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Abstract

In this review we introduce the framework of general probabilistic theories. Our aim is
to present the standard definitions and results as they are used in the current research but
we aim to provide more in-depth explanations than the ones we can find in a usual research
article. We also prove several standard results in a self-contained way that are meant to
provide the reader with consistent introduction to the framework.
keywords: general probabilistic theories, channels, incompatibility



Abstrakt

V préaci zavedieme pojem vSeobecnej probabilistickej teérie. Nasim cielom je prezentovat
standardné definicie a vysledky tak, ako st v stcasnosti pouZivané, ale chceme poskytnut
obsaZnejsie vysvetlenia ako tie, ktoré sa zvacSa uvadzaju vo vedeckych ¢lankoch. Rovnako
dokazeme niekolko vysledkov, ktoré maju ¢itatelovi poskytnut konzistentny tvod do vieobec-
nych probabilistickych tedrii.
kl'acové slova: vseobecné probabilistické tedrie, kanaly, nekompatibilita
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Introduction

The aim of this review is to introduce the framework of general probabilistic theories in a well
motivated and self-contained way and to present the standard results and constructions. We expect
the reader to have some familiarity with basic notions from linear algebra, convex geometry and
quantum information theory. In case it would be needed, we recommend the reader to [1, 2] to find
more information on linear algebra and convex analysis, to [3] to find more information on tensor
products, to [4, 5] to find more information on topology and to [6-9] to find more information
on quantum information theory. Linear programming and cone programming is a useful tool;
although we will not use it in this review, we would like to point the reader to [10, 11] as these
tools were recently used to obtain several interesting results [12-15].

This review is organized as follows: in Sec. 1 we introduce the framework of general probabilis-
tic theories and the axioms on which we are going to build the framework of general probabilistic
theories. We also discuss some of the limitations of our axioms and we even point out some of
the assumptions that are usually swept under the rug. In Sec. 2 we introduce all of the basic
definitions and results. We describe the convex geometry of the state space, the effect algebra and
the duality between them. We also introduce some examples of probabilistic theories. In Sec. 3
we introduce products of state spaces and effect algebras. We begin with the possible notions of
tensor products, but we also describe the direct products and direct convex sums. In Sec. 4 we
introduce transformations of state spaces. The main paradigm of our approach is to see everything
as a channel, even measurements and instruments corresponding to a measurement. In Sec. 5 we
define compatibility of channels and we prove some of the main results and in Sec. 6 we introduce
the phenomenons of steering and Bell non-locality. The last sections of the review are brief and
their aim is only to introduce the discussed topics and phenomenons.



1 Introduction to probabilistic theories

Let’s build a new theory. How do we do that? And if we succeed in building the new theory, how
do we compare the new theory to the ones we already know? As strange as it may seem, these
questions are not entirely hypothetical as at the moment questions such as quantum supremacy
or post quantum cryptography are gaining importance. In order to start comparing theories or to
say what properties of a given theory specify it among others we clearly need a unified framework,
where all theories would be comparable on an equal setting. One of such frameworks is known as
general probabilistic theories (or GPTs for short), which is a geometrical framework that heavily
relies on the ideas of convexity and probabilistic mixtures. The settings of GPTs is great if
one wishes to get a deeper understanding of some of the non-classical effects that we observe in
quantum theory and the framework is general enough to include both finite dimensional classical
and quantum theory.

The basic premise on which we are going to build the framework of GPTs and on which many
other frameworks are built is the idea that there are states and there are measurements. As
straightforward as it may seem, one has to remember that this basic premise is already some-
thing that we assume on the grounds that we have never seen anything else. A measurement
is a procedure (or an equivalence class of procedures) that give us some information about the
system. A state of a system is a mathematical object (or an equivalence class of objects) that fully
describes the outcomes of all possible measurements that we can perform on said system. Here
we are assuming that we can distinguish measurements from states, i.e. that we can tell what are
measurements and what are states. As strange as it may seem in more general settings one may
only have two sets of objects and if we decide that one of the sets are states then the other are
measurements.

Before we proceed we are going to set up our naming convention. Since we can safely assume
that states form a set, we are going to refer to this set as state space. In a similar manner we are
going to referring to the set of measurements as to the set that includes all possible measurements
that we can perform.

As first we are going to assume that we can prepare every state from the state space and that
every state that we can prepare is included in the state space. This is quite straightforward as it
is equivalent to saying that if something never happens then we do not have to deal with it and if
something can happen then we do have to deal with it. We are implicitly assuming similar thing
about measurements as if there is some procedure that yields information about the system we are
assuming there is at least theoretical way to perform the given procedure. The assumption that we
can perform every mathematically well defined measurement is called No-Restriction hypothesis
and we will revisit this assumption in Subsec. 2.5

The next assumption is that randomness exists. It is usually stated that we can always flip a
coin and generate some random data, but that implicitly assumes that a random coin exists; some-
thing that is not trivial for e.g. classical computers. We are going to argue that in many theories
we do not have to assume the existence of randomness as whenever we will have a measurement in
the theory which has non-deterministic outcomes then we can use said measurement to generate
randomness; this is for example the case for quantum theory. The main aspect of randomness
that we are going to use is that for any two states we can toss a random coin and based on the
random outcome we can prepare either the first state or the second state. We are going to refer
to this mixing using randomness as probabilistic mixtures and we are going to assume that we
can perform the same with measurements. Moreover we are going to assume that an outcome of
a measurement performed on a probabilistic mixture of two states is going to be a probabilistic
mixture (with the same probabilities) of the measurement outcomes of the given states and that
a probabilistic mixture of the measurements is going to give us a new measurement such that
the outcome is again going to be a probabilistic mixture of the the outcomes of the two original
measurements (with the same probabilities). We are going to formalize the idea of probabilistic
mixtures using convex combinations.

We are going to assume that the set of states is bounded. This is because we are going to be
interested in mapping the set of states to probabilities. If the set of states would not be bounded
then we could not map the direction of recession to probabilities without violating the operational
interpretation of convex combinations. Another possible approach is to not assume boundedness



of the set of state but later introduce relation of equivalence given as follows: two states are
equivalent if the results of all measurements on the given two states are the same. Clearly we
would like to factor the set of state with respect to this relation of equivalence as if we can not
distinguish two states then we can as well assume that they represent the same state. One can
see that this would also lead to obtaining a bounded set of states.

The last operational assumption we are going to assume is completeness, that is we are going
to assume that if we can prepare a state that is arbitrary close to some other fixed state, then we
can also prepare the limit state. The one thing that we have to specify is what it means that we
can prepare a state arbitrary close to another one and we are going to interpret this as that the
outcome of any measurement would be arbitrary close. This is a usable definition up to the point
where one realizes that now we have to specify what it means that outcomes of two measurements
are close to each other; we are going to address this problem soon.

There still are several assumptions that we are taking for granted. We are assuming that we
know what information (as an outcome of a measurement) is and how to measure distances between
measurement outcomes. This might seem obvious as what would be the point of a measurement
if we couldn’t interpret the information it gives in a reasonable sense yet one may argue that the
way we do it does not have to be unique. Similarly, we are going to assume that probabilities are
described by real numbers, which corresponds to our standard intuition of probabilities as relative
frequencies, but arguments using relative frequencies seem rather strange when describing single
shot experiments such as the probability of one photon passing through a polarization filter or the
probability of a given candidate wining an election. It is an open question whether we can extend
the notion of probability beyond our standard understanding, what would the generalization give
us and whether it is actually necessary or not.

Apart from the all aforementioned assumption we are going to assume that both the state
space and set of measurements will have a description using finite dimensional vector spaces. We
are going to assume that the number of dimensions is finite as this will simplify quite a few of our
calculations and in some cases it will be necessary.



2 Basic definitions

In this section we are going to define the state space, the effect algebra, the duality between them
and present examples of state spaces and effect algebras. We are going to start by defining state
space and then we will construct the effect algebra.

2.1 Definition of the state space

Definition 1. Let V' denote a finite dimensional real vector space with the standard Euclidean
topology. We say that K C V is a state space if, according to the assumptions from Sec. 1, K is
convex, closed and bounded.

We will consistently use K to denote a state space, unless stated otherwise. The first result is
almost immediate.

Proposition 1. Fvery state space is compact.

Proof. Tt is known fact that every bounded subset of a real, finite dimensional vector space is
completely bounded, which implies it is compact |5, Theorem 27.3]. O

There are two types of states: states that are convex combinations of other states and states
that are pure, i.e. they can not be expressed as convex combinations of other states. This is
an important aspect as the pure states are more fundamental than the mixed states in the sense
that we can see the mixed states as randomizations of pure states. This motivates the following
definition.

Definition 2. We say that = € K is a pure state if for A € [0,1] C R and y,z € K we have that
= Ay + (1 — \)z implies y = z.

Pure states are also referred to as extreme points in the contexts of general theory of convex
sets. Still one may argue that not all mixed states are equal as some may be mixed more than
other. To characterize this property we introduce the notion of face.

Definition 3. Let ' C K be a convex set such that if for A € (0,1) and z,y € K we have
Az + (1 — ANy € F then also z,y € F.

One can see that a pure state is a face that contains only one point. There are plethora of
other results concerning the extreme points and faces of compact convex sets, see e.g. [1, Section
18]. We are going to present the following two.

Theorem 1 (Carathéodory). Let K C V be a state space and let B C K be a set such that
K = conv(B), where conv denotes the conver hull. Then any x € K can be expressed as a convex
combination of at most dim(V') + 1 points from B.

Proof. See [1, Theorem 17.1]. O

Theorem 2. Let K be a state space and let ext(K) be the set of pure states of K then K =
conv(ext(K)).

Proof. See [1, Theorem 18.5]. O

There is a special types of state spaces: polytopes. Polytopes are somehow simpler to deal
with than a general state space and often it is simpler to prove results for polytopes.

Definition 4. We say that a state space K is a polytope if it has finitely many pure states, i.e.
ext(K) contains finitely many points.

Another special type of state space is a strictly convex state space.

Definition 5. We say that a state space K is strictly convex if for any z,y € K and X € (0,1)
the state Az 4 (1 — A)y belongs to the interior of K, i.e. the smallest face containing Az + (1 — )y
is K.
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2.2 Definition of the effect algebra

Having defined a state space, we would want to define measurements, but for the time being we
will abstain from doing it. For now, we will only define a more restricted notion of effect. Effects
are maps that assign probabilities to states and as we will see in Subsec. 4.4 effects are the building
blocks of measurements. For a given theory the set of effects will be called effect algebra, the name
will be explained in Subsec. 2.3. In the following we will rely on the notion of affinity. We say that
a map P is affine if for z,y € K and X € [0,1] we have ®(Az + (1 — AN)y) = A®(x) + (1 — N)D(y).
Clearly affinity of the maps that we will work with follows from our probabilistic interpretation
of convex combinations. Since we have assumed to describe probabilities by real numbers we are
going to be interested in affine maps that assign real numbers to states.

Definition 6. A(K) will denote the set of all affine maps f : K — R. A(K) has a natural order
given for f,g € A(K) as f < g if and only if for all z € K we have f(z) < g(x) and a norm || - ||sup
given as

[ llsup = sup | f(z)]-
zeEK

Proposition 2. A(K) is a partially ordered normed vector space.

Proof. The fact that linear combination of affine maps is again affine is obvious; it is also straight-
forward to see that || - ||sup is @ norm. At first note that since K is compact, then sup,c g |f(x)] is
always finite. For f,g € A(K) and = € K we have that f(z) =0 for all z € K implies f = 0, for
o € R we have (af)(z) = af (z) and sup,cx [(f + 9)()] < sup,cx [£(2)] +5upyere lg(x)]. Also
note that we can replace the supremum with maximum as K is closed.

Let f,g,h € A(K) and z € K, then f < f as f(z) < f(x), i.e. < is reflexive. Assume
that f < g and g < f, then we have f(z) < g(z) and g(x) < f(x) which implies f(x) = g(x)
for all z € K and f = g so < is antisymmetric. Assume that f < g and g < h, then we have
f(z) < g(z) < h(x) for all x € K so f < h which shows that < is transitive. O

We are also going to write f > g whenever g < f. A well known fact is that the partial order
over a vector space is equivalent to picking a cone inside the vector space. A cone P is a subset of
a vector space such that for every A € RT, we have v € P if and only if A\v € P, where Rt denotes
the set of non-negative real numbers.

Definition 7. A(K)" will denote the cone of positive elements of A(K), i.e.
AKY = {f € A(K) - £ > 0}.

A somewhat special role is played by the constant functions which will be denoted by the value
they attain, e.g. 1 € A(K) is a function such that 1(z) =1 for all z € K.

We say that a cone P is pointed when v € P and —v € P implies v = 0 and we say that P is
generating when for P C W where W is a vector space and every w € W we have v1,vs € P such
that w = v1 — vs.

Proposition 3. A(K)" is a convez closed pointed and generating cone.

Proof. Tt is straightforward that A(K)" is convex. Assume that {f,,}°2; is a sequence of positive
functions that converges to f, then for every x € K we have that {f,(z)}52, converges to f(z)
s0 fn(x) > 0 for all n € N implies f(z) > 0 and we get f > 0. To show that A(K)" is pointed
assume that f > 0 and f < 0 at the same time, then we have f(z) > 0 and f(z) <Oforallz € K
which implies f = 0.

The proof that A(K)™" is generating is actually somewhat interesting and useful to remember.
Let f € A(K) and let m = mingex f(x) then we have f = (f —m) + m where f —m > 0 as
mingex (f —m)(z) = 0. The interesting part is that we can always choose the negative part of
f to be a constant function. Of course this is just a consequence of 1 € int(A(K)™') where int
denotes the interior. O

We will proceed with defining a dual object to the state space: the effect algebra. Effect algebra
will be the set of all maps that assign probabilities to states and it will be important later on for
the concept of measurement. We will also revisit the notion of effect algebra in Subsec. 2.3 where
will compare our definition to a more abstract one as well as explain why it is called an algebra.
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Definition 8. Let K be a state space then the effect algebra over K is denoted as F(K) and it
is defined as
B(E)={fcAK):0< f<1}.

We call f € E(K) an effect. Moreover we will refer to the function 1 € E(K) as unit effect.

Note that effect algebra is again a compact convex set, it has extreme points and the results
of the Thm. 1 and Thm. 2 apply to it as well. The following is a simple yet important result.

Proposition 4. Let f € E(K), then also 1 — f € E(K).
Proof. 1 — f > 0 follows from f <1 and 1 — f <1 follows from f > 0. O

2.3 Relation to abstract definition of convex effect algebra

Effect algebras were originally introduced in [16] as a generalization of the projections in quantum
theory and since then were heavily investigated [17-21], see [22] for a review. We are going to
present the abstract definition as well as the results that put into context why we introduced the
effect algebra the way we did.

Definition 9. An effect algebra is a system (F,0,1,4) where F is a set, 0,1 € F and + is a
partially defined binary operation. Let a,b € E then we write a L b if a + b is defined. Let
a,b,c € E, then it must hold that

(E1) ifa L bthenalsob L a and a+b="0+ a,
E2) ifa Lband (a+b) Lethend Le,al (b+c¢)and (a+b)+c=a+ (b+c),

E4) if a L 1 then a = 0.

)
(E2)
(E3) for every a € F there is ¢’ € E such that a L ¢’ and a +d' =1,
(E4)
Special class of effect algebras are convex effect algebras.

Definition 10. Effect algebra F is convex if for every a € E and X € [0, 1] C R there is an element
Aa € E such that for all A\, p € [0,1] and a,b € E we have

(C1) p(ra) = A(ua),
(C2) if \+p <1, then Aa L pa and Aa + pa = (A + p)a,
(C3) if a L b, then Aa L Ab and Aa + \b = A(a +b),

(C4) la = a.

Special class of convex effect algebras are effect algebras which are intervals in real ordered
vector spaces. As we will see, these effect algebras are closely related to our Def. 8.

Proposition 5. Let V be a real vector space with a pointed cone P, that is PN —P = {0} and
forv,w € V define the partial order > given as v > w if v —w > 0. Let u € P then the interval

O,ul ={veV:0<v<u}

is a convex effect algebra with the partially defined binary operation of sum of vectors and 1 = u.
The convex structure is given by multiplication of vectors by scalars.

Proof. The proof is straightforward. Let v, w,z € [0,u], then v+ w = w+v, and v+ w < w if and
only if w+v <wu. fv+w <wand (v+w)+2z < uthen from (v+w)+z=v4+w+z=v+(w+zx)
we have w+x < v+ w+ 2z < u. We define v/ = u — v as the unique element such that v +v' = u
and v’ € [0,u] if and only if v € [0,u]. At last if v + u < u then v < 0 but also v > 0 so we must
have v = 0. This shows that [0, u] is an effect algebra.

Keep v,w € [0,u] and let A\, € [0,1]. Clearly we have A(pv) = Apv = p(Av). If A4+ p < 1,
then Ao+ pv = (A4 p)v <o <wu. If v+ w < wu, then also v+ Adw = A(v+w) <v+w < u. At
last, 1v = v is trivial. This shows that [0, u] is convex effect algebra. O

12



Definition 11. Let V be a real vector space with a pointed cone P and let u € P, then we call
[0, u] linear effect algebra.

The following justifies why we used the term effect algebra in Def. 8.

Corollary 1. Let K be a state space and let E(K) be the effect algebra over K as given by Def.
8. Then E(K) is a linear effect algebra with w =1, P = A(K)" and V = A(K).

Proof. By definition we have E(K) = [0,1] C A(K). O

We would like to mention one more result on the relation between linear effect algebras and
convex effect algebras. As we have seen, every linear effect algebra is convex and one can actually
prove that also every convex effect algebra is isomorphic to some linear effect algebra. To formulate
the result we will first have to define the isomorphism.

Definition 12. Let E, F be effect algebras. A map ® : £ — F is called additive if for a,b € F,
a L b we have ®(a) L ®(b) and ®(a + b) = ®(a) + ¢(b). An additive map P such that &(1) =1
is called morphism. A surjective morphism ® such that for a,b € E, ®(a) L ®(b) implies a L b is
called isomorphism. If E, F are convex, then a morphism ® such that for all a € F and A € [0, 1]
we have ®(Aa) = A®(a) is called affine.

Theorem 3 (Gudder, Pulmannova). Every convex effect algebra is affinely isomorphic to a linear
effect algebra.

Proof. See [23] for a proof. O

2.4 Duality between the state space and the effect algebra

There is an important duality in our construction that we will often use. To motivate what will
follow consider this question: could two state spaces have the same effect algebra or is there a
unique state space corresponding to a given effect algebra? What we will do to answer the question
is to explore the set of all functionals that will have probabilities assigned by the effects; to do
so we will have to look at some structure of the dual to A(K). Since we intend to work with
positivity of linear functionals the notion of dual cone will play an important role.

Definition 13. Let V be a real finite dimensional vector space and let P C V be a cone. Let V*
denote the dual vector space of linear functionals then the cone dual to P is P* C V* defined as

P ={yeV*: (,v) >0,V e P}, 1)

where for v € V and ¢ € V* we have denoted (¢, v) the value that the functional i) reaches on
the vector v.

To motivate our exploration of the structure of the dual vector space of A(K), note that for
a fixed state z € K and some f € A(K) the evaluation functional ¢, : f +— f(x) is a linear
functional on A(K), i.e. we can use any state to construct a linear functional on A(K). Denote
A(K)* the dual vector space to A(K), it is uniquely defined as A(K) is finite dimensional. For
P € A(K)* and f € A(K) we will denote (¢, f) the value that 1 reaches on f. Dual cone to
A(K)™ is given as
AK)™ = {1 € A(K)" : (b, ) > 0,%] € A(K)* .

Definition 14. Let G(E(K)) C A(K)* be given as
S(E(K)) ={v € A(K)"™" : (y,1) = 1}.
We will call 6(E(K)) the state space over E(K).

At this point one may be confused: K is the state space and S(E(K)) is a state space over
E(K), so it appears as a very poor naming convention. We will show that K is affinely isomorphic
to G(E(K)) hence they can be considered the same object. Moreover this will be an important
duality that we will use in the future. During the proof we will use the separation theorem which
we will state for completeness.

13



Theorem 4 (Separation theorem). Let V be a finite dimensional real vector space and let A, B C
V be disjoint compact convex sets, i.e. AN B = (). Then there exists an affine function f on V
such that
<0 i .
max f(z) <0 < min f (v)
Proof. See [11, Section 2.5] for a proof and note that as A, B are compact and disjoint, their
Euclidean distance given by the standard Euclidean metric must be positive. O

The following is immediate and useful consequence.
Corollary 2. Let x,y € K, x # y then there is f € E(K) such that f(x) < f(y).

Proof. Let A = {2} and B = {y} then as a result of Thm. 4 there is f' € A(K) such that
f(z) < f'(y). If f/ € A(K)" then we can construct f € E(K) with said property as follows: let
M = max,ck f'(2) then take f = fMl, we have f € E(K).

If f/ ¢ A(K)" then let m = min,cx f/(2) and let f” = f' —m; note that f' ¢ A(K)" implies
m < 0. f” € A(K)" and f”(z) < f”(y). Now we can construct f as above. O

Note that in the same way we can use the separation theorem to prove that the effects are
separated by states.

Theorem 5. S(FE(K)) is affinely isomorphic to K.

Proof. We will proof the statement in two steps, first we will show that K is affinely isomorphic
to a subset of §(FE(K)) and then we will use the separation theorem to show that the subset is
actually the whole set.

Let z,y € K, A € [0,1] and f € A(K) and consider again the evaluation functional (¢,, f) =
f(z). It is easy to see that ¢, € A(K)*" and (¢,,1) = 1 for all z € K, hence ¢, € S(E(K)).
This gives rise to a map ¢ : K — &(E(K)), moreover this map is affine as

(Dara—ny: ) =fAz+ (1 =Ny) =Af(x) + (1 - A)f(y)
= )‘<¢x7f> + (1 - >‘)<¢y»f>

implies @(rz+(1-2)y) = APz + (1 — X)py. Hence ¢(K) C S(E(K)), where ¢(K) = {¢, € A(K)* :
x € K} and the map ¢ is affine. The fact that this is an isomorphism of K with a subset of
G(E(K)) follows from the fact that for z,y € K if # # y then ¢, # ¢, follows from Coro. 2.

Now assume there is ¢ € G(E(K)) such that ¢ ¢ ¢(K) then by Thm. 4 there is f € A(K)
such that

(¥, f) <0 < min f(z).

Observe that 0 < mingek f(x) implies that f € A(K)T but then (¢, f) < 0 is a contradiction
with ¢ € A(K)**. O

From now on we are going to drop the isomorphism ¢ and we will simply consider K C A(K)**.
This will also allows us to define linear combinations of states but one must be careful as for
z,y € K, a,f €Rand f € A(K) we will have

(ax + By, ) = alz, f) + By, f)

and for f =1
(ax + By, 1) = a+B.

This may appear obvious now but it is very easy to make a blunder during calculations. Also for
this reason we will append the coordinate expressions of states in Subsec. 2.6 with 1.

We already know that we could have started our construction by defining the effect algebra
E(K) instead of the state space K and we would obtain the same theory as S(E(K)) = K.
Moreover Thm. 5 shows the same duality between the positive cones. We will proceed to explore
the structure of A(K)*™.
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Definition 15. Let V be a vector space and let P C V be a cone. The base of the cone P is a
convex set B C P such that for every p € P, p # 0 there is a unique x € B and A € R such that

p = Azx.
Corollary 3. K is the base of A(K)**.

Proof. Let 1 € A(K)*T, ¢ # 0, then we will show that (1, 1) > 0. If (1), 1) = 0 then also for every
f € E(K) we have (¢, f) < (¢,1) = 0as f < 1so (¢, f) = 0. Then also for every g € A(K)™
we have (1),g) = 0 as every g € A(K)T is a multiple of some effect as we can just divide g by
the maximum it takes on K and obtain an effect. In conclusion (¢,1) = 0 implies ¢» = 0 for
e A(K)*T.

Take ¢ = <wd,)1)7 then ¢ € A(K)** and {p,1) = 1 so by Thm. 5 we have ¢ € K. It is
straightforward to see that the construction is unique. O

Corollary 4. The dual cone to A(K)** is A(K)T, i.e. we have
AR ={f € A(K) : (. f) = 0,V € A(K)™"}.

Proof. Note that (1, f) > 0 for every 1 € A(K)*T if and only if (z, f) > 0 for every z € K as K
is the base of A(K)**. The result follows. O

For completeness we will show that any base of a convex, pointed and generating cone is a
valid state space.

Proposition 6. Let V' be a finite dimensional real vector space, let P C V be a convez, closed,
pointed, generating cone and let K C P be a base of P, then K is a state space.

Proof. First of all we will show that we require P to be pointed in order to even have a base.
Assume that P is not pointed and that it has a base K, then there is 0 # v € PN (—P) such that
for some A\, u € RT and z,y € K we have

Az =v=—puy.

Then we have )
1
A+ ux + A+ uy =0

so also 0 € K. This is a contradiction with K being a base of P, because now if € K then also
for all A € [0,1] we have Az € K. Tt follows that if p € P such that for some p € RT and y € K
we have p = py then the coefficient 1 is not uniquely given as we also have p = (2u1)(3y) and we
have already argued that %y € K as well.

Let v : K — R be a constant function defined for z € K as u(x) = 1. We will extend u to
a positive linear functional. Let 0 # p € P, then we have p = Ax for some A € RT and x € K
and define u(p) = A. This is well defined since A is unique for the given p. Moreover let u(0) = 0
which is still consistent and continuous. Now we will show that w is affine on P: let p,q € P such
that p = Az, ¢ = py for some z,y € K and A\, u € RT and let « € [0, 1], we have

ap+ (1 —a)g=adz+ (1 —a)uy
—(ar+ (- o) (

a\ (1—a)pu
al+ (1 - a)um * ar+ (1 — a)py)

It follows that
ulap+ (1 —a)g) = ar+ (1 — a)u = au(p) + (1 — a@)u(q).

It is also quite straightforward that for p € P and A € R™ we have
u(Ap) = Au(p)
so then if p,g € P and \, u € RT we get

u(Ap + pg) = Au(p) + pu(q)
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by expressing Ap + uq as a multiple of a convex combination and using the above properties of u.
Now let v € V, then there are p,q € P such that v = p — ¢ and we define

u(v) = u(p) — u(q).

To see that the definition is consistent, let v = p — ¢ = p’ — ¢’ for some p,q,p’,q € P, then we
have p+ ¢ = p' + q and

u(p) +ulq’) = ulp’) + u(q).
It follows that

u(p) — u(q) = u(p’) — u(q).

Note that v € V* is by construction the unique linear functional such that
K={peP:u(p) =1}

Now we can show that K is closed. Let {x;}°, C K be a Cauchy sequence. Since P is closed
there must be p € P that is the limit of the sequence, i.e. p = lim;_ ., x;. Since u is a linear
functional, it must be continuous and we must have

(u,p) = lim (u,z;) = 1.

71— 00

It follows that p € K so K is closed.

The proof that K is bounded is rather technical. If K is not bounded then there must be a
functional ¢ € V* such that for any n € N there is z,, € K such that (¢, z,) > n. Now let P*
denote the dual cone to P, we are going to show that u ¢ int(P*), i.e. that u is not an interior
point of P*. Assume that u € int(P*), then P* contains an open ball B(u) C P* centered at u.
It follows that for any ¢ € V* we can always find a point £ € B(u) such that u lies on the line
segment connecting ¢ and ¢, i.e. that for some A\ € (0,1) we have

u=A+(1-Ne.
Now let ¢ = 1, we have
Al =u— (1= M.
and for any x € K we must have
0<Az,6) = 1= (1 =Nz, 9).
Let = z,,, where z,, € K is the point such that (¢, z,) > n introduced above, then
0<1— (1= N){wnt) <1—(1—An

for all n € N which is a contradiction as we can always find some n € N such that (1 — A\)n > 1.
So if K is not bounded, then u ¢ int(P*). One can show that since P* is a dual cone to P it is
convex and closed, for every point ¢ € P* such that ¢ ¢ int(P*) there is some p € (P*)* such
that
{e,p) =0,

see [1, Theorem 11.5]. Now since we have already argued that if K is not bounded then u ¢ int(P)
so let p € (P*)* be such that (u,p) = 0. Moreover since P is convex and closed, one can show
that (P*)* = P. It follows that p € P so there must be y € K and A € R" such that p = Ay and
we get (u,y) = 0 which is a contradiction. Hence K must be bounded. O

We will proceed with examining the structure of the cone A(K)**. Note that the properties
of A(K)** will follow from the fact that it is a dual cone to A(K)T.

Proposition 7. A(K)*T is convex, closed, pointed and generating cone.
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Proof. Tt follows from the definition of A(K)** as a cone of positive functionals that it is a convex
cone.

To see that A(K)*T is closed we will use the fact that in the finite dimensional vector space
all linear functionals are continuous. Hence if {¢,,}5°; C A(K)*T is a convergent sequence, such
that v = lim, . 9, then for every f € A(K)T we have

(¥, f) = Jim (o, f).

(¢, f) > 0 follows from (1, f) > 0.

To see that A(K)*T is pointed assume there is 1 € A(K)** N —A(K)*T then for every f €
A(K)™ we must have that (¢, f) = 0 which implies ¢) = 0 as A(K)* is generating.

To see that A(K)*' is generating remember that A(K)" is pointed, i.e. we have A(K)T N
—A(K)* = {0}. Now assume that A(K)*" is not generating, i.e. that there is ¢» € A(K)* such
that ¢ ¢ A(K)** — A(K)**. Then there is a function f € A(K) such that (1, f) # 0 but for
all p € A(K)** — A(K)*T we have (p, f) = 0. Note that we can construct such f € A(K) as
(A(K)*)* = A(K) and we can choose a suitable base in A(K)* that contains ¢, find a dual base
in A(K) and use a suitable element of the dual base. It follows that 0 # f € A(K)T N —A(K)*
which is a contradiction. O

There is a natural norm on A(K)*: the norm of linear functionals.

Definition 16. The norm of linear functionals on A(K)* is given for ¢ € A(K)* as
[l = sup{(sh, £} : [[fllsup < 1}

Proposition 8. | - |« is a norm.

Proof. To prove that || - ||« is a norm we will show that it is positive-definite, homogeneous and
subadditive. First of all note that if ||1||. > 0 as we always have (1),0) = 0. Now assume that
[|¥]]« = 0 but assume that there is f € A(K) such that (¢, f) # 0, i.e. that ¢»p # 0. We can
assume (¢, f) > 0 as if (¢, f) < 0 then simply replace f by —f. Now let f/ = m, then we have

[I7']l = 1 and we must have (¢, f’) < 0 which implies (¢, f) = 0 which is a contradiction. Hence
[l#]]« = 0 implies 1) = 0.
Let o € R then we have

latpls = sup{ (e, f) : || fllsup < 1}
SUP{‘CV|<1/J»f> : Hf”sup < 1}

= [l ]l

as we can always replace f by —f in case of a < 0.
At last, let ¢, o € A(K)*, then we have

[V + ¢ll« = sup{{¢ + @, f) : | fllsup < 1}
sup{(¥, f) + (&, f) : | fllsup < 1}
[0 + Nl

IN

The supremum norm on A(K)* is useful in characterizing positive elements.
Proposition 9. Let ¢ € A(K)* then we have v € A(K)** if and only if ||¢||. = (¥, 1).

Proof. Let ¢ € A(K)*T then there are # € K and A € Rt such that ¢y = Az and we have
(¥,1) = X. Assume that ||1|. > A, then there is f € A(K) such that ||f||sup < 1 but (z, f) > 1
which is a contradiction. So we have |[¢]. = A.

Let [|[¢]|l. = (1,1) and let f € A(K) such that |1 — f|lsup < 1 then we

it follows that for every f € F(K) we have (¢, f) > 0 which implies ¢ > 0. O

Corollary 5. Let x € K then ||z||. = 1.
Proof. Since K C A(K)*t we have ||z|/. = (z,1) = 1. O
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2.5 No-Restriction hypothesis

So far we have been using the so-called No-Restriction hypothesis. The No-Restriction hypothesis
states that every measurement that is mathematically well defined can be performed. Clearly this
is a rather problematic assumption when constructing a physical theory as the physical theory
does not have to be aware of our mathematics. On the other hand there are no known real
world examples of theories that would violate the No-Restriction hypothesis. It may be that No-
Restriction hypothesis follows from a more fundamental and better motivated axioms of a given
theory as in [24]. The explanation we are going to provide is more pragmatic: if we assume
No-Restriction hypothesis then we can prove results for all measurements and if one wishes to
introduce restrictions later then it is only needed to check whether one has restricted to the point
when the measurements needed for the proof are not in the theory anymore or whether we still
have them.

There are two more important points to take into accounts when considering theories with
restrictions. As first, let m € (0, %], then we can restrict the theory to include only effects that
are affine functions f : K — [m, 1 —m]. One can see that this is the same as assuming that there
is some minimal non-zero amount of white noise present in every measurement, quantified my m.
But now one can see that the state space is not anymore uniquely specified by the restricted effect
algebra so we should deal with a class of equivalence of state spaces instead of a fixed state space
or assume that the state space is fixed by some other principle. Hence we either have to take
into account the possible equivalence classes of state spaces or we have to introduce other higher
principles to pick a unique state space.

The other possible problem with introducing restrictions is consistency. Given a set of mea-
surements we can always construct new measurements by classical post-processing of results and
randomization, together this is known as simulating measurements [25-28|. If one wishes to in-
troduce restrictions then one has to be very careful not to exclude a measurement that can be
simulated by measurements included in the theory as this would violate basic logical consistency.

For a more in-depth treatment of theories with restrictions see also [29]. We are going to keep
assuming the No-Restriction hypothesis.

2.6 Examples

We are going to present several examples of theories. Many of these examples are important as
they will show that the framework of GPTs is broad enough to describe many of the well-known
state spaces. We also recommend the reader to familiarize themselves with the examples and how
they are constructed as they can shed some light on the constructions we have presented in Sec.
2.

Ezample 1 (Classical theory). The first example is the most basic one. Let .S,, denote a simplex
with n vertexes, that is S, = conv ({s1,..., s, }) where s1,...,s, are affinely independent points,
ie. fora; € R, i€ {1,...,n}, 1" oy = 0 we have Y. a;s; = 0 if and only if a; = 0 for all
i €{1,...,n}. The states sq,...,s, also form a basis of A(S,)*.

We will refer to systems with a state space that is a simplex as classical system or classical
state space and we will refer to every other state space as non-classical.

The effect algebra F(S,,) is generated by the functions by,...,b, that are given as

(si,bj) = 0y
for all 4,5 € {1,...,n} and where 6;; is the Kronecker delta. It follows that b, > 0 for all
i €{1,...,n} as the points s1,..., s, are affinely independent. Moreover the functions by, ..., b,

form a basis of A(S,,) as for every function f € A(S,) we have

n

f= Z<si,f>bi.

Especially it follows that we have



Now it is straightforward to see that for every f € A(S,)" there are p1, ..., 1, € RT such that

F= pibi
=1

and we have f € E(S,) if and only if 0 < u; < 1. One can also show that these properties
characterize the effect algebras of classical theories [21]. Moreover one can easily see that f € F(K)
is an extreme point of the effect algebra if and only if yu; € {0,1} for all ¢ € {1,...,n}. It also
follows that every point s € S,, has a unique decomposition to a convex combination of the extreme

points s1, ..., s,, which is given as
n

s = Z(s,bﬁsi.

i=1

It is easy to check the validity of the equation above; let f € E(S,,) be given as f = Y | u;b;,

then
(s, f) = ZM(SJM = ZZMKS»bj)(Sj»bi) = <Z<3’bj>8jvf> :

j=1

It follows that we can identify every point s € S,, with a probability distribution over the extreme
points s1,...,8,.

For n = 2 the state space S5 can be represented by a line. We are going to denote the extreme
points sg, s1 and we are going to use

() o}

We are going to have only two functions that will generate E(Ss) in the aforementioned way and
we are going to denote them b and 1 — b as from Eq. (1) we will have that b+ (1 — b) = 1 so the
notation is quite natural. We have

- () - ()

where for ¢ € A(S2)* and f € A(S),
_ (" fi
o= ) = (%)

(W, f) = 1f1 + 2 fa.

We are going to use the same duality of real finite dimensional vector spaces in other examples.
Now it is straightforward to check that we have

the duality is given as

<80,b> =0 <81,b> =1
<50,17b>:1 <51717b>:o
<30,1> =1 <81, 1> =1

as we should. This state space is well known as it represents the classical bit, so and s; represent
the two distinct states of the bit.

For n = 3 the state space S3 is a triangle. We are going to denote the extreme points s1, s2, S3
and we are going to use

1 0 0
s1=10], so=11], s3=10
1 1 1
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Figure 1: The simplex S3 presented in Ex. 1.

as depicted in Fig. 1. The effects by, bo, bs € E(S3) generating the effect algebra are given as

1 0 ~1
bh=|0], b= 1], by = | =1
0 0 1

The wire-frame model of the effect algebra E(Ss3) is depicted in Fig. 2.

Ezample 2 (Quantum theory). Let H denote a finite dimensional complex Hilbert space. We will
use the Dirac notation to denote the vectors |¢), |p) € H, we will denote the inner product as
(1) and the vector norm as ||| = \/(P|1). Let By(H) denote the set of self-adjoint operators
on H. We say that an operator A € By (H) is positive semi-definite if and only if for all ) € H
we have (p|Af) > 0 and we write A > 0. For A, B € By(H) we write A > B if and only if
A — B > 0. Tr(A) will denote the trace of A € By (). The set of states on H is

O ={peBr(MH):p=0Te(p) =1},

the effect algebra is
EMH)={FeBp(H):0< E <1},

where 1 denotes the identity matrix and the value of an effect E on a state p is given by the
Hilbert-Schmidt inner product as Tr(pFE). It is straightforward to see that pure states are the one
dimensional projectors, i.e. operators of the form [¢)) (1| where |¢) € H, ||1|| = 1. Let A € B (H),
then from Tr(|1) (| A) = (| Al) it follows that £(H) really is the effect algebra corresponding to
the state space ®,. Moreover one can again see that the extreme points of £(H) are projectors,
that is operators P € Bp,(H) such that P = P2

This is a well known example of a finite-dimensional quantum theory referred to as qudit state
space. If dim(#) = 2 then this corresponds to the qubit state space, the quantum equivalent of
the classical bit. In this case ®, can be represented by a ball in R3, the so-called Bloch sphere.
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Figure 2: The effect algebra F(S3) corresponding to the simplex S3 presented in Ex. 1.
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Figure 3: The square state space S presented in Ex. 3.
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Figure 4: The effect algebra E(S) corresponding to the square state space S presented in Ex. 3

Ezample 3 (Square state space). Let S = conv({sgo, S10, So1, $11}) Where

S00 =

S01 =

= —_0 = O O
[V
A,
(e}
el e =)

are points such that sgg + s11 = s10 + So1, i.e. S is a square as depicted in Fig 3.

The wire-frame model of E(S) is depicted in Fig. 4. It is rather easy to find the extreme points
of E(S). Consider the general function f € A(S) to be given as

a

c
for some a,b,c € R. f € E(Y) is equivalent to requiring 0 < (s;;, f) <1 for 4,j € {0,1} as s;; are
the extreme points of S, we get

0<e<,

0<a+c<1,
0<b+c<1,

0<a+b+c<1.

To get extreme points we will assume that some of the inequalities become equalities and this will
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yield the results. Let us denote

1 -1

fw: 0 1_fa:: 0
0 1

0 0

fy: 1 1—fy: —1
0 1

0 0
1=10 0=10
1 0

Assume ¢ = 0 and a = 0, then we can have both b = 0 and b = 1, this gives 0 and f,. Assume
¢ =0 and a = 1, then we must have b = 0 and we get f,. Let c =1 and a = 0, then we can either
have b = 0 or b = —1 which yields 1 and 1 — f, respectively. If c =1 and a = —1 then b = 0
follows and we get 1 — f,. This exhausts all of the possibilities. Hence the extreme points of the
effect algebra E(S) are fs, fy, 1 — fz, 1 — fy, 0 and 1.
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3 Products of state spaces

In this section we are going to explore several standard constructions of products of state spaces.
The most well known product is tensor product, that corresponds to creating a joint system of two
systems. The motivation for using tensor products to describe the joint system of two systems is
going to be similar to [30-33] and mathematically our explanation is going to be based on [3].

Assume that we have two systems K4 and K which are separated; our task is to find a joint
description of both systems, i.e. to find the joint system Kup. Let f € E(K,4) and g € E(Kp),
then the joint description of K4 and Kp must be capable of describing the situation when we
prepare © € K4 and y € Kp at the beginning of the experiment. Moreover we argue that for
z1,29 € K and A € [0,1] it should be the same whether we prepare Azy + (1 — A)xs € K4 and
y € Kp or whether with probability A we prepare z; € K4 and y € Kp and with probability
(1—\) we prepare z2 € K4 and y € Kp. It follows that the preparation procedure of two systems
should be affine in each state, and when extended as a map to A(K4)* and A(Kp)* it should be
bilinear. Since effects should map the bilinear preparation procedures to probabilities, they have
to be elements of the dual vector space to bilinear preparations procedures and the dual is the
tensor product of corresponding vector spaces. It follows then that the full set of states of the
joint system K 4p must be described by the tensor product.

3.1 Tensor products

The most notable fact about tensor products of state spaces is that it is not uniquely defined but
it has to be specified by the theory. Let V4, Vi be finite-dimensional real vector spaces and let
Ky, C Vs, Kg C Vg be two state spaces. We will denote V4 ® Vg the tensor product of the vector
spaces. Note that for v € V4, w € Vg, ¥ € V} and ¢ € Vj we have

(Y @ p,v@w) = (Y, v){(p,w).

Now assume that we want to construct a joint state space of the systems described by K 4 and
Kp and let x € K4, y € Kg. We clearly want the joint state space to contain at least all possible
states that describe the situation when the system K 4 is prepared in the state x and the system
K is prepared in the state y. This motivates the following definition

Definition 17. The minimal tensor product of the state spaces K4 and Kp is
Ki®@Kp CVa® Vg

defined as
Kis®Kp=conv{r®y:z € Ka,y € Kp}.

Proposition 10. K ®Kp is a state space.

Proof. Tt is straightforward to see that K4®Kp is convex by definition and from [3, Prop. 2.2] it
follows that it is closed. It is also easy to see that it is bounded as Ka®Kp C A(Ka)* @ A(Kp)*
and (A(K4)*®@A(Kp)*)* = A(K4)®A(Kp) and any functional of the form f®g € A(K4)RA(Kp)
is bounded on K4 K5. O

We can apply the same logic to the effect algebras: let f € E(K4) and g € E(Kp), then the
minimal tensor product of the effect algebras, that will describe the measurements on the joint
system, must at least contain the effect that describes that we apply f to K4 and g to Kg. This
again motivates the following.

Definition 18. The minimal tensor product of the effect algebras E(K4) and E(Kp) is
E(KA)&E(Kp) C A(K4) @ A(Kp)

defined as
E(KA)®E(Kp) =conv{f®g: fe€ E(Ka),g€ E(Kg)}.
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Proposition 11. E(K4)®E(Kpg) is a closed linear effect algebra, i.e. it is a linear effect algebra
in the sense of Def. 8.

