Cx/m?,  |Da™| < VNC, + Cx,./mP.
Employing Newton-Leibnitz formula straightforward computations for any 1i;5 > 0
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and m large enough imply that following choices are suitable
LA = NCyC2m + s, LA, s] = NCuCy(1 4 C2) + u15,} a1

ll[A, C] = N3/2C¢Ci + U15.

Part 2.4 — determining Ca , for v € {h, s, c}. As in the Part 1.4 we apply Lemma 2.4
in a setting (2.28) extended with (2.38),(2.40) and (2.41). From (2.32) we obtain (2.34)

inacase V =A,v € {h,s,c} with

NC,[CyCa(1+C,) + O]

Can >Cay = . |
Cay >Cay = C‘P[C@(CTC +CY+Cr+ O
Cpe>Cae = NC¢[C¢@A(C(§£::/NC¢) + Cs]

for every m large, 1« small. The proof is complete. 0

Remark 2.3. Now as in the proof of Theorem 2.5 (see (2.39)) we get

DUP(87 C) - Dyp(h, S, C) = (Al — /IQ)DUAm + (1213 — A4)Dv.fm_1 (2 42)
—(A5 4 A)Dy(A, — Ay) — (Ag + Ay)Dy(XmE — zm—h)

forv € {h,s,c}, where

Ar =g (D, T = (A, ),
Ay =(p+ DALY (A, 2 ) + ALT) (A, 27,

Az =g (A, 777" — wé(Amﬁwﬁ_l)’
Ay =APTY (A, 2™,

Ay =g (D™, g = (Al ),

’I’I’L

From (2.10) we infer

_ 1
1Al < |BAm] + 1A A|<1+M %:M'

m mP m
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After lengthy computation for j;6 > 0 we get

Cs + e CyCa + 16
mP ’

mpP

|A; — Ay] < |As — Ay| <

)

|As + A < Cy+ pis, | As + As| < Cy + pise,

where Cs := C,(Ca + Cx) + (p + 1)C2Cx, m is large y is small enough. Using in
addition (2.34), (2.35) and (2.38) for remaining terms in (2.42) we finally obtain

‘Dh[P(S,C) —Pm(h,S,C)H S/fh/mp_la } (243)
v € {s,c},

|D,[P(s,c) — Pm(h,s,c)]| <k,/mP,

where

Ky >C5 + C¢@AC¢ + C@(CA,}L + CX,h)>
ks >C5C, + C,CaAC2 4 Cy(Cas + Cx.o),
ke >C5Cr + C,CAC,VN + Cu(Cae + Cx.e).

One may wish to continue in this direction developing bounds for

D?  [Pu(h,s,c)—P(s,c)], wvi,vs € {h,s,c}.

V1v2

This is quite technical (computations rather for computer), therefore we show only
the key equipment namely the natural extension of Lemma 2.1 to the next level in

the spirit of Lemma 2.4.

Lemma 2.6. Suppose all the assumptions of Lemma 2.1 with X = X; x Xy x X5 (X;,i €
{1,2, 3} are Banach spaces, and | - | x := maX;c(123} | - |x,). Let us have F € C"™(U x V, Z)
forr > 2 and also iy € C*(U, V). Suppose (like in (2.31)) that

<ay;, |Dg0 < gy, (2.44)
\F, (x,01) — Fy (@, y2)| < liglyn — w2l @ € Uyyr,y2 € B(y(x), 0)

D2,y

fori € {1,2,3}. Introduce also ¢, ; := 1%19 (loor; + 11 ;0 + ;) accordingly to (2.32).
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Further let us have

|D2 | < QO3 55 D2 9| < Q4 s

TiTj TiTj

Ty

L (@) = B ()] < Loaglyn — ol (2.45)

1Fry (@, 0(2))] < s |Fy(2,5(2))] < o,

) () = L (2,y2)| < sy — ol

|Fy(@,01) — Foy (@, y2)] < lalys — v

fori,j € {1,2,3},i < jand forall v € U and y,,y2 € B(y(x), 0). Then
|Daa,y(2) = Do, ()| < 0255, €U, i,j€{1,2,3},i<y, (2.46)

where

B
02,i,j ::1——5@ (lQOé?,,i,j + i+ olaig+ 01505 + olzi(an; + 015)

+ 01,05, + ols (a1 + 01:) + 010601, + 01 jo6 (1, + 01,0)

+ oly(ar; + 014) (a1 + Ql,j)>-

Proof. Partial derivations with respect to z; into the direction Jv € X; of the equa-
tions