Proof. Consider the convex cone P generated by E(Ka)®FE(Kg), ie. P =conv({f®g: f €
A(Ka)T,g € A(Kg)*t}). It is again straightforward to see that P is closed as in the proof of Prop.
10. Now consider the interval [0, 1®1] C P, we are going to show that [0, 1®1] = E(Ka)®FE(Kp).

Let f ® g € [0,1 ® 1], then it follows that we must have || f||supllg|lsup < 1, mf € E(Ka).
m € E(Kp) follows from f > 0 and g > 0 which we can assume without the loss of generality.

Now assume that we have Y | f; ® g; € [0,1 ® 1] and assume that f; € A(Ka)", g; € A(Kp)*
for all i € {1,...,n}, one can see that every element from [0,1® 1] is of this form. It follows that

we must have
Z HfiHsup”giHsup < 1
i=1

and

1 1
S 11000 = X Wil (=5 ) @ (=) + (1= E 1illanllail |0 0.
=1 i=1 ||f||SHP ||g||sup i—1

It follows that >._, f; ® g; € E(KA)QE(Kp) as we have just expressed >._, f; ® g; as a suitable
convex combination. O

Now we have defined a tensor product of state spaces and tensor product of effect algebras but
clearly E(K4)®E(Kpg) doesn’t have to be the effect algebra corresponding to KA®Kp, i.e. we
can have E(K4)®FE(Kp) # E(KAa®Kg).

Definition 19. The maximal tensor product of state spaces K4 and Kp is KaQKp C V4 ® Vg
defined as

Kis®Kp = G(E(KA)®E(KB))
and the maximal tensor product of the effect algebras F(K4) and E(Kp) is E(K4)®FE(Kp) C

A(K,) ® A(Kp) defined as
E(KA)®E(Kp) = E(Ka®Kp).

We do not have to prove that K4®Kp is a well defined state space as this follows from the
definition. The same holds for E(K4)®E(Kp).

Why we call these tensor products maximal is because if we would want to extend K ARKp
by adding a point v € V4 ® Vp, then according to Thm. 4 there would be f € E(K4)®E(Kp)
such that (v, f) < 0 and we have already argued that the effect algebra of the joint system should
contain E(K4)®E(Kg). The same holds for E(K4)®E(Kp), extending the effect algebra by
adding points would result in some states from K4 ®Kp not being a well-defined states. The
following is an immediate result.

Proposition 12. We have
Ka®Kp C Ka®Ksg,
E(K4)®E(Kg) C E(K4)®FE(Kg).
Proof. The proof is straightforward. Let x € K4, y € Kp and f € E(K4), g € E(Kp), then

(z@y, feg) = (z, ) y,g9) >0

follows immediately. This shows that 1@y € KA®Kp and f®g € E(K4)®E(Kp). As the extreme
points of Ko4®Kp are by definition of the form z ® y and the extreme points of E(K4)QE(Kp)
are again by definition of the form f ® g it follows that we must have KA4@Kp C K,®Kp and
E(KA)®E(Kp) C E(KA)®E(Kg). O

The last tensor product to define is the so-called real tensor product. This tensor product is
not uniquely defined, but has to be given by the underlying theory.
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Definition 20. The real tensor product of state spaces K4 and Kp is denoted as K4®@Kpg and
it is a state space such that

KA@KB CKA@KB CKA®KB.

Note that the name real tensor product was introduced by the author. In some publications
Ks®Kp is referred to as composite system [32] and sometimes the definition coincides with
the term parallel composition [34], but these terms could also include more general or different
concepts.

Whenever needed in the future, we will assume that there is a well defined notion of real
tensor product. We will also introduce the real tensor product of effect algebras for the sake of
completeness as the effect algebra corresponding to the real tensor product of the state spaces.

Definition 21. We define the real tensor product of effect algebras E(K4) and E(Kp) as
E(KA)®E(Kg) = E(KA®Kg).
We will also define the notions of separable and entangled states.

Definition 22. We say that a state x € K 4®Kp is separable, if we have r € KA4®Kp. We say
that a state v € K4®@K p is entangled if it is not separable, i.e. if we have v € K4@Kp\ KAa®QKp.

It may feel unsatisfactory that we have to define some extra composition rule for given theories
but this is what we do in quantum theory as demonstrated by the following example.

Ezxample 4. Let ‘H be a Hilbert space and let ®4 denote the corresponding state space. In
quantum theory we define the real tensor product to be D, @Dy = Dy gy. The set Dy @Dy is
the set of separable states and the set Dy ®D4 is the set of entanglement witnesses, that is for
any entangled state p € Dygy there is some A € Dy @Dy such that Tr(pA) < 0 [6, Theorem
6.39].

In a similar fashion to state spaces and effect algebras we can define tensor products of cones.

Definition 23. Let V, W be finite-dimensional real vector spaces and let P C V and Q C W be
convex, generating and pointed cones. Let P* C V* and @* C W* be the dual cones, i.e. the
cones of positive linear functionals. The minimal tensor product of P and @ is denoted P®Q and
it is defined as

P2Q =conv({p®q:p€ P,qcQ})
and the maximal tensor product of the cones is denoted as P®(Q and it is defined as the dual cone
to P*@Q*, i.e.
PoQ = (P*Q") ={p e VW : {p @d,¢) >0,Vp € P* V¢ € Q*}.

Proposition 13. Let K4 and Kp be state spaces, then we have

A(KA)*TOA(Kp)™ = A(Ka®Kp)*T,

A(K )" TOA(Kp)*™ = A(KA®Kp)*t.
Proof. Let p € A(Ka)*T®A(Kp)**+ such that ¢ # 0, then map is separable and normalized,
so by Thm. 5 we have,———~p € Ka®Kp. It follows that A(K4)*T®A(Kp)*t = A(Ka®Kp)**t.

(¢, 10®1)
A(KA)*T®A(Kp)*t = A(KAa®Kp)** follows in a similar manner. O

Proposition 14. We have span(A(KA)*T®@A(Kp)*t) = span(A(Ka)*T®A(Kp)*t), i.e. both
the minimal and mazximal tensor products of the cones generate the same vector space.

Proof. By definition we have span(E(Ka®Kpg)) = span(E(K4)9E(Kp)) = A(K4) ® A(Kp) and
we must have

span(A(K)" T ®A(Kp)™") = (A(Ka) ® A(Kp))" = A(Ka)" ® A(Kp)®
= span(A(K4)*t @A(Kp)*).

Corollary 6. We have span(A(Ka)T®A(Kp)t) = span(A(Ka)T@A(Kp)™).
Proof. The result follows from Prop. 14 by looking at the linear hulls of the dual cones. O
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3.2 Partial trace

We will proceed with defining the generalization of partial trace. It is clear that all of the effect
algebras E(KA)QE(Kp), BE(KA)®E(Kp) and E(K4)®E(Kp) have the same unit effect 1 ® 1.
Let idg : K4 — K4 be the identity map and f € E(Kpg), we are going to be interested in the
map ids ®f : Ka®Kp — Ka.

Definition 24. Let z € K4®Kp and f € A(Kp), then we define (idsa ®f)(x) € A(Ka)* to be
the unique functional such that for all g € A(K4) we have

((ida®f)(z),9) = (z,9® [).
The following is immediate.
Proposition 15. Let f € A(Kp) then ida ®f is an affine map.
Proof. Let x,y € Ka®Kp, A €[0,1] and g € A(K ), we have
((da®f)Az+ (1 =Ny),9) = (Az+ (1 =Ny, g f)

<$7g®f>+(1_>‘)<yvg®f>
((ida®@f)(@), f) + (1 = A){(ida @f)(y), 9)

so (Ida@f) Az + (1= N)y) = AMida ®@f)(z) + (1 — A)(ida ®f)(y) follows. O

One can also extend id4 ® f to a linear map A(K4)*®@A(Kp)* — A(K4)*. In a similar fashion
we can define ¢ ® idp : Ka®QKp — Kp for any g € A(K ). Besides that, the map is also linear
in f as shown bellow.

A
A

Proposition 16. Let f1, fo € A(Kp) and o € R, then we have
ida®(f1 + af2) =ida®f1 + aida ®fs.
Proof. Let v € Ka4®@Kp and g € A(K4), we have
((ida ®(f1 + af2)) (@), 9) = (2,9 @ (f1 + af2))

= (2,9 f1) + {z, 9 ® f2)
= ((ida®@/f1)(2), 9) + ((ida @f2)(2), 9)-

O

Proposition 17. Let f € A(Kp)™T then for every x € KaQKp we have (ida @ f)(z) € A(K4)*T.
Moreover if f € E(Kg), then there are y € K4 and X € [0,1] such that (ida @f)(z) = Ay.

Proof. To see that (ida ®f)(z) € A(K4)*" just note that (z,g® f) > 0 for all g € A(Kp)T. It
follows that we have (ida ®f)(x) = Ay for some y € K4 and A € RT as K4 is a base of the cone
A(Ka)* .

Now assume that f € E(K), we have

A=Ay, 1) = ((da®f)(2),1) = (z,1© f) <1
which concludes the proof. O

We are now going to consider the special case of the map ids ®1. Let x € K4®Kp, then we
will call (id4 ®1)(z) and (1 ® idg)(x) the marginals of x and we are going to call the map id4 ®1
the partial trace as in quantum theory it corresponds to the partial trace [6, Definition 2.68|.

Proposition 18. Let r € K4®Kp then (ida ®1)(z) € K4.

Proof. As 1 € E(Kpg) by definition, we already know that (ida ®1)(x) € A(K4)*T and the result
follows from ((ids ®1)(x),1) = (z,1® 1) = 1 by Thm. 5. O

The following result is important and useful in many calculations.
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Theorem 6 (Barnum, Barrett, Leifer, Wilcze). Let x € KAo®Kp and assume that (idy ®1)(z) =y
is a pure state, then x =y ® z for some z € K.

Proof. The proof can be found in [35, Lemma 3]. We will provide exactly the same proof, only
formulated in terms that we have introduced so far.
Let f € E(Kp) then by Prop. 4 also 1 — f € E(K4). We have

y = (ida ®1)(z) = (ida ®@f)(z) + (ida @(1 = f))(z)
and according to Prop. 17 we have (ida ®f)(z) = Aw and (idga ®(1 — f))(z) = N’ for some
w,w' € Ky and A, N € RT. From 1 = (y,1) = A+ X we get N’ = 1 — X\ so now we have
y=Aw+ (1 —X)w'. Since y is pure we get w = w’ = y and we have (ids ®f)(z) = \y. Moreover

A=(z,1® f) = ((1®idp)(z), f).
Let g € E(K 4), then we have

(z,9® f) = ((ida®f)(x),9) = My, 9)
= (1 @idp)(x), f){(ida @1)(x), 9)
= ((ida ®1)(z) ® (1 ®idg)(z),g9 ® f).
It follows that z = (id4 ®1)(z) ® (1 ®idp)(z) =y ® 2z for z = (1 ®idB)(z). O

3.3 Existence of entanglement

A natural question may emerge: given two state spaces K4 and Kp, do we have K ®Kp #
K 4&Kpg? This is an open problem and it is conjectured that Ka®@Kp # K ®Kp if and only if
both K4 and Kp are non-classical state spaces. We are going to present the current state of the
research.

Proposition 19. Let S, be a simplex and K any state space, then K®S, = K&S,.

Proof. Let x € K&S,, and let s1,...,s, be the extreme points of S, then {s1,...,s,} is a base
of A(S,)* which means that we have

T = Z pi ® s;
i=1
for some @; € A(K)*. Using the result of Prop. 17 we get
i = (id®b;)(z) € A(K)*T
which shows that z € K®S,,. O

Note that the result above also holds for the positive cones and is independent of the choice of
the base.

Corollary 7. Let V be a real finite-dimensional vector space, let P C V' be a pointed, generating,
convex cone and let S, be a simplex. We have

PRA(S,)*t = PRA(S,)* .
Proof. Let K C P be a base of P, then K&, is a base of P®A(S,)*T and K®S, is a base of

P®A(S,)**. The result follows from Prop. 19. O

Proposition 20. Let K be a non-classical state space and let S be the square state space, then
K®S # K®S.

Proof. See [36] for a proof. O

Proposition 21. Let K4 and Kp be non-classical polytopes, i.e. both Ka and Kp are not
stmplexes, then
KAa®Kp # KA®Kp.

Proof. The proof was communicated to the author by [37]. O

There is also proof for centrally symmetric state spaces [38].
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3.4 Multipartite entanglement

As we are using tensor products to describe bipartite systems it is also worth mentioning some of
the specifics of describing multipartite systems, where number of parties is larger than 2. First
of all there is the logical assumption of associativity of the real tensor product. Let K4, K and
K¢ be state spaces, then we require

(Ka®@Kp)@Ko = Ka®(Kp®Ke)

and in this case we denote the tripartite state space Ka4QKp®RK . It is straightforward to prove
that the minimal and maximal tensor products are associative as well as the real tensor product
used in quantum theory.

Proposition 22. Let K4, Kp, K¢ be state spaces, then
(Ka®Kp)®Kc = KAa®(Kp®Kc).

and
(Ka®Kp)®Kc = Ka®(Kp®RKc).

Proof. We are going to begin with the minimal tensor products. By definition the set of extreme
points of K4®Kp is

ext(KA®Kp) ={z @y :x € ext(Ka),y € ext(Kp)}.
We also have

ext(KA®Kp)RKe) ={w®z:w € ext(KA®RKpg),z € ext(Kc)}
={zQy®z:zcext(Ka),y €ext(Kp),z € ext(Kc)}.

By the same argumentation we get
ext(KAa®(Kp@Ke)) ={x@y®z:x € ext(Ka),y € ext(Kp), z € ext(K¢)}

and the associativity of the minimal tensor product follows by Thm. 2.
To show the associativity of the maximal tensor product, note that

(KA®Kp)oKe = 6(BE(S(E(KA)®E(Kp)))®E(Ke)).
E(6(E(K))) = E(K) for any state space K as a result of Thm. 5 and we get
(Ka®Kp)0Kc = 6((BE(Ka)®E(Kp))©E(Kc))
= 6(E(KA)®E(Kp)®E(Kc))

where we argue that in the last step the associativity of minimal tensor products of effect algebras
follows in the same way as associativity of the minimal tensor product of state spaces. By the
same argumentation we get

Ka®(Kp®Kc) = 6(B(KA)®9E(Kp)®E(Kc))
which concludes the proof. O

Proposition 23. The real tensor product used in quantum theory as introduced in Fx. 4 is
associative.

Proof. We have
(D@D 3) 2Dy = Dpen®@Dy = Duenen = Dn@Duon = Du@(Dn@Dy).
O

It is tricky to define the separable and entangled states in the multipartite case. There might
be states where two of the parties are entangled, but not all three and there might be states where
all three parties are entangled but but none of the bipartite marginals of the state is entangled.
These problems already manifest in quantum theory, see [6] for a short review.
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3.5 Direct product and direct convex sum

At last, we will review other constructions with state spaces and effect algebras: the direct product
and direct convex sum. Let Vi, V5 be real, finite-dimensional vector spaces, then by V7 x Vo we
will denote their Cartesian product.

Definition 25. Let K4 C V4 and Kg C Vg be state spaces then the direct product of K4 and
Kp is a state space K4 x K C V4 x Vp given as

Ky xKp={(z,y):x € Ka,y € Kg}
with the convex combinations defined for x1, 29 € K4, y1,y2 € K and A € [0,1] as
Mz, y1) + (1= A)(@2,92) = (Az1 + (1 = Az, Ayr + (1 = Ny).
Proposition 24. K4 x Kpg is a state space.

Proof. K4 x Kp is convex by definition. It is rather easy to see that it is also closed as K4 and
Kp are closed [4, Proposition 8.1.4] and one can show in a very similar way that K4 x Kp is
bounded as well. O

The operational interpretation of the direct product of state spaces is as follows: assume that
we want to keep track of two distinct possibilities of events, the first described by z € K4 and
the second described by y € Kp so we can adopt the handy notation (z,y). This gives rise to
the direct product of state spaces. Notice that we have already encountered the direct product of
state spaces as S = S X Ss.

Definition 26. Let K4 C V4 and Kp C Vg be state spaces then the direct convex sum of K4
and Kp is a state space K4 @ Kp given as

Ky Kp={Az,(1-Ny):x € Ka,y € Kp, ) €[0,1]}
with the convex combinations defined for x1, 22 € Ka, y1,92 € Kp and A1, Ao, o € [0,1] as

pArzr, (1= A)yr) + (1 — p)(Aawa, (1 — A2)y2) =
(pA121 + (1 = p)Aewz, (1 = A)yr + (1 — p)(1 — A2)y2).

Proposition 25. K4 ® Kpg is a state space.
Proof. We are going to show that K4 @& Kp is the base of the cone
AKA)T x A(Kp)* T ={(\z,uy) : 2 € Ka,y € K, \, u € RT}.

It is immediate that A(K4)** x A(Kg)** is closed convex cone. A(K4)** x A(Kp)*t generates
the vector space A(K4)* x A(Kp)* since A(K4)** and A(Kp)*t are generating. To show that
A(KA)*Tx A(Kp)*" is pointed let (v, w) € A(Ka)*TxA(Kp)*T and —(v,w)A(K4)* " x A(Kp)*T,
we get v € A(Ka)*T N (—A(Ka)*") and w € A(Kp)*T N (—A(Kp)*"). Since both A(K4)** and
A(Kp)*T are pointed we get that (v,w) = (0,0).

Let (1, 1) S A%l([(,q)Jr X A(KB)+, then

KA 2 KB = {(Al‘?ﬂy) € A(KA)*+ X A(KB)*+ : (()\x,uy), (1’ 1)> = 1}

because ((A\z, uy), (1,1)) = XA + u. It follows that for (Az, uy) € A(Ka)** x A(Kp)** we have
A u A L
A = (A 2 e E ) = L) (-2 P
(Az, py) = ( +M)(A+ux’A+u > ((Az, py), (1, )><A+;ﬁ’A+uy>

so K4 @ Kp is a base of the cone A(K4)" x A(Kp)™. O
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The interpretation of direct convex sum is that we want to describe a preparation such that
with a probability A we get © € K4 and with the probability 1 — A we get y € K. This gives rise
to a formal convex combination (Az, (1 —\)y). This is knonw in quantum theory as superselection
rules [39].

We will proceed with constructing the effect algebras for the state spaces K4 x Kp and K4 &
Kp. It is easier to characterize E(K4 @ Kp) so we will begin there. Let (¢,¢) € A(K4)* X
A(Kpg)* then from the trivial (¢, ¢) = (1,0) + (0, ¢) and from the results of Prop. 7 we get that
A(Ky ® Kp)* = A(Ka)* x A(Kp)*. The dual vector space is A(K 1) x A(Kp) with the positive
cone

A(KA)" x A(Kp)" ={(f.9) : f € A(Ka)", g € A(Kp)"}.

To find the constant function consider the following: let x € K4, y € Kp and A € [0, 1], then for
(f,9) € A(Ka) x A(Kp) we have

((Az, (1= N)y), (f,9)) = Mz, f) + (1 = A)(y, 9)-

We require ((Az, (1=N)y), (f,g9)) =1forallz € K4,y € Kp. If we assume A = 0, we get f = 1; if
we assume A = 1 we get g = 1. The unit effect is given as (1,1). Now let (f,g) € A(Ka) x A(Kp),
then we have (0,0) < (f,¢) < (1,1) if and only if f € F(K4) and g € E(Kp). We conclude that
E(K,®Kpg) is an effect algebra of ordered pairs of effects. This motivates the following definition.

Definition 27. The direct product of effect algebras E(K4) and E(Kp) is denoted E(K4) X
E(Kp) and it is defined as
E(KA) X E(KB) = E(KA D KB).

Of course we could have first defined the direct product of effect algebras as the set of ordered
pairs of effect as in [40], then proved that this is an effect algebra and then proved that E(K4) x
E(Kp) = E(Ka® Kg). We have chosen to define F(K4) x E(Kpg) to be equal to E(K4 ® Kg)
as we find it more convenient.

Now let us construct F(K4 x Kg). Note that for every (z,y) € K4 x Kp we have

<(a:,y), (17 _1)> =0

so for f1, fo € A(K4) and g1, 92 € A(Kp) such that (f1, f2) = (¢1,92) + (1, —1) for some o € R

we have
<('T7y)a (f17f2)> = <('T’y)a (91792)>'

This introduces a relation of equivalence ~ on A(K ) x A(Kpg): let (f1, f2),(g1,92) € A(K4) X
A(KpB), then (f1, f2) = (91,92) if (f1,f2) = (91,92) + a(1,—1) for some o € R. It is easy to
see that =~ is symmetric, reflexive and transitive. Let (A(K4) x A(Kp))~ denote the vector
space A(K4) x A(Kp) factorized with respect to =, we will denote the equivalence class of the
element (f1, f2) € A(Ka) X A(Kg) as (f1, f2)~. It is clear that (A(K4) x A(Kp))~ must contain
E(K 4 x Kp) as we have just removed a redundant degree of freedom. Let (A(K4)" x A(Kp)")~
denote the naturally induced positive cone, one can check that the cone is convex, closed, pointed
and generating. The cone (A(K)T x A(Kp)*)~ gives rise to an ordering <., such that we
have (0,0) <~ (f1, f2)~ if and only if (f1, f2)~ € (A(Ka)t x A(Kp)*)~. The unit effect is the
equivalence class of (1,0) =~ (0,1) and we have

E(Ka x Kg) = {(f1,f2)~ € (A(Ka) X A(KB))~ : (0,0)~ <x (f1, f2)~ <~ (1,0)~}.

This construction is actually rather similar to the direct convex sum of state spaces, although it
may not be obvious at first.

Definition 28. The direct convex sum of effect algebras E(K 4) and E(Kp) is denoted E(K 4) ¢
E(Kpg) and is defined as
E(KA) D E(KB) = E(KA X KB).

Again, we could have introduced the abstract definition of direct convex hull of effect algebras
as in [40] and then proved that it is the same as the effect algebra on the direct product of state
spaces. Again, we argue that the used approach was more convenient.
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Note that we can extend the presented definitions of direct products and direct convex sums
from two state spaces to any finite number of state spaces in a straightforward way. Moreover one
can also show that the operations of direct product and direct convex sum are associative.

At last we will present few more result concerning direct products and direct convex sums of
state spaces.

Proposition 26. The set of extreme points of K4 X Kpg is
ext(Ka x Kp) ={(z,y) : x € ext(Ka),y € ext(Kp)}.
Proof. Let (z,y), (x1,y1), (x2,y2) € K4 x Kp such that for some A € [0, 1] we have
(z,y) = Mz1,91) + (1 = A)(22,92)

then also x = Azy + (1 — A)ag and y = My; + (1 — Ny, If © € ext(K4) and y € ext(Kp) we
get 11 = 29 =z and y1 = y2 = y so (x,y) = (z1,y1) = (T2,y2) and (z,y) € ext(K4x x Kp). If
(z,y) € ext(K4 x Kp) then we must have (z,y) = (x1,y1) = (x2,¥2) S0 x1 = T2 =2, y1 = Y2 =y
follows and we conclude that = € ext(K4), y € ext(Kp). O

Proposition 27. The set of extreme points of K4 & Kpg is given as
ext(Ka ® Kp) ={(x,0) : x € ext(K4)} U{(0,y) : y € ext(Kp)}
Proof. Let (Az,(1 —\)y) € K4 ® Kp for some z € K4, y € Kp and A € [0,1] then clearly
Az, (1 = N)y) = M=,0) + (1 — A)(0,y).

It follows that we have to require either A = 0 or A = 1. Moreover one can see that (z,0) €
ext(Ka @ Kp) if and only if © € ext(K4) and similarly (0,y) € ext(K4 @& Kp) if and only if
ES ext(KB). O

Proposition 28. Let S, be a simplex and let K be a state space, then
K@S,=KeoK&... &K

where the sum on the right hand side contains exactly n copies of K.

Proof. Let sq,...,5, denote the extreme points of S,,, then every x € K®J5,, can be written as

T = i)\iyi ® s;
i=1

where y; € K and \; € [0,1] for all i € {1,...,n} and >." | \; = 1. Since s1,...,s, is a basis
of A(S,)* the decomposition is unique. It follows that we can identify x with (Ay1,..., \nyn) €
Ko.. oK. O

We can also use similar ideas to characterize state spaces that are direct convex sums of other
state spaces, see [41, Proposition 3.].
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4 Transformations

In this section we are going to introduce transformations of state spaces, which will include chan-
nels, measurements and operations. The main message of this section is that we are going to show
that all of the transformations can be understood as channels and that channels can naturally be
identified with elements of some tensor product.

4.1 Channels

Let K4 and Kpg be state spaces, then channel ® is a transformation that takes a state from K 4
as input and outputs a state from Kp. According to our interpretation of convex combinations
we must require that channels are affine maps. As a result of affinity we can extend the channel
to map A(K4)* to A(Kp)* in a natural way, i.e. let ©» € A(K4)* be such that for z,y € K4 and
A\ p € RY we have ) = Az — py, then ®(¢p) = AP(x) — u®(y). To see that this is well defined,
assume that
Y= —py=Na' —p'y
for some 2,9y’ € K4 and X,/ € RT. If A4 4/ = 0 then ¢ = 0 hence we can assume \ + u’ > 0.
We have \ , N
M ’ / H
T+ = T+

A+ )\—i-u’y A+ A4
Note that A+p' = N +pas x,2’,y,y" are all states, so we actually have the equality of two convex
combinations. From the affinity of ® we get

Y.

A w A 0]
P ") = P Oy
<A+u’x+)\+u’y) A+ (m)+A+u’ W)

and

N 1 N 1
d ! = Oz’ D(y).
<>\+u’x * /\+u’y> A+ (@) + A+ )
It follows that
AD(2) — p@(y) = N@(2') — p'@(y')
so @ is well defined. Moreover note that if ¢» > 0 then also ®(¢) > 0, i.e. ® is a positive map.
Also 1(¢) = 1(®(¢))), which can also be written as 1 = 1 o ®, where o denotes the concatenation

of maps. We will call a map such that 1 o & = 1 trace-preserving as this is the name used in
quantum theory.

Definition 29. A channel is an affine, positive and trace-preserving map. The set of all channels
mapping a state space K 4 to state space Kp will be denoted €(K4 — Kp).

We are going to revisit the assumption of positivity in Subsec. 4.2 where we will discuss
complete positivity.

In what follows we will essentially use a construction similar to the ones that can be found in
[3] and we will identify channels with elements of some tensor product. We strongly recommend
the reader that may struggle to apprehend the following construction to look at the first chapter
of [3].

Let x € K4 and f € E(Kp) and consider a channel ® : K4 — Kp and the expression (®(x), f).
On one hand we interpret this as that the effect f maps the state ®(z) to probability, but on the
other hand we may also see ® as a bilinear form that assigns the value of (®(x), f) to « and f.
Hence we may write (®(x), f) = (®,2® f) where we have identified the pair z and f with the linear
functional acting on the bilinear form ®. Extending this expression by linearity we see that we
can identify a channel ® : K4 — Kp with an element of (A(KA)*®@ A(Kp))* = A(Ka)®Q A(Kp)*.
Then there are g; € A(K4) and ¢; € A(Kp)* for i € {1,...,n} such that we have

o= g
i=1

33



where we omitted an isomophism between the representations of ® as a map and as an element
of the tensor product. For x € K4 we get

n

O(x) =Y (x, gi)hi-

i=1
Note that the functions g; nor the functionals 1; do not have to be positive, only the corresponding

map P is positive and trace-preserving. ® is positive if an only if ®(x) is positive for any = € K4,
which is the same as requiring that for every f € E(Kp) we have

n

0<(®(x), ) = (®,2@ f) = Y (2,9.) (Vi /).

i=1
It follows that we must have

D e A(KA)T®A(KR) .
® is trace preserving if and only if for all z € K4 we have

Z<x’gi><¢ia 1> =1

=1

which is equivalent to
D g 1) =10 =1
i=1

The above construction of assigning a vector in the tensor product to the channel is independent
of positivity or trace-preserving. Matter of fact any linear map L : A(K4)* — A(Kp)* can be
identified with some vector from A(K4) ® A(Kp)*.

For ®,,®, € €(K4 — Kp) we can define the convex combination of the channels with A € [0, 1]
as the unique channel such that for x € K4 we have

(AD1 + (1 — N)B2) (@) = APy () + (1 — N)Dy(a).

Note that €(K4 — Kp) is not a base of A(KA)T®A(Kp)** aslet f € E(K4) be a non-constant
effect and let * € Kp, then f @z € A(K4)T®A(Kp)** but it is not a multiple of any channel as
lo(f®x) = f. But clearly the set of channels K4 — Kp is a base of some smaller cone.

Proposition 29. Let C = span(€(Ka4 — Kpg)) then €(K4 — Kpg) is a base of the cone
(A(KA)T@A(Kp)*T)NC.

Proof. Let 1 € (A(Ka)T®A(Kp)**)NC. 9 is clearly positive and 1 01 = A1 for some A > 0.
Assume X # 0 then %1/) € €(K4 — Kp) as it is positive and trace-preserving. O

One can again apply the same framework of GPTs to set of channels when we consider it as a
base of cone, i.e. as some state space. In quantum theory this is referred to as the framework of
PPOVMs [42] or quantum testers [43].

For channels mapping classical state spaces to classical state spaces we can obtain a more
specific result.

Proposition 30. Let S,, and S,, be classical state spaces and let v € €(S,,, — Sy,) then there

are numbers (v);; € RT, i€ {1,...,n1), j € {1,...,n2} such that
ni no
Vv = ZZ(V)”bZ ® Sj.
i=1j=1

Moreover it must hold that

forallie {1,...,ny).
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Proof. We already know that {by,...,b,, } is a base of A(S,,) and {s1,...,8n,} is a base of
A(Sh,)* and since v € A(S,,) ® A(Sy,)* we must have

i=1 j—1
for some v;; € R, i € {1,...,n1}, j € {1,...,n2}. From
(v(si),b5) = (v)ij
it follows that we must have (v);; € RT and Zyil(y)” =1. O

Ezample 5. Consider €(S; — S3). According to Prop. 30 every element of €(Sy — Ss) is
uniquely determined by the numbers vq1, V12, Va1, os such that v = 1 — 11, V9 = 1 — vy
and v11,191 € [0,1]. It follows that we can identify every point of €(Ss — S3) with a state of
the square state space S by the map (v11, V12, V21, V22) — (V11, V21), moreover one can show that
this map is an isomorphism. It follows that we have €(Sy; — S3) = S up to the aforementioned
isomorphism.

The last elementary construction for channels that we are going to introduce is the construction
of adjoint channel, historically also called the Heisenberg picture. Let ® € €(K4 — Kpg), let
z € Ka and f € E(Kp), and consider a function h : K4 — R given as

h(z) = (®(x), f).
It is straightforward to see that h € E(K4).
Definition 30. Let ® € €(K4 — Kp), then we define the linear map ®* : A(Kp) — A(K4) as
the unique map such that for all x € K4 and f € E(Kpg) we have
(@(), f) = (=, 2°(f))
and we call ®* the adjoint of ®.

One can again see that the same construction can be used for any linear map L : A(K4)* —
A(Kp)*. It is possible to see that both ® and ®* correspond to the same vector in A(K4) ®
A(Kgp)*. Let ® =" | gi ®;, then for f € E(Kp) we have

n

o (f) = S (i, g

i=1
Since we require a channel to be positive and trace-preserving by definition, we will look at
what properties follow for the adjoint map.

Proposition 31. Let L: A(K4)* — A(Kp)* be a linear map, then L is an adjoint of a channel
b e €(Ky — Kp), i.e. L=3%*if and only if L is positive and unital, i.e. L(1) = 1.

Proof. If L = ®* then clearly L(f) > 0 for all f € A(Kp)™, i.e. L is positive. Moreover for any
z € K4 we have
(z,27(1)) = (®(2),1) =1

so ®*(1) =1, i.e. L = ®* is unital.
Now assume that L is unital and positive and let L* be the adjoint of L, that is the unique
linear map such that for all z € K4 and f € E(Kp) we have

(z, L(f)) = (L (), f)-
It follows that L* is positive as (L*(x), f} > 0 for all f € E(Kp). Moreover
(L*(2),1) = (x, L(1)) = (z,1) = 1

so L* is also trace-preserving; it follows that L* € €(K4 — Kp). Finally it is rather easy to see
that (L*)* = L as for all x € K4 and f € E(Kp) we have

(z, L(f)) = (L"(x), f) = (x, (L7)*(f))-
It follows that L is an adjoint of the channel L*. O
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4.2 Complete positivity

We are going to revisit the requirement of positivity of channels; we are going to argue that in
general circumstances requiring only positivity is not enough. Let K4, Kp and K¢ be state
spaces such that Kc®K 4 is defined and let ® € €(K4 — Kp). Assuming that we can separate
(in space or in time or in any other sense) the systems K4 and K¢, we can clearly apply the
channel ® to the K4 part of Kc®K 4. In other words we assume that given ® € €(K4 — Kp)
and the tensor product Kc®K 4 we can always construct the map ide @® : A(K¢o)* ® A(Ka)* —
A(K¢)* ® A(Kp)*, where id¢ is the identity map, i.e. for ¢ € A(K¢)* and ¢ € A(K4)* we have

(idc @P) (e ®Y) = 0 @ P(¢).

We are going to proceed with the argument that idc ®® must be a well defined channel. It follows
that we must also assume that Kc®Kp is defined. To see that the map idc ®® is trace-preserving,
let € Kc®@K 4, then we have

((ide @) (2),1® 1) = (2,1 ® (1)) = 1

where we have used that the adjoint of idg ®® is (id¢ ®P)* = ide ®P* and the unitality of ®*.

The troublesome part is that idc ®® does not have to be positive even when ® is positive!
This problem is well known even in quantum theory and also can be used to our advantage to
detect entanglement [6, Section 6.3.3]. In conclusion we have to add an additional requirement to
® that also ide ®® is positive whenever Kc®K 4 is defined. We call this requirement complete
positivity.

Definition 31. We say that a channel ® € €(K4 — Kp) is completely positive with respect to
the tensor product Ko®K 4 if ide @@ is positive.

Note that the notion of complete positivity does not depend on the state space, only on the
cone A(K¢)*T@A(K4)*T. Tt follows that in the same way we can define the complete positivity
of the adjoint channel mapping the effect algebras. A nice example of completely positive channel
is the identity channel.

In most cases we will always assume that channels are completely positive when needed. Also
in most of applications to quantum theory one always assumes complete positivity of all channels.

We will present two elementary results concerning the complete positivity.

Proposition 32. A channel ® € €(Ka — Kpg) is completely positive with respect to Kc®@K 4
if and only if the adjoint channel ®* is completely positive with respect to E(Kc)QE(Kpg) =
E(Kc®Kp).

Proof. Let * € Kc®K4 and f € E(Ko)®FE(Kp). Assume that ® € ¢(K4 — Kp) is completely
positive with respect to Kc®K 4, then

0 < ((ide ®®)(z), f) = (z, (idc @2*)(f))

which shows that we must have (ide ®®*)(f) > 0.
Assume that ®* is completely positive with respect to F(K4)®E(Kpg), then the complete
positivity of ® with respect to Kc®K 4 follows in a similar manner. O

In case when the real tensor product coincides with either minimal or maximal tensor product
we can show that the notions of positivity and complete positivity coincide.

Proposition 33. Let K4 and K¢ be state spaces and let ® € €(K4 — Kpg). ® is completely
positive with respect to Kc®K 4 and Kc®QK 4.

Proof. First consider the case of Kc®K4 and let z € K4, y € Kc. As we have ®(z) € Kp it
follows that

(ide ®@®)(y ®2) =y @ ®(2) € Kc®Kp.
Complete positivity of ® with respect to Kc®K 4 follows as all of the extreme points of Kc®K 4
are of the form y ® z.

Now consider the case of Kc®K 4. We have E(Kc®K4) = E(KA)®FE(K¢) by definition. Tt
is rather straighforward to check that ®* is always completely positive with respect to the minimal
tensor product E(K4)®FE(K¢) in the same way as in the first part of the proof. The complete
positivity of ® with respect to Kc®K 4 follows from Prop. 32. O]
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4.3 Entanglement-breaking channels

We are going to consider a special class of channels such that whenever we apply them to a part
of entangled state, we get a separable state.

Definition 32. Let ® € €(K 4 — Kp) be a channel, then we say that ® is entanglement breaking
with respect to Kc®@K 4 if for every € Kc®K 4 we have

(idc ®(I>)(Z‘) S K0®KB.

Note that as a result of the definition all entanglement-breaking channels are completely pos-
itive with respect to the same tensor product. To see that not all completely positive channels
are entanglement-breaking, let K4, Kp be state spaces such that K4®Kp # KA®Kp, then one
can see that the identity channel idg € €(K4 — K 4) is completely positive but not entanglement
breaking.

4.4 Measurements

In the beginning we were discussing measurements when introducing our postulates, now we will
finally provide a proper definition. We have postponed providing the definition sooner as we
believe than now it will be mathematically more straightforward and nicer.

The classical state space can be interpreted as the set of probability measures over a finite
set of points (with respect to the sigma algebra of all subsets of given set). From the operational
standpoint we require that the outcome of a measurement is a probability measure over the possible
set of outcomes, hence a measurement is going to be an affine map that assigns a probability
measure to a state. We are going to restrict to only finitely many outcomes.

Definition 33. n-outcome measurement m on the state space K is a channel m : K — S,,.

The beauty in defining the measurements as special cases of channels is that we can already
use all of the results we have derived for channel in Subsec. 4.1. Moreover the special structure
of measurements allows us to obtain more specific results.

Let m : K — S, be a measurement, then we already know that we have m € A(K)T®A(S,)**.
According to Coro. 7 we must have A(K)T®A(S,)*T = A(K)T®A(S,)*t and it follows that if
we denote ext(S,,) = {s1,...,5,} then there are unique functions f; € A(K)", i € {1,...,n} such

that .
m = Z fi @ s;.
i=1

m is trace-preserving if and only if we have >_"" | fi = 1 which shows that we must have f; € E(K)
for all i« € {1,...,n}. Here we would like to return to the question of interpreting effects as
now we can provide a full answer. The effects are the building blocks of measurements and
every measurement is isomorphic to a tuple of effects (g1,...,gn) such that > 1" g; < 1, the
corresponding measurement is given as m = ., ¢; ® s; + (1 — Y. i) ® Sp+1. We could have
also started by defining measurements as tuples of effects.

Proposition 34. Let K4, Kg be state spaces and let m : K 4 — S, be a measurement and assume
that Kg®RK 4 is defined, then m is entanglement-breaking with respect to KpQK 4.

Proof. Let © € Kp®K4 and let m = Y1 | f; @ s; for some f; € E(Ka), i € {1,...,n}. Asa
result of Prop. 17 we know that (idp @f;)(z) € A(Kp)**. We have

n

(idg @m)(z) = Y (idp @fi)(z) @ s; € A(Kp) T OA(S,)" .

i=1
(idp ®@m)(z) € Kp®S, follows from the trace-preserving of m. O
Corollary 8. FEvery measurement is completely positive with respect to all tensor products.

Proof. The result follows from Prop. 34. O
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A special type of measurement is a two-outcome (also called dichotomic) measurement, that
is a measurement m : K — S3. One can easily see that the set of two-outcome measurements
is isomorphic to the effect algebra F(K) using the aforementioned isomorphism between tuples
of effects and measurements. Two-outcome measurements are important as they are the simplest
non-trivial measurements that any theory provides.

4.5 Measure-and-prepare channels

Measure and prepare channels are conceptually similar to measurements; the operational idea is
that we want to first measure and then prepare a state according to the measurement outcome we
have obtained.

Definition 34. Let ® € ¢€(K4 — Kp), then ® is a measure-and-prepare channel if there are
fi € E(Ka) and z; € Kp for i € {1,...,n} such that Y., fi = 1 and such that we have

¢ = Zfi ® x;.
i—1

Note that measurements are a special type of measure-and-prepare channels. The following
result is immediate.

Proposition 35. Let ® € €(K 4 — Kp) be measure-and-prepare, then ® is entanglement-breaking
with respect to any tensor product Kc®K 4.

Proof. The proof mimicks the steps of the proof of Prop. 34. Let & = Z?:l fi ® x; for some
fi € E(Ka) and z; € K, i € {1,...,n} such that )" | fi =1 and let y € Kc®K4. We have
(ide ®®)(y) = Y (ide @fi)(y) @ z; € A(Ko)* T OA(Kp)*T.
i=1

O

Corollary 9. Let ® € €(K4 — Kpg) be measure-and-prepare, then ® is completely positive with
respect to any tensor product Kc®K 4.

Proof. The result again follows from Prop. 34. O

It is known that in quantum theory all entanglement-breaking channels with respect to the
real tensor product used in quantum theory are measure-and-prepare channels [44-46]. One can
also obtain such result in a more general settings of weakly self-dual theories [47]. We will show
that the same holds in any other theory if we consider a channel to be entanglement-breaking with
respect to maximal tensor product with all possible compact convex sets.

Proposition 36. Assume that a channel ® € €(K4 — Kpg) is entanglement-breaking with respect
to all compact convex sets Ko C V, where V is a finite dimensional real vector space, and with
respect to the mazimal tensor products Kc®K 4, then ® is measure-and-prepare.

Proof. Let x; € K4 for i € {1,...,n} be a set of states such that it is a basis of A(K4)* and let
fi € A(Ka) for i € {1,...,n} be the dual basis, i.e. we have (x;,b;) = d;; for all 4,5 € {1,...,n}.
Note that the functions b; do not have to be positive and one can show that they are all positive
if and only if K4 is a simplex. Now consider

Y= Zfz‘@ﬂii,
i=1

we are going to show that ¢ € A(Ka)T®A(Ka)*". Let y € K4 be astate such that y = 1| ciz;
for some a; € R, i € {1,...,n} and let g € A(K4)" be such that g = ;" ; 8;f; for some j3; € R,
1€ {1,...,n}, we have

n

(Wy@g) =D (fiu)(wi,g) = Zaiﬂi = (y,9) > 0.

=1
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Also we argue that for some suitable choice of base of the cone A(K4)T the vector 9 is a state,
eg. let u==23" z; then (Y,u®1) =1. We have & = 3" | h; ® ; for some h; € A(K,) and
vi € A(Kp)*, i€ {l,...,n} and

(id@®)(y) = (Z hj,xl 1)@(,0]‘:2/1]‘@90]‘-
J=1 J=1

=1

3

It follows that if we require (id @®)(v)) € A(KA)T®A(Kp)*T then also ® € A(K4)T®A(Kp)*T,
i.e. @ is measure-and-prepare. O

4.6 Instruments and operations

When we were defining measurements, we were only concerned with what measurement outcome
we obtain, but this is not entirely realistic model. In reality when we do a measurement we
not only obtain a measurement outcome, but also some post-measurement state of the system.
Therefore let K be a state space, then we should describe an n-outcome measurement by a channel
®: K — S,®K, where S,,0K is the joint system of the measurement outcomes and the post-
measurement state. We have assumed that the pre-measurement and post-measurement states
belong to the same state space.