F(z,y(2)) = 0 and F(z, j(x)) = 9(x)

gives (we use notation F from the proof of Lemma 2.4)
F,.0v+ Fy, 0v =0, F} v+ F;y&ﬁv = v, dv.
Now differentiating once more with respect to z; into the direction dw € X; we get

+ ;ygixj [6v, dw] =0,

Fy . [0v, 0w] + F [0v, G, dw] + F, [g,.0v, 0w] + F,

(172,00, gj;,j Sw]
—i—FZ’,gjgixj [0v, dw] = 19;;,%, [6v, dw).
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Therefore as in the proof of Lemma 2.4 we infer

Vi, = sy 00, 80
— () By = F) e, + Fyis, = Fyil, pl00, 000
— (F)) (B = B, = ey + (Fila, = Fiy))] 60, 60]
+Ey 0, (0, — vy, )ow] + (B, — Fr )00, v, 0w)]
Y (5, — ¥i,)00,0w] + (B, = Fy s, 00,00
+Ey (U, = ¥2,)00, 7, 0w] + [y, 00, (4, — Ve, )ow]

Y ~ FQ 50,1 0}

Now using the symmetry of the second derivatives, switching to the norms and
employing the assumptions of the theorem the final statement (2.46) follows and

the proof is finished. O

Now we show a sketch of one possible application of Lemma 2.6. Let the equa-
tion G,,(h, s,c, X) = 0 be in the role of F(xy,z9,x3,y) = 0 with a basic framework
given in (2.22). We deal only with the case i = j = 3, when we are looking for
a bound of |D? X,, — D2 X,,|. The proof of Theorem 2.5 — namely (2.35),(2.36) and
(2.37) — using notations of (2.44) implies

\/NC¢CT + 1410

mp+1

o = \/NCw, Oé+2 = 5 ll =0

needed in (2.44). Remaining constants in (2.45), skipping the details of the lengthy

computation, are

N(1+ ) CuCr(14Cy)

Qg = NCL{H Gy = P+ , Q5 = 07
1 C 1 C
O(G:Z( +,U) 89+1u27 l2:l3:07 l4:( _l_/“’l‘) <P+H2‘

m m

Now application of Lemma 2.6 yields that for Cx .. > Cx., m large and ; small
enough we have

‘chXm - chXm’ < CX,cc/mp (247)

where Cy .. := CZ[NC,Cx + NCr(1 + C,) + 2V NC,Cx.. + NC2Cx].
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Similarly it is possible to handle the equation z(h, s, ¢, A) = 0 in a setting (2.28).

From (2.38),(2.40) and (2.41) we get

NC,C:
— M7 I, = NB/ZCij + s

a; =Cr,
mpP

Omitting again the details we get for 117 > 0, m large and p small enough that

N(p+1)pCy,Cr + 17
mp—1 ’

as = N*2C2Cy + 7, g = NC,Cy,

a3 = C7‘7 Qyq =

lg = N2CZC¢(CQ0 + 1) + M7 13 = (s, l4 = O

So Lemma 2.6 gives

D2 AR — D2An| < Cace/mP™! (2.48)

= N(p+1)pCy,C
for m large enough where Ca . > Ca o := %.

Now as in the Remark 2.1 it would be possible to derive
| DeePrm(h5,¢) = D P(s,0)| < C/mP™!
for some constant C. Instead of this we show a weaker result, namely that
| DeePrm(h, 5, ¢)|

is uniformly bounded for every m large enough (uniformity is related to m-s).

Differentiation yields

D2 P,.(h,s,c)[0v, sw] = ), (A, 27 [D.A,,6v, DA, 0w]

+ 1 (A, 2™ N[ DA 0v, Dox™ 1 5w] + ) (A, 2™ Y D2A,, [0, dw]

+wgh<Am> $z71) [Dcxzilava DcAm(Sw]
+! (A, 2D [Dex™ 1 6v, Der™ 'ow] + O (A, 2 D22 Sv, Sw).

rxr

Switching to the norms, using (2.8), (2.34), (2.47) and (2.48) after some computations

we obtain

|ch73m(h'7 S, C)l S Cﬁ (249)
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for Cs > Cg := Cy [(C; + VNC,)? 4+ C, + NC,], large m and small .
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24 A Closed Curve for a Discrete Dynamics

The nondegeneracy condition of
1 is a simple eigenvalue of ¢/ (1, &) (2.50)

is in the central role in this section.
The word simple means that the algebraic multiplicity of the eigenvalue 1 is one,

in other words A = 1 is a simple root of the characteristic polynomial

det (AL — ¢/, (1, &)).