Definition 35. An instrument is a channel ® : K — S,,®QK.

It is straightforward that we can reconstruct the measurement from a given instrument simply
by taking the partial trace over the post-measurement system K.

Definition 36. Let m € €(K — S,) be a measurement and let & € €(K — S,®K) be an
instrument, then we say that ® is an instrument for the measurement m if

m = (idsn ®1)o®

where idg, is the identity map on S, i.e. if m is the measurement that we obtain from @ by
taking the partial trace over the post-measurement system K.

We say that a map & is trace-non-increasing whenever we have 1 0 ® < 1. The following
structural characterization is useful.

Proposition 37. Let ® : K — K®S, be an instrument, then there are positive, trace-non-
increasing maps ®; : K — A(K)**, i € {1,...,n} such that

b= zn:q%‘ & 85,
=1

i.e. forx € K we have ®(z) =1 | ®;(z) ® s;.
Proof. Since sy, ..., sy, is a basis of A(S,,)* and since ® € A(K) ® A(K)* ® A(S,)* the we have

i=1

where ®; € A(K)® A(K)*, i.e. ®;: A(K)* — A(K)* are linear maps for all ¢ € {1,...,n}, it only
remains to show that they are positive and trace-non-increasing. Let b; € E(S,,) fori € {1,...,n}
be the functions such that (s;,b;) = d;; for all 4,5 € {1,...,n} and let € K, f € E(K), then we
have

so the maps ®; are positive for all i € {1,...,n}. Since b; € E(S,,) and 1 = >""" | b;, we get that

n

Z1o<1>i:1

i=1

and 10 ®; <1 follows. O
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Clearly the set of positive, trace-non-increasing maps is of interest in a given theory.
Definition 37. Positive, trace-non-increasing map ® : K — A(K)*T is called an operation.

Note that for simplicity we again require only positivity, but with regards to the same argu-
ments as for channel, one should also require all instruments to be completely positive, as it is
usually done in quantum theory.

We will shortly investigate the structure of instruments that give the same measurement.

Proposition 38. Let @, € €(K — S,®K) be an instrument for a measurement m € €(K — S,,)
and let ® € €(K — K), idg, € €(S,, — Sy) be the identity channel, then also (idg, @®P) o D, is
an instrument for the measurement m.

Proof. We have
(idg, ®1) o (idg, @P) o ®,,, = (idg, ®1) 0 D, = M.

O

One can ask whether there exist an instrument ®,, such that every other instrument for the
measurement (idg, ®1) o ®,, is of the form (idg, ®®P) o ®,, for some ¢ € €(K — K). This is true
in some theories, specifically in quantum theory this is true for the Liiders instrument [6, Section
5.3].
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5 Compatibility and similar notions

We have already explored entanglement as an aspect of non-classical theories; in this section we
are going to look at incompatibility. Incompatibility is mostly associated with measurements
and especially in quantum theory it is sometimes seen as generalization of non-commutativity of
projection measures. Our approach is going to be more general. We will introduce compatibillity
as property of channels, but in the special case of measurements in quantum theory, one can
reconstruct the well known results [6].

Compatibility of measurements has been heavily investigated in quantum theory [48-53] but
also in the framework of GPTs [47, 54, 55] and compatibility of channels in quantum theory has
been considered before [56]. The approach that we are going to present is going to consider
channels and we are only going to assume special properties of the channels only when needed.

5.1 Compatibility of channels

Let K4, Kp and K¢ be state spaces and let &1 € €(K4 — Kp) and 3 € €(K4 — K¢). Consider
the following task: we are given an unknown x € K4 and we want to obtain the states ®(z) and
Dy (x), both at the same time and by using only single copy of the given € K4. It would be
tempting to say that we can just prepare the states @1 (z) and ®o(z) but that would assume that we
would know x beforehand. One possible strategy is to look for a channel ® € ¢(K4 — KpRK()
such that

((idp @1) 0 @)(x) = Py (x) (2)
(1®@ide) o @)(z) = Pa(x) ®3)

for all x € K4. If such channel ® exists then we argue that we can implement ®; and ®, at the
same time as we can obtain them as partial traces of ®. Of course this can be generalized to more
than two channels.

Definition 38. Let K4, Kp, where i € {1,...,n} and let ®; € €(K4 — Kp,). We say that the
channels ®1, ..., ®, are compatible if there is a channel ® € ¢(K4 — &@,_, Kp,) such that

((idBl ®1®<”*1>) o q>) (z) = @, (z)
((1®<i—1> ®idp, ®1®<"—i>) o <I>) (z) = ®;(x)

((1®<”-1> ® idBn) o q>) (z) = @ (2)

where 192 =1®1, 193 =1®1® 1 and so on. Moreover we call ® the joint channel of channels
®q,...,P, and we call ®q,...,P, the marginals of .

Most of the time we are going to be interested in compatibility of two channels, but many of
our results could be generalized to the case of n channels. Note that the joint channel does not
have to be unique.

There is one special case of the described scenario of compatibility of two channels when we
have ®; = ®,, i.e. when we consider the compatibility of the channel with itself, also called the
self-compatibility of the channel.

Definition 39. Let ® € €(K4 — Kp) then we say that ® is self-compatible if ® is compatible
with itself. We say that a channel is k-self-compatible if k& € N copies of the channel are compatible.

Note that one can find examples of channels that are e.g. 3-self-compatible but not 4-self-
compatible. Self-compatibility of channels was investigated in quantum theory [46, 56-58] where
one can find examples of channels that are not self-compatible. We are going to present such
examples as well in Subsec. 5.2. Now we will investigate the general notion of compatibility of
channels further. At first, we will consider the special case of measurements.
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Proposition 39. Let my € €(K — S,,,) and mg € €(K — S,,,) be measurements given as

ni
my = E fi®s;
i=1

ny
mo = E 9; ® 85
j=1

for some fi,9; € E(K), i € {1,...,m}, j € {1,...,n2}. The measurements mi and mo are
compatible if and only if there are effects h;; € E(K) such that

fi=> hi (4)
j=1

niy
9=y hij (5)
=1

forallie{l,...,n1} and j € {1,...,na}.

Proof. The proof is rather straightforward. Assume that m,; and my are compatible then there is
m € €(K — S, ®S,,) such that

ny no

mZZZhij@)Si@Sj (6)
i=1 j—1
and
ny na
my = (idsnl ®1) om = Z Z hij X 8;
i=1 j—1
ni no

my = (1®idsn2)om:ZZhij®sj

i=1 j=1

from where the result follows.

If we assume that there are h;; € E(K) such that Eq. (4) and (5) are satisfied then let m be
given by Eq. (6). It is straightforward to verify that m is a measurement and that it is a joint
measurement of my and ms. ]

A very useful tool when dealing with compatibility of channels is the notion of concatenation
of channels and its relation to compatibility. In quantum theory, this was already investigated in
[56].

Proposition 40. Let ®; € €(K4 — Kp,), ®2 € €(K4 — Kp,) and &3 € €(Kp, — Kp,) be
channels, then ®30 Py € €(K4 — Kp,). If 1 and ®o are compatible, then also ®1 and P3 o Pq
are compatible.

Proof. The fact that ®3 0 &y € €(K4 — Kp,) is straightforward, it is a channel such that for
x € K4 we have (@3 0 ®3)(x) = ®3(P2(x)). Now assume that ®; and P, are compatible with a
joint channel ® € €(K4 — Kp,®Kp,), i.e. we have (idp, ®1) o ® = ®; and (1 ® idp,) 0 ® = P,
and consider the channel (idp, ®®3) o ® € €(K4 — Kp,®Kp,). We have

(idp, ®1) o (idp, ®P3) 0 ® = (idp, @P5(1)) 0 ® = (idp, ®1) 0 ® = &,
(1 & id32> o (idB1 ®‘I)3) od = (133 o (1 (9 ide) od = (I)g o CI)Q

which shows that ®; and ®3 o 5 are compatible. O
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Corollary 10. Let ®; € €(K4 — Kp,) and &3 € €(K4 — Kp,) be measure-and-prepare channels
given as

¢, = Zlfz' & T
i=1

na
=) g;9y;
i=1

for some f;,g; € E(Ka), z; € Kp, andy; € Kp, fori € {1,...,n1} and j € {1,...,n2}. Let
my € C(Kq — Sy,) and mg € €(K 4 — S,,) be the corresponding measurements given as

ni
my = E fi ®s;
i=1

na
mo = g g; @ 8.
i=1

If my and msy are compatible then also ®1 and ®o are compatible and their joint channel can be
chosen to be measure-and-prepare.

Proof. Consider the channels vy € €(S,, — Kp,) and v» € €(S,,, — Kp,) given as

V1 (31) =T
V2(Sj) =Y;
then ®; = vy, omy and ®5 = 5 0meo, i.e. 1 and vy are the preparation parts of the measure-and-
prepare channels ®; and ®5. The compatibility of ®; and ®5 follows from the compatibility of
m1 and my and using twice the result of Prop. 40.
To show that the joint channel can be selected to be measure-and-prepare let m € €(K —
S, ®Sy,) be the joint measurement of m; and msg and the construct ® = (v} ® v) om. It is

straightforward to check that ® is measure and prepare and that it is a joint channel of ®; and
Ds. O

Corollary 11. Let ® € €(K 4 — Kp) be a measure-and-prepare channel, then ® is self-compatible,
i.e. it is compatible with itself.

Proof. The result follows from Coro. 10. O

It is straightforward to see that one can extend the results of Coro. 10 and Coro. 11 to
more than 2 channels. The following result is inspired by [55] where similar result was proved for
measurements but using a different approach.

Corollary 12. Let ®; € €(K4 — Kp,) and &3 € €(K4 — Kp,) be channels, then they are
compatible if there is a self-compatible channel ®3 € €(K4 — Kp,) and channels vy € €(Kp, —
Kp,) and vp € €(Kp, — Kp,) such that
(I)l =110 (I)37 (7)
(I)Q = V9O ‘I>3 (8)
Proof. It follows from Eq. (7) and (8), the self-compatibility of ®3 and Prop. 40 that the channels
®, and ¥, are compatible. O

In case of measurements one can prove a stronger result.

Corollary 13. Let my € €(K — Sy,,) and my € €(K — S,,,) be measurements, then they are
compatible if and only if there is a measurement mz € €(K — Sp,) and channels v; € €(S,, —
Sn,) and vy € €(Sy,, — Sy,) such that

myp =V 0Mms (9)

Mo = Vg OM3. (10)
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Proof. Another version of the proof may be found in [55]. Assume that the measurements m; and
mgy are compatible and let m € €(K — S,, ®S,,,) be their joint measurement. Take m3 = m,
v =id®1 and v = 1 ® id, then the Eq. (9) and (10) become (2) and (3).

The converse statement follows from Coro. 12 and Coro. 11. O

5.2 Existence of incompatible channels

In this subsection we will argue that incompatibility exists in all non-classical theories and we will
show how this implies a result about existence of entanglement as presented in Subsec. 3.3. First,
we will show that if a state space is a simplex then all channels are compatible. Afterwards we will
investigate the consequences of existence of incompatible measurements on a non-classical state
space K.

Proposition 41. Let S,, be a simplex, then k copies of the identity channel are compatible for
any k € N, i.e. the id channel is self-k-compatible.

Proof. Let ext(Sy) = {s1,...,5n} and let b; € E(S,,), for i € {1,...,n} be the dual basis, i.e. we
have (s;,b;) = &;; for all 4,5 € {1,...,n}. Note that the fact that all of the functions b,...,0b,
are positive is an exclusive property of the classical state spaces.

We have that

ids, = Y b ®s;i € A(S,)TRA(S,)"T
=1

and it follows that .
o) =" @ (s7F) € €S, — ST)
i=1
is a well defined channel. One can see that ®*) is the joint channel of k copies of the identity
channel idg,, . O

Corollary 14. Let S,, be a simplex and k € N, then any set of k channels ®; € €(S,, — Kp,) for
any state spaces Kp, and i € {1,...,k} is compatible.

Proof. The result follows from the same idea as Prop. 40 and from the fact that we have ®; =
®; oidg, . Let ®*) be the joint of k copies of idg, € €(S, — Sy,) as constructed in the proof of
Prop. 41 and let

® = (@F,®;) o ®®

then it is straightforward to check that ® is the joint channel of the channels ®4,..., . O

Proposition 42. Let K be a state space then there exists a pair of incompatible two-outcome
measurements my, mg € €(K — So) whenever K is not a simplex.

Proof. Constructive proof may be found in [59]. O

We are going to explore some of the consequences of existence of incompatible channels. The
following result is known as no-broadcasting and it was originally proved in [35, 60].

Corollary 15 (No-broadcasting). Let K be a non-classical state space, i.e. K is not a simplez,
then the identity channel id is not self-compatible.

Proof. Assume that the identity channel id is self-compatible. Since for any channels ®; € €(K —
Kp,) and &5 € ¢(K — Kp,) we have ®; = ®; oid and ®3 = P, o id it would follow from Coro.
12 that ®; and 5 would be compatible. This is in contradiction with the result of Prop.42. [

The following result will be about the existence of entanglement and it was also proved in [36]
using a very different methods. In [36] the authors prove the statement of Prop. 20 which they
use to conclude the following result. We will use the result of Coro. 15 to prove the following
result.
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Corollary 16. Let K4 be a non-classical state space, then there exists a compact convexr set
Kp CV, where V is a finite dimensional real vector space, such that Ka9Kp # KAQKp.

Proof. Let K 4 be a non-classical state space and consider the identity channel id. We already know
that id € A(K4)T®A(K 4)*t; we must have id ¢ A(K4)T®A(K4)*t as if id would be measure-
and-prepare, then according to Coro. 11 it would be self-compatible which would be in contradic-
tion with Coro. 15. It follows that we must have A(KA)T®@A(Ka)*t # A(Ka)TQA(KA)*T.

To conclude the proof let Kp be a base of A(K4)T then according to Prop. 6 we know that
Kp is a compact convex set and we have K4®Kp # K sQKp. O

5.3 Degree of compatibility

Assume that we have two systems described by state spaces K4 and K and we want to to use a
channel ¢ € €(K4 — Kp) to communicate a message. That is we want to prepare a state x € K4,
map it to ®(z) € Kp and then try to get as much information about the original state x € K4
from ®(x) € Kp as possible. Clearly our probability of being successful is going to depend on the
channel ®. For example if K4 = Kp and ® = id then the task is trivial as we are given the state
itself. But now consider a different scenario, let y € Kp and let ®(z) =y for all x € K4. Clearly
there is nothing we can learn about z from ®(x) = y and in this case we can see the channel
® = 1® y as classical noise. We will introduce a name for the channels that represent noise.

Definition 40. Let ® € €(K4 — Kp) be such that for all z,y € K4 we have ®(z) = ®(y), then
we call ® a constant channel.

If a constant channel m € €(K — S,) is a measurement we may also refer to it as coin-toss
measurement. The following is a trivial result

Lemma 1. Let &1 € €(K4 — Kp,) and let P € €(Ky — Kp,). If &5 is a constant channel
then ®1 and ®o are compatible.

Proof. Let y € Kp, be the state such that for all x € K4 we have ®3(z) = y. Let & € €(K4 —
Kp,®Kp,) be a channel defined for z € K4 as

D(x) =01(2) R y.
It follows that ® is a joint channel of ®; and ®s. O

Inspired by the simple result, consider the following question: let ®1,®¢, € €(K4 — Kp,)
and ®q, Pe, € €(K4 — Kp,) such that ®¢, and ®¢, are constant channels, then for what value
of A € [0,1] are the channels A®1 + (1 —X)®¢, and APy + (1 — )P, compatible? Different aspects
of the question were already investigated in [15, 54, 55, 61-64], we are only going to present the
most basic definition and results.

Definition 41. Let ®1,P¢, € €(K4 — Kp,) and ®y, P, € €(K4 — Kp,) such that @¢,
and ®¢, are constant channels. The degree of compatibility of channels ®; and ®; is denoted
DegCom(®y, ®2) and it is defined as

DegCom(®q,P3) = sup {A: APy + (1 — N\)Dg,, APy + (1 — A\)D(, are comaptible}
A€[0,1],
dcy,Pcy

Proposition 43. Let ®; € €(K4 — Kp,) and 2 € €(K4 — Kp,) then

1
DegCom(<I>17<I>2) > §
Proof. The idea of the proof is well known and it can be also found in [54]. Let ¢, € €(K4 —

Kp,) and ®¢, € €(K4 — Kp,) be any constant channels such that for x € K4 we have ¢, (z) =
y1 and ®c, (z) = y2. We will define a channel ® € €(K4 — Kp,®Kp,) for x € K4 as

o = %@1@) ® Y2 + y1 @ Pa(x)).
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We have

1
(idp, ®1) 0 ® = (P + Pc,)

. 1
(1 ®1d32) od = 5((132 +(I)CQ)

hence %(@1 + ®¢,) and (P2 + P¢,) are compatible. DegCom(®1, ®2) > % follows. O

In some applications it may be of interest to look for channels ®; € €(K4 — Kp,) and
1
&y € €(K4 — Kp,) such that DegCom(®1, 3) = ok for example one can show that the violation

of Bell inequalities is bounded by the degree of compatibility [64]. Hence we introduce the following
notion.

Definition 42. The channels &, € €(K4 — Kp,) and @3 € €(K4 — Kp,) are called maximally

1
incompatible if DegCom(®, ®5) = 7
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6 Correlations

We have already seen connections between incompatibility and entanglement in Coro. 16 where
we have used existence of incompatible measurements to prove that entanglement exists. Now
we are going to look at results that use both incompatibility and entanglement at the same time.
We will go only as far as to formulate the basic definitions of steering and Bell non-locality for
measurements only, as this is the standard formulation stemming from the EPR argument [65] and
further works on the topic [66, 67] and formalized in [68]. The extensions of all of the definitions
and results from measurements to channels as well as other results may be found in [69].

6.1 Steering

Steering as a phenomenon was first described in [66] and since then it has been heavily investigated
in quantum theory [70-75] and in GPTs [30, 47, 76]. Also results on one-side device-independent
protocols rely on steering [77].

Let K4, Kp be a state spaces such that K 4®Kp is defined and let m; € €(K4 — S,,) for
i €{1,..., N} be measurements given as

m; = Zf;i) & 85

j=1

and let x € K,®Kp. We are going to denote
y(ili) = ()" ®id)(a). (11)

Using the arguments of local realism [65] one may argue that there must exist the so-called local
hidden state model for y(j|i), i.e. that we should have

Q
y(ilD) = pap(ili, A)za (12)
A=1

for some Q € N, for all i € {1,...,N} and for all j € {1,...,n;}, where p) € RT, Z?le)\ =1
and p(jli, ) € R such that 377, p(jli, \) = 1 and 2y € Kp. Of course Eq. (12) does not have
to be satisfied for every choice of z € K4®Kp and measurements my, ..., my.

Definition 43. We say that a state z € K4®Kp is not steerable by measurements my,...,my

if there is a local hidden state model for the ensemble y(j|i) as given by Eq. (11), i.e. if there is
a local hidden state model such that Eq. (12) is satisfied.

The following are standard results concerning steering.
Proposition 44. A state *+ € K,®Kp is not steerable by measurements mq,...,my if ¢ €
Kai®Kg, i.e. if x is separable.

Proof. The proof is rather simple and may be found in [69]. Let 2 € KA4®Kp and assume that
r=w® z for some w € K4 and z € Kp, it is sufficient to find local hidden state models for such
states as they contain the extreme points of Ko4®@Kp. Let m; € €(K4 — S,,) fori € {1,...,N}
be measurements given as

j=1
then we have A A
(1 @id)(@) = (w, ;)=

which is a local hidden variable model with <w,f;i)> = p(jli, A), z = zx and where the hidden
parameter A has just one value. We have

T4

S (w, £y = (w,1) =1

=1

which concludes the proof. O
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Proposition 45. A state + € K4®QKp is not steerable by measurements m1, ..., my, if the mea-
surements my,...,my are compatible.

Proof. A proof may be found in [69] but it is rather straightforward. Let m € €(K — S,,) such
that there are channels v; € €(S,, — S,,) such that m; = v; o m and let m be given as

n
m = ng@)sk.
k=1

We then have that .
£ =3 "wi)kig

k=1
where (1;); are given as in Prop. 30 as
n n n;
viom = ng ® vi(sk) = Z Z(Vi)kjgk ® ;.
k=1 k=1j=1
We have
y(ili) = (" @id)( Z vi)ii (g ® id)(x).

According to Prop. 17 we have (gr ® id)(x) = pgzi for some 2z, € Kp and pi € [0,1] for all
ke{l1,...,n}. It follows that
= e (Vi)rjz
k=1

is a local hidden state model with k = X, up = px and (v)k; = p(jli, A). Dop—q p = 1 follows
from

S = Yok @id)(),1) = (@, 10 1) = 1
k=1 k=1
and Z?;l(llz)k] =1 follows from Prop. 30. O

6.2 Bell non-locality

Bell non-locality as a phenomenon was established in [67] as a solution to the EPR paradox.
The most well-known form of Bell non-locality today is given by the CHSH inequality [78]. Bell
non-locality was also heavily investigated in quantum theory [51, 64, 79-86] and in GPTs as well
[47, 87, 88], maximal violations of the CSHS inequality were investigated [89-92] and also in the
context of device-independent protocols [93-96].

Bell non-locality is very similar to steering, with the twist that we apply measurements to both
systems. So let again K4 and Kp be state spaces, let m#! € €(K4 — Spa) and mf € C(Kp —
Sn;s) forie {1,...,Na} and j € {1,..., Np}, where the measurements are given as

nf

=Y e,
k=1
’I’L;3

= Z gl(]) & s;.
=1

Let x € KA4®Kp, we are going to denote

plk, i, 5) = (z, i © g) (13)
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which corresponds to Eq. (11) in the case of steering. One can again use the arguments of local
realism [65, 67] that we should have the so-called local hidden variable model given as

Q
p(k, i, 5) = pap(kli, Np(ll5, A) (14)
A=1

for some Q € N, for all i € {1,...,Na}, forall j € {1,...,Ng}, forall k € {1,...,n}, forall [ €
A
{1,... ,nf}, where py € RT, ZS,\):M’)\ =1 and p(k|i,A), p(I|j, \) € RT such that 3,7, p(kli,\) =
B
Land Y7, p(I]5,A) = 1. Again Eq. (14) does not have to be satisfied for any choice of # € K4&Kp

< A A
and measurements m1',...,my and mf, ..., m% .
Definition 44. The state + € K &K p is Bell local with respect to measurements m{', ..., mﬁA,
and m{, ..., m% _ if there is a local hidden variable model for the ensemble p(k, 1|4, j) as given by

Eq. (13). i.e. if there is a local hidden variable model such that Eq. (14) is satisfied.

We will again present a standard and basic result on the connection between Bell non-locality
and steering.

Proposition 46. Let v € KAa®Kp and let m{* € €(K4 — S,4) and mf € ¢(Kp — S,5) for
i J

i€{l,...,Na} and j € {1,..., N}, where the measurements are given as
n
mit = f;ii) ® Sk,
k=1
s
mJB = gl(j) ® s

Let y(k|i) be an ensemble given by Eq. (11), i.e

y(kli) = (£ @ id)(z).

If x is not steerable by the measurements mi, ... ,mﬁA, then x is Bell local with respect to the
measurements mi, . .. ,mﬁA and m¥,. .. ,mﬁB.

Proof. The proof is quite straightforward. Assume that we have

(£ @ id)( prp kli, \)z

as in Eq. (12), then

p(k, Ui, j) <prp kli, A)zx, 9;7)> prp ANIEN

A=1

. nB
Denote p(l|j, A) = (zx, gl(J)>, then we have )7, p(l]|j, \) = 1 and we have obtained the local hidden
variable model for p(k, i, 7). O

We are going to use the result of Prop. 46 to get results equivalent to Prop. 44 and Prop. 45.

Corollary 17. Let x € K,®Kg, then there is a local hidden variable model for the ensemble

p(k,1|i,j) given by the state x and measurements m{, ..., mﬁA and m¥,. .. ,mﬁB, i.e. x is Bell
local with respect to the measurements m1, . .. ,mﬁA and mP, ... ,mﬁB

Proof. The result follows from Prop. 44 and Prop. 46 as without entanglement we can not have
steering and without steering we can’t have Bell non-locality. O
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Corollary 18. Assume that the measurements mi, . .. ,mﬁA are compatible then there is a local

hidden variable model for the ensemble p(k,l|i,j) given by the state x € Ka®@Kp and measure-

ments mf,...,mf\‘,A and m{g,...,mﬁB, i.e. x is Bell local with respect to the measurements
A A B B
miy,...,my, and my, ..., my

Proof. The result follows from Prop. 45 and Prop. 46 as if the measurements are compatible then
they do not steer the state x and without steering we can not have Bell non-locality. O
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Conclusions

The aim of the review was to present a solid introduction to the framework of general probabilistic
theories in a way that we believe to be self-contained and understandable to a theoretical physicist
or mathematician. We hope that we have provided a complete review of the framework and we
hope that the reader can now almost skip the first few pages of a research paper concerning general
probabilistic theories.

This review is followed by papers written by the author and his co-authors where some of
the recent results on compatibility, steering and Bell non-locality in general probabilistic theories
are presented. The result of [59] on existence of incompatible two-outcome measurements were
already mentioned in the review. In [15] the state spaces with maximally incompatible two-
outcome measurements were characterized using the methods of linear programming. In [69] the
problem of compatibility of channels was investigated and generalizations of steering and Bell non-
locality for channels were introduced. The motivation behind these generalizations is different from
the standard motivation using EPR paradox and local realism. It is shown in [69] that steering
and Bell non-locality can be introduced as entanglement assisted incompatibility test. In [41] a
comparison of different operational principles that use the notion of compatibility was presented.
It was shown, that one can characterize state spaces where are measurements compatible with the
identity channel and where are measurements compatible with every other measurement and one
can also show that these two cases do not coincide.

The last paper [40] works with the more general framework of effect algebras in which a notion
of spectrality is investigated. Spectrality in the form of spectral decompositions of self-adjoint
operators is a well-known property of quantum theory. It is interesting to investigate spectrality
in the framework of effect algebras (and also in the framework of GPTs). Spectrality frequently
appears in derivations of quantum theory from operational axioms [24, 97, 98] and it was also
studied in the framework of GPTs [99, 100].

The last two mentioned papers [40, 41] are unpublished as in the time of writing this review.
[40] is in the second of peer-review and [41] already passed the first round of peer review and
corrections to the paper are being made.
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I. INTRODUCTION

Incompatibility lies deeply within quantum mechanics and
many of the famous and key aspects of quantum theories have
been traced to Heisenberg uncertainty principle, the no cloning
theorem, violations of Bell inequalities, and other notions
making use of compatibility (see [1] for recent review). In light
of these discoveries compatibility in the framework of general
probabilistic theories has been studied [2-5] in order to show
the difference between classical and nonclassical probabilistic
theories. Also the connection of compatibility and steering in
general probabilistic theories has been studied [6-8].

Recently incompatibility of measurements on quantum
channels and combs has been in question [9] as it potentially
could be used as a resource in quantum theory in a similar
way as an incompatibility of measurements on quantum
states [1]. The degree of compatibility (also called robustness
of incompatibility) has been studied for measurements on
channels and combs [2,9,10].

In the present paper we study the notion of compatibility of
measurements in the framework of probabilistic theories and
we show that every two measurements are compatible if and
only if the state space is a simplex. In one way this result has
clear physical interpretation—classical state space is always
a simplex and the existence of incompatible measurements is
often seen as one of the main aspects of quantum theories.

The paper is organized as follows. Section II contains
preliminary mathematical results and references. Note that
Sec. IIB contains the definition of maximal face that (to
the best knowledge of the present author) was not defined
elsewhere (even though it has close ties to the notion of tangent
half space and tangent hyper-plane [11, p. 169]) and is later
used in Sec. IV. In Sec. III the measurements are defined.
In Sec. IV compatibility of measurements and degree of
compatibility are defined and it is shown that all measurements
are compatible if and only if the state space is a simplex.
Also the linear program for compatibility of two two-outcome
measurements is formulated.

II. PRELIMINARIES

We present preliminary mathematical knowledge used
in the paper. In all of the paper E will denote a real,

“martin.plavala@mat.savba.sk
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finite-dimensional vector space equipped with the Euclidean
topology and K will denote a nonempty compact convex subset
of E. We will denote the convex hull of a set X as conv(X),
affine hull of a set X as aff(X), and interior of a set X as
int(X), and by dK we will denote the boundary of K, i.e.,
0K = K \ int(K) as K is closed.

A. Structure of A(K)

By A(K) we will denote the set of real valued affine
functions on K and by A(K)" we will denote the set of
positive affine functions on K, i.e., f € A(K)* if and only if
f(x) = 0forevery x € K. We will denote constant functions
by the value they attain. Since K is compact and the functions
A(K) are continuous, every function reaches its maximum and
minimum over K at some point of K and we can introduce the
supremum norm for f € A(K) as

[flla = sup|f(x)l.
xekK

The set A(K)™ is closed; convex, i.e., for A € R, 0 < A <
L, fi,f> € A(K)" wehave Af; + (1 — L) f, € A(K)™T; a cone,
ie, forveR, v>0, f € AK)" we have vf] € A(K)T;
pointed, i.e., A(K)T N (—=A(K)') = {0}; and generating, i.e.,
for every f € A(K) we have f,,f_ € A(K)" such that f =
f+— 7=

The closed, pointed, convex cone A(K)" defines a partial
order > on A(K) given for fi, f» € A(K) as

iz he fi-fheAK)"

or equivalently f) > fo & (fi — f2)(x) > 0,Vx € K. The
partial order > will play a role in our formulation of linear
program for incompatibility of two-outcome measurements.
Definition 1. We say that e € A(K)™" is an order unit if for
every f € A(K)* there is some v € R, v > 0 such that

ve > f.

In the current setting it is easy to see that every strictly
positive function is an order unit. We will omit the simple
proof of the following fact.

Proposition 1. e € A(K)" is an order unit if and only if
e € int(A(K)™).

We will also use the notion of a base of a cone.

Definition 2. Let Q C E be a cone, then a set B C Q is
called base of Q if for every 0 # x € Q there exist unique
y € Band A € R such that x = Ay.

©2016 American Physical Society
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To formulate the linear programming problem we will also
have to work with the dual space of A(K); we will denote
it A(K)*. We will denote by A(K)*' the cone of positive
functionals dual to A(K)™, that is ¢ € A(K)*" if and only if
for every f € A(K)" we have y(f) > 0.

Proposition 2. A(K)** is a closed pointed convex cone.

Proof. 1t is straightforward to see that A(K)*" is a closed
convex cone. It is pointed because A(K)™ is generating. W

We define the dual norm for ¢ € A(K)* as

[¥lle = sup [¥(f)I.

llflla<1

For x € K let &, € A(K)* be given for f € A(K) as
D.(f) = fx).

The map @ : K — A(K)* is called an evaluation map and it
is affine. It is easy to see that ®[K] = {P, : x € K} contains
only positive functionals with unit norm such that ®,(1) = 1
for every x € K. The converse is also true:

Proposition 3. (K] = {y € A(K)* : |[¥ |l = ¢¥(1) = 1}.

Proof. For proof see [12, Theorem 4.3]. Also note that
[¥ll« = ¥ (1) = 1 implies ¥ > 0. u

The set ®[K] is sometimes referred to as the state space
as in general applications it is often easier to work with ®[K]
rather than K.

B. Exposed faces and maximal faces of a convex set

In this subsection we will define faces, exposed faces, and
maximal faces and prove Proposition 4.

Definition 3. Let C C K be a convex set (that is, C is a
convex set that is a subset of K). We say that C is a face of
Kifxe C,AeR,0 <A < landx = Ay + (1 — A)z implies
v,ze€C.

It is straightforward that K and the empty set are faces of
K and they are called the trivial faces. Apart from the trivial
faces it is known that all faces liein 9K [11, Corollary 18.1.3].
A face consisting of a single point is called an extreme point
of K.

Definition 4. Let C C K be a set where some affine
function f reaches its maximum (or minimum) over K, i.e.,
if max,eg f(x) = My, thenC = {x € K : f(x) = My}. Such
C is called an exposed face of K.

Every exposed face is a face [11, p. 162]. An exposed face
consisting of single point is called an exposed point. It will be
important that the set of exposed points of K is dense in the set
of extreme points of K [11, Theorem 18.6] and that every face
of a closed convex set is closed [11, Corollary 18.1.1]. Also
note that not every extreme point must be an exposed point;
an example of this is presented in [11, p. 163].

We proceed by defining the notion of a maximal face.
Maximal faces are generalizations of the n — 1-dimensional
exposed faces of polytopes (that is, of convex sets that are
convex hulls of a finite number of points).

Definition 5. Let C C K be a nontrivial face, such that for
every x € K \ C we have conv(C U {x}) Nint(K) # @; then
we say that C is a maximal face.

Note that we require maximal faces to be nontrivial, i.e., K
itself is not a maximal face. One can show that every maximal
face is exposed, because every maximal face is an intersection
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of K and a hyperplane tangent to K. Also every intersection
of K and a hyperplane tangent to K is a maximal face. We
present a simple example of maximal faces of a triangle and
circle.

Example 1. Assume that K C R? is a triangle. The vertices
of the triangle are extreme and exposed points of K, but they
are not maximal faces. In this case maximal faces are the edges
of the triangle. Now consider that K C R? is the convex hull
of the unit circle; then every extreme point of K is a maximal
face.

Maximal faces will play arole in the notion of compatibility
of measurements as the condition conv(C U {x}) Nint(K) £ &
will be of great importance.

Proposition 4. Let K C R" be a nonempty convex compact
set. Then for every point x € K there are maximal faces
C1,Cy such that x € Cy and x ¢ C,.

Proof. We will prove the statement in two steps. First we
will prove that that every point of d K belongs to some maximal
face. Then we prove that maximal faces that have a point in
common cannot form K.

Let x € 0K ; then there exists a nonconstant affine function
f that reaches its maximum over K in x [11, Colloraly
11.6.2]; let f(x) = My. The set Go={x' € K : f(x') =
My} is an exposed face. If Gy is maximal face then the
proof is finished; if G¢ is not a maximal face, then there
must exist a point y € K \ Gy such that conv(Go U {y}) N
int(K) = @. The set conv(G( U {y}) does not have to be a
face itself, but since conv(Go U {y}) Nint(K) = @ then there
exists a nontrivial supporting hyperplane to K containing
conv(Go U {y}) (see [11, Theorem 11.6] for a definition of
a supporting hyperplane to K and proof of the statement). In
other words there must exist a nonconstant affine function f;
such that maxyex fi(y) = My and G, = {x' € K : fi(x') =
My} D conv(Go U {y}), i.e., G is an exposed face of K and
x € G1. Moreover for the dimensions of aff(Gg) and aff(G)
we must have dim(aff(G)) > dim(aff(G)), because y € G,
and y ¢ Gy. If G| is a maximal face then the proof is finished;
if not then we can repeat the procedure to find exposed face
G, D Gy.

Since the affine span of every maximal face can be at most
n — 1 dimensional and the dimension of affine span of the
exposed faces G; is strictly growing with i it is clear that
we can repeat this procedure at most n — 1 times to obtain a
maximal face; hence in this way to every x € 0K we can find
a maximal face that contains it.

Now we will proceed with the second part of the proof. Take
x € 0K, denote {C;} the set of all maximal faces of K, and
assume x € N;C;. Since every point of K belongs to some
maximal face we must have U; C; = 0K . Let us define positive
affine functions f;, such that C; = {y € K : f;(y) = 0}; then
since a finite-dimensional convex compact set is an intersection
of closed half spaces tangent to it [11, Theorem 18.8] we have
K ={y eR": fi(y) > 0, Vi}. Since we have f;(x) =0, Vi
then for any L € R, A > 0, and z € K we have

fiz4+ A —=Mx)=Arfi(z) 20

for every i. This implies that Az + (1 — A)x € K, which is in
contradiction with K being compact. |
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III. MEASUREMENTS ON K

Let E be a finite-dimensional real vector space equipped
with the Euclidean topology and let K C E be a compact
convex set. We will call K a state space as it represents a set of
all possible states of some system and the convex combination
is interpreted as probabilistic mixture. Let &2 be a nonempty
compact Hausdorff space and let P(£2) denote the set of Borel
probability measures on 2.

Definition 6. Measurements (also called observables) on K
with sample space 2 are affine mappings m : K — P(Q2).

The interpretation is that 2 represents all possible outcomes
of a certain measurement and is usually referred to as sample
space. For x € K the measure m(x) € P(2) is a general-
ized notion of assigning probabilities to the measurement
outcomes. Our definition follows the usual definitions of
measurements in probabilistic theories [4,6] but may be easily
generalized to locally compact sample spaces 2. Leto C Q2 be
a measurable set; then by m(x; o) we will denote the measure
of the set o with respect to the measure m(x).

Finite outcome measurements

Let the sample space 2 = {w;, ... ,w;} be afinite set. Every
Borel probability measure u € P(R2) is of the form

k
n = Z )\i(Sw[
i=1

where 4, is the Dirac measure centered at w; and A; € R, 0 <
A <1, Zle A; = 1. It follows that if m is a measurement on
K with finite sample space €2 then there always are functions
fi€AKYT, 0< f;< 1 for je(l,... .k}, Yh_ fi=1
such that

k
m=" fids,.
i=l1

Remark 1. In the standard literature [13,14] usually it
is instead of writing m = Zf;] fids; simply said that the
function f; represents the probability of the outcome w;. To
simplify the notation we will use the formulation presented
above.

IV. COMPATIBILITY OF MEASUREMENTS

Assume that we wish to perform two distinct measurements
m1,m, with two separate sample spaces €21,€2,. We would like
to know whether there exists a measurement that performs both
m; and m, at the same time. To ask this question properly we
will introduce the concept of marginal measurement. When
working with the Cartesian product ©2; x 2, we will always
consider the product topology on it given by the topologies of
Q1,.

Definition 7. Let m : K — P(2; x ;) be a measurement
on K with sample space 2 x ;. We say that m; : K —
‘P(€2;) is a marginal measurement of m if for every measurable
seto C 27 and x € K we have

mi(x;0) =m(x;0 X ).
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This definition can be formally understood as
mi(x;o0) :/ m(x;0 X dwy)
Q2

for every measurable set o C ;. For the finite outcome
measurements the integral is replaced by a sum over the
outcomes; i:e.,form = Zﬁj:l fij8w.w;)» Where fij € A(K)*
and S(wswp) 18 the Dirac measure centered at (w;,;), we have

k
mi= Y fijdo,.

ij=1

It is straightforward to see that m is a measurement on K
with sample space €2; as the positivity and normalization to
1 follow from the properties of m. Now we are ready for the
definition of compatibility.

Definition 8. We will say that measurements m; : K —
P(21) and m, : K — P(2;) are compatible if there exists
a measurement m : K — P(2; x €2;) such that m,m, are
marginal measurements of m.

This definition is the standard definition used for compati-
bility of measurements.

A natural question is, are there any incompatible measure-
ments? It is of course long known that incompatible mea-
surements in quantum mechanics exist, but mathematically
it is interesting to ask what properties of K imply that all
measurements are compatible.

Proposition 5. Let K be a simplex, thatis, let {x, ... ,x,} be
the set of extreme points of K such that the points x, ... ,x,
are affinely independent. Then every measurement on K is
compatible with every other measurement on K.

Proof. Let K be a simplex; then there exists affine
functionsb; : K — R, j € {1, ... ,n} defined by b;(x;) = §;;.
These functions are positive, because for every y € K we
have y =Y Ax; with 37 A4; =1 and 0 < A; < 1 for
every i.

Let m be a measurement on K with a sample space €2; then
fory e K,y =", ;x; we have

m(y) =Y _him(x;) =y bi(y)m(x;),
i=1 i=1

i.e., a measurement m on a simplex is uniquely described by
the measures m(x;) € P(2).

Now let m;,m, be measurements on K with the sample
spaces €21,$2,, respectively; then for y € K we have as above

mi(y) =Y bi(y)m;(x),
i=1

for j € {1,2}. Let (m; x my)(x;) denote the product measure
obtained from the measures m(x;) and m,(x;), that is, for
measurable sets o; C ;, 1 € {1,2} we have

(m1 x ma)(x;501 X 02) = my(x;; 01)ma(x;502).
Let the measurement m : K — P(2; x €2,) be given as

m(y) =Y bi(y)my x m)(x:);

i=1

042108-3



MARTIN PLAVALA

then it is easy to verify that m; and m, are marginal
measurements of m. |

Note that positivity of functions b; plays a crucial role
in the proof and these functions are positive only if K is a
simplex. Next we introduce the concept of a coin-toss (also
called trivial) measurement.

Definition 9. Let u be some fixed Borel probability measure
on sample space €2; then by coin toss we will refer to the
measurement given as

m(y) = u

forevery y € K.

Coin-toss measurements usually represent noise, that is,
some random factor that affects the measurement outcomes. It
can be also interpreted as the most simple measurement when
we ignore any information about the state and simply “toss a
coin” and return whatever value we obtain. It is straightforward
that any coin-toss measurement is compatible with any other
measurement.

In the following we state the usual definition of the degree
of compatibility.

Definition 10. Let i € {1,2} and let m; : K — P(2;) be a
measurement on K with sample space 2;. Lett; : K — P(£2;)
be some coin-toss measurements; then we define degree of
compatibility of measurements m,m, as

DegCom(m,m;) =  sup
01
71,72

{A:Amp 4+ (1 — M1y,

Amy + (1 — X)1, are compatible}.

The reason for considering different trivial measurements 7, 7,
is that the sample spaces may be different and even if they
would be the same due to our definitions we cannot pick
some preferred measure as, for example, a properly normed
Lebesgue measure on a compact subset of R¥. Note that the
supremum is taken also over the coin-toss measurements 7y, 7.

Based on the analysis of compatibility presented in [1] we
obtain the following.

Proposition 6. For any two measurements m; : K —
P(Q), i € {1,2}, we have DegCom(m,,m;) > 1.

Proof. The idea is that we can always toss a fair two
sided coin, based on the result implementing one of the
measurements and substituting the other by the respective
coin-toss observable. In other words let 1, uu, be any Borel
probability measures on £2;,$2,, respectively, that give rise
to coin-toss measurements t; given as 7;(y) = u;, i € {1,2}.
Consider the measurement m : K — P(2; x ;) given for
y € K as

m(y) = 3(u1 X ma(y) +mi(y) x p12).

It is straightforward to verify that the measurements %(ml +
71) and %(mz + 1) are marginal measurements of m. |

A similar result has been observed even for compatibility
of quantum channels [15].

A. Compatibility of two-outcome measurements

In general it may be hard to decide whether measurements
m; and m, are compatible but in the case of two-outcome
measurements, that is, in the case when 2,2, contain
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only two points, we will formulate necessary and sufficient
conditions for the measurements m,m, to be compatible.
These conditions may be generalized in the same manner to
general finite outcome measurements.

Let Q) = Q, = Q = {w;,w,} be the sample space of the
measurements m,m,; then they are of the form

m; = ft6w| + (1 - fl)&yz

for i € {1,2}. Also every measurement m on K with sample
space 2 x € is of the form

m = g118(w,w) T &128(w1,w2) T &218(wr,w1) T 8220(w3,2)

where g11,812,821,822 € A(K)t and 8(w;.mp) 18 @ Dirac measure
on © x € centered at (w;,wy) € £ x Q. Assume that m; and
m, are marginal measurements of m; then we obtain

gn+gn =i (1
gnt+gn=1-fi, ()
gn+gn=f, (3)
gntgn=1-fr 4)

These equations imply g1 + g12 + g21 + g2 = 1, but not
gjk = 0, j,k € {1,2}, and they in general do not have a unique
solution. Let g;; = p, 0 < p < 1; then a general solution to
Egs. (1)-(4) is

g2 = fi—p,

g = fr—p,

gn=1-fi— fh+p,

which imply the inequalities

fizp, %)
22D, (6)
l+p2 fit+tfo (7

that come from gj; > O for all j,k € {1,2}. In general there
may not exist such p satisfying Eqgs. (5)—(7); in that case
the measurements are incompatible. But if m is a joint
measurement of m,m, then Eqgs. (5)—(7) must be satisfied
and Eqgs. (1)—(4) are satisfied simply because m; and m, are
marginals of m. We have proved the following.

Proposition 7. Let m|,m, be two-outcome measurements
on K given as

m; = flawl +(1 - ﬁ)8w2

for i € {1,2}; then they are compatible if and only if there is
a function p € A(K)*, such that 0 < p < 1 and Egs. (5)—(7)
are satisfied. Similar results in terms of operators in the case
of measurements on states were obtained in [2,10].

Now we will proceed by deriving some conditions on the
incompatibility of two-outcome measurements based on the
results of Proposition 7 that will help us prove that there exist
incompatible measurements if and only if K is not a simplex.

The main idea is that we will construct two functions
f1, /> € A(K)" that reach both zero and one on K and for
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the exposed faces
Fi={xeKk: filx) =0}

i € {1,2} it holds that conv(F; U F;) Nint(K) # @. Then by
the Egs. (5) and (6) we have that p(x) =0 for every x €
conv(F; U F3). Since conv(F; U F)Nint(K) # @ and p > 0
we get p = 0. Then by Eq. (7) we must have f; + fo < 1 if
the measurements are compatible so we will show that we can
construct functions fi, f, with the mentioned properties such
that f;(y) + f2(y) > 1 for some y € K whenever K is not a
simplex.

The ideas presented above were inspired by an example of
incompatible measurements on a square presented in [4].

Proposition 8. Let x € K be an extreme point and let F be a
maximal face disjoint from {x}; then there exist incompatible
two-outcome measurements on K if F does not contain all
other extreme points of K except for x.

Proof. For the definition of a maximal face see Definition 5
and remember that according to the definition K itself is not a
maximal face. Note that closedness of K will play a role as it
implies closedness of every face of K [11, Corollary 18.1.1].

Assume that there is one maximal face F disjoint from x,
but F does not contain all extreme points of K except for
x, 1.e., there is an extreme point y € K, such that y ¢ F and
vy # x.Since F, {x}, {y} are closed sets and {y} is disjoint from
both F and {x}, then there exists some open neighborhood N,
containing y, such that x ¢ N, and F N N, = (. There is an
exposed point z € N, as the set of exposed points is dense in
the set of extreme points of K [11, Theorem 18.6]. For the
same reason we will consider x an exposed point as well. Now
let us construct positive affine function fi, f, f; such that

Fi={we K : fi(w) =0},

{x} ={weK: fi(w)=0}

{z}={wekK: f(w)=0}
and

max fiw) = max fr(w) = max S(w) =1.

The functions fi, f,, f, give rise to two-outcome measure-
ments my,m,,m, given as

my = fidy, + (1 = f1)d0,,
My = fido, + (1 = fi)du,,
m; = f:8,, + (1 — f2)84,.
Since we have
conv(F; U {x}) Nint(K) # @,
conv(F; U {z}) Nint(K) # @,
we must have by Proposition 7

A+ <L, i+ f. <1,

for the measurements m,m, and m;,m, to be compati-
ble. From f;+ f, <1 we get {w € K: fi(w) =1} = {x}
and from f;+ f, <1 we get {w € K : fi(w) =1} = {z},
which is a contradiction with x # z implied by x ¢ N, and
z € N,. |
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Proposition 9. Let K C R” be a compact convex set; then
there exist incompatible measurements on K whenever K is
not a simplex.

Proof. We will rely on the results of Proposition 8. Assume
that x € K is an extreme point that is affinely dependent
on other extreme points, i.e., there are extreme points
{yi.....ya} C K suchthatx =), a;y; with )/ oy = 1
and let F denote the maximal face disjoint from {x}. Now let
us construct a nonconstant positive affine function f € A(K)™*
such that

F={zeK: f(z)=0}.

Again the function f exists as F is an exposed face. Since
x =30 Vi, {y,....ya} € F and f is affine, we have

fe)=> aif(y)=0

i=1

and we must have x € F, which is a contradiction. Hence the
set of exposed points must be affinely independent and finite
and K must be a simplex. |

It is an open question whether it can be in an easier fashion
showed that the compactness and convexity of K together with
compatibility of every two-outcome measurement imply the
Riesz decomposition property [16, p. 84] as it is known that it
is equivalent to K being a simplex [16, Corollary I1.3.11]. It
is also known that in more general settings of effect algebras
the result does not hold, i.e., there are effect algebras that are
compatible but that do not satisfy the Riesz decomposition
property (see [17, Example 3.6] for an example).

B. Linear programming problem for compatibility
of two-outcome measurements

We will formulate the problem of compatibility of two two-
outcome measurements as a problem of linear programming
[18] similar to the one obtained in [2]. We will start with
the results of Proposition 7 and we will construct the linear
programming problem from there.

Let m;,m, be two-outcome measurements with sample
space Q2 = {w;,w,} given as

fori € {1,2} and let T represent a coin-toss measurement given
as

T =180, + 8un)-

In the following calculations we will restrict ourselves only to
this special coin-toss observable as it is sufficient to determine
whether the measurements m,,m, are compatible.

We want to know what is the highest possible A € [%,1],
such that the measurements Am + (1 — A)t,Am, + (1 — )T
are compatible. In terms of Proposition 7 we want to know what
is the highest value of A such that there exists € A(K)" such
that the conditions
1—A

Mrt—— 2P

)"f 1 7 > 5
1 + — =P,
)\(fl f2) (1 ’-‘)

1+ 5>
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1-1

are satisfied. Denoting p = % and u = 5* we obtain
n
~ 2 —J1 8
5P fi )
I
5 PZ — /2 €))
pzhi+fi-1 (10)

Now itis important to realize that maximizing A is equivalent to
minimizing u. In the following we will introduce new partially
ordered vector spaces and a linear map as the problem of linear
programming will be formulated in their terms.

Let x € R x A(K); then x = («,g) for « € R and g €
A(K). We introduce partial ordering on R x A(K) by the
relation

(,9)=x>0&a>0,gec AK)".

The topological dual to R x A(K) is R x A(K)*; for x =
(o,8), ¢ e Rx AK)", ¢=(B,¥), BER, ¥y € A(K)" we
have

(C.x) = af + ¥ (g).

We will alsouse A(K) x A(K) x A(K) equipped with the fol-
lowing partial order: let (g1,g2,83) € A(K) x A(K) x A(K);
then (g1,g2,23) = Oifandonlyif g; > Oforeveryi € {1,2,3}.

Let T:R x A(K) — A(K) x A(K) x A(K) be a linear
map given as

T(a.g) o gt a
o,8)=| — == =8
g g+t5.—8+ 58

where 7 stands for the constant function attaining the value 5.
It is straightforward to see that T is linear.

Proposition 10. Let c e R x A(K)*, ¢=(1,0), F €
A(K) x A(K) x A(K), F = (= fi,—f>, /i + f — Dandx €
R x A(K), x = (u, p); then

inf{c,x)
x>0
Tx > F

is a primal linear programming problem. When the reached
minimum is zero then the measurements m;,m, are compati-
ble. Moreover, there always exists a primal feasible plan.

Proof. The proof is straightforward. We have (c,x) = u for
the given ¢, x > O translates to i > 0, and p > 0. Note that
u = 0corresponds to A < 1. Tx > F is the same as

(— p+5-p+ %p) > (~fi—ffi+ fr=1)
which is in turn equivalent to conditions (8)—(10).

Since p = 1% then u = 0 implies A = 1. There always
exists a primal feasible plan as we know that for A = % the
measurements are always compatible (see Proposition 6). H

Now that we have the primal problem we will find the dual
problem to obtain another condition on the compatibility of
measurements mi,m;.
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Proposition 11. The dual problem to the problem introduced
in Proposition 10 is given as

sup(F,l)
T I < c
1>0

where [ € A(K)* x A(K)* x A(K)* and T* is given by the
relation ([,T%) = (T*[,X) for every [ € A(K)* x A(K)* x
A(K)* and ¥ € R x A(K), ie., T*:A(K)* x A(K)* x
A(K)* — R x A(K)*, such that for (y,v,,%3) € A(K)* x
A(K)* x A(K)* we have

T*(Y1,92,%3) = (301 + ¥2)(1), =1 — Y2 + ¥3)

where 1 stands for the constant function on K and y;(1) is
the value of functional i, on this function, that is, for some
711,212 € K and aj,a; € R, a; >0, a, > 0 we have ¢ =
a1¢;, — ar,, and Y (1) = a; — as.

Proof. The only thing we need to do is to find 7*; the rest
follows from the relation between primal and dual problems
[18, p. 163].

From the relation ([,T%) = (T*[,%) for [ = (Y1,v,Y3) €
A(K)* x A(K)* x A(K)*and ¥ = (a,g) € R x A(K) we get
o

0.13) = (290, (8 + 5.—g + 5.8))

%wl + ¥2)(D) + (=1 — Y2 + ¥3)(8)

1
<<§(11f1 + Y)(D), =1 — Y + W3),(a,g)>

= (T*[.%). n
Proposition 12. The duality gap between the primal problem
given by Proposition 10 and the dual problem given by
Proposition 11 is zero.
Proof. The duality gap is zero if there is a primal feasible
plan and the cone

Q0 ={(Tx,(c,X)): X € R x A(K),% > 0},
QO C A(K) x A(K) x A(K) x R,

where ¢ = (1,0) as in Proposition 10 is closed [18, Theorem
7.2]. To show that Q is closed we will use the fact that if V,W
are topological vector spaces then Qy C V is a cone with
compact convex base and Ty : V — W is a continuous linear
transformation, such that ker(7y) N Qy = {0}; then the cone
Ty(Qy) is closed [18, Lemma 7.3].

Because the cone A(K)™ is generating there exists a base
of positive functions A1, ... &, such that for every h e A(K)*T
we have i = Y '_, A;h; for »; > 0. We introduce the L' norm
on A(K): for h' € A(K), W' =Y "_, v;h; we have |h'||11 =
> i_; Ivil. Note that this norm is an affine function on A(K)*.

We can introduce a norm on R x A(K) as follows: let
X =(o,g) € R x A(K); then

I¥lRxak) = le| + 1€l L1
The base of the positive cone in R x A(K) is the set
K={&eR xAK) : [|¥llrxax) = 1}.

IC is compact and convex, because the norm | - [|[Rxacx) 1S
continuous and for o > 0 and g € A(K)™ it is affine.
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The map 7' : R x A(K) - A(K) x A(K) x A(K) x R

given as

T's =(T%,(c,%))
is linear and continuous. If for («,g) = ¥ € R x A(K) it holds
that 7'% = O then we have to have ¥ = (0,0) as {(c,X) =0
implies « = 0 and 7% = (0,0,0) implies g = 0. In conclusion
we have ker(T") = {(0,0)}.

This shows that the cone Q is closed and since we have
already showed in Proposition 10 that a primal feasible plan
exists the duality gap is zero. |

We will proceed with rewriting the dual problem from
Proposition 11 into a more usable form to obtain a necessary
and sufficient condition for two two-outcome measurements to
be incompatible. We will start from the dual problem stated in
Proposition 11. Sincel € A(K)* x A(K)* x A(K)*andl > 0
we must have some z1,z»,z3 € K and ay,a,,a3 € R, a; > 0,
i € {1,2,3},suchthat! = (ai¢,,,a2¢,,,a3¢.,) in the formalism
of Sec. IT A. From T*[ < ¢ we obtain the conditions

1
j(al +ay) <1, 93(1’23 < al¢zl +a2¢12'
Moreover we have

(F,l) = —a1 fi(z1) — a2 [2(z2) + a3(f1(z3) + fa(z3) — D).

Thus we have proved the following.

Proposition 13. The two-outcome measurements my,m;
corresponding to the functions fi,f, are incompatible if
and only if there exist positive numbers aj,a;,a3 € R
and z;,22,z3 € K such that Egs. (11) are satisfied and
(F,I) > 0.

To make (F,l) >0 we could first consider fi(z;) =
f2(z2) =0 as then only fi(z3) + f2(z3) > 1 would be re-
quired. In this case it would be easy to satisfy Eqs. (11) by suit-
able choice of aj,a»,a3 whenever conv({z;,22}) Nint(K) # @
as then for some v € [0,1] we would have vz; + (1 —v)z; €
int(K) and ¢,;,+1-v);, would be an order unit in A(K)*.
As a matter of fact, this is exactly the idea we used to
prove Proposition 9. By similar methods of semidefinite
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programming it was shown that in the case of measurements
on states the value of (F,/) corresponds to maximal violation
of the Clauser-Horne-Shimony-Holt Bell inequality [2].

V. CONCLUSIONS

Incompatibility of measurements is one of the key aspects
of quantum theories and, as our results have shown, in finite-
dimensional cases it only differentiates classical probabilistic
theories from general probabilistic theories. The quest for
finding some essentially quantum restriction on probabilistic
theories also considered in [3,5] is not over as such restriction
would probably help us to understand quantum theories better
and more deeply.

It is an open question whether our results hold also in the
infinite-dimensional case. A possible approach to generalize
our results would be to prove it using the Riesz decomposition
property and to observe whether the proof may be generalized
for infinite-dimensional state space. It was already proved in
the framework of quantum logic [19] that if the state space
is a Bauer simplex then the set of yes-no observables is
compatible in quantum logic sense. There are hints that the
compatibility in quantum logic sense and compatibility as
defined in Definition 8 coincide as it can be showed that the
conditions for compatibility of two-outcome measurements
given by Proposition 7 may be rewritten in a similar way as in
[19, Theorem 2].
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We formulate the necessary and sufficient conditions for the existence of a pair of maximally incompatible

two-outcome measurements in a finite-dimensional general probabilistic theory. The conditions are on the
geometry of the state space; they require the existence of two pairs of parallel exposed faces with an additional
condition on their intersections. We introduce the notion of discrimination measurement and show that the
conditions for a pair of two-outcome measurements to be maximally incompatible are equivalent to requiring

that a (potential, yet nonexisting) joint measurement of the maximally incompatible measurements would have

to discriminate affinely dependent points. We present several examples to demonstrate our results.

DOI: 10.1103/PhysRevA.96.022113

I. INTRODUCTION

General probabilistic theories (GPTs) form a general
framework that provides a unified description of all physical
systems known today. In such theories, the central object is the
state space represented by a convex set and the measurements
(or more general devices) are seen as certain maps on the state
space (see, e.g., [1]). The study of such theories began some
time ago, related to mathematical foundations of quantum
mechanics, but has gained a great deal of attention recently
in connection with information theory. It was identified that
several nonclassical effects that we know from quantum
mechanics, such as steering and Bell nonlocality [2], can be
found in this broader framework.

It has been known since the beginning of quantum theory
that some quantum mechanical measurements cannot be
implemented simultaneously; this phenomenon is referred
to as incompatibility of measurements. It was shown that
such measurements appear in any nonclassical GPT [3].
Moreover, one can violate even the bounds that hold in
quantum mechanics: In finite dimensions, the minimal degree
of compatibility of quantum measurements is bounded from
below by a dimension-dependent constant [4], while a GPT
may admit pairs of maximally incompatible two-outcome
measurements [5], i.e., two-outcome measurements such that
their degree of compatibility attains the minimal value of %

A long-standing question is what the properties that single
out quantum mechanics in the framework of GPTs are. To
answer this question, it is important to know the relation of
the manifestations of nonclassical effects to the geometry of
state spaces. One step in this direction was made in [3], where
it was proved that the nonexistence of incompatible pairs of
two-outcome measurements characterizes classical theories,
that is, such GPTs where the state space is a simplex. In the
present work we aim at the other extreme, namely, we find
necessary and sufficient conditions for a pair of maximally
incompatible measurements to exist in a given GPT.

This question is of interest also because of the relation of
incompatibility to other nonclassical features: It was shown

*jenca@mat.savba.sk
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that one would need maximally incompatible measurements
for maximal violation of Bell inequalities [6,7]. We obtain
conditions that restrain the geometry of the state spaces for
which this is possible. The essence of what is required was
already captured in [5] in the example of the square state space.
On the other hand, we prove that maximally incompatible
measurements exist if the state space is the set of quantum
channels; this is related to the results recently found in [8],
where a somewhat different notion of the compatibility of
measurements on quantum channels and combs was studied.
We also introduce the notion of discrimination two-outcome
measurement and show how the concept of discrimination
measurements is connected to maximally incompatible mea-
surements. Our results are demonstrated on some examples.
The paper is organized as follows. In Sec. II we provide
a quick review of GPTs and of the notation we will use.
Section III deals with measurements and their compatibility,
especially the two-outcome measurements. In Sec. IV we
introduce the degree of compatibility and show its relation
to a linear program for the compatibility of two-outcome
measurements. In Sec. V we formulate and prove the necessary
and sufficient conditions for the existence of maximally
incompatible two-outcome measurements. In Sec. VI we
introduce the concept of discrimination measurements and
study their (in)compatibility. We summarize in Sec. VII.

II. STRUCTURE OF A GENERAL
PROBABILISTIC THEORY

We present the standard definition of a finite-dimensional
GPT in a quick review just to settle the notation. See, e.g., [9]
for more information.

In a GPT, a state represents a mathematical description
of a procedure for preparation of a physical system. To
express the possibility of forming probabilistic mixtures of
such procedures, it is assumed that the state space is a convex
subset of a vector space V. The convex combinations are
interpreted operationally (see, e.g., [10], Pt. 2). We will assume
below that V is finite dimensional and the state space is a
compact convex subset K C V.

Measurements on the system are represented by maps as-
signing to each state the corresponding outcome probabilities.
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These maps are assumed affine, that is, mapping a convex
mixture of states to the corresponding convex mixture of
probability distributions on the set of outcomes. The two-
outcome measurements (yes-no experiments) are represented
by affine maps f : K — [0,1], mapping each state x € K to
the corresponding probability of success (the “yes” outcome).
Such maps are called effects.

We next list some basic definitions and briefly present the
framework of ordered vector spaces of affine functions, which
will be useful in the following. A good handbook for some of
the standard notions from convex analysis is [11].

Let V be a finite-dimensional real vector space. For any
X C V, conv(X) will denote the convex hull of X and aff(X)
the affine hull of X. If X is convex, then a face of X is a convex
subset F C X such that Ax + (1 — 1) € F for some x,y € X
and A € (0,1) implies that x,y € F.

Let K C V be acompact convex subset and let A(K') denote
the set of affine functions f : K — R. Then A(K) is a finite-
dimensional real vector space. The partial order on A(K) is
introduced in a natural way: Let f,g € A(K); then f > g if
and only if f(x) > g(x) for all x € K. The corresponding
positive cone is the convex cone of positive affine functions,
which will be denoted by A(K)™. The constant functions are
denoted by the value they attain, i.e., 1(x) = 1 and O(x) =0
forall x € K.

The set of effects on K will be denoted by E(K), that is,
E(K)={fe€eAK):1> f >0}).Forany f € E(K), the set

) ={x e K, f(x)=0}

isaface of K. A face of this form is called an exposed face. Two
exposed faces Fy and F; of E(K) are parallel if Fy = f~'(0)
and F; = f~'(1) = (1 — £)"'(0).

Let A(K)* be the vector space dual to A(K) and let (v, f)
denote the value of the functional Y € A(K)* on f € A(K).
The positive cone A(K)* defines the dual order on A(K)* as
follows: For ¥r1,¢», € A(K)*, Y1 = Yrpifandonlyif (¢, f) >
(¥, f) forevery f € A(K)".Here the positive cone is the dual
cone A(K)*t = {y € A(K)* : ¥ > 0} of positive functionals.

For any x € K let ¢, denote the functional in A(K)*, given
by the evaluation (¢,, f) = f(x). Then clearly ¢, is positive
and normalized: (¢,,1) = 1. On the other hand, it can be seen
that every positive normalized functional ¥y € A(K)* is of the
form ¢ = ¢, for some x € K (see, e.g., [12]). This implies
that the set Sx = {¢, : x € K} is a base of the cone A(K)*T,
i.e., for every ¥ € A(K)*T, ¥ # 0, there is a unique x € K
and unique ¢ € R, @ > 0, such that ¢ = a¢,.

The simplest example of a state space is an (n — 1)-
dimensional simplex A,; this describes the state space of a
classical system. We have A(A,) >~ R"; A(A,)" is identified
with the set of vectors with non-negative entries and the effects
are given by vectors with entries in [0,1].

A quantum state space is the set of density operators G(H)
on a finite-dimensional Hilbert space H. The space A(S(H))
is identified with the space Bj;(H) of self-adjoint operators
on H by A(p) = Tr Ap. Here the positive cone is the cone of
positive-semidefinite operators B(#)", the constant 1 is the
identity operator 1, and the effects satisfy 0 < E < 1.

The ensuing two further examples will be important in the
following.
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Example 1. The square state space is defined as the convex
hull § := conv{xgg,Xo1,Xx10,%11} of points x;; € V, satisfying
Xo0 + X11 = Xo1 + x10. The space A(S) can be identified with
R3, with a positive cone A(S)* whose base is again a square.
The vertices of this square correspond to the extremal effects,
determined by

1 forn, =1
0 otherwise,

fk,l(xnl,nz) == {

where ny,n,,k,l € {0,1}. The set of effects E(S) is a double
pyramid, with base formed by the above square and the two
apexes given by the 0 and 1 functionals.

Example 2. Let C(H) denote the set of completely positive
trace-preserving maps B(H) — B(#); such maps are often
called quantum channels. We will use the standard and well-
known definitions that may be found in [10].

Let H ® H denote the tensor product of H with itself and
let Tr; denote the partial trace. Using the Choi representation
of quantum channels, we have the identification

CH)={C e By(H®H) : Tri(C) =1,C > 0}.

This is clearly a finite-dimensional state space. Affine func-
tions on C(H) have the form C +— TrCA for some A €
B, (H ® H), but note that A and A 4+ 1 ® X define the same
function if X € Bj,(H) and Tr X = 0. Moreover, all elements
of A(C(H))t are given by some positive operator A and all
effects have the form C — Tr CM, where M € B,(H @ H)is
such that

0<M<1Q®o

for some o € G(H) [1,13], so that effects are given by two-
outcome process positive-operator-valued measures defined in
[14].

III. COMPATIBLE MEASUREMENTS IN GPT

Let K be a state space and let 2 be the set of all possible
outcomes of some measurement. In the most general case,
Q carries the structure of a measurable space, but since we
are mostly interested in two-outcome measurements, we will
assume that 2 is a finite set. Let P(€2) be the set of all
probability measures on £2.

Definition 1. A measurement m on K with sample space Q2
is an affine map

m: K — P(Q).

Let Q ={w,...,w} and let m be a measurement on
K with sample space Q. Then x — m(x;w;) := m(x)(w;)
is clearly an effect on K with ) ;m(-;w;) =1 and any
such k-tuple of effects determines a measurement on K. In
particular, the general form of a two-outcome measurement is

my(x) = f(x)8; + (1 — f)(x)d2,

where f € E(K) and é; = §,, and §, = §,, are the two Dirac
measures on 2 = {w;,w,}. In other words, this means that
f(x) is the probability of getting the outcome w; by the
measurement m ¢ if the system is prepared in the state x € K.

We will present the standard definition of compatibility of
measurements [15].
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Definition 2. Let m; and m, be measurements on K with
sample spaces €2; and €2, respectively. We say that the
measurements m; and m;, are compatible if there exists a
measurement m on K with sample space €2; x €2, such that
m; and m, are marginals of m: For all x € K and A; C €
and A, C @, we have

mi(x; Ap) = m(x; Ay x £2),
ma(x; Az) = m(x; Q1 X Aj).

In this case, m is called a joint measurement of m and m,.
In the following, we deal with the compatibility of two-
outcome measurements, given by two effects f,g € E(K).
Proposition 1. The two-outcome measurements m ¢ and m g
are compatible if and only if there exists a function p € E(K)
such that

f=p (1)
g = p, 2
l+p>f+g. 3)

Moreover, any joint measurement of 7 ; and m, is of the form

m = péa+ (f — p)¥az + (€ — p)e
+(+p—f—8302, “4)

where &, j) = 8w;.0;) and p € E(K) satisfies (1)-(3).

Proof. Let Q = {w;,w} and let m : K — P(Q2 x Q) be a
joint measurement of m, and m,. Let us define h;; := m(-
J(wi,w))) € E(K),i,j =1,2. Then we must have

f=hiu+hn1—f=hy+hoy,
g=hi+hy,1—g=hp+hy,

which follows from Definition 2. Denoting #;; = p, one can
show that this is equivalent to the conditions (1)—(3) and m is
given by (4). See [3] for a more throughout derivation of these
conditions. |

Proposition 2. my and m, are compatible if and only if
m_yy and m are compatible.

Proof. Assume that m ; and m, are compatible and let p €
E(K) satisty (1)—-(3). If welet p’ = g — p,then Eq. (2) implies
p' > 0,Eq.(3)implies1 — f > p’, p > Oimpliesg > p’,and
Eq.(1)implies1 +p' > (1 — f)+ g.Sincel = (1 — f) = f
it is clear that the compatibility of m_ ) and m, implies the
compatibility of m ; and m, in the same manner. n

IV. DEGREE OF COMPATIBILITY

A degree of compatibility gives a way to quantify the
(in)compatibility of a pair of measurements. One possibility to
introduce such a degree in any GPT is to use the least amount
of noise needed to make the measurements compatible [see
[16,17] for some different (but related) definitions]. We first
introduce the coin-toss measurements that will represent the
noise.
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Definition 3. A coin-toss measurement on K is a constant
map

tx)=pneP), xeKk.

Such a measurement ignores the input state and just
returns the outcomes according to some fixed probability
distribution. It is straightforward that a coin-toss measurement
is compatible with any other measurement. Observe also that
any pair of measurements m; and m, can be made compatible
by mixing with a coin toss. Indeed, let T be a coin toss and let

r 1 . 1
m; = sm; + 5T.

The measurements m| and m) are compatible: The joint
measurement consists of choosing one of the measurements at
random (by flipping a coin) and replacing the other by 7. This
observation leads to the following definition of the degree of
compatibility, introduced in [4].

Definition 4. Let m; and m, be two measurements on K
with sample space 2. The degree of compatibility of m; and
m, is defined as

DegCom(m,my) =  sup
0<A<1
71,72

{)\. . )\.ml + (1 — )\.)Tl,)\mZ

+ (1 — A)t, are compatible},

where the supremum is taken over all coin-toss measurements
71 and 15.

The interpretation of this measure of compatibility is clear:
The convex combination is a mathematical representation of
making the measurements m; and m, less sharp by adding
noise in the form of the coin tosses. As the value of A decreases,
the measurements get less and less sharp, until at some point
they become compatible. If for a pair of measurements this
happens at a larger value of A than for another pair, we may
say that the first pair is more compatible.

It can be seen from the remarks after Definition 3 that
the lowest possible value of degree of compatibility is %
If this happens for a pair of measurements, it means that
the only way to make them compatible is to discard one
of them completely and replace it by a coin toss. It is
known that such pairs of measurements exist for some
state spaces [5], but not in finite-dimensional quantum
mechanics [4].

Definition 5. We will say that two measurements are
maximally incompatible if DegCom(m ;,m,) = %

We will now turn to the study of the degree of compatibility
of two-outcome measurements my and m,. The following
statement follows immediately from Proposition 2.

Corollary 1. Letm ; and m, be two-outcome measurements.
Then

DegCom(m s,mg) = DegCom(mi— r),m,)
= DegCom(m y,mi_g))
= DegCom(mi_ r),m—g)).
It was shown in [17] that compatibility of m s and m, can

be formulated as a problem of linear programming. A similar
linear program was introduced in [3] and it was shown that the
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dual program is of the form
sup (a3 f(z3) + 8(z3) — 1] — a1 f(z1) — a28(22)),
ar+ax < 2, a3y, < ar¢;, + axgy,,

where 71,272,723 € K and ay,a;,a3 are non-negative numbers.
Let B denote the supremum. Then we have

1 — DegCom, /,(m y,my)

DegCom, ,(m s,mg)
where

DegCom, ,(my,mg) := sup {1 :Amy+ (1 —A)T,Amg

0<A<1

+ (1 — X)t are compatible}

is the degree of compatibility provided by mixing the mea-
surements m  and m, with the fixed coin-toss measurement
T = %(8 1 + 82). The measurements m ; and m,, are compatible
if and only if B = 0. We clearly have

DegComl/z(m 1,m2) < DegCom(m f,my),

so DegCom, ,(m y,mg) =1 implies DegCom(m s,mg) =1
and DegCom(m y,mg) = % implies DegCom, ,(m y,m,) = %

We next show that if m, and m, are incompatible, the
supremum in the above program is reached with a; + a, = 2,
which allows us to rewrite the program in a more convenient
way. So assume that the measurements m; and m, are
incompatible. Then we have 8 > 0, which implies a; + a; >
0. Assume that the supremum is reached for some a;,a,as
and z1,22,z3 such that a; + a, < 2. Define

, 2
a, = ay,
a) + ax
, 2
a, = as
2 k]
a;+ap
, 2
a, = a
3 3
a) + ax

It is straightforward to see that a3¢,, < a}¢,, + ay¢,,. More-
over,

B < ai[f(z3) + g(z3) — 11 — a f(z1) — a38(z2).

which is a contradiction. It follows that in the case when the
measurements m s and m, are incompatible we can write the
linear program as

sup 2(n[ f(z3) + g(z3) — 1] = vf(z1) — (1 —v)g(z2)),
N¢z; < vy, + (1 = v)gs,, &)

where we have set a; + ap = 2 and used the substitutions
2v = gy and 2n = az. Alsonote thatng,, < v, + (1 —v)¢,,
implies that there exists z4 € K such that

vz + (1 —v)z2 = nzz + (1 — n)zs.
V. MAXIMALLY INCOMPATIBLE TWO-OUTCOME
MEASUREMENTS

In this section we find necessary and sufficient conditions
for the existence of maximally incompatible measurements m ¢
and m, on a given state space K. A sufficient condition was
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proved in [5]: A pair of maximally incompatible two-outcome
measurements exists if K is the square state space of Example
1 or, more generally, there are two pairs of parallel hyperplanes
tangent to K such that the corresponding exposed faces contain
the edges of a square. Besides the square, such state spaces
include the cube, pyramid, double pyramid, cylinder, etc.
We will show that this condition is also necessary so that
it characterizes state spaces admitting a pair of maximally
incompatible two-outcome measurements.
The following notation will be used throughout:

Fo={zeK: f(z) =0},
Fi={zeK: f(z)=1},
Go={ze K:g(z) =0},
G ={zeK:g(x)=1}.

We begin by rephrasing the above sufficient condition. For
completeness, we add a proof along the lines of [5].
Proposition 3. Assume there are some points xgg € Fy N
G()7 X10 € Fin G(), X01 € F() n G], and xn € Fin G] such
that
3 (x00 + x11) = $(x10 + Xo1).

Then DegCom(m f,m,) = %
Proof. Let p be any positive affine function on K. Then we
have

p(x11) + p(xoo) = p(x10) + p(xor)

and

p(x11) < p(x10) + p(xo1)

follows. Let 11 = (0180, + (1 — 1)8w, and 7o = 284, + (1 —
12)84, be coin-toss measurements. Then the conditions (1)—(3)
for Am ; + (1 — A)7; and Amg + (1 — X)1, take the form

A+ =M = p,
rg+ (1 =M = p,
L+p2a(f+8+ 0=+ pn).

Expressing some of these conditions at the points xj9,Xo1,X11,
we get

L4+ p(x1) 2 20 4+ (1 — D(ur + pa), (6)
(I =M1 = plxor), 7
(I =Mz = pxip). ®

From (6) we obtain
20 < 1+ plen) — (= A)(wy + p2)

and since from (7) and (8) we have

p(x11) < p(xio) + pxor) < (1 — A)(y + w2),

it follows that A < 1. [
At this point we can demonstrate that maximally incom-
patible two-outcome measurements exist for the set C(H) of
quantum channels (see Example 2).
Example 3. Let K = C(H), with dim(H) = 2. Let |0),|1)
be an orthonormal basis of H and let M,N € B,(H ® H) be
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given as
M = |0)(0] ® [0)(0],
N =10)(0[® [1)(1].

Then 0 <M <T®I|0)(0] and O N <TQ®|I)(1], so
f(C)=TrCM and g(C) = TrCN define effects on C(H).
Let

Coo = 1)1 QTL,
Cio = 10){0] ® [0){0] + [1)(1] ® [1)(1],
Cor = [0)(0] ® [1){1] + [1) (1] ® [0){Ol,
Cii =100 ®1.

)
)
)

It is easy to check that Cyy,C19,Co1,C11 € C(H). Moreover,
Coo+Cri =101 =Cip+Cn
and
Tr(CooM) = Tr(CooN) = 0,
Te(CioM) =1, Tr(C;oN) =0,
Te(CoyM) =0, Tr(Co1N) =1,
Te(C; M) = Tr(C1N) = 1.

In conclusion, Cyg, Ci9, Co1, and Cy; satisfy the properties
in Proposition 3, so the two-outcome measurements m s and
m, are maximally incompatible. An analogical fact was also
observed in [1,8] in different circumstances.
We proceed to prove some necessary conditions.
Proposition 4. DegCom(m y,m,) = % only if

FonGo % 0,
FoNGy #9,
Fi NGy #Y,
FiNG, #0.

Proof. Let F1NG; =@. Then f+g <2. Let T =4,,
and consider the measurements Am s + (1 — A)T = m,y and
Amg + (1 — )T =my,, A € [0,1]. Since f + g < 2, we can
choose A > % such that 1 > A(f + g), so p =0 satisfies
Eqgs. (1)—=(3) for m,; and m;.

The result for the other sets follows by using Corollary 1.1

The conditions given by Proposition 4 are not sufficient, as
we will demonstrate in the following example.

Example 4. Let K be a simplex with vertices x1,x2,Xx3,%4
and let by,b,,b3,bs denote positive affine functions such that

bi(x;) = &;;.
Such functions exist because K is a simplex. Let
f=bi+by g=b+bs

Then we have

FiNGy = {x1},

Fi1NGo = {x2},

FoN Gy = {x3},

FoNGo = {x4},
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but clearly the measurements m y and m, must be compatible
as K is a simplex. As a matter of fact, Eqs. (1)—(3) are satisfied
with p = b.

Proposition 5. DegCom(m s,m,) = % if and only if there
exist points X00,X01,X10,X11 such that xgg € Fo N Gy, x10 €
Fl n Go, Xo1 € F() n Gl,xll S Fl n Gl, and

1 (x00 + x11) = $(x10 + X01).
Proof. The “if” part is proved in Proposition 3. Conversely,

if DegCom(m s,m,) :% then according to the results of

Sec. IV, the supremum in (5) must be equal to 1, so we must
have

nlf(z3) + g(z3) — 1l —vf(z) — (1 —v)gz) =5 (9)
for some n,v € [0,1] and z;,22,23 € K such that
V¢Z1 + (l - V)¢12 2 n¢Z3'

It follows that
Vo,
(- V)@,
Rewriting Eq. (9) we get
(Npy, — Voo, f) + (N, — (1 — V), 8) — 0 = 3.

We clearly have (n¢,, — ve,,.f) < n, but Eq. (11) implies
(¢, — v, f) <1 —v and thus we must have (n¢, —
ve,,, f) <min(n,1 —v). Similarly, we get (n¢, — (1 —
V)¢:,,8) < min(n,v) and

U¢Z3 - (1 - V)(»bzy (10)

=
Z Npzy — vy, (1D

3 < min(y,v) + min(n,1 — v) — n = min(v,1 — v,n,1 —7),

which impliesv = n = % Moreover, there must be some z4 €
K such that

1z 4 22) = 3za + z4). (12)

Equation (9) now becomes

S(z3) + g(z3) — f(z1) — g(z2) = 2,

which implies f(z3) = g(z3) =1 and f(z;) = g(z2) =0 as
/.8 € E(K). From Eq. (12) we get

f(z2) =1+ f(za),
which implies f(z2) = 1, f(z4) =0, and
g(z1) = 1+ g(za),
which implies g(z;) = 1 and g(z4) = 0. Together we get
zze FiNGy,
22 € F1 N Gy,
z1 € FoN Gy,
z4 € Fy N Gy.

|

We now give a characterization of state spaces admitting a
pair of maximally incompatible two-outcome measurements.
Theorem 1. Let K be a state space. A pair of maximally
incompatible two-outcome measurements on K exists if and
only if K contains a square (as defined in Example 1) whose
opposite edges lie in parallel exposed faces of K. The effects
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FIG. 1. State space K used in Example 5.

determining these exposed faces then constitute the pair of
maximally incompatible measurements.

Proof. Let my and m, be maximally incompatible. Then
Fo,F; and Gy,G, are parallel exposed faces that contain
the edges of a square by Proposition 5. Conversely, assume
that the condition holds. Let xqg,x01,X10,X11 € K be the
vertices of the square and let Fy,F; and G(,G; be pairs
of parallel exposed faces containing the opposite edges,
so that x;; € F;NGj, i,j € {1,2}. Then there are some
f,g € E(K) such that Fy = f~1(0),F; = f~'(1) and Gy =
g’l(O),Gl = g’l(l). By Proposition 3, m; and m, are
maximally incompatible. |

In the remainder of this section, we aim to give some
geometric insight into the above condition.

Corollary 2. Let K be a state space. If dim (aff(K)) =
2, then maximally incompatible two-outcome measurements
exist on K if and only if K is a square. In general, such
measurements exist only if there is an affine subspace V C
aff(K), dim(V) = 2, such that S = V N K is a square.

Proof. The first statement is immediate from Theorem 1.
The principal idea for the second statement is that V = aff(S),
where § is the square in question. Let us assume that there
exist maximally incompatible measurements m y and m, on
K and let S be the square as in Theorem 1, with vertices
X00,X01,X10,X11. Let V = aff(xpp,x10,X01) and let Fy, F; and
Go,G be the parallel exposed faces of K, containing the
edges of S. It is easy to see that F; NV and G; N V are faces
of K NV and they coincide with the edges of S. It is now
obvious that § = VN K. |

We will present an example to show that the condition in
Corollary 2 is not sufficient, even if the square V N K is an
exposed face of K.

Example 5. Let K C R3 be defined as

K = conv{(0,0,0),(2,0,0),(0,2,0),(2,1,0),(1,2,0),(1,1,1),
% (1,0,1),(0,1,1),(0,0,1)}

(see Fig. 1). Let

V = {()Cl,XZ,Xg,) S R3 L X3 = 1}
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Then K NV = §, where
S = conv{(1,1,1),(1,0,1),(0,1,1),(0,0,1)}

is an exposed face and a square.

To see that there is not a pair of maximally incompatible
measurements m y and m,, corresponding to S, it is enough to
realize that the effects f and g would have to reach the values
0 and 1 on maximal faces that are not parallel, i.e., we would
have to have aff(Fy) N aff(F;) # @ and aff(Go) N aff(G) #
#, which is impossible. On the other hand, the examples
of a double pyramid or a cylinder show that maximally
incompatible two-outcome measurements may existon K even
if the square V N K described in Corollary 2 is not a face
of K.

VI. DISCRIMINATION MEASUREMENTS

We now introduce a type of measurement that will allow
us to formulate the conditions for existence of maximally
incompatible two-outcome measurements in a clearer way.

Definition 6. We say that a two-outcome measurement 7 s
discriminates the sets £y, E; C K if

Eo C f7'(0), E;c fN(D).

We call such measurement a discrimination measurement.

The idea of the definition is simple: Assume that a system
is in an unknown state, but we know that it belongs to either
Ey or E;. By performing the discrimination measurement
m s we can tell with 100% accuracy whether the state of the
system belongs to Eq or E;. Clearly, m is a discrimination
measurement if and only if both f~'(0) and f~'(1) are
nonempty.

The definition can be generalized in an obvious way to
general measurements that can discriminate more than two
sets. The most well-known discrimination measurements used
in quantum mechanics are projective measurements consisting
of rank-1 projections that discriminate the states corresponding
to the projections.

We are ready to reformulate the necessary and sufficient
condition for maximal incompatibility of two-outcome mea-
surements.

Proposition 6. The measurements m y and m g are maximally
incompatible if and only if there is a square S € K such that
m s and m, discriminate the opposite edges of S.

Proof. First assume that there is a square S whose opposite
edges can be discriminated by measurements m; and m,.
Denote the vertices of S by x¢9, X190, Xo1, and x;;. Then it is
clear that the requirements of Proposition 3 are satisfied and
thus we must have DegCom(m f,m,) = %

Conversely, assume that DegCom(m y,m,) = % Then by
Proposition 5 there is a square S with vertices xgg, X190, Xo1,
and x;; such that x;0,x;; € F; and xo;,x1; € G, i,j € {0,1}.
By convexity, m ; discriminates the edges between xgg,Xo; and
X10,X11 and similarly m, discriminates the other parallel pair.l

We finish with a necessary condition for compatibility of
two-outcome discrimination measurements. Assume that m ¢
and m, are such that F; N G; # @ (obviously, m y and m, are
discrimination measurements in this case) and let x;; € F; N
Gj,i,j €{0,1}. Assume also that m ; and m, are compatible,
so that (1)—(3) hold. Inserting x;; € F1 N G into Eq. (3),
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we get

plxi) 2 1,

which together with p € E(K) implies p(x;;) = 1. Equations
(1) and (2) and the positivity of p imply

p(xoo) = p(x10) = p(xo1) = 0.

Expressing also the functions (f — p), (g — p),and (1 + p —
f — g) on the points xg, X109, Xo1, and x1, we get

(f = p)(x00) = (f — p)xo1) = (f — p)x11) =0,
(f = p)x10) = 1,

(g — p)(x00) = (g — p)(x10) = (g — p)xn) =0,
(&g — p)xo) =1,
(I+p—f—8w)=0+p—f—gxi)=0,
(I+p—f—8&n) =0,
A+p—-f-gok)=1

This shows that the joint measurement m given by (4)
discriminates the points xgo, X10, Xo1, and xy;. In particular,
this implies that these points must be affinely independent. We
have proved the following.