Noting
0 (1,7(5) = QL (1,&)Q ™", Q:=¢L(s.&), seR

we have that (2.50) is equivalent to
1 is a simple eigenvalue of ¢/ (1,7(s)) (2.51)

for any s € R.
Introduce A, := E(s)T¢. (1,7(s))E(s) — Iy_; where Iy_jisan (N — 1) x (N — 1)
identity matrix. Condition (2.50) implies that A, is invertible. Indeed, suppose on

the contrary that Ayv = 0 for v € RV~! v = 0. Then for w := E(s)v # 0 we infer
o (Ly(s)w = af(y(s)) +w, forsome « € R.

Using also that ¢/, (1,7(s)) f(7(s)) = f(v(s)) we get (I—¢.(1,7(s)))*w = 0. Therefore
the geometric multiplicity of the eigenvalue 1 is at least 2 (w and f(v(s)) are linearly
independent vectors from the generalised eigenspace; the geometric multiplicity
of the eigenvalue i € o(7T"),T € B(R") is the number dim(Ker(Al — 7"))). This is
a contradiction with (2.51) (geometric multiplicity is always less than or equal to

algebraic multiplicity — for more details see [35, Chapter 6 and Appendix III]).
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Theorem 2.7. Suppose that (2.50) holds and we have

5 > V' N&a, where a := mex AT
se|0,

Then for every m large enough and p sufficiently small there is a unique function

G+ Tin(p, 6, ) X R = By (p, )
such that
Po(hy 8, Cn(hys)) = E&(s, Gnlh, s)), (h,s) €L, xR. (2.52)

In addition (,, is C3—smooth in its arguments and (,,(h, s + 1) = (n(h, s) for all (b, s) €
T, X R.

Proof. Introduce g(h, s,c) := E(s)T (Py(h, s,c) —v(s)) — ¢ for (h, s,c) € H,,. Then it
is easy to see that (2.52) is equivalent to g(h, s, G (h, s)) = 0. To settle this we apply

again Lemma 2.1 in the framework
U=Z,xR, V=R 2=(hs), gla)=0cR

From (2.30) we get

V Nk

mp

lg(h, 5,0)| = |E(5)" || P (h, 5,0) = P(s,0)] <

Further using P.(s,0) = f(v(s))7.(s,0) + ¢.(1,7(s))E(s) and (2.2) it is straightfor-
ward to verify that

gi(h,5,0)=A,+W, W:=E(s)" [(Pm)/C (h,s,0) —P.(s, 0)} .

From (2.43) we have |[W| < % Picking up any 15 € [0,1) for every m large

enough we obtain

So from Lemma 1.22 we infer that ¢/(h, s,0) is invertible with

a

1— g

gL(h,5,0)7] <
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Next (2.49) easily gives for ¢y, c; € B,, that

‘gé(}% S, Cl) - gé(h> S, C2)|
1
— ‘E(s)T‘ / |(Po) (B, s, c0 +9(c1 — ¢2))| d¥]er — o
0

S \/NC(;‘Cl — Cgl.
In the context of the setting of Lemma (2.1) we have derived

O[:\/NHJ 6 ¢ ) l:\/ﬁcﬁ

mP N 1 — s

and we have also ¢ = -%. Now for any s € (0,1) we get

CL\/NO(jé
lo=———"—"7"—< 1
B 0 (1 _ /ng)mp = H19 <

for m large enough. So (2.5) holds. Further

af V' Nka

o(1—=p8lo) (1 — pg)(l — pag)d

yields that (2.6) is valid if and only if

VNka

0 o)1 — )

This is satisfied for m large and « — &, p, pu1s, ft19 small enough because of (2.30) and
§ > v/ NFRa. Application of Lemma 2.1 gives ¢,, with the desired properties and the
proof is finished. O

Remark 2.4. Introducing
N = Nin(p,6) = {&(s,¢) eRY : s€R, c € By(p,0)}
according to Theorem 2.7 we can state for the appropriate values of parameters that

{z € Nou(.0) : P (h.& () () =2} = {&(s,(n(hy ) : s €R}.
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Thorough study of the set of m—periodic points for discretized dynamics was

done in [21]. Our approach implies some results also to this direction.