Proposition 7. Let m y and m, be compatible discrimination
measurements such that /; N G; # @ foralli,j € {0,1}. Then
any joint measurement of m y and m, must discriminate F; N
G;.

PHYSICAL REVIEW A 96, 022113 (2017)

VII. CONCLUSION

We have shown that the existence of maximally incom-
patible two-outcome measurements in GPT is equivalent to
a geometric condition on the state space K. The essence of
this condition is covered by the example of square state space
in [5]. The importance of this result lies in its connection
to maximal violation of Bell’s inequalities and therefore to
possible realizations of Popescu-Rorlich boxes [18], which
are studied as potentially powerful resources in information
theory. The example of the state space C(H) (Example 3)
is particularly interesting in this respect, since it shows that
maximal incompatibility can be achieved by devices existing
in quantum theory.

The geometric interpretation of the minimal degree of
compatibility that can be attained on a state space K is an
interesting question for future research. It would be also of
interest whether the connection between discriminating certain
sets and compatibility of measurements could be fruitful
from an information-theoretic viewpoint. This area of research
might also yield some insight into why there exist maximally
incompatible measurements on quantum channels although
they do not exist on quantum states.
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‘We derive general conditions for the compatibility of channels in general probabilistic theory. We introduce

formalism that allows us to easily formulate steering by channels and Bell nonlocality of channels as
generalizations of the well-known concepts of steering by measurements and Bell nonlocality of measurements.
The generalization does not follow the standard line of thinking stemming from the Einstein-Podolsky-Rosen
paradox, but introduces steering and Bell nonlocality as entanglement-assisted incompatibility tests. We show that

all of the proposed definitions are, in the special case of measurements, the same as the standard definitions, but not

all of the known results for measurements generalize to channels. For example, we show that for quantum channels,

steering is not a necessary condition for Bell nonlocality. We further investigate the introduced conditions and
concepts in the special case of quantum theory and we provide many examples to demonstrate these concepts

and their implications.

DOI: 10.1103/PhysRevA.96.052127

I. INTRODUCTION

Incompatibility of measurements is the well-known quan-
tum phenomenon that gives rise to steering and Bell nonlo-
cality. Historically, the idea of measurement incompatibility
dates back to Bohr’s principle of complementarity. Steering
was first described by Schrodinger [1] and Bell nonlocality
was first introduced by Bell [2], both as a reply to the paradox
of Einstein, Podolsky, and Rosen (EPR) [3]. It is known that
incompatibility of measurements is necessary and in some
cases sufficient for both steering and Bell nonlocality, but the
operational connection between incompatibility, steering, and
Bell nonlocality was so far not described in general terms that
would also fit channels, not only measurements.

There was extensive research into properties of quantum
incompatibility of measurements [4,5], quantum incompati-
bility of measurements and its noise robustness, or degree
of compatibility [6,7], connection of quantum incompatibility
of measurements and steering [8—12], connection of quantum
incompatibility of measurements and Bell nonlocality [13-16],
and connection between steering and Bell nonlocality [17,18]
(for a recent review, see [19]). In recent years, the problems
of incompatibility of measurements on channels [20], com-
patibility of channels [21], the connection of channel steering
to measurement incompatibility [22], and incompatibility in
general probabilistic theory [23-26] were all studied.

The aim of this paper is to heavily generalize the re-
cent results of [26], where compatibility, steering, and Bell
nonlocality of measurements were formulated using convex
analysis and the geometry of tensor products. In this paper,
we will generalize the ideas and results of [26] for the
case of two channels in general probabilistic theory. The
generalizations are not straightforward and we will have to
introduce several operational ideas and definitions, e.g., we
introduce the operational interpretation of direct products of
state spaces and we define steering and Bell nonlocality as
very simple entanglement-assisted incompatibility test, that
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boil down to the problem whether there exists a multipartite
state with given marginal states.

During all of our calculations we will restrict ourselves to
finite-dimensional general probabilistic theory and to only the
case of two channels. We will restrict to only two channels
just for simplicity, as one may easily formulate many of our
results for more than two channels using the same operational
ideas as we will present.

The paper is organized as follows: In Sec. II we describe our
motivation for using general probabilistic theory. We provide
several references to known applications and their connections
to each other. In Sec. III we introduce general probabilistic
theory. Note that in Sec. III D we introduce the operational
interpretations of direct products in general probabilistic
theory. In Sec. IV we define compatibility of channels and we
derive a condition for compatibility of channels. In Sec. V we
show that our condition for compatibility of channels yields
the condition for compatibility of measurements that was
presented in Ref. [26]. In Sec. VI we derive specific conditions
for the compatibility of quantum channels. In Sec. VII we
propose an idea for a test of incompatibility of channels, that
will not work at first, but will eventually lead to both steering
and Bell nonlocality. In Sec. VIII we define steering by
channels as one-sided entanglement assisted incompatibility
test and we derive some basic results. In Sec. IX we show
that for the special case of measurements our definition of
steering leads to the standard definition of steering [27] in the
formalism of [26]. In Sec. X we derive the specific conditions
for steering by quantum channels, we show that every pair of
incompatible channels may be used for steering of maximally
entangled state, and that there are entangled states that are
not steerable by any pair of channels, among other results. In
Sec. XI we define Bell nonlocality of channels as a two-sided
entanglement assisted incompatibility test and we derive some
basic results. Then, in Sec. XII we show that, when applied to
measurement, the general definition of Bell nonlocality yields
the standard definition of Bell nonlocality [27] in the formalism
of [26], and we also show that for measurements steering is a
necessary condition for Bell nonlocality. In Sec. XIII we derive
conditions for the Bell nonlocality of quantum channels, we
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formulate a generalized version of the Clauser-Horne-
Shimony-Holt (CHSH) inequality, we show that for such
inequality Tsirelson bound [28] both holds and is reached, we
show an example of violation of the generalized version of
CHSH inequality, and we build on the example from Sec. X
of an entangled state not steerable by any pair of channels
to show that, even though the state is not steerable by any
pair of channels, it leads to Bell nonlocality, which shows
that steering is not a necessary condition for Bell nonlocality
for quantum channels. In Sec. XIV we conclude the paper
by presenting the many open questions and possible areas of
research opened by our paper.

II. MOTIVATIONS FOR USING GENERAL
PROBABILISTIC THEORY

There are few motivations to using general probabilistic
theory. The first motivation is mathematical as general prob-
abilistic theory is a unified framework capable of describing
both classical and quantum theory, as well as other theories.
In this paper, the mathematical motivation is (according to
the personal opinion of the author) even stronger as some
of the formulations of the presented ideas and some of the
proofs of the presented theorems turn out to be clearer in
the framework of general probabilistic theory. The second
motivation comes from foundations of quantum theory as
general probabilistic theory provides insight into the structure
of entanglement and incompatibility. The third and most
promising motivation comes from information theory. There
were developed several models [29-31] that have very interest-
ing information-theoretic properties and that can be described
by general probabilistic theory, albeit sometimes it needs to be
extended even more [32]. Apart from the well-known results
on the properties of Popescu-Rohrlich boxes [33,34], it was
showed that there are theories in which one can search an
N-item database in O(W ) queries [35] and that there is
a general probabilistic theory that can be simulated by a
probabilistic classical computer that can perform Deutsch-
Jozsa and Simon’s algorithm [36].

The aforementioned results show that studying general
probabilistic theory is interesting even from a practical
viewpoint and that it could have potential applications in
information processing.

III. INTRODUCTION TO GENERAL
PROBABILISTIC THEORY

General probabilistic theory is a unified framework to
describe the kinematics of different systems in a mathe-
matically unified fashion. The idea of general probabilistic
theory is an operational approach to setting the axioms and
then carrying forward using convex analysis. Useful books on
convex analysis are [37,38]. The beautiful aspect of general
probabilistic theory is that it is only little bit more general than
dealing with the different systems on their own, but we do not
have to basically rewrite the same calculations over and over
again for different theories.

During our calculations, we will use two recurring ex-
amples: one will be finite-dimensional classical theory and
the other will be finite-dimensional quantum theory. The
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finite-dimensional classical theory is closely tied to the known
results about incompatibility, steering, and Bell nonlocality
of measurements and we will mainly use it to verify that
the definitions we will propose are, in the special case
of measurements, the same as the known definitions. The
quantum theory is our main concern as this is the theory we are
mostly interested in. Some results, that we will only prove for
quantum theory, may be generalized for general probabilistic
theory, but we will limit the generality of our calculations to
make them more understandable to readers that are not so far
familiar with general probabilistic theory.

Given that we will work with many different spaces, their
duals, their tensor products, and many isomorphic sets, all iso-
morphisms will be omitted unless explicitly stated otherwise.

A. State space and the effect algebra of general
probabilistic theory

There are two central notions in general probabilistic the-
ory: the state space that describes all possible states of the sys-
tem and the effect algebra that describes the measurements on
the system. We will begin our construction from the state space
and then define the effect algebra, but we will show how one
can go the other way and start from an effect algebra and obtain
state space afterwards. We will restrict ourselves to finite-
dimensional spaces and always use the Euclidean topology.

Let V denote a real, finite-dimensional vector space and let
X C V, then by conv(X) we will denote the convex hull of X,
by aff(X) we will denote the affine hull of X. We will proceed
with the definition of relative interior of a set X C V.

Definition 1. Let X C V, then the relative interior of X,
denoted ri(X) is the interior of X when it is considered as a
subset of aff(X).

For a more thorough discussion of relative interior,
see [37, p. 44].

Let K be a compact convex subset of V, then K is a state
space. The points x € K represent the states of some system
and their convex combination is interpreted operationally,
that is, for x,y € K, A € [0,1] C R the state Ax + (1 — L)y
corresponds to having prepared x with probability A and y
with probability 1 — A.

To define measurements, we have to be able to assign proba-
bilities to states, that is, we have to have amap f : K — [0,1]
such that, to follow the operational interpretation of convex
combination, we have assigned the convex combination of
probabilities to the convex combination of respective states. In
other words, for x,y € K, A € [0,1] we have

JOx + 0 =2)y) =rf(x) + A =2 fy),

which means that f is an affine function. Such functions are
called effects because they correspond to assigning probabili-
ties of measurement outcomes to states. We will proceed with
a more formal definition of effects and of effect algebra.

Let A(K) denote the set of affine functions K — R. A(K)
is itself a real linear space, moreover it is ordered as follows:
let f,g € A(K), then f > g if f(x) > g(x) forevery x € K.
There are two special functions 0 and 1 in A(K), such that
O(x)=0and 1(x) =1forall x € K.

The set A(K)T ={f € A(K): f >0} is the convex,
closed cone of positive functions. The cone A(K)' is
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generating, that is, for every f € A(K) we have fi,f_ €
A(K)' such that f = f, — f_, and it is pointed, that is, if
f=20and —f > 0, then f =0.

Although we will provide a proper definition of
measurement in Sec. I[II E, we will now introduce the concept
of yes or no measurement, or two-outcome measurement,
that will motivate the definition of the effect algebra. Our
notion of measurement might seem different to the standard
understanding and one may argue that what we will refer to as
measurements should be called entanglement-breaking maps,
but this way of defining measurement is standard in general
probabilistic theory, hence, we will use it. A measurement is
a procedure that assigns probabilities to possible outcomes
based on the state that is measured. If we have only two
outcomes and we know that the probability of the first
outcome is p € [0,1], then, by normalization, the probability
of the second outcome must be 1 — p. This shows that a
two-outcome measurement needs to assign only probability
to one outcome and the other probability follows.

Since assigning probabilities to states is a function f :
K — [0,1] and due to our operational interpretation of convex
combination we want such function to be affine. Traditionally,
the functions that assign probabilities to states are called effects
and the set of all effects is called effect algebra.

Definition 2. The set E(K) ={f € A(K):0< f < 1}is
called the effect algebra.

In general, one may define effect algebra in more general
fashion, using the partially defined operation of addition and
a unary operation L, that would in our case correspond to
ft =1— f (see [39] for a more thorough treatment).

Let f € E(K), then the two-outcome measurement m s
corresponding to the effect f is the procedure that for x € K
assigns the probability f(x) to the first outcome and the
probability 1 — f(x) to the second outcome. Note that we did
not mention any labels of the outcomes. Usually, the outcomes
are labeled yes and no, or 0 and 1, or —1 and 1, but from an
operational perspective this does not matter.

We provide two standard examples of special cases of our
definitions.

Example 1 (Classical theory). In classical theory, the state
space K is a simplex, that is the convex hull of a set of affinely
independent points xi, ...,x,. The special property of the
simplex is that every point x € K can be uniquely expressed
as convex combination of the points xy, ...,x,, due to their
affine independence.

Example 2 (Quantum theory). Let H denote a finite-
dimensional complex Hilbert space, let B;,(#) denote the real
linear space of self-adjoint operators on H, for A € By (H)
let Tr(A) denote the trace of the operator A, and let A > 0
denote that A is positive semidefinite. We say that A < B if
0< B—A.Let By(H)" ={A € By(H) : A > 0} denote the
cone of positive-semidefinite operators.

In quantum theory the state space is given as

On={p € Bi(H): p = 0,Tr(p) =1}

which is the set of density operators on . The effect algebra
E(®y) is given as

E®y)={MeB,(H):0< M < 1}.
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The value of the effect M € E(®4) on the state p € Dy is
given as

M(p) = Tr(p M).

B. Structure of general probabilistic theory

This section will be rather technical, but we will introduce
several mathematical results that we will use later on.

Letx € K and considerthemapXx : A(K) — R, thatto f €
A(K) assigns the value f(x). This is clearly a linear functional
on A(K). Moreover for x,y € K, A € [0,1] we have

A+ —=NDy=Ax+({1 -1y

as the functions in A(K) are affine by definition. We conclude
that the state space K must be affinely isomorphic to some
subset of the dual of A(K). Since the aforementioned isomor-
phism is going to be extremely useful in later calculations,
we will describe it in more detail. Let A(K)* denote the
dual of A(K), that is, the space of all linear functionals on
A(K). For ¢ € A(K)* and f € A(K) we will denote the
value the functional i reaches on f as (i, f). The dual
cone to A(K)* is the cone A(K)*t = {y € A(K)*: (¥, f) >
0,V f € A(K)'} that gives rise to the ordering on A(K)*
given as follows: let ¥, € A(K)*, then ¢ > ¢ if and only if
W — @) € A(K)*, ie,ify —p > 0.

It is straightforward that the state space K is isomorphic to
a subset of the cone A(K)**, moreover, it is straightforward
to realize that the functionals isomorphic to K must map the
function 1 € A(K) to the value 1.

Definition 3. Let &g = {yy € A(K)*" : (y,1) =1}. We
call & the state space of the effect algebra E(K).

It might be confusing at this point why we call Gk a state
space, but this will be cleared by the following.

Proposition 1. G is affinely isomorphic to K.

Proof. 1t is clear that the map x — X maps K to a convex
subset of Gk. It is easy to show the inclusion of Gk in the
image of K using Hahn-Banach separation theorem (see [40,
Chap. 1, Theorem 4.3] for a proof). |

We will omit the isomorphism between K and Gk, so
for any x,y € K, € R we will write ax 4+ y instead of
ax +7y € A(K)*. Still, one must be careful when omitting
this isomorphism because if 0 € V denotes the zero vector
and 0 € K, then 0 € A(K)* is not the zero functional as by
construction we have (0,1) = 1. We will do our best to avoid
such possible problems by choosing appropriate notation.

There are two more results we will heavily rely on:

Proposition 2. G is a base of A(K)*", that is, for every
¥ € A(K)*, ¢ # 0, thereisaunique x € K and A € R, A >
0, such that Y = Ax.

Proof. Let ¢ € A(K)*", v #£0, then (y,1) 40 as if
(¥,1) =0 and ¥ > 0, then ¥ = 0, because 1 € ri(A(K)™).
Lety’ = ﬁw. It is straightforward that ¢’ € Gg. |

Proposition 3. A(K)** is a generating cone in A(K)*, that
is, for every ¥ € A(K) there are ¢, ,¢p_ € A(K)*" such that

V=9 —¢_.
Proof. The result follows from the fact that A(K)" is a
pointed cone (see [38, Sec. 2.6.1]). |
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C. Tensor products of state spaces and effect algebras

Tensor products are a way to describe joint systems
of several other systems. There are several approaches to
introducing a tensor product in general probabilistic theory.
There is a category theory based approach [41] that is a
viable way to introduce the tensor products, but we will use
a simpler, operational approach. Note that the state space of
the joint system will be a compact convex subset of a real,
finite-dimensional vector space as it itself must be a state
space of some general probabilistic theory. Also, keep in
mind that describing a tensor product of state spaces K4, Kp
is equivalent to describing the tensor product of the cones
A(K 4)*T, A(Kp)*". This is going to be useful as some things
are easier to express in terms of the positive cones.

Let V, W be real finite-dimensional vector spaces and let
v eV, we W.v® wwill refer to the element of the algebraic
tensor product V @ W (see, e.g., [42]). We will first describe
the minimal and maximal tensor products of state spaces that
set bounds on the real state space of the joint system. Note that
when describing the joint state space of two state spaces or
states of two systems, we will refer to them as bipartite state
space or bipartite states.

Let K4, Kp denote two state spaces of Alice and Bob,
respectively. For every x4 € K4, xp € Kp there must be a
state of the joint system describing the situation that Alice’s
system is in the state x4 and Bob’s system is in the state xp.
We will denote such state x4 & xp and we will call it a product
state. Since the state space must be convex, the state space of
the joint system must contain at least the convex hull of the
product states. This leads to the definition of minimal tensor
product.

Definition 4. The minimal tensor product of state spaces
K4 and K, denoted K 4®K , is the compact convex set

KA®KB = COHV({XA Rxp:x4 € Ka,xp € KB})

The bipartite states y € K4®K g are also called separable
states. For the positive cones we get

A(KA®@Kp)*"
=conv({Ya ® ¥ : Ya € A(Ka)* g € A(Kp)*H)).

Example 3. In quantum theory, the minimal tensor product
D4,®D4, is the set of all separable states, that is, of all states
of the form Y ' A;p; ® 0; for n € N and p; € Dy, 0; €
Dy, 0< A fori €{l,....n}, i A =1

In a similar fashion, let f4 € E(K,), fzg € E(Kp), then
we can define a function f4 ® fp as the unique affine function
such that for x4 € K4, xp € Kp we have

(fa® fB)xa ®xp) = falxa) fp(xp).

This function is used in the most simple measurement on the
joint system, such that Alice applies the two-outcome mea-
surement 7 s, and Bob applies the two-outcome measurement
my,, so fo ® fp must be an effect on the joint state space.
This leads to the definition of the maximal tensor product.

Definition 5. The maximal tensor product of the state
spaces K 4 and K , denoted K ,®K g, is defined as

Ki®Kp ={y € A(Kx)* ® A(Kp)*:V fa € A(Ka)T,
Y fz € A(Kp)" (W, fa ® fp) > 0}

PHYSICAL REVIEW A 96, 052127 (2017)

States in K4®Kp \ K4®Kp are called entangled states.
Equivalent definition, in terms of the positive cones, would be

A(KA®K )™ = (A(Ka) " ®A(Kp) )™,
where
A(K4)"®A(Kp)"
= conv({fa ® fp: fa € AKa)T, f € A(Kp)™)).

As we see, the definition of tensor product of cones of positive
functionals goes hand in hand with the definition of tensor
product of cones of positive functions.

Example 4. In quantum theory, the maximal tensor product
of the cones Bj,(H)T®B;,(H)* is the cone of entanglement
witnesses [43, Sec. 6.3.1], i.e., W € B,(H)T®B;,(H)" if for
every p € Dy, 0 € Dy we have Tr(Wp ® o) > 0. Note that
this does not imply the positivity of W.

From the constructions it is clear that the state space of the
joint system has to be a subset of the maximal tensor product
and it has to contain the minimal tensor product. But, there is no
other specification of the state space of the joint system in gen-
eral; it has to be provided by the theory we are working with.

Definition 6. We will call the joint state space of the
systems described by the state spaces K4 and Kp the real
tensor product of K, and K and we will denote it K4®K 3.
We always have

Ki®Kp C Ka®Kp € KA&Kp.

Example 5. In quantum theory, the real tensor product of
the state spaces is defined as the set of density matrices on the
tensor product of the Hilbert spaces, that is,

Dn®Dy = Duen-

It is tricky to work with the tensor products in general
probabilistic theory as the real tensor product is not always
specified, or it may not be clear what it should be. We will
always assume that every tensor product we need to be defined
is defined. Moreover, when working with a tensor product of
more than two state spaces, say K4, Kp, K¢, we will always
assume that

(Ka®Kp)®Kc = KAaQ(Kp&Kc)

and we will simply write K 4 &K &K . In the applications of
general probabilistic theory to quantum and classical theory
it will always be clear how to construct the needed tensor
products and we consider this sufficient for us since we are
mainly interested in the applications of our results.

We will state and prove a result about classical state spaces
that we will use several times later on.

Proposition 4. Let S be a simplex with the extremal points
X1y ... Xp, 1.6, S = conv({xy,...,x,})and let K be any state
space, then we have

SR®K = S®K.

Proof. Let S be a simplex and let x; € A(S)*",i €
{1, ...,n}, be the extreme points of S. The points xi, ...,x,
form a basis of A(S)*. Let € S®K, then we have

Y=Y x®¢
i=1
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for some ¢; € A(K)*. Our aim is to prove that ¢; € A(K)*,
then ¢ € S®K follows by definition.

Let by, ...,b, denote the basis of A(S) dual to the basis
Xi,...,x, of A(S)*, i.e., we have b;(x;) = §;;, where i,j €
{1,...,n} and §;; is the Kronecker delta. We have b; € E(S)
because S is a simplex. For any f € E(K) we have

0< Wb ® f)=(i.f)

foralli € {1,...,n}, which implies ¢; € A(K)*". [ |
Note that tensor product of the simplexes S, S, is also a
simplex, so we have

K®S1®S = KQS|®S,.

D. Direct product of state spaces and effect algebras

For certain reasons, we will need to use direct products
together with tensor products. The idea of why they will be
used is going to be clear in the end, but now we will present
several of their properties that will be required later. As in
Sec. III C, we will work mostly with the cones of the positive
functionals.

Let K4,Kp be two state spaces. Given A(K»)*t and
A(Kp)*t, there are two ways to define the direct product of
these cones. The first is to use the cone A(K4)*" x A(Kp)*T.
The second is to realize that we can construct K4 x Kp that
will be a compact and convex set, i.e., a state space that gives
rise to the cone A(Kp, x Kp,)**t.

It may seem that these cones are fairly similar, but
they are not and they have different physical interpre-
tations. Let ¥ € A(K4 x Kp)*t, then there are unique
AeER,xy € Kg,xp € Kp such that Y = A(x4,xp). Now,
let ¢ € A(K4)*" x A(Kp)*T, then there are y, € K4, yp €
Kpg,op,0p € R, as,0p = 0 such that ¢ = (@aya,apyp). In
other words, the normalization may be different in every
component of the product. This can be rewritten as

@ = (@AYA,ABYB)

= (aa + 063)(

A y ap y )
As B
op+op op+op

ap ap

—(y4,0) + —(0,y3)>
op oy +op

= (aq +OtB)<aA n

that shows that every element of A(K4)*" x A(Kp)*" can
be uniquely expressed as a multiple of a convex combination
of elements of the form (y4,0) and (0,yp). The operational
interpretation of such states is that we do not even know which
system we are working with, but we know that with some
probability p we have the first system and with probability
1 — p we have the second system.

The operational interpretation of A(K4 x Kg)*t is a bit
harder to grasp. We may understand ¢ € A(K4 x Kp)*t as
a (multiple of) conditional state. That is, we will interpret the
object (x4,xp) as a state that corresponds to making a choice
in the past between the systems K 4 and K 5 and keeping track
of both of the outcomes at once. The cone A(K 4 x Kg)*+ will
play a central role in our results on incompatibility, steering,
and Bell nonlocality because in the problem of incompatibility,
we wish to implement two channels at the same time, and in

PHYSICAL REVIEW A 96, 052127 (2017)

steering and Bell nonlocality we are choosing between two
incompatible channels.

At last, we will need to describe the set A(K4 x Kp) and
its structure with respect to the sets A(K4) and A(Kp). We
will show that A(K4 x Kp) corresponds to a certain subset of
A(K 4) x A(Kp) by using the following two ideas: since all of
the vector spaces are finite dimensional, we have that A(K 4) x
A(Kp) is the dual to A(K4)* x A(Kp)* and A(K4 x Kp)*
can be identified with a subset of A(K4)* x A(Kp)*. Note
that this identification holds only between the vector spaces
and not between the corresponding state spaces.

Proposition 5. We have

A(KB| X KBZ)*+ - A(KB,)*+ X A(KBz)*+'

Proof. The idea of the proof is that if we have ¢ €
A(K2)*" x A(K)*t such that ¢ = (s y4,0py8), then ¢ €
A(K4 x Kg)*t if and only if as, = ap. Therefore, we
can identify A(K4 x Kp)** with the set {yy € A(K7)*" x
A(Kp)*t : (¥,(1,—1)) = 0}. Itis easy to verify this constraint
on the positive cones and since it is linear it must hold
everywhere else. |

The above proof shows that the function (1,—1) € A(K4) X
A(K p) is equal to zero when restricted to A(K4 x Kp)* or, in
other words, (1,0) = (0,1) when restricted to A(K4 x Kp)*.
We introduce a relation of equivalence on A(K4) x A(Kp) as
follows: for f,g € A(K4) x A(Kp) we say that f and g are
equivalent and we write f ~ g if f — g = k(1,—1) for some
k € R. Equivalently, f ~ g if for every ¥ € A(K4 x Kp)*
we have (¥, f) = (¥,8). A(Ka x Kp) corresponds to the set
of equivalence classes of A(K4) x A(Kp) with respect to the
relation of equivalence ~.

To demonstrate this, consider the constant function 1 €
E(K4s x Kp)andletx € K4,y € Kg, then we have

(0, 3),(1,0)) = (x,1) = 1 = ((x,y),1),
(0, ),00,1)) = (y,1) =1 = ((x,y),1).

This is not a coincidence because (1,0) — (0,1) = (1,—1), so
we have (1,0) ~ (0,1).

E. Channels and measurements in general probabilistic theory

It is not easy to define channels in general probabilistic
theory as we would like all of the channels to be completely
positive. We will use the following definition:

Definition 7. Let K4, Kp be state spaces, then channel &
is a linear map

d: A(KA) — A(Kp)*

that is positive, i.e., for every ¥ € A(K4)*" we have ®(r) €
A(Kp)*" and that for ¢ € K, we have ®() € Kp.

One may also require a channel to be completely positive,
that is, if K¢ is some state space such that we can define
Kc®K 4, then we can consider the mapid ® ® : Kc®K4 —
Kc®Kp and require it to be positive. In the applications of
general probabilistic theory to classical and quantum theories,
we always know how to create joint systems of given two
systems, so in the examples we will always require complete
positivity of channels, but one still has to bear in mind that
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in the general case, complete positivity is not a well-defined
concept.

One can identify the channel ® : A(K4)* — A(Kp)* with
an element of A(K4) ® A(Kp)* as follows: let x € K4 and
f € A(Kp), then the expression (®(x),f) gives rise to a
linear functional on A(K4)* ® A(Kp). This means that we
have ® € A(K4) ® A(Kp)*, where we omit the isomorphism
between the channel and the functional. If we also consider
the positivity of the channel on the elements of the form
x® f € Ka®E(Kp), we get

d e AKAH)TRAKE) .

This is a well-known construction that may be also used to
define the tensor product of linear spaces [42, Chap. 1.3].

There is one more construction with channels that will be
important in our formulation of compatibility of channels:
compositions with effect. Let ® : K4 — Kjp be a channel
and let f € E(Kp), then they give rise to an effect (f o ®) €
E(K 4) defined for x4 € K4 as

(xa.(f o @) = (P(x4), f).

By the same idea, we can define a map f ® id : A(Kp)* ®
A(Kc)* — A(Kc)* such that for xz € K and x¢c € K¢ we
have (f ® id)(xp ® x¢) = f(xp)xc and we extend the map
by linearity. Also, given a channel ® : K4 — Kp&®Kc we
can compose the map f ® id with the channel & to obtain
(f®id)o @' : A(Ka)* — A(Kc)* such that the correspond-
ing functional on A(K4) ® A(K¢)* is for x4 € K4 and g €
A(K () given as

(f ®@id)o ®,x4 ® ) = (P(x4), [ B g).

Specifically, we will be interested in the expressions (1 ® id) o
® and (id ® 1) o ®. If ® is a channel, then (1 ® id) o ® and
(id ® 1) o ® are channels as well and they are called marginal
channels of ®.

A special type of channel is a measurement.

Definition 8. A channelm : K4 — Kpiscalled ameasure-
ment if Kp is a simplex.

The interpretation is simple: the vertices of the simplex
correspond to the possible measurement outcomes and the
resulting state is a probability distribution over the measure-
ment outcomes, i.e., an assignment of probabilities to the
possible outcomes. Since we require all state spaces to be finite
dimensional, this implies that we consider only finite-outcome
measurements. Let Kz be a simplex with vertices wy, .. . ,w,,
then we can identify a measurement m with an element of
AK)T®A(K )™ of the form

m:Zfi®8w,v
i=1

where for i € {1,...,n} we have f; € E(Ka), > i, fi =1
and §,, € ©(Kp) are the functionals corresponding to the
extreme points of Kp (where we have not omitted the
isomorphism this time). This expression has an operational
interpretation that for x € K4 the measurement m assigns the
probability f;(x) to the outcome w;.

Example 6. Quantum channels are completely positive,
trace-preserving maps ® : ®y — 4. The complete positiv-
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ity means that for any p > 0 we have (id ® ®)(p) > 0. We
denote the set of channels ® : Dy — Dy as Ty ..

Let |1),...,|n) be an orthonormal base of H. To every
quantum channel we may assign its unique Choi matrix C(®)
defined as

n

C@) = (@id)| > li)ijl ],

i,j=1

where we use the shorthand |ii) = |i) ® |i). Note that C(D) >
Oand Tr;(C(®)) = 1, where Tr; denotes the partial trace. Also,
every matrix C € B,(H ® H)suchthatC > Oand Tr (C) = 1
is a Choi matrix of some channel (see [43, Sec. 4.4.3]).

The Choi matrix C(®) is isomorphic to a state mc (d),
which corresponds to the channel ® ® id acting on the
maximally entangled state |y +) (¥ |, where

l n
+ _ .o
W) = s ; lii).

IV. COMPATIBILITY OF CHANNELS

Definition 9. Let K4, Kp, Kp, be state spaces and let
®,, ®, be channels

q)l . KA e KBI,
®,: Ky — Kp,.

We say that ®, ®, are compatible if and only if there exists a
channel

o KA — KBl®KBz

such that ®; and &, are the marginal channels of ®, i.e., we
have

P =>1(d®1)o P, (D
d, = (1 ®id) o d. )

The channel @ is also called the joint channel of the channels
D, Dy,

The operational meaning of compatibility of channels is that
if the channels @, ¥, are compatible, then we can apply them
both to the input state at once and select which one we actually
want the output from latter. If the channels are incompatible,
we have to choose from which one we want the output before
applying anything. For a more in-depth explanation, see [19].
The important thing is that there is a choice from which channel
we want to get the output so we can expect to see A(Kp, X
K,)*" come up in the calculations.

Consider the channel ® : K4 — Kp ®Kp,. One can real-
ize that the maps (d® 1) : ® > (d® 1) o ® and (1 ® id) :
®— (1 ®id) o ® are linear maps of channels. Moreover,
Egs. (1) and (2) both have ® on the right-hand side in the
same position. We are going to exploit this to obtain a simpler
condition for compatibility of the channels &, ®,. To do so,
we have to introduce a new map J.

Let us define a map J : A(K4) ® A(Kp,)* ® A(Kp,)* —
A(K2) ® A(Kp, x Kp,)" givenfor B € A(K4) ® A(Kp,)* ®
A(Kp,)" as

J(E)=(({d®1)o E,(1®id) o E).
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For E = f ® ¥ ® ¢, we have

Proposition 6. J is a linear mapping.
Proof. Let E1,8, € A(K4) ® A(Kp, ® Kp,)* and A € R,
then we have

JOE 4+ 8) =i ® o & +(d® 1) o E,,0)
+(O,M1 ®id)o B + (1 ®id) o E)
= M@(d® o E,(1®id)o &)
+(([d® 1) 0 B (1 ®id) o By)
= AJ(E)) + J(By).
]

Assume that the channels ®,, ®, are compatible and that
® is their joint channel, then we must have

J (@) = (P, P2)

which is just a more compact form of Egs. (1) and (2).
Proposition 7. The channels @, ®, are compatible if and
only if there is ® € A(K4)T®A(Kp, ®Kp,)*" such that

J (@) = (@1, P2). 3)

Proof. If the channels &, ®, are compatible, then Eq. (3)
must hold for their joint channel ®. If Eq. (3) holds for some
® € A(K4)"®A(Kp &K p,)*", then the channels ®;, ®, are
compatible and & is their joint channel. ]

The operational interpretation is that (&, ®;) represents
a conditional channel in the same way as the states from
A(Kp, x Kp,)*" represent conditional states that keep track of
some choice made in the past. If the channels are compatible,
then we actually do not have to make the choice of either
using ®; or ®,, but we can use their joint channel, that has the
property that its marginals reproduce the outcomes of the two
channels ®;, ®,. We will investigate several of the properties
of the map J.

Proposition 8. For every (§1,5) € A(K4) @ A(Kp, X
Kp,)* thereisa B € A(K4) ® A(Kp,)* ® A(Kp,)* such that

J(B) = (61.8).

Moreover, if we have
(IL,Do¢1,6) =1,
then
1®DHoE=1

Proof. Let f1, ..., f, be abasis of A(K,), then we have

§=) fi®Y, H=) [
i=1

i=1
forsome y; € A(Kp,)" and¢; € A(Kp,)". Since we must have
(1,0) o (§1,62) = (0,1) o (§1,62),

we obtain

n n

YW fi=) (e ) fi,

i=1 i=1
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which implies

(¥, 1) = (@i, 1) = ki
foralli € {1,...,n}as f1,...,f, is linearly independent. Let
E=) K'fi®vi®g,

i=1

then we have

JE) =Y k' fi ® (i 15, Wi (Wi 15, i)
i=1

=) i ® Wi ).

i=1

If we have 1 o (£1,&) = 1, then

Xn:kif,« =1
i=1

and we get

(1®1)oE=(l®l)o<Zki1ﬁ®1ﬁi®§0i>

i=1

=Sk Ny g 1) fi = L.
i=1

Proposition 9. We have
J(AKK ) ®A(Kp) T &A(Ks)™)
= A(KA)T®A(K) x Kp,)"".

Proof. Let (£1,6) € A(KA)"®A(Kp, x Kp,)*", then as in
the proof of Proposition 8§ we have

E=) [i®¥, &H=) fi®g¢,
i=1 i=1

but now we have f; >0,¢; >0, and ¢; >0 for i €
{1, ... ,n}. It follows by the same construction as in the proof of
Proposition 8 that we can construct & = Y/ k' fi @ ¥; ®
@; and we get E € A(KA)T®A(Kp, )" " ®A(Kp,)* .

Let E € A(Ka)"T®A(Kp,)*"®A(Kp,)*", then we have
E=Y",/fi®V¥; @¢ suchthat f; >0, ¢; >0, ¢; > 0for
alli € {1, ...,n}, moreover, without lack of generality we can
assume (V;,1p,) = (@i, 15,) = 1. We have

JE)=Y fi®Wi.¢) € AKKa) ®A(Kp, x Kp,)™",
i=1

which concludes the proof. |

It would be very useful to know what is the image of the
cone A(K4)T®A(Kp ®Kp,)*" when mapped by J. We will
denote the resulting cone Q = J(A(KA)T®A(Kp &Kp,)*™).
The cone is important due to the following:

Corollary 1. The channels @, ®, are compatible if and
only if

(1, ®5) € 0 = J(AK2) ®A(K5,&Kp)™).
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Proof. Follows from Proposition 7. ]
Proposition 10. A(K4)T®A(Kp, x Kp,)*" C Q.
Proof. Since

A(K ) ®A(Kp&Kp,)™ C AKA) ' ®A(Kp &Kp,)'™,
we must have
J(AK ) @A(K5®Kg,)™) C 0.

The result follows from Proposition 9. |
Proposition 11. Q C A(KA)"®A(Kp, x Kp,)*".
Proof. Since we have

AK) ®A(Kp ®Kp,)" C AKKA) ®A(Kp&®Kp,)™,
we must have
0 C J(AK\) " ®A(Kp®Kp)™).

Let E € A(KA)*®A(Kp &Kp, )™, then for ¥ € A(K4)**
and (fi, f2) € A(Kp, x Kp,)" we get

(JE)Lx® f) = (((d® 1o E,(1®id)o B),x ® f)
=(E@),1i® 1) +(Ex).1® f2) =20,

that shows we have J(A(Ks)"®A(Kp &®Kp,)™) C
A(K4)T®A(Kp, x Kp,)*", which concludes the proof. N

We can also construct Q as the cone we get when we
factorize the cone A(K4)"®A(Kp &K p,)*" with respect to
the relation of equivalence given as follows: E; &~ E, if and
only if J(E,) = J(&E,) or, equivalently, if and only if B, =
Z, + &, such that J(E) = 0.

Note that since J is a linear map, as we showed in
Proposition 6, it is clear that Q is a convex cone. For two
given channels ®; : K4 — Kp,, 2: K4 — Kp, one may
write a primal linear program that would check the condition
for compatibility given by Corollary 1. We will write such
linear program for quantum channels later.

V. COMPATIBILITY OF MEASUREMENTS

We will apply the results of Sec. IV to the problem of
compatibility of measurements. We will obtain the same
results that were recently presented in Ref. [26], that are a
generalization of [44].

Let K4 be a state space and let S}, S, be simplexes and let
my: Kg — S;,my : K4 — S> be measurements. According
to Proposition 7, the measurements m, m, are compatible if
and only if

(my,m2) € J(A(K2) ®A(S1®82)").

Since both S; and S, are simplexes, then we have S1®S8, =
S1®S, and the condition for compatibility reduces according
to Proposition 9 to

(my,my) € A(KA)TRA(S) x $)*.

Due to the simpler structure of simplexes, one may get even
more specific results about measurements (see [26]).

For demonstration of the derived conditions we will recon-
struct the result of [44] about compatibility of two-outcome
measurements. According to our definition, a measurement is
two-outcome if the simplex it has as a target space has two
vertexes, i.e., it is a line segment. Let K be a state space,
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fig€e E(K)andmy : K — §,my : K — § be two-outcome
measurements given as

mg=f Q03 +(1— f)®du,,
mg=g®8w1 +(1_g)®8w2

The state space given by A(S x S)** is a square given
as conv((8w, 8w, )s (8w, +8w,)s(8ey 18w, )+ (8wy80,)), that is just
affinely isomorphic to S x S. We have

(mi,m2) = f ® (85,.0) + (1 — ) ® (8.,.0)
+g®(0,8,,) + (1 — ) ® (0,5,)
= ® (80,:00;) + (1 — ) ® (80,.80,)
+ 8 ® (0,80, — Sy

where in the second step we have used the basis
(8w, +00,)s (8esy»040,), (0,80, — 8u,) 0of A(S x S)* to express
(mi,m;) in a more reasonable form. To have (m;,m;) €
AK)T®A(S x §)* we must have

(m1,m2) = hiy @ (8uy.8,) + h12 ® (8uy,00,)
+ h21 @ (80,.80,) + 122 ® (80,80
= (hi1 +112) ® (8uy.00,)
+ (ha1 4 h22) @ (8u,+80,)
+ (11 + h21) ® (0,84, — 80,)

for some hyy,h12,h21,h2 € E(K). This implies the standard
conditions for the compatibility of two-outcome measure-
ments m g, mg:

f=hu+hp,
1 — f=hy+hyp,
g =hn + hy

(see, e.g., [45]).

VI. COMPATIBILITY OF QUANTUM CHANNELS

In this section, we will derive results more specific to
the compatibility of quantum channels. Let ®;: Dy —
Dy, Dy : Dy — Dy be quantum channels, then, according
to Proposition 7 they are compatible if and only if there is a
channel ® : Dy — Dygy such that for all p € D4 we have

(®1(p), P2(p)) = (Tr2(P(p)), Tr (P (p))). “)

This is equivalent to the definition of compatibility of quantum
channels already stated in Ref. [21]. It is straightforward that
Eq. (4) implies that

(C(@1),C(P2)) = (Tro(C(P)), Tri (C(P))),

we will show that they are equivalent. This will help us to get
rid of the state p in Eq. (4).

Proposition 12. The channels @) : 9Dy — Dy, Oy :
Dy — D4 are compatible if and only if there exists a channel
® : Dy —> Dyey such that

(C(@1),C(P2)) = (Tr2(C(P)), Tr (C(P))).
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Proof. Let p € ©4, then we have
Try(®(p)) = T p(C(P)L R L ® p”)
= Tre(T(C(@)1 ® p7)
=Tre(C(@)1 ® p') = y(p).

The same follows for ®,. |

As we already showed in Sec. IV, the cone Q =
J(A@Dy)T®ADnen)*T) is of interest for the compatibility
of channels. In the case of quantum channels we will use
Proposition 12 to formulate similar cone in terms of Choi
matrices of the channels and we will write a semidefinite
program for the compatibility of quantum channels based on
this approach.

Denote P = {(Try(C),Tri(C)) : C € €y yen}, then ac-
cording to Proposition 12 the channels ®; : ®y — Dy, O; :
©4; — Dy are compatible if and only if

(C(®),C(Py)) € P.

Note that, by our definition, P is not a cone, but it generates
some cone just by adding all of the operators of the form AC,
where C e Pand A e R, A > 0.

It would be very interesting to obtain more specific results
on the structure of P, but the task is not trivial. To make it
simpler, we will investigate the structure of the dual cone P*
given as

P*={(A,B) € B,(H) x B,(H) :
(C,(A,B)) 20,V C e P}.

Notice that (A,B) € Bj(H) x B,(H) is simply a block-
diagonal matrix having blocks A and B. Also, every C € P is
a block-diagonal matrix, let C = (C,C3), then

((C1,C2),(A,B)) =Tr(C, A) + Tr(Cy B).

LetC € P,thenby definition there exists achannel ® : ©4, —
Dyeu such that

C = (Tro(C(P)), Tri (C(P))).
Let (A,B) € P*, then we have
(C,(A,B)) = Tr(Tro(C(P))A + Tr i (C(P))B)
= Tr(C(®)A +1® B)) >0,

where A is the operator such that Tr(Tr(C(P))A) =
Tre(C(D)A). If A=A ® Ay, then A=A 1 ® A;. In
general, one can write A as a sum of factorized operators
and express A in such way because the map A — A is linear.

The result is that A + 1 ® B must correspond to a positive
function on quantum channels, hence, we must have A + 1 ®
B > 0 (see [46,47]). We have proved the following:

Proposition 13. The channels @ :9Dy — Dy, Oy :
94, — D4 are compatible if and only if

Tr(C(®)A) + Tr(C(P2)B) = 0
forall A,B € B,(H ® H) such that
A+1®B>0.

This allows us to formulate the semidefinite program [38]
for the compatibility of quantum channels as follows:
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Proposition 14. Given channels &;: 9y — Dy, Oy :
Dy — Dy, the semidefinite program for the compatibility
of quantum channels is

inf Tr(C(®1)A) + Tr(C(P2)B), A+1®B >0,

where A is given as above.

If the reached infimum is negative, then the channels are
incompatible; if the reached infimum is O, then the channels
are compatible.

Proof. The result follows from Proposition 13. One may see
that the infimum is at most O because one may always chose
A=B=0. |

VII. PRELUDE TO STEERING AND BELL NONLOCALITY

We will propose a possible test for the compatibility of
channels that will not work, but it will motivate our definitions
of steering and Bell nonlocality.

Let K4,Kp,,Kp, be state spaces and let &, : K4 —
Kp,, 2 : K4 — Kp, be channels. The channels ®,, ®, are
compatible if Eq. (3) is satisfied for some channel ® : K4 —
K g &K g,. This is the same as saying the channels &4, ®; are
compatible if for all x € K4 we have

(@1(x), P2(x)) = ((((d ® 1) o P)(x),((1 ® id) o P)(x)). (5)

If the channels ®; and &, are compatible, then for every
x € K, there must exist a state y € Kp, &K p, such that

@ (x) = (id ® D(y), (6)
P5(x) = (I @ id)(y). @)

Would it be a reasonable test for the compatibility of the
channels ®; and &, if we considered the state x € K4
fixed and we would test whether, for the fixed state x, there
exists y € Kp &K p, such that Egs. (6) and (7) are satisfied?
It would not, because for a fixed x € K4 one always has
D (x) ® ©2(x) € Kp,®Kp, that satisfies Egs. (6) and (7).

Still, throwing away this line of thinking would not be a
good choice because going further, one may ask the following:
If there would be another system K¢, such that Kc®K 4 is
defined, then what if we would use the entanglement between
the systems K4 and K¢ to obtain a better condition for the
compatibility of the channels @, ®, using the very same line
of thinking? As we will see, this approach leads to the notions
of steering and Bell nonlocality.

VIII. STEERING

Steering is one of the puzzling phenomena we find in
quantum theory but not in classical theory. It is usually
described as a two-party protocol, that allows one side to alter
the state of the other in a way that would not be possible in
classical theory by performing a measurement and announcing
the outcome. Although originally discovered by Schrodinger
[1], steering was formalized in Ref. [27]. Recently, there was
introduced a new formalism for steering in Ref. [26].

So far, it was always only considered that during steering
one party performs a measurement. Since a measurement is a
special case of a channel, one may ask whether it is possible

052127-9



MARTIN PLAVALA

to define steering by channels. We will use our formalism for
compatibility of channels to introduce steering by channels
by continuing the line of thoughts presented in Sec. VII. We
will have to formulate steering in a little different way than it
usually is formulated for measurements, but we will show that
for measurements we will obtain the known results.

Let K4,Kp,,Kp,,Kc be finite-dimensional state spaces,
such that K-®K 4 is defined and let

®,: Ky — Kp,,
®,: Ky — Kp,
be channels. We can construct channels
id® @ : A(Ke) ®AKL)™ — A(K) " ®A(Kg, )",
id® @ 1 A(Ke) T ®AKL) — AKe) " ®A(Kp,)"™
Moreover, we can construct the conditional channel
id Q@ (@1, D7) : A(Kc) " ®A(K )
— AKc)+®A(Kp, x Kp,)".

These channels play a central role in steering and we will keep
this notation throughout this section. First, we will introduce
a handy name for the output state of id @ (®,P,).

Definition 10. Let v € Kc®K 4 be a bipartite state, then
we call (id ® (®,P,))(v) a bipartite conditional state.

Steering may be seen as a three-party protocol that tests
the compatibility of channels. The parties in question will be
named Alice, Bob, and Charlie. Alice and Charlie share a
bipartite state ¥ € Kc®K, and Alice has the channels ®;
and @, at her disposal, that would send her part of the state
to Bob. Since Alice can choose between the channels & and
®,, she will be, in our formalism, applying the conditional
channel (®;,®;) and the resulting state will be a bipartite
state from A(Kc)*T®A(Kp, x Kp,)*". The structure of the
resulting bipartite conditional state (id ® (®,P,))(v) will not
only depend on the input state 1/, but also on the compatibility
of the channels ®; and ®,. Let us assume that the channels
@, and @, are compatible, then there is a channel ® : K4 —
K ,&Kp, such that (&, ®,) = J(P) and we have

(id @ (91, P))(Y) = (Id Q@ J(P))(V)
= (id ® J)((d ® ®)(¥)),

where J' T A(Kp, ®Kp,)* — A(Kp, x Kp,)*, J'(¥) =
((id ® D(¥),(1 ® id)(¥)). The calculation shows that if the
channels &, &, are compatible, then we must have

(id ® (), 22)(¥) € (id ® J)(Kc®Kp, ®Kp,)

which does not have to hold in general if the channels are not
compatible. This shows that we can define steering of a state
by channels as an entanglement-assisted incompatibility test.

Definition 11. The bipartite state v € A(K¢)*T@A(K o)*t
is steerable by channels @ : A(K,)*t — A(Kp,)*t, &y :
A(K)*T — A(Kp)*T if

(id ® (1, P))(Y) ¢ ([d® J)(Kc®Kp ®Kp,).

Now, we present the standard result about the connection
between compatibility of the channels and steering. The result
follows from our definition immediately.
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Corollary 2. The bipartite state W € A(K¢)*T@A(K 4)*"
is not steerable by channels ®; : A(K»)*t — A(Kp)*t, @, :
A(K2)*" — A(Kp)*T if the channels ®; and ®, are compat-
ible.

Proof. If the channels ®;, ¥, are compatible, then we have
(®,®,) = J(®)forsome d : K4 — Kp &K p, and for every
Y € Kc®K 4 we have

(id ® (D1, D)) € (i[d® J)(Kc®(Kp,&Kp,)).

|

Proposition 15. The  bipartite  state ¢ € A(K¢)*+
®A(K )"t is not steerable by channels ®; : A(K,)*"—
A(Kp)*t, @yt AKA)* — A(Kp)™ if ¢ € A(Ke)®
A(K 2)*, i.e., if v is separable.

Proof. Every separable state is by definition a convex com-
bination of product states, i.e., of states of the form x¢c ® x4,
where x4 € K4, xc € K¢. Since the maps id ® ($,P;) and
id ® J’ are linear, it is sufficient to prove that for every product
state xc @ x4 € Kc®KA we have (id ® (D,D;))(xc ® x4) €
(d ® J')(Kc®Kp &K p,). It follows by our construction in
Sec. VII that product states are not steerable by any channels
as one can always take x¢c ® ®1(x4) ® (x4). Remember
that during steering, we fix not only the channels, but also the
bipartite state, so the presented construction is valid. |

IX. STEERING BY MEASUREMENTS

We will show that the definition of steering given by
Definition 11 follows the standard definition of steering [27]
in the formalism introduced in Ref. [26], when we replace
measurements by channels.

Proposition 16. Let S;, S, be simplexes and let m :
K4 — Si,my: K4 — S, be measurements, then, a state i €
Kc®K 4 is steerable by m, m, if and only if

(d ® (my,m))(¥) ¢ Kc®(Si x $).

Proof. The result follows from the fact that Kc&S;®S, =
KcRS1®S,. [ |

To obtain the standard definition of steering, one only needs
to note that if £ € Kc®(S; x S,), then there are x; € K¢, s; €
Six Sand0 < A; < 1fori €{1,...,n}such that

E=) hxi®si, ®)
i=1

where the interpretation of s; is that it is a conditional
probability, conditioned by the choice of the measurement. At
this point, it is straightforward to see that Eq. (8) corresponds
to [27, Eq. (5)].

X. STEERING BY QUANTUM CHANNELS

Steering plays an important role in quantum theory. It has
found so far applications in quantum cryptography [48] as
an intermediate step between quantum key distribution and
device-independent quantum key distribution.

We will prove several results and present a simple example
of steering by quantum channels. Given the standard, opera-
tional, interpretation of steering by measurements the example
may seem strange, but rather expected.
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Let @) : ©y — Dy, Oy : Dy — Dy be channels and let
[ty = [dim(F)]~2 30" |ii) be the maximally entangled
vector. We will show that the maximally entangled state
| ) (T is steerable by the channels @, ®, whenever they
are incompatible.

The proof is rather simple as the bipartite conditional
state we obtain is (id ® (®1,®,))(|w ) (¥ 1]). If the channels
@, ®, are compatible, then the state |1 *) (1 7| is not steerable
by compatible channels. Now, let us assume that there is a state
in p € Dyguen such that we have

(id @ (@1, L)Y ") (Y = (d ® J)(p), ®

i.e., that the state [yv+) (1| is not steerable by the channels
®,, ®,. Equation (9) implies that we must have

(id @ @)Y )W) = Trz(p),
that, after taking trace over the second Hilbert space, gives

1
dim(H)

Now, the picture becomes clear: (id ® ®)(|¥ ) (¥ T|) is
isomorphic to the Choi matrix C(®;) and Eq. (10) implies
that the state p must be isomorphic to a Choi matrix of
some channel ®. This together with Proposition 12 means
that Eq. (9) holds if and only if the channels are compatible.
Thus, we have proved the following:

Proposition 17. The maximally entangled state |y 1) (¥ |
is steerable by channels ®; : ©y — Dy, Py : Dy — Dy if
and only if they are incompatible.

We will investigate steering by unitary channels. We will
see a phenomenon that is impossible to happen for steering
by measurements: it is possible to steer a state when the two
channels we are testing for incompatibility are two copies of
the same channel. Let U,V be unitary matrices, i.e., UU* =
VV* =1, where U* denotes the conjugate transpose matrix
to U and let ®y, ®y be the corresponding unitary channels,
that is, for p € ® we have

Sy(p) =UpU™,

1 = Tr(p). (10

Dy(p)=VpV™

Note that we have &4 = id, i.e., the unitary channel given by
an identity matrix is the identity channel.

Proposition 18. The bipartite state p € Dy gy is steerable
by the unitary channels &y, ®y if and only if it is steerable
by two copies of the identity channel id.

Proof. The state p € Dygy is steerable by the channels
®y, Oy if and only if there is a state 0 € Dy gy such that

Tr3(0) = (id ® Py)(p), Tr(o) = (d @ Py)(p).

If such state o exists, then for & = (id ® Py ® Py«)(0) we
have

Tr3(6) = p, Tr(6) = p,

i.e., the state p is not steerable by two copies of id. The same
holds the other way around by almost the same construction;
if the state p is not steerable by two copies of id, then it is not
steerable by any unitary channels ®y, ®y. |

Note that a similar result would hold if only one of the
channels would be unitary, but then only that one unitary
channel would be replaced by the identity map id. Clearly, if

PHYSICAL REVIEW A 96, 052127 (2017)

the state p would be separable, then it would not be steerable
by any channel. The converse does not hold, even if the state p
is entangled it still may not be steerable by any channels. We
will provide a useful condition for the steerability of a given
state p € Dy gy that will help us to show that even if the state
p is entangled, it does not have to be steerable by any pair of
channels ©; : Dy — Dy, Oy : Dy > Dy.

Proposition 19. The state p € Dygy is steerable by the
channels ®; : Dy — Dy, Oy : Dy — Dy only if it is steer-
able by two copies of the identity channel id : 4 — Dy.

Proof. Assume that the state p € Dy 1S not steerable by
two copies of the identity channel id : ®4 — D, then there
exists a state o € Dy gueu such that

Try(o) = p, Tr(0) = p.

Let &) : Dy —> Dy, O : Dy — Dy be any two channels
and denote

6 =(>G(dQ® D ® Do),
then we have
Tr3(6) = (id ® ©1)(p), Tra(6) = (id ® P2)(p),

so the state p is not steerable by the channels ®;, ®,. |

Note that one may get other conditions for steering by
replacing only one of the channels by the identity map id. One
may generalize this result to the general probabilistic theory,
but it may be rather restrictive and not as general as one would
wish. One may also use the idea of the proof of Proposition 19
together with the result of Proposition 17 to obtain the results
on compatibility of channels that are concatenations of other
channels, similar to the results obtained in Ref. [21].

We will present an example of an entangled state that is not
steerable by any pair of channels.

Example 7. Letdim(H) = 2 with the standard basis |0), |1)
and let |[W) € H ® H ® H be given as

L
J3

The projector |W)(W| € Dyeuen is known as W state. We
have

|W) = (1001) 4 1010) 4 [100y)).

pw = Tr((W)(W]) = Trs(IW)(W]) € Dyen,

that shows that the state py is not steerable by a pair of
the identity channels id : ®4 — ©4, which as a result of
Proposition 19 means that it is not steerable by any channels
D : Dy —> Dy, O, : Dy — Dy. Moreover it is known that
the state py is entangled [43, Example 6.70].

Since it will be useful in later calculations, we will
show that the state |W)(W| is the only state from Dy gxen
such that py = Try(|W)(W]) = Trs(|W)(W]). Let |p) =
%(m) + |10)), then we have

pw = %100)(00] + 3|¢)(pl.

Let 0 € Oyguen denote the state such that py =
Try(o) = Tr3(o). We have pw|ll) =0 that implies
Tr(o|[11){11|® 1) = Tr(c|1)(1]| @ 1 ® |1){1]) = 0 that im-
plies (111]|o|111) = (110]c|110) = (101]|o|101) =0 aso >
0. We will show that this implies o|111) = o|110) =
o|101) = 0.
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Let A€ By(H),A >0, and let |y) € H. Let ||y =
(¥ |y) denote the norm given by inner product. Assume
that we have (¥|A|y) = 0, then

IVAY | = (VAYIVAY) = (y|Aly) =0
and in conclusion we have \/Z|1/f> =0and
Aly) = VAW AY)) =0.

Finally, let us denote |pt) = %2(|01) — |10)). We have

owlet) =0 that implies Tr(o|g*)(pt| ® 1) =0 which
yields o|gt0) = o|pt1) =0. We still use the shorthand
lp™0) = [¢p) ® |0).

The eight vectors [000), |001), |0}, |¢1), |o0), [pt1),
[110), |111) form an orthonormal basis of H @ H ® H. We
have already showed that we must have

olpt0) = olptl) =0 |110) = o|111) = 0,
so in general we must have
o = app|000)(000] + ao11001)(001| + ayle0) (¢0|
+ agil1){@l] + b11000)(001| + 5;|001) (000
+ b2|000) (0] + b2|00){000| + b3]|000){¢1]
+ b3¢1)(000] + b4|001) (90| + b4|¢0) (001
+ b5|001) (p1] + bs|@1){001] 4 bs|p0) (1]
+ be|@1) (@0l

Using the above expression for o we get

a
Try(0) = ag0|00)(00] + ap:[01)(01] + %OIL ®10)(0|

a —
+ %111 ® [1)(1] 4 b1]00)(01] + b;|01){(00]

b2 100)(10] + b2 110)(00] + b3 100)(11]
V2 V2 V2

LB 111)(00] + b 101)(10] + b 110)(01]
V2 V2 V2

s 01)(11] + bs 111)(01] + b1 o 10)(1]
V2 V2 2

PP 11)(0],
2

. . 2 1
that 1mp11es agp = Ay = 0, dgo = 3, 4ol = 3, by =by =

b3 =bs =bg=0,and by = 4 In conclusion, we have
o = 1(]001)(001]| 4 2|¢0) (¢0|

+ +/2]001) (00| + ~/2|¢0)(001])
=|W){W].

XI. BELL NONLOCALITY

Bell nonlocality is, similarly to steering, a phenomenom
that we do not find in classical theory, but is often used in
quantum theory. Bell nonlocality [2] was formulated as a
response to the well-known EPR paradox [3]. Although in the
original formulation the operational idea was different than
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the one we will present, we will see that Bell nonlocality may
be understood as an incompatibility test, in the same way as
steering.

Let us assume that we have four parties: Alice, Bob,
Charlie, and Dan. Alice has two channels @f‘ 1 Kp — Kp,
and d>‘2“ : K4 — Kp, that she can use to send a state to
Bob, and Charlie has two channels <I>1C : Kc — Kp, and
c[>2C : Kc — Kp, that he can use to send a state to Dan.
Assume that Kc®K 4 is defined and let v € Kc®K4 be a
bipartite state shared by Alice and Charlie. The idea that we
use to define Bell nonlocality is very simple: if we were able to
use (id ® (P4, P))(¥) and (¢, D) ® id)(¥) as nontrivial
incompatibility test, we may as well investigate whether
((CDC,qDZC )® (CIDA,GD?))(w) provides an incompatibility test in
the same manner.

Definition 12. Let ¢ € Kc®K 4 and let

CIDf1 1Ky — Kp,,
®2: Ky — K,
o€ : Ke — Kp,,
oS : Kc — Kp,

be channels. We call the state ((®¢,®5)® (®4,P)(W)
bipartite biconditional state.

Assume that the channels ®{ and &2 are compatible,
so that we have (®f,®%) = J(P*) for some channel 4 :
K4 — Kp ®Kp, and also that the channels CI>1C and ‘SI>§j are
compatible, so there is a channel dC: K> K p,®K p, such
that (®f,®4) = J(P4). Let ¥ € Kc®K 4, then we have

(05, 05) ® (@1, 23) (W) = (J' @ I)(Pc @ )W),

where the maps J' are defined as before, with the exception
that we denote them the same even though they map different
spaces.

We present a definition of Bell nonlocality using the same
line of thinking as we used in Definition 11. For simplicity we
will denote

Opc =(J' ® J)(Kp,®Kp,®Kc,®K,).

Definition 13. Let v € Kc®K 4 be a bipartite state and
let 1 : Ky — Kp,, 4 : Ky — Kp,, { : Ko > K¢,, and
<I>§ : Ko — Kp, be channels. We say that the bipartite
biconditional state ((®¢, <1>§) ® (P4, <I>‘2“))(1p) is Bell nonlocal
if

(of.2f) ® (1.92)) W) ¢ Qpe.

Otherwise, we call the bipartite biconditional state Bell local.

The following result follows immediately from Defini-
tion 13.

Corollary 3. Let ¢ € Kc®K4 be a bipartite state and
let ®f : Ky — Kp,, @5 : Ko — Kp,, @ : K4 — Kc,, and
d>2C : Ko — Kp, be channels. The bipartite biconditional
state (O, ) ® (@1, P))(y) is Bell nonlocal only if the
channels @, @4 and ®¢, ®S are incompatible.

We will show that entanglement plays a key role in Bell
nonlocality.

Proposition 20. Let € Kc®K 4 be a separable bipartite
state and let @' : K4 — Kp,, @5 : K4y — Kp,, & : Ky —
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Kc¢,, and <I>2c : Ko — Kp, be channels. The bipartite bicon-
ditional state (&€, <I>§) ® (P4, CD?))(W) is Bell local.

Proof. Tt is again sufficient to consider ¥ = x¢ ® x4 for
x4 € Ka,xc € K¢ due to the linearity of the maps (1, 2)
and (¢, ®S). Consider the state ¢ € Kp,®K p,®Kc, &K,
given as

@ = O (xc) ® DS (xc) ® P (x4) ® P (x4),
then we have

(2f,05) ® (01.95)) W) = (J' ® J)@).

XII. BELL NONLOCALITY OF MEASUREMENTS

We will again show that Definition 13 follows the standard
definition of Bell nonlocality [27] in the formalism of [26].

Proposition 21. Let  S{', S3', S¢, and S be sim-
plexes and let m?' : Ky — S, m4 : Ky — S, m€ : K¢ —
SC, m§ : Kc — S§ be measurements. Lety € Kc®K 4, then
the bipartite biconditional state ((mlc,mzc )® (mf‘,mg‘))(t/f) is
Bell nonlocal if

((m§.m$) @ (mi'.m3))W) ¢ (S{ x S$)& (S x 57).
Proof. By direct calculation we have
Qcp = (' ®@ J)(S; &S5 ®S['®S3')
= (87 x 85)®(Sf x 83).
|
One may again use the interpretation that both § lc x S5 and
S{t x S3! are spaces of conditional measurement probabilities,

soif we have ¥ € (S¢ x S$)®R(S{ x S3'), then we must have
0< A < I fori e{l,...,n}, D', A = 1, such that

n
¥ = E risE ® s,
i—1

where in standard formulations both s¢ € S{ x S§ and s €7
x S are represented by probabilities, i.e., by numbers, so the
tensor product between them is omitted.

We will provide proof of the standard and well-known
result about connection of steering and Bell nonlocality of
measurements.

Proposition 22. Let S, S3, S, and S§ be sim-
plexes and let m{' : Ky — S{,m§ : Ky — S, m¢ : K¢ —
SC,mS : Kc — S5 be measurements. Let ¥ € Kc®K 4. If

(id ® (m7.m3)) (W) € Kc®(S x S,

i.e., if the bipartite state is not steerable by measurements
m$, m4, then

((m7,m3) ® (mim3))(¥) € (ST x $7)B(ST" x S3)-
Proof. Let

(id ® (m}.m3)) (W) € Kc®(S x S,
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thenforn e N,i € {1,...,n},thereare 0 < A; < 1,x; € K¢
and s; € St x S5, Y7 A; = 1, such that we have

(id ® (mf,m‘;))(lﬂ) = Z)\ixi & s;.

i=1

We get

((mlc,mzc) ® (mf,m’;))(lﬂ) = Z)»,- (mlc,mzc)(x;) R si,

i=1

and since we have (m$,m$)(x;) = (m$(x;),mS (x;)) € SE x
S$ we have

((m§.mS) ® (mi'.m3))(w) € (5§ x S5)@ (S x 83).

|

Note that the same result would also hold for steering by
the measurements m¢, m§.

One may think that steering is somehow half of Bell
nonlocality, or that it is some middle step towards Bell
nonlocality as even our constructions in Secs. VIII and XI
would point to such a result. We will show that this is not true
in general, as we will provide a counterexample using quantum
channels in Example 9.

XIII. BELL NONLOCALITY OF QUANTUM CHANNELS

Bell nonlocality of quantum measurements is a deeply
studied topic in quantum theory, with several applications
in various device-independent protocols [49-52], randomness
generation and randomness expansion [53,54], and others (for
arecent review on Bell nonlocality see [55]).

Bell nonlocality of quantum channels follows very similar
rules to steering by quantum channels. We will derive results
specific for quantum theory in the same manner as in Sec. X.

Proposition 23. Let p € Dygy and let @l : Dy —
QH,Q%Z@H—)@H,CD%Z@H—>©H,¢§Z©H—>©H be
channels. The bipartite biconditional state ((®],®))®
(®7,®3))(p) is Bell nonlocal only if the bipartite biconditional
state ((id,id) ® (id,id))(p) is Bell nonlocal.

Proof. 1If the bipartite biconditional state ((id,id) ®
(id,id))(p) is Bell local, then there exist 0 € Dyguenen such
that

Tr(0) = p,
Try(0) = p,
Tri4(o) = p,
Tri3(0) = p.
Let
&= (1 ® P ® DT ® P3)(0),
then
Try4(6) =
Try(6) =
Tr4(6) =

O ® D7) (p),
D] ® 3)(p),
(P),
D) ® D3)(p).

o, ®

A~ A~ A/~~~

)
2)
)
2)

Tri3(6) =
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Note that again we do not have to replace all of the channels
by the identity channels id, but we may replace only some.

Proposition 24. Let p € Dygy and let dJll Dy —
@H,q)iigy—)@}[,q)%Z@HHQH,Q%ZQH%QH be
channels, moreover, let ®] = ®; be a unitary channel given
by the unitary matrix U, then the bipartite biconditional state
((CIDU,Cbé) ® (<1>2,<1>§))(p) is Bell nonlocal if and only if the
bipartite biconditional state ((id,Cbé) ® (<D2,<I>§))(p) is Bell
nonlocal.

Proof. Using the very same idea as before, if the bipartite
biconditional state (P, P}) ® (@7, P3))(p) is Bell local, then
there is 0 € Dyguenen such that

Tros(0) = (Py ® <I>%)(P),

Try3(0) = (Pv ® D3)(p).

Trig(0) = (@, ® 7)(p),

Tri3(0) = (@) ® ®3)(p).
Let

6 =(dy- ®id ®id ® id)(0),

then we get
Try4(6) = (id ® ©7)(p),
Tr23(6) = (id ® ®3)(p),
Tri4(6) = (2, ® 7)(p),
Tri3(6) = (b3 ® 3)(p)-

|

One may obtain similar results if some other of the channels
®1,®), 2, @3 is unitary as well as if more or even all of them
are unitary.

The most iconic and most studied aspects of Bell nonlocal-
ity are the Bell inequalities. We are going to present a version
of CHSH inequality for quantum channels. Assume that
dim(#H) = 2 and let |0),|1) denote any orthonormal basis of
‘H. We will use the shorthand |00) = |0) ® |0). Leti,j € {1,2}
and let

E(®}.@%) = (00](®} ® 3)(p)|00)
— (01](®] ® ®3)(p)I01)
— (10/(®; ® @3)(p)[10)
+ (11(®; ® D7) (p)I11)
= Tr((®] ® ®7)(p)A),
where
A = |00)(00] — [01)(01| — [10)(10] 4 [11)(11].

The quantity E(®! ,CI>§) is to be interpreted as the correlation
between the marginals Tri((®] ® d>§)(,0)) and Tr((®] ®
<I>§)(,o)). Since we have —1 < A < 1 itis straightforward that
we have —1 < E(P] ,<1>§) < 1. Define a quantity

X, = E(0],03) + E(®],03) + E(0L.0) - £(0}.03),
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we will show that X , corresponds to the quantity used in CHSH
inequality. It is straightforward to see that —4 < X, < 4isthe
algebraic bound on X ,.

Proposition 25. If the biconditional bipartite state
(D], 9)) ® (91, P3))(p) is Bell local, then we have —2 <
X, <2

Proof. If the biconditional bipartite state ((®],P))®
(<I>2,<I>§))(,0) is Bell local then there is 0 € Dygugnen such
that

Tros(0) = (D] ® ®7)(p),
Tro3(0) = (@] ® 3)(p),
Tris(0) = (0, ® 1) (p),
Tri3(0) = (0, ® $3)(p).

This yields
E(®],®]) = Tr((®] ® ®7)(p)A) = Tr(Trau(0)A)
=Tr(c(10)(0] ® 1 ®[0)(0| ® 1
1000 @1e®[1)(1|®1
— {1 ®1®0)(0]® 1
+ (1@ 1L®|1)(1] ®1)).
In the same manner, we get
E(®1,93) =Tr(e(10)(0] ® 1 ® 1 ® 0)(0]
— 100 ®1®1® 1)1
— )1 ®1®1& |0)(0]
+ (111 [1)(1]),
E(®},®7) =Tr(o(1 ® |0)(0] ® [0)(0] ® 1
—1®10)(0l® [1){1|®1
-1 )(1®[0)(0e1
+1Q[1){1®[1)(1] ® 1)),
and
E(®;,93) = Tr(o (1 ® 0)(0] ® 1 ® |0)(0]
—1®[0)(0 @1 [1)(1]
—1®[1){1]® 1 ® [0)(0]
+1Q (1)1 @1 [1)(1])).
Together we get
X, = 2 Tr(c'(]0000)(0000] + [0001)(0001] — [0010)(0010]
— 10011)(0011] 4 [0100)(0100] — |0101)(0101|
+10110)(0110] — [0111)(0111] — [1000)(1000]
+11001)(1001| — [1010)(1010] + [1011)(1011]
— [1100)(1100| — [1101)(1101| 4 [1110)(1110]
+ 1111)(1111]))

that implies —2 < X, < 2. |

At this point, one may ask whether there exists an
equivalent of Tsirelson bound [28] for the inequality given
by Proposition 25, or what is the maximum violation of the

)
)
)
)

052127-14



CONDITIONS FOR THE COMPATIBILITY OF CHANNELS ...

aforementioned inequality. We will show that the Tsirelson
bound 2+/2 is both reachable and maximum violation by
quantum channels.

Proposition 26. For any state p € Dygy and any four
channels @] : Dy — Dy, @) : Dy > Dy, 3 : Dy —
Dy, ©3 : Dy — Dy we have

X, <2v2.

Proof. We define the adjoint channel ®}* to channel ®] as
the linear map @{* : By(H) = Bj(H)suchthatforallo € Dy
and E € B,(H),0 < E < 1, we have

Tr(®((0)E) = Tr(o ®|*(E)).

Since @ is a channel, we have 0 < ®*(E) < 1 and ®}*(1) =
1. This approach of mapping effects instead of states is called
the Heisenberg picture.

Leti,j € {1,2}, then we have

Tr((®; ® ©3)(0)[00)(00]) = Tr(p®;*(10)(0) ® P3*(10){0]).

Denoting
M} = [*(|0)(0]),
M7 = @(10)(0]),

we see that we have
E(®},®3) = Tr(pM! @ M}) — Tr(p(1 — M!) ® M7)
~Te(om! @ (1 - 1)
+Tr(o(1 - M) ® (1 - M)
= E(Mil’M?)7

where E(M! ,M}) is a correlation for the two-outcome mea-

surements given by the effects M;' and M. It is a well-known
result [28] that we always have

E(M},M?) + E(M}!,M2) + E(M},M?) — E(M},M?)
< 2V2.

|
It is very intuitive that the Tsirelson bound, reachable by
measurements, will be also reachable by channels. To prove
this, let M,N € B,(H),0 < M <1,0< N <1, and de-
fine channels ®; : By(H) — Bi(H), Py : By(H) — Bi(H)
such that for o € ®4 we have
@y (o) = Tr(o M)[0)(0] + Tr(o (1 — M))[1)(1],
D y(0) =Tr(o N)|0)(0] + Tr(o (1 — N))[1)(1].
Itis easy to verify that the maps @, @y are quantum channels
and that they are also measurements as they map the state space
D4 to the simplex conv{|0)(0],|1)(1]}. Let p € Dygy, then
we have
Tr(Py ® PN)(P)A) =Tr(p(M @ N — (1 — M) ® N)
— Tr(p(M & (1 — N)))
+ Tr(p((1 — M) ® (1 — N)))
= E(M,N).
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This proves that any set of correlations and any violation
of CHSH inequality reachable by measurements are also
reachable by quantum channels as a violation of the bound
given by Proposition 25.

To generalize the proposed inequality, one may replace
the projectors |0)(0| and |1)(1| by any pair of effects M,N €
By(H),0< M <1,0< N <1, and have

A=M@N—-1-M®N-M® (@1 —N)+ 1 — M)
(1 — N).

From now on, we will consider a special case. Keep dim(#) =
2 and let

[yt = %(|00)(OO| =+ [11)(00] 4 [00)(11] 4 |11)(11])

be the maximally entangled state, let U, U,, Vi, V, be uni-
tary matrices and let ! = @y, ) = Oy, D2 = Oy, D3 =
@y, be unitary channels given by the respective unitary
matrices. We will consider the bipartite biconditional state
(@y,, Dy, ® (P, Py,))(|¥ )¢ T[) and we will show that
the correlations for the given bipartite biconditional state are
of a particular nice form. We have

(P, ® Py )Y NPT = (Id® Dy, yr ) (Y)Y,

where i,j € {1,2} and for U T denotes the transpose of the
matrix U. For the correlation we have

E(®y,.®y,) =Tr((i[d® q)v/_U‘_T)(|I//+)(¢+|)A)
= 1(101V; Ul 10) > + (11 V; U] 1)
— OIV; UL 1D ? = K1V, UT10) 7). (11)

We will provide an example of a violation of the bound
given by Proposition 25 by incompatible unitary channels.

Example 8. Letdim(H) = 2 and let 9 € R be a parameter.
Let Uy, U,, Vi, V, be unitary matrices given as

oo Lt 1
l_ﬁl_l’

(19
1 Vool
V‘:ﬁ<1 —ﬁ)’

. 1 1V
o \WE —1)

Consider the bipartite biconditional state (Py,,Py,) ®
(®v,, Pv,)(|¥T)(¥H]). Using Eq. (11), we can obtain
Xy+yy+| as a function of #. The function is plotted in Fig. 1,
where it is shown that for certain values of ¢ the bipartite
biconditional state violates the bound given by Proposition 25.

It is also easy to see that the bipartite biconditional state
((id,id) ® (id,id))(|y ) (¥ T|) does not violate the bound given
by Proposition 25 because all of the correlations are the same,
yet according to Proposition 24 we know that it must be a
Bell nonlocal bipartite biconditional state. This shows that
not all Bell nonlocal bipartite biconditional states violate the
inequality given by Proposition 25.
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FIG. 1. The blue solid line is Xy+y+ as a function of the
parameter ¥ € [1,10] when we consider the bipartite biconditional
state (Py,, Py,) ® (Pv,, Dy,)(|¥ ) (¥ T|) from Example 8. The red
dashed line corresponds to the Tsirelson bound 2+/2.

One may wonder whether there is or is not a connection
between steering and Bell nonlocality. As we have already
showed in Proposition 22, for measurements Bell nonlocality
implies steering. We will show that for channels the same does
not hold.

Example 9. Let dim(H) = 2. Let py € Dygy be given as
in Example 7 as a partial trace over the state |W)(W|. We
already know that the state py is not steerable by any pair of
channels. Consider the bipartite biconditional state ((id,id) ®
(id,id))(pw), if it is Bell local, then there must be a state
0 € DyeneHen such that

Tri3(0) = Tri4(0) = Tra3(0) = Trae(o) = pw.

Observe that Tri(0) € Dyeuen 1S such that Tr3(Tri(o)) =
Try(Tri(0)) = pw which implies that, according to our calcu-
lations in Example 7, we must have

Tri(o) = [W){W].

According to [56, Lemma 3] this implies that there is a state
p € Dy suchthato = p ® |W)(W]. This implies that we have
Tryps(o)=p ® %(2|0)(0| + |1)(1]) whichis clearly a separable
state. This is a contradiction as we should have had Try3(0) =
pw, which is an entangled state.

XIV. CONCLUSIONS

We have introduced the general definition of compatibility
of channels in general probabilistic theory through the idea of
conditional channels. We have also shown that a naive idea for
a compatibility test leads to a simple and straightforward for-
mulation of steering and Bell nonlocality. These formulations
of steering and Bell nonlocality are different even when we
consider only measurements instead of channels. Throughout
the paper, we have shown that all of our definitions and results
are in correspondence with the known result for measurements

PHYSICAL REVIEW A 96, 052127 (2017)

and we have also provided several examples and results about
the introduced concepts in quantum theory.

The paper has opened several questions and areas of
research. For example, a possible area of research would be
to look at the structure of conditional states and conditional
channels and to try to connect them to Bayesian theory.

Concerning the compatibility of channels, one may for-
mulate different notions of degree of (in)compatibility or of
robustness of compatibility in general probabilistic theory and
look at their properties, in a similar way as it was already
done in quantum theory [57]. For quantum channels, one may
wonder which types of channels are compatible. This would
generalize the no broadcasting theorem [56,58] which states
that two unitary channels can not be compatible.

One may also consider our formulations of steering and Bell
nonlocality as a case of the problem of finding a multipartite
state with given marginals. Such problems were studied in
recent years [59,60], but not in the form that would be
applicable to the problems of steering and Bell nonlocality
as incompatibility tests. This opens questions as to whether
one may characterize the structure of the cone Q¢p and of
other cones of interest in quantum theory. From a geometrical
viewpoint, this question is closely tied to the question of
existence of other Bell inequalities for channels than the one
we presented. Existence and exact form of the generalized Bell
inequalities are also a very interesting possible area of research.

We may also consider the use of steering and Bell
nonlocality of channels in the context of quantum information
theory and quantum communication. Both steering and Bell
nonlocality of measurement were used to formulate quantum
protocols and it is of great interest whether exploiting the
steering and Bell nonlocality of channels may lead to even
better or more useful applications.

One may also try and clarify the lack of connection between
steering and Bell nonlocality of channels. As we have showed
in Example 9, even if two channels can not steer a state, when
applied to both parts of the state the resulting biconditional
bipartite state may be Bell nonlocal. This may even have
interesting applications in quantum theory of information
as so far steering has been considered to lead to one-side
device-independent protocols that were seen as a middle
step between the original protocol and device-independent
protocol.

It may also be interesting to consider the resource theories
of channel incompatibility, of steering by channels, and of Bell
nonlocality of channels. Several similar resource theories were
already constructed (see [61] for a review).
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In quantum theory, the no-information-without-disturbance and no-free-information theorems
express that those observables that do not disturb the measurement of another observable and
those that can be measured jointly with any other observable must be trivial, i.e., coin tossing
observables. We show that in the framework of general probabilistic theories these statements do
not hold in general and continue to completely specify these two classes of observables. In this way,
we obtain characterizations of the probabilistic theories where these statements hold. As a particular
class of state spaces we consider the polygon state spaces, in which we demonstrate our results and
show that while the no-information-without-disturbance principle always holds, the validity of the
no-free-information principle depends on the parity of the number of vertices of the polygons.

I. INTRODUCTION

Quantum theory implies three simple, yet significant and powerful theorems: the no-broadcasting theorem, the
no-information-without-disturbance theorem, and the no-free-information theorem. The no-broadcasting theorem
says that quantum states cannot be copied; the no-information-without-disturbance theorem states that a quantum
observable that can be measured without any disturbance must be trivial, meaning that it does not give any informa-
tion on the input state; and the no-free-information theorem states that a quantum observable that can be measured
jointly with any other observable must be a trivial observable. In other words, there is no free information, in the
sense that a measurement of any non-trivial observable precludes the measurement of some other observable.

Each of the previous three statements can be formulated in the framework of general probabilistic theories (GPTs
for short). In this context we find it better to call them principles instead of theorems as they are not valid in all
probabilistic theories. In particular, the no-broadcasting principle is known to be valid in any non-classical general
probabilistic theory [1, 2]. In this work, we concentrate on the latter two principles and investigate their validity in
the realm of GPTs. The no-information-without-disturbance principle has been shown to hold within GPTs with
some additional assumptions, such as purification [3]; however, the validity of this principle has only been mentioned

@ non-classical
state spaces

state spaces
specified in Sec. V

J

state spaces
specified in Sec. VI

FIG. 1. Summary of the main results.
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in [4] but never fully investigated in all probabilistic theories. The no-free-information principle seems to have not
been investigated at all in any other theory than quantum theory.

Amongst these principles, no-free-information principle is conceptually the weakest, with no-broadcasting the
strongest: If the no-free-information principle is valid in some GPT—that is, for every non-trivial observable there
exists another incompatible with it—then the no-information-without-disturbance principle must also be valid, as
a non-disturbing observable would be compatible with every other observable. Furthermore, if the no-information-
without-disturbance principle is valid and hence no non-trivial observable is non-disturbing, then the no-broadcasting
principle has to hold, otherwise we would be capable of using the broadcasting map to create non-trivial non-disturbing
observables.

We will define three classes of observables, the first one consisting of those observables that always yield a constant
outcome independent of the measured state, the second one consisting of those observables that can be measured
without any disturbance and the third one consisting of those observables that are compatible with any other observ-
able. We will then characterize these classes, enabling us to show that the properties are different in some GPTs. We
will also derive a necessary and sufficient criterion for a GPT to have both the no-information-without-disturbance
principle and no-free-information principle valid be valid. Finally, we demonstrate the difference between the three
principles by analyzing them in polygon state spaces. The main results of our investigation are summarized in Fig. 1.

II. MOTIVATING EXAMPLE

In this section we will present a simple example to motivate our current investigation. A proper mathematical
formulation of the general framework will follow in later sections; in the following example we are going to work with
the set By (H) of square self-adjoint matrices over a finite dimensional Hilbert space H. We denote by 1 the identity
matrix and 0 the zero matrix. For A € By(#H), we write A > 0 if A is positive-semidefinite. Let A, B € By, (), then
if A>0 and Tr(A) =1, then A is a state and if 0 < B <1, then B is an effect. We refer the reader to [5] for a more
throughout treatment of states and effects and their operational meanings in quantum theory.

Imagine that we have an imperfect state preparation device that is meant to prepare qubits in a state p, but may
malfunction and prepare a qutrit in a state . Moreover we assume that the machine malfunctions with a probability
Pe, thereby the final state should be a mixture of p and o with probabilities 1 — p. and p., respectively. This means
that the machine is going to output a state ¥ that should formally be given as ¥ = (1 - p.)p + p.o. But how does
one understand the mixture of the 2 x 2 matrix p and the 3 x 3 matrix ¢? And how does one describe the output
state-space of such a machine?

Qubits are effectively a spin—% systems and qutrits a spin-1 systems, hence the joint Hilbert space H containing
both representations of the group SU(2) is going to be 5 dimensional and divided into two superselection sectors
[6] of dimensions 2 and 3, corresponding to the qubit and qutrit respectively. The output state ¥ is going to be a
block-diagonal 5 x 5 matrix given as

\I,:((l—pe)p 0 )

0 PeO
Let M be an effect on H, then M is of the form

M= (M1 Mg)’

M3 M,

where M7, My, M3 are matrices of corresponding sizes. We have

L= p)pMy (1= po)pM:
Tr(\I/M):Tr(( p:c)ﬂ\);gf 1 ( pe’;]@ 3):(1—pE)TT(pM1)+peTr(JM2),

hence from the operational viewpoint we may set M3 = 0 without loss of generality.
Let N be an effect given as
10
(5 o)

then N and 1 - N form a projective POVM. Moreover, both N and 1 - N commute with all other block-diagonal
effects, hence we conclude that the observable corresponding to the POVM N, 1 - N is compatible with every other
measurement.



This is hardly a surprise, rather a known property of the superselection sectors. Yet this opens the questions of
whether this is the only case when an observable is compatible with every other observable; whether no-information-
without-disturbance still holds; and whether an observable does not disturb any other observables if it is compatible
with them all.

As we saw in this example, we need to at least describe the set of states containing only block-diagonal matrices.
For this reason we will work in the GPT formalism as it will provide a unified, cleaner and better suited apparatus
for our calculations.

III. PRELIMINARIES

In the GPT framework we assume that a state space is convex as we want to interpret convex combinations as
mixtures of states. To describe observables, we will introduce effects as functions that assign probabilities to states.

A. Structure of general probabilistic theories

A state space S is a compact convex subset of an ordered real finite-dimensional vector space V such that S is a
compact base for a generating positive cone V, = {z € V|xz > 0}. Let V* denote the dual vector space to V, then the
effect algebra £(S) c V* is the set of linear functionals e : V — R such that 0 < e(z) <1 for every x € S. The zero and
the unit effects 0 € £(S) and u € £(S) are the unique effects satisfying o(x) =0 and u(z) =1 for all z € S.

The state space can be expressed as

S={zeV|r20, u(z)=1},

i.e. as an intersection of the positive cone V, and an affine hyperplane determined by the unit effect u on V. Similarly
we can define subnormalised states as

St ={zeV]z>0, u(z)<1}.