Theorem 2.8. Suppose all the assumptions of Theorem 2.7 and fix any n € (0,1). Then for

m large enough we have for every s € R a unique element h*(s) € Z,,, such that
Am(h7(s), 8, Gn(h7(5), ) = h*(s).

Further h*(s + 1) = h*(s) and h* € C3(R,Z*)) where

1
Ir = <i—d:n,—+d*m), dy, =
m

m

Therefore
{reNup0) s a = v (ha)} = {€(s.Culh*(5).9) : s € R},
Proof. It is an elementary fact that for
g(h,s) .= Ap(h,sGn(h,s)) —h, heZ, seR

we have
h

g(h,s) =g(1/m,s) +/ g, (0, s)dv. (2.53)

1/m

Now (2.8) and (2.34) yields

8(1/m, s)] =|An(1/m, s,Gn(1/m, s)) = Aw(1/m, s,0)|
<|Am(1/m, 5, Cu(L/m, 5)) = Ap(1/m, 5, Gn(1/m, 5))]

— A (1/m, s, n(1/m, s)) — A (1/m, 5, 0)]
SCA —0—075‘
mpP

Further

gn (0, 5) = (Am)y (0, 5, Gn(V, 5)) + (Am)e(?, 5, G (D, 5)) (G )1 (9, 8) — 1
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From Theorem 2.7 (using notation for g from its proof) we infer

(G (9, 8) = =3, (9, 5, G (9, 9)) [gL(0, 5, G (9, 9))]

hence (cf. Lemma 2.1 and bound (2.43))

a\/ﬁmh

(1 — pag) (1 = pag)mp=1-

| (G )i (0, 5)] <

In addition using (2.34) elementary computations show

(D)4 (@, 5,Cn(9,8)) = (D)4 (0, 5, (9, 8)) + W = =+ 1 + Uy,

/ A / C )
Um = (Am)h(ﬁﬂ S, Cm(ﬁu 8)) - (Am)h(ﬁa S, C’m(ﬁa S))7 |Um| S #7
/ CA,C
(A0, 5,Gu(0, )] < € + 22
Combining these facts we get
g, (0,8) = —m+ wm,  |wn| <7 (2.54)

for every m large enough.
The relation d}, < d,, holds evidently for m sufficiently large. Now (2.53) after

easy computations implies that

1 1
g(h,s) <0, forh € [—+d;,—+dm),
m m

X (2.55)

g(h,s) >0, forh € (% —dm,a —d:n} :
Because of ¢(+, s) : Z,, — R is a C'—function with properties (2.55) and (2.54) we get
a unique element h*(s) € Z,, such that g(h*(s),s) = 0 moreover h*(s) € I. Ap-
plication of the implicit function theorem on the equation g(h, s) = 0 in the neigh-
bourhood of the solution (h*(s'), ') for any s’ € R yields also the C*-smoothness of

h* : R — Z» and the proof is completed (the periodicity of h* is straightforward). [J

Remark 2.5. Usual arguments yield that for any A, € B(RY"!) and » > 0 we have
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that the following minimum is attained and

)\glcl\%r |(AL — Ag)z| :=c(r) > 0,
2€RN—1 |2]=1

where B, := (J,c, (4, B(1t,7) and 0(4y) C C is the spectrum of Ay. Therefore for
any A € B(R"™1) such that [A — Ag| < ¢(r) we have o(A) C B, (for more general
statement see [10, Corollary 2.6, pp. 470]). Indeed, for A € C\ B, we have

M — A= (A — A (I + (Ml — Ag) Ay — A))
and

Mu%—mr%%—AﬂSKM¢—%VWMrwﬂ<£;fWF”~

From Lemma 1.22 we get A € C \ ¢(A) which gives C\ B, C C\ ¢(A) and we are

done. Now set
Ay = B)'PUs.0), A= B()(Pu)i(hosc)

for any (h, s,c) € H,,. Then after careful computations using primary (2.43) we get

|A — Ap| < ¢(r) for m large enough. This yields

ag(A) C U B(u,r).

pea(Ao)

Hence with ¢ = (,,(h, s), or h = h*(s) and ¢ = (,,(h*(s), s), we obtain for the above
detected curves also the corresponding closeness statements about their (%, s) and s

dependent spectrum.
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Conclusion

Hereby we would like to summarize the main new results of the thesis. We also
give some short comments on the main tools of their proofs. Finally we discuss the
possible continuation of the topics treated in this thesis.