If dim(aff(S)) = d, we say that the state space S is d-dimensional, and then we can choose V such that dim(V) =
dim(V*) =d+ 1. It follows that the effects can be expressed as linear functionals on V such that

E(S)={eeV|o<e<u},

where the partial order in the dual space is the dual order defined by the positive dual cone Vi = {f € V*| f(z) >
0 for all € V.} of V.. In fact £(S) is then just the intersection of the positive dual cone V; and the set u — V5.

We say that a non-zero effect e € £(S) is indecomposable if a decomposition e = e; + ey for some effects eq, e5 € £(S)
is possibly only if e; and eq are positive scalar multiples of e [7]. The indecomposable effects are exactly the ones that
lie on the extreme rays of the positive dual cone V;.

When dealing with systems composed of several systems we have to prescribe a procedure for how to construct a
joint state space of the composed system. Mathematically, this amounts of specifying a tensor product. We are going
to use a tensor product only in cases where the other state space is classical. Therefore, there is a unique choice
known as the minimal tensor product [8].

Definition 1. Let S;, Sy be state spaces, then their minimal tensor product, denoted as S;®Ss, is given as

81@82 = COHV({QZ‘l ® T2 |.’[}1 € Sl,IEQ € 52}) .

B. Observables and channels

In this section we will introduce the main objects of interest to us - observables, channels and compatibility. We
will begin with observables and their compatibility, and build our way towards channels.

Definition 2. An observable A with a finite outcome set Q5 on a state space S is a mapping A : © - A, from the
outcome set Qa to the set of effects £(S) such that ¥ .o, Az = u. The set of observables on S is denoted by O(S).
For each A € O(S) we refer to Qa as the outcome set of A.



Let A,B € O(S) with respective outcome sets Qa, 5. We say that B is a post-processing of A, denoted by A — B,
if there is a right-stochastic matrix v with elements vy, z € Qa, y € Qp, 0 < vgy <1, ¥ ey Vay = 1 such that

By = Z VeyAe

zeQp

in which case we also write B = v o A. The operational interpretation is straightforward: we have A — B only if we
can obtain the probabilities given by B from the probabilities given by A. The condition ¥, .o, Vay = 1 follows from

ZyeSZB By =u.

Definition 3. A collection of m observables A ... A(™) ¢ O(S) is compatible if there exists an observable
Jawr acm € O(S) such that Jya) A = A for all i = 1,...,m. If two observables A and B are compatible
we denote it A @ B.

Compatibility of observables and of observables and channels will play a central role in our calculations.

Definition 4. Let S1, Sy be a state spaces. An operation is an affine map ¥:S; — 8251. A channel is an affine map
®:S; - Sy. The set of channels from &; to S is denoted by €(S1,S2) and in the special case where S; = So =S we
denote it by €(S).

In quantum theory we also require channels to be completely positive, but we omit this within GPTs as in general
it is problematic to specify what complete positivity means.

Let S be a state space and let A € O(S) with an outcome set Qa of n elements. We can identify the points of Qa with
the extreme points of a simplex, which allows us to form convex combinations of the points of 4. Moreover we will
denote this simplex P(£24) and its extreme points d1, .. .,d, as they correspond to classical measures on Q2 supported
on a single point. Now we can see the observable A as a channel A : § - P(Qa). Furthermore, a post-processing v
can be seen as a channel mapping the classical state spaces corresponding to outcome sets of observables.

As mentioned above, similarly to compatibility of measurements, we can introduce the compatibility of a measure-
ment and a channel. The central role is going to be played by a generalization of partial trace, which is as follows:
let 81, Sa be state spaces and let x € S;®S,, then by definition we have x = Y1, )\ix} ® xf for some xll € S, xf €8s,
Ai>0forie{l,...,n} and Y1, \; = 1. We then define the maps u; : $;®S2 » &2 and us : ;882 - S as

up(x) = Z )\Zu(mzl)xlz = Z /\ia:?,
i-1 i=1

uz(z) =), Nu(x?)x) = > Ny .
i=1 i=1

The maps u1, us are direct generalizations of partial traces. The definitions may be easily generalized also for entangled
states but this is out of the scope of what we will need in future calculations.

Definition 5. A channel ® : § - S is compatible with an observable A € O(S) with outcome set Qp if and only if
there is a channel ® : § > S®P(2a) such that for all z € S we have

®(z) = (uz 0 ®)(2),
A(x) = (u1 0 @) (),
where o denotes the composition of maps.

If the channel ® were an observable, we would obtain a definition of compatibility of observables which can be
shown to be equivalent to Def. 3; see [9]. In a similar fashion one may also formulate the definition of compatibility
of channels [10].

We will start with a simple lemma for the compatibility of an observable and a channel.

Lemma 1. A channel @ € €(S) and an n-outcome observable A € O(S) are compatible if and only if fori e {1,...,n}
there are operations ®; : S — V+ such that

®=3a, (1)
=1
Ai ZUO‘I%'. (2)



Proof. Let Qa = {01,...,0,} denote the outcome space with n points. Moreover let by, ..., b, denote the dual base of
affine functions ’P(QA) — R, such that b;(d;) =1 if and only if i = j. If ® and A are compatlble then there exists a
channel ®: S — —~ S&P(Qa) such that & =uy o ® and A = up 0 ®.

In general, we have ® € V* @ V@ P(Qn), i.e.

ZZ fij @ ¥; ®9;
i=1jeJ

for some f;; € V* and 1; € V and for some index j from a finite index set J. Denote ®; = ¥, ; fi; ®1; and notice that
®; are linear maps V — V.

Since ® must be a channel then b; o ® : S - & must also be a positive map and since b; o ® = ®;, we see that ®; are
positive maps. Since ® is a joint channel of ® and A we must have

P = u20

3 ||M3

A=ujod= Z(uoq))®6

Yiy(uo ®;)(z) =1 for all x € S implies that ®; are operations. .
If there exist operations ®; satisfying (1) and (2), then define ® = Y7, ®; ® §;. Positivity and normalisation of @
follows from the positivity of ®; and (2). The fact that ® is a joint channel of ® and A follows from (1) and (2). O

IV. FORMULATION OF THE TWO PRINCIPLES

The purpose of measuring an observable is to learn something about the input state via the obtained measurement
outcome probability distribution. An observable is called trivial if it cannot provide any information on input states.
More precisely, this means that a trivial observable T assigns the same measurement outcome probability distribution
to all states, i.e., T = pu for some probability distribution p on Q. Physically speaking, a measurement of a trivial
observable can be implemented simply by rolling a dice and producing a probability distribution independently of the
input state. We denote by 77 the set of all trivial observables, i.e.,

Ti={TeO(S)|To(s) =To(s) Vx e Q, V5,5’ €S}
={TecO(S)|IpeP(Q7): Ty=p(x)u Ve eQr}.

From the banal structure of trivial observables it follows that any such observable is compatible with every other
observable. Formally, if T = pu is a trivial observable and A is some other observable, then we can define an observable
Jr.a with effects J1 a(z,y) = p(2)A,, and we have ¥, Jt a(x,y) = A, and ¥, Jra(z,y) = T,

Furthermore, a trivial observable is compatible with every channel. Namely, if T = pu is a trivial observable and ®
is a channel, then we can define operations ®; : S - V, as ®; = p(i)® for all i € Q7. Clearly, then ¥ ;.o ®; = ® and
(wo®@;)(x) =p(i) = T;(x) for all i € Qr so that by Lemma 1 we conclude that T and ® are compatible.

These two features of trivial observables raise natural questions: are there observables other than trivial ones that
have these features? If so, what is the structure of such observables? As we have seen in Sec. II, the answer to the
first question is affirmative, hence the second question urges an investigation.

To properly analyze the two mentioned features, we consider them as independent properties that determine a
subclass of observables. Hence, for a state space S, we define the following subsets of observables:

To={TecO(S)|Tod® VP ec€(S)},
Ts={TecO(S)|ToAVAcO(S)}.

If an observable T is compatible with the identity channel id, then T is compatible with any channel ® € €(S).
Namely, suppose that T is compatible with id, so there exist operations ¥; : § - V, such that } ;.. ¥; = id and
uwo ¥; =T;. Then we can define a new set of operations as ® o ¥;, and these operations give 3,.q, o ¥; = Poid= P
and uo (®oW,;) =(uo®)o®, =uod; =T,;. Therefore, we can concisely write

T ={TeO(S)|T @id}.



We conclude that T3 is the set of observables that can be measured without causing any disturbance.
Now, suppose that T € 73, so there exist operations ®; : S -V, such that ¥,.q, ®; = id and uo®; = T, for all 7 € Q.
If Ae O(S), we define a joint observable G of A and T by G;; = Aj o ®; for all i € Q7 and j € 2a. We then see that

J J j

ZGU:Z(AjO(I)i):Ajo(Zq)i):Ajoid:A]-

for all i € Q1 and j € Qa. Thus, A and T are compatible, and since A was an arbitrary observable, it follows that
T € 7T3. We conclude that

TicTacTs.

These three sets and the previous chain of inclusion allows us to give a simple and concise formulation of the two prin-
ciples: The no-information-without-disturbance principle means that To = T1, while the no-free-information principle
means that T3 =T;.

V. CHARACTERIZATION OF 7;

The aim of this section is to characterize non-disturbing observables and the structure of the state spaces they
may exist on. We will have to introduce additional mathematical results to provide the full description of such state
spaces.

A. Direct sum of state spaces

We will introduce a direct sum of state spaces as a generalized description of using only block-diagonal quantum
states. Our aim is to mathematically formalize the operational idea of having an ordered pair of weighted states from
two different state spaces.

Definition 6. Let V;, V> be real finite-dimensional vector spaces and let S; ¢ V; and Sy ¢ Vs be state spaces. We
define a state space S; ® Sy c V1 x V5 as the set of ordered and weighted pairs of states from S; and S, i.e.,

S108; = {()\1‘1, (1 - )\)1‘2) |$1 € 81,1'2 € SQ,)\ € [071]}

Given state spaces S1,...,S, one can define §1 @ ... 8 S, in a similar fashion as a subset of V; x...V,, i.e., one
would have

n

S1@"'@Sn:{(/\1.%'1,...,)\n.%'n)|$iESi,)\iZO7Vi€{1,...,n},z>\i:1}.

i=1

In what follows we will present a few basic results about S; @ S3. We will limit only to direct sum of two state
spaces for the sake of not drowning in a sea of symbols, but it will be straightforward to see that all of the results
hold for any finite direct sum as well.

Proposition 1. £(S; @ &) = E(81) x E(Sz), where E(S1) x E(S2) = {(e1,e2)|e1 € E(S1),ea€ E(S2)}.

Proof. 81 ®S2 ¢ V1 x Vs so we must have £(S1 ®S2) c Vi x V5. Let (e1,e2) € Vi x V3 and let (Az1, (1-N)zg) € S1 & So,
then from

(617 62)(()\$1, (1 - )\)1‘2)) = )\61(1?1) + (1 - )\)62(.%2) <3)
it follows that £(S1) x £(S2) ¢ £(S1 & S2). Assuming (e1,e2) € £(S1 & S2) and setting A =0 and A =1 in (3) we get
6165(81) and 62€g(82). O

It follows that if A € O(S; ® Sa), then we have A; = (A}, A?) for some Al € O(S1), A? € O(S2).

Proposition 2. Let A,B € O(S, @ S,), such that A; = (A}, A?), B; = (B}, B?), then A B if and only if A' @ B* and
A? @ B2,



Proof. If A @ B! and A ® B? then A ® B as we can form the joint observable as (Jag)x = ((Ja1 g1 )k, (Jaz g2)x) and
apply the respective post-processings to the respective observables, hence A @ B. Note that to make the observables
have the same number of outcomes, we can always pad out one with zero effects corresponding to some extra outcomes
that never happen.

If A @ B, then by restricting the state space only to states of the form (x1,0) € S; ® So, where 1 € S; it follows that
A! @ B! are compatible as we can obtain Ja1 g from Japg. A? @ B2 follows in the same manner. O

This explains our motivational example in Sec. II. One can also prove a similar result for the compatibility of an
observable and a channel, but we will leave that for the next section, where we will investigate the conditions for the
compatibility of an observable and the identity channel id: S — S, where direct sums of state spaces will play a role.

This last result will help us identify the direct sum structure of a state space.

Proposition 3. Let S be a state space and let 81,82 ¢ S be convex, closed, conv (S;US2) =S and for every x € S
there are unique x1 € Sy, ©2 € Sy and A € [0,1] such that x = Axy + (1 - N)as. Then S =81 & Sa.

Proof. Let V1 and V, denote the subspaces of V generated by &1 and Sy respectively. Define map P : S — V; x Vo
given for x € S, x = Ax1+ (1= N)xa, 11 € S1, 2 € So as P(x) = (Az1, (1-N)z3). It follows that we have P: S - S1 @ Ss,
moreover one can easily see that P is an affine isomorphism. It follows that S is affinely isomorphic to &1 & So, the
result follows by simply omitting the isomorphism. O

B. Compatibility of an observable and the identity channel

We are going to derive conditions for an observable to be compatible with the identity channel id : S§ - S. Our
results will be similar to the results mentioned in [4, 11], but we will approach the problem from a different angle and
with a different objective in mind.

Lemma 2. An observable A with an n-outcome space Qp is compatible with the identity channel id : S - S if and
only if there is a channel ® : S - S®P(Qa) such that for every extreme point y € S we have

(y) = Ai(y)y ® ;. (4)
i=1
Proof. Assume that an observable A is compatible with id, then due to Lemma 1 we must have operations ®4,...,®,,

such that id = Y.7-; ®; and A; = uo ®;. To prove our claim we will use the defining property of extreme points. We
have

y =id(y) = Zl ®;(y)

that implies ®;(y) = A\;(y)y, where \;(y) € [0,1] may in general depend on ¢ and y. From A; = uo ®; we obtain
Ai(y) = A;(y). For the joint channel ® of id and A we have

O(y) = ifbi(y) ®0d; = iAi(y)w 8;.

i=1 =1

Now assume that for a channel @ : § » S®P(Qa) the equation (4) holds. For every extreme point y € S we have
(u2 0 @) (y) = X, Ai(y)y =y,
i=1
(u10®)(y) = Y Ai(y) ®; = A(y).
i=1

Since this holds for every extreme point of S it follows that ® is a joint channel of A and id. O

Proposition 4. Observable A is compatible with id if and only if there is a set of affinely independent extreme points
of S, denote them x;, j € {1,...,d} such that S c aft ({z1,...,zq}) and for every extreme point ye S, y = Zgzl 05T
it holds that

aj(Ai(z;) - Ai(y)) = 0. (5)



Proof. Assume that an observable A is compatible with id and let x1,...,z4 € S be a set of affinely independent
extreme points, such that S c aff ({z1,...,24}). Let y € S be an extreme point, then y = Zle a;xj, where Zle a; = 1.

According to Lemma 2 there is a channel ® such that (4) holds. Plugging in the expression y = Z?ﬂ ajx; we obtain
d d n
(y) = Y, a;®(x) = ) a5 3 Ailwj)z; @0,
j=1 j=1 =1
which implies

n

n d
ZAi(y)y ®9; = Z
i=1 =14

O[in(l‘j)IEj ® 51
1

Since 01, ...,d, are linearly independent we must have A;(y)y = Z?:l a;A;(x;)x; which yields

d
Zl a;j (Ai(z;) = Ai(y)) z; = 0.

Eq. (5) follows by affine independence of x1,...,z4.
Assume that (5) holds for an observable A and define a map @ : S > S@P(Qa) given for je {1,...,d} as

(I)(CEJ) = iAl(IJ)IJ ® d;

i=1

and extended by affinity to all of S. Let y € S be an extreme point, then we have y = Z?zl oy, Z;—Ll aj =1 and

d d n d n n
D(y)=> a;®(z;) =Y, a; > Ai(z;)z; ®6; = 2. Y oA (y)z; @6 =Y Ai(y)y ® 65
j=1 j=1 i1 i=1

j=li=1
where we have used (5) in the third step. By lemma 2 it follows that A is compatible with id. O
Note that if S is a simplex, then the set {x1,...,24} is unique and contains all extreme points of S, hence the

requirement of Prop. 4 is trivially satisfied.
It is important to note that Prop. 4 provides a condition on the effects A;, not on A as a whole. Therefore it will
be interesting to investigate the set of effects that satisfy the condition (5).

Definition 7. We denote £T 5 set of effects on a state space S that satisfy the condition (5), i.e. f € ET 2 if there
is some set {z1,...,24} of affinely independent extreme points of S such that S c aff ({z1,...,24}) and for every
extreme point y €S, y = Z‘;-lzl ajx; it holds that

o;(f(z;) - f(y)) =0. (6)
The following is a straightforward.

Lemma 3. Let f,geET2, 0< A<l and 0< N <1, then A\f € E(S) if and only if f € ET 2, f+9¢€&(S) if and only if
f+ge&ETaand Nf+(1-X)ge&Ts.

Proof. \f € ET5 and f + g € ET 2 follow immediately from linearity of (6). Convexity of £7 2 follows. O
Proposition 5. Let 0<A<1 and 0< <1, then fe€&ETo if and only if A\f + (1= Npuue ETs.
Proof. If f € ET 5 then Af + (1 - A)pu € ET 2 follows by Lemma 3. If Af + (1 - X)puu € ET 2, then

aj((Af+ (1= Mp)(z;) = (Af+ (1 =N)p)(y)) =0

implies o, (f () - /(1)) = 0. 0

The result of Prop. 5 is non-trivial. As we will see, there are observables that are compatible with all other
observables because they are “noisy enough”. But according to Prop. 5 this is not the case for compatibility with
the identity channel id. Loosely speaking Prop. 5 together with the next result show that the structure of 75 is more
like 77, than 73 in the sense that observables in 75 are in some sense classical; such as was the case in Sec. II.



Corollary 1. Observable A € Ty if and only if A; € ET o for all i.

Proof. Follows from Prop. 4. O

Theorem 1. f e &ETo if and only if S = @) Sk and f is constant on each Sj.

Proof. If S is a simplex, then there is only one set {x1,...,z4} of affinely independent points and we have S = EB;-lzlxj.
The claim follows.
Let z1,...,24 be a set of affinely independent extreme points of S and let y € S be an extreme point, then we have

Y= Z;ﬁl a;z;, Z;lzl a; = 1. Assume that o # 0 and o~ # 0 for some j',j"” € {1,...,d}, which holds whenever S is
not a simplex. Eq. (6) implies f(z;/) = f(y) and f(z;~) = f(y), which gives f(x;) = f(x;7).

Denote S. = conv ({z € S: f(z) = ¢, z is extreme}). We have just proved that that there is only finite number of the
sets S;, Sc c aff ({z; : f(z;) =c}).

Let z € S, then we have already proved that we have

2= ) Ao (7)

ce[0,1]

where 0 <Ac <1, ¥ cr0,1] Ac = 1 and y. € Sc. Note that y. is not necessarily an extreme point of S. We will show that
the decomposition (7) is unique. Assume there is another decomposition z = ¥ (0,1] \e¥e, Where again 0 < A| <1,
Yeef0,1] Ae = 1 and y; € S.. Moreover assume that A # 0, then from ¥ .c10,1] Ae¥e = Xee[o,1] \e¥e We have

1 '
Yer = Z A:yc - Z )‘cyc .
Aot ()

ce[0,1] ce[0,1]N

We can decompose Yo = Y7oy fkYer ks Where 0 < py, <1, Y71y, = 1 and ye j, are extreme points of S. Moreover
assume that py # 0, then we have

1 1 , n
Yer k' = ()\ B ( Z A:‘y(’ - Z )‘cyc) - Z ,“kyc’,k) .

Hk [0,1] ce[0,1]{e’} k=1,k#k’

It follows that the right-hand side must be an affine combination of z;, j € {1,...,n} such that f(z;) = ¢’. This
implies that for ¢ # ¢ we must have A.y. = ALy.. as otherwise the aforementioned result would be violated. We get

1 (A, Z":
Yo' s = EYer = 1Yk | -
‘ pr \Aer ™" i T ‘

It follows that

!

=2
yc )\C’ yc )
hence the two decompositions of z are the same. The result follows from Prop. 3. O

Using Thm. 1 we can easily characterize all two-dimensional state spaces that have observables compatible with the
identity channel, i.e. that have information without disturbance. Remember that if a state space is two-dimensional,
then dim(V) = 3 where V is the vector space containing the cone V* which has the base S.

Corollary 2. Let dim(V) =3, then S = S' @ S? if and only if S is the triangle state space.

Proof. Assume that S = S! @ S2, then V = V! x V2, where V!, V? are the vector spaces that contain S' and S?
respectively. This implies dim(V?) + dim(V?) = dim(V) = 3 and we can assume that dim(V!) = 1, dim(V?) = 2. This
implies that S! contains only one point and S? is a line segment, i.e. it has two extreme points. It then follows that
S must have three extreme points, hence it is a triangle state space, which is a simplex. O

In a similar fashion one can show that every three-dimensional state space that has information without disturbance
is pyramid shaped, where the base of the pyramid can be any two-dimensional state space.
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VI. CHARACTERIZATION OF T3
A. Simulability of observables

Simulation of observables is a method to produce a new observable from a given collection of observables by a
classical procedure, that is, by mixing measurement settings and post-processing the outcome data [12-15]. For a
subset B ¢ O(S), we denote by sim(B) the set of observables that can be simulated by using the observables from
B, i.e., A € sim(B) if there exists a probability distribution p, a finite collection of post-processing matrices v and
observables B(*) ¢ B such that

A= Zpi (V(i) ° B(i)) )

We will also denote sim(B) = sim({B}). Clearly,
sim(B) = {AcO(S):B— A}.

We recall from [14] that an observable A is called simulation irreducible if for any subset B c O, we have A ¢
sim(B) only if there is B € B such that A € sim(B) and B € sim(A). Thus, a simulation irreducible observable can
only be simulated by (essentially) itself. Equivalently, an observable is simulation irreducible if and only if it has
indecomposable effects and is post-processing equivalent with an extreme observable. We denote by O;,.-(S) the set
of simulation irreducible observables. It was shown in [14] that for every observable there exists a finite collection of
simulation irreducible observables from which it can be simulated.

It is worth mentioning that simulation irreducible observables are always incompatible, and in fact, a state space
is non-classical if and only if there exists at least two inequivalent simulation irreducible observables [14].

B. Intersections of simulation sets

A trivial observable can be simulated by any other observable, and therefore

Ti= () sim(B). (8)
BeO(S)

The following stronger statement is less obvious, although not too surprising.

Proposition 6.

Ti= ) sim(B). (9)
BeO(S)\T1

Proof. Since Ty € Ngeo(s) sim(B), it is clear that 71 S Nco(s)v7; 5im(B). On the other hand, suppose that the
inclusion is strict so that (w.l.o.g.) there exist a dichotomic observable T € Ngeo(s).7; sim(B) such that T ¢ 7;. This
means that the effects T, and T_ are not proportional to the unit effect u so that especially T, and u are linearly
independent.

We take A, ¢ € (0,1) and define another dichotomic observable A by A = AT + (1 - A)Q, where Q € 7; is defined as
Qs =qu and Q_ = (1 - ¢)u. Since A #0 and T ¢ 71, we have that A ¢ 7;. Hence, by the definition of T we have that
T e sim(A), i.e. there exists two real numbers vy, 15 € [0,1] such that T, = 1A, + v2A_. When we expand A, and A_,
we find that

Ty =11 (ATe + (1= N)qu) + vo(AT_+ (1= N)(1 - q)u)
=AMy —v2) T+ (1= A)(v1 — v2)qu + vau,

where on the second line we have used the fact that T_ =u—T,. From the linear independence of u and T, it follows
that we must have A(v1 — v3) = 1, which is a contradiction since 0 < A <1 and v; — vy < 1. O

The equations (8) and (9) make one to wonder if the set O(S) \ 71 can still be shrunk without altering the
intersection property. Remarkably, taking O;..(S) instead of O(S) \ 71 changes the intersection, and leads to the
following characterization for the set 73.
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Proposition 7.

Ts= () sim(B). (10)

BeOir(S)

Proof. Let first T € T3. Since T is compatible with every other observable, it is in particular compatible with every
simulation irreducible observable. Thus, for every B € O;,..(S) there exists GB € O(S) such that {B, T} ¢ sim(GB).
Since B is simulation irreducible it follows from the definition that B <> GB so that sim(B) = sim(GB). Thus, T € sim(B)
for all B e O;--(S).

Now let A € Ngco,,..(s)5im(B) so that A € sim(B) for all B € O;..(S). We must show that A is compatible with
every other observable. Thus, let C € O(S). For C there exists a finite set of simulation irreducible observables
B = {B(i)}?=1 such that C e sim(B). Thus, there exists a probability distribution (p;)i~; and a post-processing
v:{l,...,n} xQp — Qc such that

Cy = > Pit/(iz)y B (11)

i,T

for all y € Qc. If we denote by B the (generalized) mixture observable with outcomes set {1,...,n} x Qp defined by
E(i,x) = ;B for all i e {1,...,n} and z € Qp, we see that actually C, = (v oB), for all y € Qc so that C e sim(B).

Since A € sim(B) for all B € 0;,..(S), we have that A e sim(B") for all i = 1,...,n. Thus, there exists post-
processings u® : Qg - Qa such that A = (9 0o B® for all 4 = 1,...,n. If we use the same probability distribution
(pi): as before, we have that for all z € Qa

Az = ZpiAz = Zpi > B = ZM(i,x)zPiBg) =(uoB).,

1,x

where we have defined a new post-processing p: {1,...,n} x Qs — Qa by setting ji(; z). = ,AQ for all i € {1,...,n},
2 €Qp and z € Qa. Hence, also A € sim(B) so that A and C are compatible. O

As was shown in Prop. 7, the observables that are compatible with every other observable are exactly those that can
be post-processed from every simulation irreducible observable. However, we note that it is enough to consider only
post-processing inequivalent simulation irreducible observables since two observables B and B’ are post-processing
equivalent, B < B, if and only if sim(B) = sim(B’). Thus, when we consider the intersection of the simulation sets
of simulation irreducible observables, we only need to select some representative for each post-processing equivalence
class.

The natural choice for the representative is to take the extreme observable with pairwise linearly independent
effects: it has linearly independent indecomposable effects with the minimal number of outcomes in the respective
post-processing equivalence class. It was shown [14] that such extreme observable exists in every equivalence class
for simulation irreducible observables. We denote the set of extreme simulation irreducible observables by O¢%(S) so
that

Ts= () sim(B)= [ sim(B).

BeOjrr(S) BeOert(S)

irr

Corollary 3. An observable A € O(S) on a state space S is included in T3 if and only if

Aye () cone({Bslues) VyeQa. (12)
BeO#t(S)

irr

Proof. Let first A € T3. By Prop. 7 for all B € O*!(S) there exists a post-processing v® such that A=180B, i.e.,

rr

A= Y BB, (13)

zreQlp

for all 3y € Qa. Since 1B, >0 for all € Qg, y € Q4 for all B € 05 (S), we have that

oy 2 rr
Ay € cone ({Bg }zeng) ()

for all B € O¢*1(S) for all y € Qa, which proves the necessity part of the claim.

wrr
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FIG. 2. The blue solid line is the boundary of the state space S used in the example. The black dotted line shows that S can
be considered as a subset of the simplex Ss.

Then let Eq. (12) hold. Thus, for each B € O£ (S) there exists positive numbers xS, > 0 such that

zeQlp

for all y € Q4. From the normalization of observables A and B it follows that

ZBz:u:ZAy:Z(ZMSy)Bm. (15)
IGQB yGQA xéQB yGQA

Since each B € O5*'(S), we have that each B consists of linearly independent effects B, [14], so that 3,0, ,uEy =1 for
all 2 € Qg. Thus, we can define post-processings u for each B € O*(S) with elements ufy so that A € sim(B) for all

wrr

B € 0(S). O

rr

C. Example showing that 72 # T3

We will present an example of a two-dimensional state space S, such that there is an observable A € O(S) with
AeTs but A¢Ts.
Let

0\ (0.5\ [0.5\ (1
S=conv||O0],] O ],]05],]0
1 1 1 1

)

where the z-coordinate is used to identify S with a base of a cone. Let

0\ [0\ (1
Sz=conv||0],]1],]0
1 1 1

be a simpex, then we have S c S3 as shown in Fig. 2.
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extreme rays

effect algebra

FIG. 3. The effect algebra £(S) used in the example. The black lines represent the wireframe model of £(S), the blue lines are
the extreme rays of the cone of positive functions and the red dots denote the effects that we are using in the example (with

&1=19).

Let us define functionals x,y,u given as

_— o O

1 0
z=|0], y=11], U=
0 0

The points are shown in Fig. 3.
According to Prop. 16 from appendix A there are 4 indecomposable effects corresponding to the 4 maximal faces
of §. They are &1, &2, &3 and u — &3, where

glzyv fgzu—x—y, 53:’11—21[‘.

It was shown in [14, Corollary 1] that simulation irreducible observables must consists of indecomposable effects.
We are going to find all simulation irreducible observables on S as we know that A € 73 if and only if A is simulable
by every simulation irreducible observable; see Prop. 7.

Assume that there would be a simulation irreducible observable with the effects a1&1, ass, asés and af(u - &3),
where aq, s, as, ab € R, then we must have

O[lfl + 0[262 + O£3€3 + O[é(u - 53) =Uu
which yields

—a2—2a3+2ag =0,
041—012:0,
042+O£3=1.

Since the effects of simulation irreducible observables must be linearly independent, we know that at least one of the
coefficients must be equal to zero.
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Assuming a; =0, we get as =0 and a3 = o4 = 1 and we obtain a dichotomic observable B with effects

81:537
BQ =u—£3.

Assuming ap = 0 yields @y = 0 and a3 = o = 1, i.e. the same observable B. Assuming a3 = 0 gives ag = ag = 1 and
af = % and gives us a three-outcome observable C with effects

C=¢&,
C2 = 627
C3 =Xx.
Finally assuming o = 0 leads to a contradiction.
Let A be a dichotomic observable given as
A1 =,
Ay =u-—ux.

Note that we have x = %(u - ¢3), which shows that A is simulable by B and we have z = u — &; — &, which shows that
A is simulable by C. This shows that A € 73.

We are going to use Prop. 5 to see that A ¢ 75. Assume that A € T3, then Ay € £T 2, which by Prop. 5 implies
also u— &3 € ET 5 as u— &3 = 2x. This would imply that B would be compatible with every other observable, but it is
straightforward to see that B is incompatible with C as they are the only two simulation irreducible observables and
if they would be compatible, then all of the observables on & would be compatible. This would in turn yield that S
would have to be simplex [16] which it clearly is not.

An insight into how we obtained this example is provided by the simplex S5: &1, &2 and z are effects on the simplex
S3 so that the compatibility of A and C follows. Moreover, the fact that u — &3 = 2z > x gives the compatibility of A
and B.

VII. STATE SPACES SATISFYING 71 =T2="Tz

Next we will consider conditions under which the no-information-without-disturbance principle (72 = 71) and the
no-free-information principle (73 = 71) hold and when they do not. First we note that, as was mentioned earlier, in
general we have that 7; € 75 € T3 so that if the no-free-information principle holds, and therefore we have that 73 = 71,
it follows that also T3 = 77 so that the no-information-without-disturbance principle must hold as well.

A. Conditions for 71 = T3

With the help of Prop. 7 we can show the following.

Proposition 8. The following conditions are equivalent:

i) Ti=Ts
it) ﬂ cone ({By }zeqg ) = cone (u)
BeOirr(S)
ZZZ) m Conv({{BQJ}mEQBJOyu}) = COHV({O,U}),
BeO;r(S)

Proof. i) = iii): It is clear that conv ({o,u}) € Ngeo,,..(s) conv ({{Bz }+,0,u}). Now take

ee () conv({{Bs}s,0,u})

BeO;rr(S)

and define a dichotomic observable E with effects E; = e and E_ = u—e. Since E, € conv ({{B;}s,0,u}) for all
B € 0;r(S), it follows from Prop. 8 in [14] that E € sim(B) for all B € O;;..(S). From Prop. 7 it follows that
E € 73 = T1 so that actually e € conv ({o,u}).
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i) = 4i): It is clear that cone (u) € Ngco,,..(s) cone ({Bz}»). Now take g € Ngeo,,..(s) cone ({Bz }) so that for all
B € 0;r(S) there exists positive real numbers (af), c R, such that g = ¥, aBB,. We denote a = SUDBeo,,. (S) L aB.
If @ =0, then g = 0 € cone (u); otherwise we define an effect f € £(S) by f = ég. Now

fe (N conv({{Bi}ls,0})c [ conv({{Bs}s, 0,u})=conv({o,u}) (16)

BeO,rr (S) BeO;rr(S)

so that f =pu for some p € (0,1]. Thus, g = apu € cone (u).

it) = i): As noted before, we always have Ty € T3 so that it suffices to show that 73 € 71. Thus, take A € 73. By
Prop. 7, A e sim(B) for all B € 0;,-(S) so that for each B € 0;,,.(S) there exists a post-processing v5 : Qg - Q4 such
that Ay =3 e nyBx for all y € Qa. Since all the post-processing elements are positive for each B € O;,..(S), we have
that A, € cone ({Bg}zeqg) for all y € Qa and B € Oy (S). Thus,

Aye () cone({By}ies) = cone (u) (17)
BeO;rr(S)

for all y € Qa from which it follows that A € T;.
O

Proposition 9. Let S be a d-dimensional state space. If |O52(S)| < oo and all the extreme simulation irreducible
observables have d + 1 outcomes, then T1 + T3.

Proof. Since S is d-dimensional (i.e. dim(aff (S)) = d), the effect space is contained in a d + 1-dimensional vector
space. Suppose that, on the contrary 73 = 73. From Prop. 8 it follows then that

(1 cone({Bz}z)= [\ cone({Bys}seny) = cone(u).
BeO¢ri(S) BeO;.r(S)
Since dim(V*) = d + 1 and each extreme simulation irreducible observable consists of d + 1 linearly independent
effects, it follows that cone ({B;}.) has a non-empty interior, denoted by int (cone ({B,}.)), in V* for all B € O;,.,.(S).
In particular, u € int (cone ({B,};)) for all B € O¢*(S), so that

wrr

@ = int (cone (u)) = int( N cone({Bw}x)) = () int(cone({By}s))*@ (18)

Be®et(S) BeOet(S)

which is a contradiction. O

Proposition 10. If there exist at least two post-processing inequivalent dichotomic simulation irreducible observables

on S, then Ty =T =T3.

Proof. By the assumption there exist two dichotomic observables E,F € O;;..(S) such that E «» F. Take A € T3 so that
by Prop. 7 we have that A € sim(E) and A € sim(F). From Prop. 11 in [14] it follows that A, € conv ({E+,E-,0,u}) and
A, € conv ({F,,F_,o0,u}) for all x € Qa. Since E and F are inequivalent, it follows that the set {u,E,,F,} is linearly
independent, so that A, € conv ({E;,E_,0,u}) nconv ({F,,F_,0,u}) = conv ({o,u}) for all z € Qa. Thus, A € 71 so
that 77 = 73. O

With the previous proposition we can show that the no-free-information principle holds in any point-symmetric
state space, i.e., in a state space S where there exists a state sg such that for all s € S we have that

§'=2sg-s€8. (19)

This means that for each state s there exists another state s’ such that sg is an equal mixture of s and s', i.e.,
So = %(s + s'). Point-symmetric state spaces include the classical bit, the qubit and polygon state spaces with even
number of vertices.

One can show that the effect space structure is also symmetric for symmetric state spaces. Firstly, all the non-trivial
extreme effects are seen to lie on a single affine hyperplane. Namely, if e € £(S) is an extreme effect, e # 0,u, there
exists a (pure) state s € S such that e(s) = 0 [7]. For s, there exists another state s’ such that sy = (s +s’) so
that e(so) = 3e(s’). Similarly there exists a (pure) state ¢ € S such that e(t) = 1 [7]. For ¢, we can find ¢’ such that
e(s0) = 2(e(t) +e(t')) = 3(1 +e(t')). Combining these two expressions for e(so) we find that e(s’) = 1+ e(t') from
which it follows that (') = 0 and e(s") = 1 so that e(so) = 4 for all extreme effects e. Thus, all the non-trivial extreme
effects lie on an affine hyperplane determined by the state sq.
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(o]

FIG. 4. The even and odd polygon state spaces and their effects spaces.

Secondly, we see that all the non-trivial extreme effects must actually be indecomposable. If e € £(S) is an extreme
effect, e # 0,u, then we can find some decomposition into indecomposable extreme effects {e;}_; for some r € N so
that e = ¥'_; aze; for some numbers {a;}7_; c [0,1] [7]. Since all extreme effects give probability 1 on the state so,
we have that 1 =2e(sg) = Y;_1 ;. Since e is extreme, it follows that r = 1 so that e is indecomposable.

Thirdly, the convex hull of all the extreme indecomposable effects (that lie on an affine hyperplane) is also point-
symmetric: if e € £(S) is a non-trivial extreme effect, then e’ := u — e is also a non-trivial extreme effect so that
eo = 3u = 3(e+e’) acts as the inversion point of the set.

Corollary 4. In every non-classical point-symmetric state space S we have T1 = Tz = T3.

Proof. Since S is non-classical, there exists two non-trivial extreme effects e and f such that e, f # o,u, e # f,u— f.
We define two dichotomic observables E and F by setting E, =e, E_. =u—-e, F, = f and F_ = u— f. Since the state
space is point-symmetric, the extreme effects e, f,u — e and u — f are indecomposable so that together with the fact
that {e,u —e} and {f,u - f} are linearly independent sets it follows [14] that E and F are inequivalent dichotomic
simulation irreducible observables. The claim follows from Prop. 10. O

B. Alternative characterization of 7

Finally, we show that a seemingly different formulation of “free-information” does not lead to a new concept.
Consider T € T3 and take an observable A € O(S) such that A ¢ T;. Since T is compatible with A there exists a joint
observable Ja T from which both A and T can be post-processed from. Since A is non-trivial and T is compatible with
every other observable, we can ask whether measuring the joint observable Ja T actually gives us any more information
than just measuring A. One way to consider this is to ask whether A is actually post-processing equivalent to Ja 1 so
that both can be obtained from each other by classically manipulating their outcomes. If this is the case, there is no
“free information” to be gained from measuring the joint observable. Thus, we consider one more set of observables:

Ta={TeT;|VAcOS)\Ti: 3Ia7€0O(S): JaT < A}
We can show the following.
Proposition 11. 71 =74.
Proof. Since Ty € Ty it suffices to show that T4 ¢ 7;. Thus, take T € T4 so that for all A € O(S) \ 71 we have that

A is post-processing equivalent with at least one of their joint observables Ja 1. Thus, {A, T} ¢ sim(Ja ) and since
A < Ja 7 it follows that T e sim(A) for all A e O(S) \ T;. From Prop. 6 it follows that T € 7;. O

VIII. POLYGON STATE SPACES
A. Characterization of polygons

A regular polygon with n vertices in R?, or n-gon, is a convex hull of n points {7 }?_, such that |Z| = |Z,| and
Tg* Thel = ka|\2 cos (%) for all j,k=1,...,n. As a state space S,,, we consider the polygon to be embedded in R? on
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the z =1 — plane. Thus, we follow the notation of [17] and define the extreme points of S,, as

(2k7r
rpcos| —

n
. (Qkﬂ) , k=1,...,n,
rpsin | ——
n
1

S =

where we have defined r,, = sec (%)

As the polygons are two-dimensional, the effects can also be represented as elements in R®. Hence, we can express
each e € £(S,,) as a vector e = (e, e,,¢e,)” € R3. With this identification we have that e(s) = e-s for all e € £(S,,)
and s € S,, where - is the Euclidean dot product. Clearly, we now have the zero effect o = (0,0,0)7 and the unit effect
u=(0,0,1)7.

Depending on the parity of n, the state space may or may not have reflective point symmetry around the middle
point so = (0,0,1)7. As a result of this, the effect space £(S,,) has a different structure for odd and even n. For even
n, we find that the effect space £(S,,) has n non-trivial extreme points

cos 2k -1)m
1 n
=g Sin((Qk—l)w) , k=1,....n, (20)
n
1

so that £(S,,) = conv ({o,u,e1,...,e,}). All the non-trivial extreme effects lie on a single (hyper)plane determined by
those points e such that e(sg) = 1/2.
In the case of odd n, the effect space has 2n non-trivial extreme effects

2km
cos|[ —
1 ok,
o Sin(l) s Jk=u-gk (21)
n
1
for k = 1,...,n. Now &(S,) = conv({0,u,91,---,9n, f1,---, [fn}) and the non-trivial effects are scattered on two
different planes determined by all those points g and f such that g(sg) = oy, := %rn and f(sg)=1-0, = 1:’;71’. The

even and odd polygon state spaces and their respective effect spaces are depicted in Figure 4.
In order to give a simple characterization of polygons, let us define functions 7" : R - R and 17 : R? = R by

"y [ 21k . [ 27k
N (%)= max 7, cos(—)x+sm(—)y],
ke{l,...,n} n n

no () =0 (Rnf): max rnlcos((Qk;ll)w)xwtsin(@k_l)w)y],

Bl

ke{l,...,n} n

for all 7 = (z,y)T € R?, where

(7) = (7)
cos[—] —sin|—
_ n n
(D) ()
sin{—] cos|—
n n
is the rotation matrix with a rotation angle /n around the origin in R%2. We use the notation 77:/0 when we consider
some properties that hold for both ' and n}.
We see that both 1 (Z) and 7}}(Z) can be expressed as a maximization over an inner product of Z and a collection
of unit vectors I;(E;Lok , ie.

Tepo(2) = 1 | max - B (22)

) efo 7’

yeen
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where we have defined

T
Bg”’k) = (cos (@) ,sin (@)) , (23)

n n

o) (COS((Qk;ll)w)’sin((%— m))ﬁ (24)

n

Thus, both 5 and 1 are polyhedral convex functions [18].
It is straightforward to see that 77:/0 satisfy the following properties for all Z,§j € R%:

1) 772/0@) 2 07

i) n7, (2)=0 < =0,

efo
i) 02, (@ + 5) <0l (2) + 1l ().
Additionally we see that also the following is satisfied for all 2 € R?:
iv) ng‘/o(a:i) =anl (&) for all a>0.
Thus, both 7 and 1]’ almost satisfy the requirements of a norm; the only missing property is the requirement for a

reflective point symmetry, i.e. 772/0(—9?) = 772/0(55) for all # € R2. For even n, however, it is easy to confirm that both

n? and n" are point symmetric so that they are norms on R%. Similarly for odd n it is easy to see that the point
symmetry does not hold.
Even though for general n the functions 17:/0 do not define a norm on R2?, we can still use them to define different

sized polygons. As continuous polyhedral convex functions, 7 and n have closed polyhedral level sets

bo(r) = {& € R? |0, (%) <}
which we will show to give rise to the polygons.
First of all, we see that the level sets BZ/ ,(r) are bounded so that they actually describe polytopes: When we

express & € R? in its polar form 7 = (x,y) = |Z| (cos(),sin(#))T, we have

2k

"(Z) =7, 7] max COS(——H), 25
ne (2) =rn |2 pehax - (25)

, 2k -1)m
() =r, 2] max cos (7—9 . 26
@ =l oo cos( 2T ) 20
Considering 77 first, we see that since the angles %T’T are an angle 27—’; apart from each other for consecutive k’s and
since the maximization of cosine actually minimizes the angle % -0, for the k¥’ € {1,...,n} which minimizes the

angle we have % -0 < = so that cos (% - 9) > cos (%) The same arguments hold for ]’ as well so if T € Bg/o(r)
for some r > 0, then

W@ s = s ———— = (27)
Ty, COS (%)

n
e/o

n

e/o(r) has at most n

Hence, the level sets B, (r) are compact (convex) polytopes for all > 0. Furthermore, each B

extreme points since it is an intersection of n closed half-spaces in R2.
The functions 7' and 7] have the following connection:

Nejo(E) < Tty () (28)

for all Z € R? and r > 0. This can be seen using the expressions from (25) and (26); for example

N (Z) =ry, Hi?Hk {r{lax }COS(M —9) =72 ||sE||k max }COS(M—H)COS(W)

n

.....