In Subsection 1.2.2 under suitable conditions we proved that
e Alt)x + f(t,z) + g(t,x, X1)

has a unique 7-q. b. solution I'; for v € (a,3),A € &, 3(R) and corresponding
to suitable selectors i € H.. We introduced the set SY_ of points I',(7, h) and the
generalizations of the stable/unstable set of S7_. These were designated by symbols
M2, r € {s,u}. Then we gave — as we had anticipated - the graph characterizations
of these sets. The results were stated in Theorem 1.18 and 1.19. The key idea for
their proofs was a simple transformation described in Lemma 1.17. Only one natural
difficulty arose, namely the condition (1.19). In order to replace it by a more natural
one a thorough discussion was made in remarks 1.8, 1.9. Basically we introduced
there new selector spaces which allowed us to transform our setting to the already
handled “bounded” problems in Theorem 1.18 and 1.19.

After that we gave answers to two important questions (see Subsection 1.2.3).
Firstly we showed that I',, is independent of v under suitable conditions (Theorem
1.20). Then secondly, we examined differential inclusions possessing hyperbolic
exponential dichotomy with several projections. Here we established conditions
which ensure that the system M, r € {s,u},i = 1,---n inherit the adequate hier-
archy of projector ranges P*(X) (cf. Theorem 1.21). The proofs of these facts were
carried out by the application of Theorems 1.18, 1.19).

Chapter 1 was finished with valuable remarks on hyperbolic exponential di-
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chotomy on R. In Theorems 1.23, 1.24 we gave sufficient conditions for A € C to
lie in the resolvent of A € B(X) on a finite dimensional X and also for X = ¢,
p € [1,00]. These results followed from Lemma 1.22 with a properly suited frame-
work. Then we analyzed some non-autonomous periodic ODE’s. A combination
of the previous results with the well-known equivalent definitions of exponential
dichotomy led to some sufficient conditions for these ODE’s being exponentially
dichotomous (see the Subsection 1.3.3).

The main result of Chapter 2 is Theorem 2.3. It allowed us the exact analytical
definition of the numerical Poincaré map P,, close to the classical Poincaré map P.
The proof basically relied on Lemma 2.1. After that with improvements of Lemma
2.1 — which are undoubtedly of their own interest (Lemma 2.4 and 2.6) — we stated
and proved upper bounds for differentials of P — P,,.

Having at hand the properly characterized numerical Poincaré map P,, we de-
voted Section 2.4 to the naturally arising phenomenon. Namely is the curves being
invariant under P,, in some sense. We obtained in Theorem 2.7 the existence of an
h-dependent curve (h,s) — (n(h,s), (1-periodic in s € R) which is invariant under
Pin(h,s,-) for every (h,s) from a given subset of [0, 1] x R. This was proved again
using Theorem 2.1 with a crucial bounds had been derived in Section 2.3. A curve
of m-periodic points of the discretized system was also established in Theorem 2.8.
Although this second curve had been already detected in [21], our approach has
still some novelty value because we obtained qualitatively the same results using
the approach through discretized Poincaré map.

Based on this summary we may conclude that the goals of the work have been
fulfilled, moreover some additional questions which arose during the investigations
were also successfully answered.

Besides this, the topic is far from being closed, quite the opposite is true. Our

concrete future plans are

1) Examine what consequences follow for the discretized system if at some crit-
ical parameter value the continuous system undergoes a bifurcation from the
periodic orbit . Here the starting point will be a parametric ODE where the
nondegeneracy condition (2.50) of v is altered at the critical value. The Lyapu-

nov-Schmidt method shall hopefully lead us to some reasonable bifurcation
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equation. We would like to carry out these consideration as general as possible
and find some connections between the genuine and the derived bifurcation

equation.

2) Turn to some concrete co-dimension one bifurcations and exhibit as much as

possible for the dynamics of the discretized system.

We have been concerned about these topics since we was acquainted by the series of
work [43,44,48-50] where numerical bifurcations were profoundly presented under
the assumed occurrence of the bifurcation from the equilibrium in the continuous
DS.

Some other possible directions would be

3) Averaging methods for general discretization procedures near the equilibrium.
How does the solution of the averaged system links to the exact and numerical

solution? For more see [24] where the Euler scheme was investigated.

4) An analysis of the relation between manifolds introduced in Chapter 1 and the

so-called multivalued numerical schemes (see [42]).

5) A generalization of Chapter 1 to some unbounded operators, e.g. in the ab-

stract strongly continuous semigroup setting (c.f. the thorough material [9]).
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