2 || = —
A i [COS(M _9) +COS(2’€J _9)]
2 ke{l,...,n} n n

n 2(k-1 2k
< T’[rn [Z] max cos(()7r—9)+rn |Z] max COS(W—Q)]
ke{l n ke{l,...,n} n
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Let us consider the specific level set B} (r,,). For each k € {1,...,n}, we define §, = (rn cos(QfL”) \Tn sin(%%))T SO
that s = (8, 1)7. It is easy to see that 1" (5y) = 7, so that 5, € B*(r,,) for all k = 1,...,n. Furthermore, we have that
[Sk| = 7 for all k so that each §i lies on a circle of radius 7, centered at the origin. This shows that § is extreme
in B}(ry,) for all k=1,...,n, since a non-trivial convex decomposition for §; would contradict the fact that |zZ| <7,
for all & € B} (ry,). This, combined with the fact that B} (r,) has at most n extreme points, shows that the extreme
points of BJ}(r,,) are exactly the vectors si for all k=1,...,n. Hence, s = (5,1) € S,, if and only if § € BY(r,,).

By similar arguments, we see that also BY(r) is a regular polygon whose extreme points are rotated and scaled
from §;. For example, in the case of even n, we see that the effects lying on the hyperplane that contains all the

T
non-trivial extreme effects can be characterized in terms of BY (r); namely, e = (é, %) e conv ({ey,...,e,}) if and only

if e BY (%) Similarly for odd polygons we have that g = (g, an)T econv ({g1,...,9n}) if and only if g € B] (oy,).
Hence, we can characterize (both the odd and even) polygon state spaces with the polyhedral functions 7}

Su={G. D" R0} (3) <ra}. (29)

Furthermore, for even n we have that

1" 1
conv({el,...,en}):{(é,Q) ER3|nZ(é)32}, (30)
and similarly for odd n

conv ({1, ga}) = {(3.00)" €R*[(3) < ou ). (31)

In both cases, the above sets serve as a compact bases for the positive dual cones in R>.

B. Characterization of 75

The analysis of 73 on polygon state spaces is straight-forward. If n = 3, then the state space is a simplex and
T2 = O(S3). In all other cases we have T; = T3 as a result of Coro. 2.

C. Characterization of T3

The post-processing equivalence classes of simulation irreducible observables on polygon state spaces were character-
ized in [14] where it was found that for an n-gon state space there exists m dichotomic and %m(m—l)(m—?) trichotomic
extreme simulation irreducible observables when n = 2m for some m € N (even polygons) and %m(m +1)(2m +1)
trichotomic extreme simulation irreducible observables when n = 2m + 1 for some m € N (odd polygons).

For even polygons with n = 2m where m > 2, there exists at least two inequivalent dichotomic simulation irreducible
observables, so by Prop. 10 the set 73 coincides with the set of trivial observables.

For odd polygon state spaces we see that the extreme simulation irreducible observables have the same number of
outcomes as the dimension of the effect space, so given that there are a finite number of them, it follows from Prop.
9 that 73 # 7T1. We continue to give a characterization of 73 for the odd polygon state spaces.

Let S,, be an odd polygon state space so that n = 2m+1 for some m € N. There are ¢, := %m(m+ 1)(2m+1) extreme
simulation irreducible observables that generate the cones generated by all the simulation irreducible observables. By
using some enumeration B, ... B(#) for these observables, we have that O%(S,) = {B®}" so that for an
observable A € O(S,,) we have

Gm .
AeT; <= Aye) COne({ng)}ngB(J)) VzeQa.
j=1

We can show that there are certain extreme simulation irreducible observables that are enough to characterize the
above intersection. Let B € O¢**(S). Since for all k € {1,2,3} the effects By, are indecomposable, for each k € {1,2,3}
there exists 0 < ¢, <1 and effect g;, € {g1,...,92m+1} such that By = cxg;,. We see that we only need to consider the
case when ix € {j,j+m,j+m+ 1} for all k€ {1,2,3} for some j € {1,...,2m + 1}, where the addition of the indices is

taken modulo 2m + 1.
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FIG. 5. Simulation irreducible observable B on the heptagon state space with B; = g1, B2 = 0.555¢g4 and Bs = 0.555¢g5. The
base of the cone generated by the effects of B forms a (blue) triangle on the base of the positive cone (left). The intersection
of the bases of all the simulation irreducible observables forms another polygon (right).

Proposition 12. An observable A € O(Sami1) on an odd polygon state space Somi1 s in T3 if and only if

2m+1

Az e () cone({gi,gism,Gism+1}) Ve Qa.
i=1

The complete proof of the proposition can be found in the appendix but one can easily convince oneself by looking
at Fig. 5 which shows the case of heptagon effect space. For each B € O¢*!(S,,) we can consider the base of the cone
cone ({B1,B2,B3}) on the plane containing the indecomposable extreme effects {g; }*,, where the base takes the form
of a triangle that contains the middle point o,u. We can see that in order to characterize the intersection of such
cones, it is enough to consider the intersection of their respective bases, or triangles containing o, u, equivalently. In
the left of Fig. 5, the bases (coloured as blue and red) of two extreme simulation irreducible observables are shown
with the whole effects space. On the right is depicted all the triangles (formed by dashed lines) of all the bases on the
plane with the blue and red bases from the left figure also shown on the right. We see that the base of the intersection
of the cones (darker blue area) is characterized by triangles with vertices g, gi+m and g;+m+1 (like the blue triangle)
so that their intersection is always contained in the intersectig)n ?f other triangles (like the red triangle).

m+

We are going to proceed with finding the base of the cone N;}*" cone ({gi, Gi+m, gi+m+1}) by identifying the extreme

points of the base N2 conv ({gs, Gism, Gisms1}). Let us denote

L; = conv ({gi, Gi+m })

and

2m+1
Cm = m conv ({gza Gi+m, gi+m+1}) .
i=1
We will approach the problem as follows: at first, we will identify that C),, must be a polygon itself by looking at
its relation with the line segments L;. Then we will find the form of the extreme points of C,, and in the end we will

identify them. During the calculations we will work only in the 2-dimensional vector space given by aff ({g, f:’l”l).

It is very useful to realize that L; generate hyperplanes in R? and that C,, is an intersection of the halfspaces
corresponding to the hyperplanes L; that contain the point 0. It follows that we must have L; n C,, # @&, Vi €
{1,...,2m+ 1}, otherwise there would be hyperplanes separating L; and C,,, which is a contradiction with C,, being
given as an intersection of halfspace corresponding to L;. Since there are only 2m + 1 different line segments L; it
follows that C,, must have exactly 2m + 1 edges and from the symmetry it also follows that C,,, must be a polygon.
Now the only thing we need to do is to identify the extreme points of C,,.

Since the line segments L; must intersect C,, it follows that the extreme points of C,, must correspond to the
intersections of these line segments. Let us denote

@ij = Lin Ly
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g Gi+1
Jitl4+1\ — l+

Gi+l+1

Gi+20+1

Gi+21+2

FIG. 6. The points {x;,;}j2; for a fixed i and the orientation of the inner polygon for odd (left, m = 3) and even (right, m = 4)
m.

where j € {1,...,m}, where if i + j > 2m + 1, then we take (i +j) mod (2m +1). Also note that considering j > m +1
would be redundant. The next key step is to characterize the relation of z; ; and C,. We can show the following.

Lemma 4. z;, are the extreme points of C'.

Again, the complete proof of the lemma can be found in the appendix, but one can easily convince oneself by
looking at Fig. 6, where the points {z; ; }]"il are depicted for a fixed ¢ in the case of a heptagon (left) and nonagon
(right) state space.

We are almost ready to move on to the complete characterization of 73 in odd polygon theories in terms of the
previously defined 77:/0 functions. We will still make a few remarks on the inner polygons C,.

Let n =2m+ 1. We will consider separately, although analogously, the cases of even and odd m. This is because of
the orientation of the inner polygon C,, with respect to the outer polygon conv ({g1,...,gn}). To show the difference
between even and odd m, let us consider the intersection point of the boundary of the outer polygon and the half-line
through an extreme point ;1 of the inner polygon emanating from the centroid (0, 0, 0,)T. If this intersection point
is also an extreme point of the outer polygon, then both the inner and outer polygons are similarly oriented; otherwise
they are differently oriented.

As ®i1 = Lin L1 = conv ({gi, Givm } ) Nnconv ({gi+1, Gi+m+1}), it is clear that the half-line through ; ; that emanates
from the centroid meets the boundary of the outer polygon at some of the line segments conv ({gi+1,gi+2}) ,---,
conv ({Gi+m-1, Gism })-

For even m, i.e., for m = 21 for some [ € N, there exists an even number 2(I-1) of vertices g; between the vertices g;+1
and g;+m so that there is an odd number of such edges. From the symmetry it follows that for even m, the intersection
point must lie in the middle of the midmost edge conv ({gi+i, gi+i+1}). Thus, for even m, the inner polygon C, is
differently oriented with respect to the outer polygon conv ({g1,...,gn})-

By contrast, for odd m, i.e., for m = 2] + 1 for some [ € N, there exists an even number of such edges, which
together with the symmetry of the situation tells us that now the intersection point is exactly one of the vertices of
the outer polygon, namely g;;+;+1. Thus, for odd m, the inner polygon is similarly oriented to the outer polygon. The
orientations of the inner polygon for odd and even m are depicted in Fig. 6.

As we saw in the beginning of the section, the orientation of the polygon can also be characterized with the 7

n
efo
functions. Thus, in the characterization of 73 we must use either n7' or 1} depending on the parity of m.

Proposition 13. An observable A € O(Sapmi1) with effects Ay = g (g, 0ams1)? for all € Qa is compatible with
every other observable if and only if for all x € Qp

Ne (Gz) < Onrpsin (1)
2n
if m =2l for someleN, or

o . ™
N (Ggz) < 0pry sin (%)
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ifm=2l+1 for someleN.

Proof. By Prop. 6 it follows that A € 73 if and only if (G,,0,)" € C,, for all x € Q4, and from Lemma 4 we know that

the x;1 = (Zi1,0,)" are the extreme points of C,,. Thus, if we show that |Z; ] = Neso(Zi1) = onrnsin (£), it follows
that C), = {(m,on)T eR3| Nero(E) < onrn sm(%)} which will prove the claim.
From w; j = L; N L;4; we have that ;1 = A\;g; + (1 = A1) Gi+m, where Ay =1 - %rn = 3”” . By using (rather a lot of)

trigonometric identities we find that

sin(fz%) ((4k+ 1)77)

" 1+cos 2n
zpa=| sin(L£) (4k+D7\ |>
cos
1+ cos (%) 2n
on
so that
4k +1
- sin ( k; )7
_—_— T n
il?k,l—UnTnSHl(zn) ((4k+1)7r) ,
cos | ——
2n
from which it is easy to see that |Zg 1] = onry sm( ) for all ke {1,...,n}.
We also see that (the simplified expressions of) 7 ( Zp1) and 7)) (mk,l) then read as
47 -4k -1
N (&) = onrs sin(%)je{r{{?ﬁ} sin(m) (32)
and
4j -4k -3
o (Fx1) = onry sin ( 27; ) jg{r{{?fn} sin ((]271)7T) . (33)

In both cases the maximum is attained when the expression inside the sine is closest to /2. Now depending on the
parity of m, this happens for different values of j resulting in different expressions. For m = 2[ for some [ € N, we find
that the maximum in Eq. (32) is attained for j € {k + 1,k + [+ 1} and similarly the maximum in Eq. (33) is attained
for j =k +1+1 so that for this case we have

71' ((4l-Dm
NetH (Zp,1) = 04141751, SIn ( 2041+ 1) ) St ( 2(41+1) )

= 0414174141 Sin(2(4l 1)) = |Zea] -

However, for m = 20 + 1 for some [ € N we have that the maximum in Eq. (32) is attained for j = k+1+ 1 and
similarly the maximum in Eq. (33) is attained for j € {k+ 1,k +1+ 1} so that for this case we have

Al+3 (= 2 s u St
Mo (Tk,1) = 0414374143 s1n(2(4l+3)) (2(4l +3)

. T
= 041+37T4]+3 SIN (2(4l+3)) =

D. Noise content

The noise content w(A;N') of an observable A € O(S) on a state space S with respect to a noise set N c O(S) is
defined [9] as

w(A;N) =sup{A€[0,1] | A=AN+ (1 -))B for some N ¢ N and B € O(S)}.
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When describing noisy observables, the noise is most commonly added externally to an observable, but the noise
content describes the amount of noise that an observable already has intrinsically. Usually the noise set is taken to
be the set of trivial observables 7.

Examining Prop. 13 more closely, the set 73 seems to be quite noisy in the sense that the effects of observables in
Ts are scattered quite closely to the trivial effects on the line segment conv ({o,u}). Our aim is to show this remark
quantitatively by showing that an observable that is compatible with every other observable must have a quite high
noise content with respect to the trivial observables. We also show that an observable with a high enough noise
content is indeed compatible with every other observable on odd polygon state spaces.

For the noise set A = 71, the noise content of an observable A € O(S) takes a rather simple form [9]:

w(AT) = ¥ minA.(s), (34)

IEQA

and furthermore if the state space is a polytope (as is in the case of polygons), we have that

w(A;Ti) = 3 min Ag(s), (35)

QA

where $*! denotes the set of extreme points of S.

We start by making a connection between minges A, (s) and 1 (d,). As before, for each effect A, there exists a, >0
such that A, = aga, for some a, = (Gs,0,)T, where d, € R%. Since a, € conv ({g1,...,g,}) for all 2 € Qa, we have
that for all = € Qa there exists A, € [0,1] such that a, = Ayh, + (1 - A\;)o,u for some

ha € conv ({g1, .-, 9n}) = {(§:00)" €conv ({g1,--.,9n}) | 15(4) = o }.

We note that since h, lies on the boundary of the convex hull of the indecomposable effects, for all x € Qa, there
exists i, € {1,...,n} such that h, € conv ({g;,,¢gi,+1})- Since g;, and g, +1 are indecomposable, by Prop. 16 they give
zero for some maximal faces G;, and G;, 41 of S,,. Furthermore, it is easy to see that they must be adjacent maximal
faces so that there exists an extreme state s;, € S, such that h;(s;,) =0. Thus,

rréint AL(s) = a, rréint [Aahe(8) + (1= Ap)onu(s)] = azds néint he(s)+ag(1-X)on

= Aphe (i) + ap (1= Ap)on = ax (1= Ao,

for all x € Qa. If we denote h,, = (Bz,o*n)T, we then see that G, = A\yh, and

- 1
N (Gz) = Aey (he) = Aaop = 0y = — min Ay (s)

ext
Qy SESE

for all z € Qa. Thus, mingegeat Ay (s) = ay [on — 1 (d)] for all x € Qa.
We can now show the following.

Proposition 14. Let A € O(S,,) be an observable on an odd polygon state space S, with effects Ay = ag(dy, o) for
all x € Qp. If A€ T3, then

(T
w(A;Tl)Zl—rnsm(%) (36)
ifn=41+3 for someleN, or

w(A;ﬂ)Zl—risin(%) (37)

ifn=4l+1 for someleN.

Proof. As was established above, we have that mingegest Ay (s) = o (00, =0l (dz)).
For n =4l + 3, we have from Prop. 13 that n(d,) < r,op, sin (1) for all x € Qa so that

2n
w(A;Ty) = Z mintAZ(s): Z az(on =1y (dz))
peQp 557 xeQa
™
2 xUn 1- n i
2 ZQ: QO ( T Sln(2n))
zeQp

T
= l—T‘nSIIl(%),
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n | 3 | 5 | 7 ] 9 |11 |13 |15 |17 ] 19 ]| | >0
RH.S. of (36)] 0 | — [0.753] — [0.852] — [0.893| — |0.916 -1
R.H.S. of (37)] - [0.528) — ]0.803] — |0.872| — |0.905| - -1

TABLE I. The lower bounds of Eq. (36) and (37) for the noise contents of observables in 73 for the first few odd polygons and
the limit n — oo.

where on the last line we have used the fact that ¥ ,.q, o = 1/0,, which follows from the normalization of A.
For n = 41 + 1, we have from Prop. 13 that n(d,) < rpo,sin(Z) for all 2 € Qa. From Eq. (28) we get that

N (dz) < mnl(dy) for all o € Qa so that from similar calculation as above we get that w(A;71) > 1 - 72 sin (%) O

The lower bounds of the noise content from the previous proposition for the first few polygons are presented in
Table I. We see that for n = 3, i.e., when the state space is classical, Eq. (36) gives the trivial lower bound zero, but
already for the pentagon (n = 5) Eq. (37) shows that the noise content of an observable in 73 must be more than 1/2.
We see that as the number of vertices in the polygons increase, so does the noise content of observables in 73 for both
Eq. (36) and (37). In the limit where n — oo the right hand sides (R.H.S.) of both equations give the limit 1, so that
the observables in 73 become trivial. Indeed, as the number of vertices approaches infinity, the state space becomes
shaped like a disc, which is seen to be a point-symmetric state space so that by Cor. 4 we have T; = T3.

From the other point of view, we can ask if sufficiently noisy observables are necessarily compatible with every
other observable. For that, let us consider the binarizations of an observable A € O(S,,), i.e., binary observables Al

with effects Aff) =A, and A(_l) =u-A, for all z € Qa. The noise content for these binarizations then read as
w(A®;T7) = néint A(s) + néint(u -A)(s)=1+ H‘%’int A.(s) - max A.(s)

for all z € Q.
Denoting the extreme points of the state space Sam+1 by sk = (Sk, 1)T, from the definition of i’ we see that

1 1
(G = a., S = — A — = — A _
"le (Clg,;) e{rnl,a}fn} o 5k [e7% IQE{rnl,a}fn} w(Sk) on e 7% sreréafbi(t x(S) In

for all x € Q5. Hence, together with the previous expressions for mingeq, A;(s), we have shown the following for the
binarizations A(®) of an observable A:

wA™ ) =1 - g [ () + 07 (d)]) (38)
for all x € Q. We can now show that observables that have a high enough noise content are indeed included in 73.

Proposition 15. Let A € O(S,,) be an observable on an odd polygon state space Sy, with effects A, = ay(Gy,04) for
all x € QA. ]f

1-w(A;T7)

MiNgeQ, Ox

< n(21) (39)

n
then A is compatible with every other observable on S,.

Proof. From the previous expression for the noise contents of the binarizations A®) of A, and by using Eq. (28), we
have that

n o 1-w(A®: T . 1-w(A®; 1 Moo ()
7’]e/o(a’ﬂﬁ) = M _no/e(aw) < ( 1) - .

Qg Qg Tn

Since 77 is closed under post-processing and since A®) ig clearly a post-processing of A for each x € {2, we have by the
basic properties of the noise content [9] that w(A®);T7) > w(A;T;) for all z € Qa. Thus, by rearranging the previous
expression we have that

T 1-w(AY; —w(A®);
) s (1o ) EEEETD L (1B

(1—W(A;7'1))<U . (1—UJ(A;7'1))

<opT -
Oy MigeQp Qg

Qg Oy

for all x € Qa, where we have noticed that (1+1/r,)™! = ¢,7,. Now, if Eq. (39) holds, from Prop. 13 it then follows
that A € Ts. 0
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Appendix A: Some results on the structure of GPTs

In this appendix we will prove several minor results about the structure of general probabilistic theories that were
needed in the calculations. We will denote the interior of the set S by intr(S).

Definition 8. Let S be a state space and let ¥ c¢ S be a convex subset. We say that E is a face of S if z € E and
z=Xx+ (1-\)y for some z,y €S and X € [0,1] implies z,y € F.

Definition 9. Let F c S, we say that F is a maximal face if F is a face and for any x € S\ E we have conv (Eu {z})n
intr(S) # @.

If S is d-dimensional and has a finite number of extreme points, then maximal faces are the (d—1)-dimensional faces
of S. From a geometrical perspective their special properties all follow from the requirement that conv(Fu{z})n
intr(S) + @.
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Lemma 5. Let S be a state space, let e € E(S) and let Ey = {x € S : e(x) = 0}. If Ey is a mazimal face, then e is
indecomposable.

Proof. Let f € &(S), denote Fy ={x €S : f(x) =0} and assume e > f. It follows that we must have Ej c Fy and since
FEy is maximal face it follows that either Fy =S or Fy = Ey.

If Fy =S then f =0. If Fy = Ep, then pick =z € S such that = ¢ Fy. Both e and f are uniquely defined by the

values e(z) and f(z), because Ey is a maximal face. This implies that we have f = < (I;e which shows that e is

indecomposable. O

Proposition 16. Assume that S has only a finite number of extreme points. Let e € E(S) and let Ey = {x € S:e(x) =
0}, then e is indecomposable if and only if Ey is a mazimal face.

Proof. Assume that Ey = {z € S:e(x)} is not a maximal face, then there is a maximal face Fy such that Eq c Fy [16].
Moreover let f € £(S) be such that Fy = {z €S : f(x) =0} and denote G ={yeS:y ¢ Ep,y is extreme} and

m= ryrgge(y)

Clearly m > 0. We will show that e > mf; let z € S be an extreme point, then either z € Ey or z € G. If z € Ey c Fp,
then e(z) =02 0=mf(2). If z € G, then e(z) 2m > mf(z). O

Appendix B: Proof of Prop. 12

We recall from [14] that the extreme simulation irreducible observables are characterized by triangles on the base
conv ({g1,---,9n}) with vertices from the set {g1,...,gam+1} such that o,u is included in the triangles. We show that
such triangles are in one-to-one correspondence with the extreme simulation irreducible observables.

To see this, first let B € 08" (Say41) so that Qg = {1,2,3}. Since for all k € {1,2,3} the effects By are indecom-

posable, for each k € {1,2,3} there exists 0 < ¢ < 1 and effect ¢;, € {g1,...,92m+1} such that By = ¢xg;,. From the
normalization of B it follows that

U = C10i, t+C29iy +C3Gi;5

so that from the z—components of the vectors we get a requirement that c¢; + c3 + cg3 = =—. Thus, if we denote the sum
c1 + co + c3 by ¢, we see that

C1 C2 C3
Tph = —giy + —Giy + — iy (B1)
C C C

which shows that the vertices {g,, gi,, gi, } form a triangle conv ({g;,, ¢i,, gi5 ;) on the base conv ({g1, ..., gam+1}) such

that o,u € conv ({gi,, gins 9is })-
To see the contrary, let ji, j2, 73 be any three indices from the set {1 .,2m+1} such that o,u € conv ({gj1 2 jzs Gis })-

Thus, there exists convex coefficients Jl,CZQ,dg e [0,1], di +ds +ds = 1, such that o,u = dlgj1 + dgg]2 + d3g]3 If we
denote dy, = di /o, € (0,1] and B}, = dyg;, for all k € {1,2,3}, we find that {B}, B}, B4} is a set of linearly independent
indecomposable effects such that B} + B} + B} = u, which shows that an observable B" defined with these effects is an
extreme simulation irreducible observable.

Since the set conv ({g1,...,g2m+1}) is a base for the positive cone of the effects, for each effect A, of an observable
A € O(Sam+1) there exists oy > 0 and a, € conv ({g1,...,g2m+1}) such that A, = aya,. Similarly, for each j

{1,...,qm} we have that B(]) = C(]) (J) for some C(J) € (0,1] and Z(J) e{1,...,n} for all k € {1,2,3}. We then see that

in order to characterize the mtersectlon of the cones generated by the extreme simulation irreducible observables, i.e.
essentially 73, we need to only consider the intersection of the respective triangles on the base.

Lemma 6. Observable A € O(Sam+1) with effects Ay = ayay such that ay € conv ({g1,. .., gam+1}) for all y € Qa is in
T3 if and only if

A G 0 )
ay € COHV({Q @900 9; (1)}) Vy € Qa.
j=1
Proof. By Cor. 3 we see that we need to show that

dm
Aye) COHC({Q(ﬁﬁvg(&g(&}) (B2)

J=1
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Jiy+m+1
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FIG. 7. Lemma 7

if and only if

qm . . .
ay € (eonv ({69).69).6%)}) (53)
1 2 3

J=1

for all y € Qa.
First let A, be in the intersection of cones, which itself is a cone, in (B2) for some y € Q4. Since A, = aya, for
some o, > 0, it follows that also a, is included in the same intersection of cones. Thus, a, can be expressed as a

positive linear combination of g.((Jj)),gg(jj)),g.(gj)) for all j € {1,...,qm}. Since all the vectors ay7gv((]j)),g%)>,g€fj)) lie on the
7’1 1 13 7’1 22 743
same z = g, —plane for all j, it follows that the positive linear combination must actually be a convex combination
which shows (B3).
Let then a, be included in the intersection of the convex hulls in (B3) for some y € Qa. Since a convex hull is just
a special case of a conic hull, we see that a, is also included in the intersection of cones in (B2). By multiplying a,

by a, we see that then (B2) holds. O

The smallest such triangles to contain the centroid (0, 0, an)T have vertices g;, giym and giyme1 fori=1,...,2m+1,
where the addition is modulo 2m + 1. We will show that the intersection of these smallest triangles gives us the whole
intersection of all the triangles that represent the extreme simulation irreducible observables. We start with a small
Lemma (see Fig. 7).

Lemma 7. For an extreme simulation irreducible observable B such that By = cxg;, for ke {1,2,3} we have that

3
m conv ({gzk s Jig+ms gik+m+1}) ¢ conv ({gh yGiss Jig }) .
k=1

Proof. To see this, suppose that, contrary to this, there exists a point 2 € N;_; conv ({gi, , gi, +m> Jir +m+1}) such that
x ¢ conv ({gi,, Gin» Gis ). Without loss of generality we assume that i1 <ig < 3.

If we consider a fixed vertex g;, for some k € {1,2,3}, it is clear that the indices it +m and i, + m + 1 are contained
in the set of indices {ig+1,ik+1 + 1, .. 0542 — L, ig42} (Fig. 7). This is because otherwise they would be contained in
either {ik+27ik+2 + 1, . ,ik - 1,ik} or {zk,zk + 1, ey ik+1 - 1,ik+1} so that

conv ({g1k ) gik+m7gik+m+1}) c conv ({gik+27 e 7gzk})

or

conv ({g'lk ) gik+m7gik+m+1}) c conv ({g’bk? v Gign })

both of which would contradict the fact that o, u € conv ({gs, , gi, +m> Gir+m+1})-
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Since now x € conv ({gi,, gip+m, Giz+m+1}) for all k € {1,2,3} but « ¢ conv ({gi,, Gir, gis } ), Wwe must have for all
k"€ {1,2,3} that

x ¢ conv ({gik/7gikr+ma gik1+m+1}) m conv ({gzl ) g’l:27gi3}) .

We have by the above statement about the indices that {ig +m,ip +m+1} € {igs1,0k41 + 1, .., 0k+2 — 1,442} S0 that
it then follows that

conv (gik’gik+m7 gik+m+1) ¢ conv ({gi1 ) gi27gi3}) U conv ({gik+1 ) Giggr+1l - - ’gik:+2})

which is a disjoint union for all k € {1,2,3}. Thus, = € conv ({gi,,,,Gipp1+1---»Gir.o y) for all k e {1,2,3} which is a
contradiction since the sets do not intersect. O

Proof of Proposition 12. From Cor. 3 it is clear that in order to prove the statement we need to show that

2m+1

qm .
ﬂcone({BS)}megBm) = [ cone ({gi,gis1, Gisms1})-
j=1 i=1

The above statement is about cones but by Lemma 6 we can equivalently consider it in terms of the triangles that

ext

represent the observables in Of%f(Sa,,+1). By using the previously introduced notation for the effects of the extreme

simulation irreducible observables, the above statement about the triangles then reads as
qm ( ) ( ) ( ) 2m+1
ﬂ conv ({gi(]j)agigj)vgi(]j) ) = m Conv({giagi+magi+m+1}) .
j=1 1 2 3 =1

The inclusion “C” is clear since among the g, triangles that represent the extreme simulation irreducible observables
the triangles with vertices g;, gi+m and gjims1 fori=1,..., 2m + 1 are included.
For the inclusion “2”, we use Lemma 7 for observables {B(J)}gjl which states that

3
G ) (€)) @ G G)
kol conv ({gig) ) gifj)+m’ gifjhmu}) & conv ({gigj) ) gigf) ) gigj) })
for all je{1,...,qm}. By taking the intersection of all j € {1,...,qmn} we get
2m+1 qm 3 . . . qm . . .
m Cone({giagi+17gi+m+1}) = m m COHV({Q.((jj))»Q%)) ag((jj)) }) c OCOHV ({g((JJ))vg((jJ))vg((]]))})
i=1 j=1k=1 Yttty j=1 ) 23 3

which proves the statement. O

Appendix C: Proof of Lemma 4

Proof of Lemma 4. We first see that either x;; is an extreme point of Cyp, or z;; ¢ Cp,. Namely, assume that
x;,; € Cy, but it is not an extreme point of Cy,, then there exists some open line segment M, such that x; ; € M and
M c C,,. We must have M c L; since if M would intersect L;, then we would get a contradiction with M c C,,,. But
then we must also have M c L;,; which is a contradiction with L; # L;, ;.

Next fix ¢ € {1,...,2m+1}. From x; j = L; 0 L;y; we get ;. ; = A\jg; + (1 = Aj)girm, where

A (24+1)
COE‘( 47m+2ﬂ) Jm
Aj= — =—[1-tan an .
2¢08 (5757) cos () 2 am +2 2m + 1
Since jm/(2m + 1) € [0,7/2] for all j € {1,...,m}, we have that tan(%z;l) is an increasing function of j so that

Aj < A1. We then see that

Yy A
Tij = Ajgi + (1- /\j)gi+m = 7]1'1'71 + (1 - *]) Ji+m
A1 A1
for all je{1,...,m}, where now ;—i € [0,1] so that x; ; € conv ({1, gi+m ). Since

Ti, 1, Gi+m € CONV ({9i+1, Gi+2; .-+ 7gi+m+1}) )
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it follows that also z; ; € conv ({gi+1, Gi+2, - - ., Givm+1}) for all j e {1,...,m}.
Clearly z; j € L; for all je{1,...,m} but z; j ¢ L;+1 for all j € {2,...,m}, where L;;; can be expressed as
conv ({Gi+1s- -+ Girms1}) Nconv ({Gir1, Givms1, Jirm2}) 5

so that x; ; ¢ conv ({gi+1, Gi+m+1, Givms2}) for j € {2,...,m}. Thus, it follows that z; ; ¢ Cp, for j €{2,...,m}.

The only candidates for the extreme points of Cy, are then z;; for all i € {1,...,2m +1}. From the symmetry it
follows that all z; ; indeed must be extreme since if x;/ 1 is not extreme for some i’ € {1,...,2m + 1} it would follow
that x; 1 is not extreme for any i € {1,...,2m+ 1}. Hence, the claim follows. O
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The aim of this paper is to show that there can be either only one or uncountably many contexts in
any spectral effect algebra, answering a question posed in [S. Gudder, Convex and Sequential Effect
Algebras, (2018), arXiv:1802.01265]. We also provide some results on the structure of spectral effect
algebras and their state spaces and investigate the direct products and direct convex sums of spectral
effect algebras. In the case of spectral effect algebras with sharply determining state space, stronger
properties can be proved: the spectral decompositions are essentially unique, the algebra is sharply
dominating and the set of its sharp elements is an orthomodular lattice. The article also contains a
list of open questions that might provide interesting future research directions.

I. INTRODUCTION

Effect algebras were defined in [1] as a generalization of the set of projectors on a Hilbert space. Since then a variety
of results has been developed in the field, it has been used in the so called general probabilistic theories and it has
attracted the interest of both mathematicians and physicist alike.

We present an answer to the open question presented in [2] about the possible number of contexts contained in a
spectral effect algebra. The article has slightly overgrown from a simple answer to a question into a broader look on
some of the properties of the spectral effect algebras with its own set of open questions.

The article is organized as follows: in Sec. II we present the basic definitions and results. In Sec. III we introduce
spectral effect algebras and prove some basic results on properties of spectral decompositions and the structure of
the state space. In Sec. IV we prove the main result that a spectral effect algebra may contain only either one or
uncountably many contexts. In Sec. V we inspect two standard constructions with convex effect algebras: the direct
product and the direct convex sum and we show that while the direct product of spectral effect algebras is again a
spectral effect algebra, the direct convex sum of spectral effect algebras is not spectral. In Sec. VI we look at a special
case of spectral effect algebras that have sharply determining state space and we show that in such setting a result
analogical to [3, Proposition 18] holds, moreover, the algebra is sharply dominating and the set of its sharp elements
is an orthomodular lattice. The Sec. VII contains the conclusions and open questions.

II. PROPERTIES OF CONVEX EFFECT ALGEBRAS

In this section we are going to present definition and properties of convex effect algebras. We closely follow the
definitions used in [2] with a slightly different notation, more natural for linear effect algebras that are closely related
to general probabilistic theories.

Definition 1. An effect algebra is a system (E,0,1,+), where F is a set containing at least one element, 0,1 € E
and + is a partial binary operation on E. Let a,b € E, then we write a +b € E whenever a + b is defined (and hence
yields an element of E). Moreover we require that (E, 0,1, +) satisfies the following conditions:

(El)ifa+be Ethenb+ac Fanda+b=>b+a,

(E2) ifa+be Fand (a+b)+ce€ E, thena+ (b+c) € E,a+ (b+¢)=(a+b) +c,

(E3) for every a € E there is unique o’ € E such that a + o/ = 1, we usually denote o’ =1 — q,
(E4) if a+1 € E, then a = 0.

Definition 2. An effect algebra E is convex if for every a € E and A € [0,1] C R there is an element Aa € E such
that for all A\, u € [0,1] and a,b € E we have

(C1) u(ra) = (M),
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(C2) if A\ 4+ p <1, then Aa+ pa € E and (A + p)a = e + pa,
(C3) ifa+be E, then Aa+ Ab € E and A(a + b) = Aa + \b,
(C4) la = a.

Definition 3. Let E, F be effect algebras. A map ¢ : F — F is called additive if for a,b € E, a +b € E we have:
¢(a) + ¢(b) € F and ¢(a + b) = ¢(a) + ¢(b). An additive map such that (1) =1 is called a morphism. A morphism
is an isomorphism if it is surjective and for a,b € E, ¢(a) + ¢(b) € F implies a +b € E. If E and F are convex effect
algebras, then a morphism ® is affine if

d(Aa) = AP(a), a€E,\e|0,1].
Definition 4. A state on an effect algebra E is a morphism s : E +— [0,1] C R. The set of states on an effect algebra
will be denoted G(F).

It was proved in [4] that any state on a convex effect algebra is affine. The set of states is also referred to as state
space of the effect algebra and it will play an important role in later constructions.

Let V be a real vector space with a pointed convex cone P, that is PN (—P) = {0} where 0 denotes the zero vector.
For v,w € V we define v > w if and only if v —w € P. Then < is a partial order in V and (V, P) is an ordered vector
space. Let u € P, then the set

O,ul={veV:0<v<u}
is an effect algebra with the operation + defined as the sum of the vectors and for a,b € [0, u] we have a + b € [0, u]

if and only if @ 4+ b < u which is exactly why we have chosen such unusual notation in Def. 1. Also note that in this
case u is the unit of the effect algebra [0, ], i.e. we have 1 = w.

Definition 5. A linear effect algebra is an effect algebra of the form [0, ] for some ordered vector space (V, P) and
u € P.

The following is an important result.
Proposition 1. Every convex effect algebra is affinely isomorphic to a linear effect algebra.
Proof. See [5]. O
From now on we are going to assume that all of the effect algebras we will work with are convex. Below, we omit
the isomorphism and identify convex effect algebras with the linear effect algebras they are isomorphic to. Moreover,

we may and will assume that the interval [0, u] generates the ordered vector space (V, P), so that w is an order unit
in (V, P), [6, Lemma 3.1].

Definition 6. Let f € E. We say that

e f is one-dimensional if f # 0 and for g € F we have that f > ¢g implies g = Af for some A € [0, 1];

o fissharpif f > gand 1— f > g implies g = 0;

o fisextremal if f = Ag1 + (1 — A)ge for some A € (0,1) implies that f = g1 = go.
The set of sharp elements will be denoted by S(E). The set of sharp one-dimensional elements will be denoted by
S1(E).

It was shown in [6, Lemma 4.4] that any extremal element is sharp, but the converse is not necessarily true.
Moreover, for any sharp effect f there are states sg, s1 € G(FE) such that so(f) =0, s1(f) = 1. Note that in general
the states sp and s; do not have to be unique. In general probabilistic theories [7] one-dimensional effects are called
indecomposable. In what follows we will be interested in the properties of sharp one-dimensional effects.

Proposition 2. Let FE be a convex effect algebra, then a one-dimensional effect is sharp if and only if it is extremal.

Proof. As noted above, every extremal element is sharp. Conversely, let f € S7(F) and assume that we have f =
Ag1 + (1 — A)ge for some ¢1,92 € E and X € (0,1). It follows that we have f > Ag; and f > (1 — A\)g2 and since f is
one-dimensional we must have g1 = 1 f and go = ps f, i.e. f must be a convex combination of its multiples. Let now
i > 1 be such that uf € E. Let n = min{i7 1- i} then we have

f=nf
1—f=l(l—uf)+(1—l)12nlznf-
n J

Since f is sharp, this implies that = 0 and hence p = 1. It follows that we must have gy = go = f and f is
extremal. O



III. CONTEXTS AND SPECTRAL EFFECT ALGEBRAS

In this section we are going to introduce contexts and spectral effect algebras and provide some results on their
structure.

Definition 7. A context in a convex effect algebra E is a finite collection A = {ay,...,a,} C S1(F) such that
i =1

Let A = {a1,...,a,} be a context in a convex effect algebra E and let a; = {s; € 6(E) : s;(a;) = 1}. By the
remarks below Definition 6, the sets a; are nonempty and it is easy to see that

si(aj)zéij, Vs; € a5, 1,5 =1,...,n,

where d;; is the Kronecker delta.
Let us denote by A the convex effect subalgebra generated by A, that is

A = {Z,uiai, Wi € [0, 1]} .

Then A is the interval [0,u4] in the ordered vector space V(A) := {3, t;a;, t; € R}, with an obvious positive cone
and order unit ua =, a;.

Definition 8. We say that a convex effect algebra E is spectral if for every f € E there is a context A C E such
that f € A.

Specifically, any f € E has the form

for some p; € [0,1] and some context A = {ai1,...,an}. Any expression of the form (1) will be called a spectral
decomposition of f.

The most important examples are the algebras of finite dimensional classical and quantum effects, that were
characterized in [2]. It is also easy to see that the algebra of effects over a finite dimensional real Hilbert space is
spectral. Note that it is not assumed that the number of elements is the same in each context or that the space V'
generated by F is finite dimensional, although all the above examples have these properties.

We next discuss some properties of spectral effect algebras and their state spaces. The following will be a useful
tool.

Lemma 1. Let f =1 | pia; be a spectral decomposition of f. Then

Sénea()é)s(f) = max{p1,. .., tn},

5611(151(1115) s(f) = min{p,. .., tn}-
Proof. Let s € G(FE), then we have
n n
s(f) = Z wis(a;) < max{p,...,Hn} Z s(a;) = max{p1,..., tn}-
i=1 =1
To show that the bound is tight let max{u1,..., tn} = pir for some i’ € {1,...,n} and let s € a;;. Then we have
S(f) = Hir = max{ul, - '7/1’71}’
The proof for the minimum is analogical. O
We next show that the elements of the embedding ordered vector space V' have spectral decompositions as well.

Lemma 2. Let E be spectral and let (V, P) be the ordered vector space with an order unit u € P such that E = [0, u].
Then for any v € V there is a context A such that v € V(A).
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Proof. Since u is a order unit, we have —Au < v < Au for some A > 0. Then 0 < v+ A\u < 2\, so that a := %v—}— %u S
E. Let a =), vja; for some context A, then v = A(2a —u) = >, A\(2v; — 1)a;.

Proposition 3. Any spectral effect algebra E has an order determining set of states, that is, s(a) < s(b) for all
s € &(F) implies that a < b.

Proof. Let a,b € E be such that s(a) < s(b) for all states s. By Lemma 2, there is some context A and real numbers
i such that v = b —a = >, pa;. By the assumption, p; = s;(v) > 0 for s; € 4;, so that b—a >0 and a < b. O

Let us remark that it was proved in [6, Theorem 3.6] that a convex effect algebra E has an order determining set
of states if and only if it is Archimedean. In this case, the order unit seminorm

[lo]| :=inf{A >0, —Au<v < Au}= sup |s(v)
s€6(E)

is a norm. Using Lemma 1, we obtain for f € F with spectral decomposition f =" p1;a; that

£l =max{ps, ...}, 1= fll=1—min{p1,...,pn}. (2)
More generally, if v = >, a;a; is a spectral decomposition, then we have for s; € ;

[oll = sup [s(v)] = max|ai| = [@iy 00| = [$ipa. (V)]
sE6(E) B

An element f € E does not have to have a unique spectral decomposition. The following result is inspired by [3]
and is immediate from (2).

Proposition 4. Let f € E have two spectral decompositions
n m
d_miai=f =) vib;
i=1 j=1

Then max{p1, ..., tnt = max{vy,...,vm} and min{u, ..., pp} = min{vy, ..., vy}

Up to now it is not clear whether the sets a; consist of a single state. Clearly, these sets are faces of G(E). More
generally, for any element f € E, the set f := {s € S(E),s(f) = 1} is a face of &(E) (note that this also may be
empty). A face of this form will be called E-exposed. If f = {s}, we say that s is and E-exposed point of &(E), in this
case, we write f = s. If a € S (E), a is a nonempty E-exposed proper face of &G(F). Note that if A = {a1,...,a,} is
a context, the faces a; are affinely independent. We next show a property of the F-exposed points of &(F).

Proposition 5. Every E-exposed point of S(FE) has the form a for some a € S1(F).

Proof. Let s € G(F) be an E-exposed point, so that s = f for some f € E. Then 1 = 5(f) = maxycg(p) s'(f) and
s is the unique point where this maximum is attained. We have already showed in the proof of Lemma 1 that every
effect in E attains its maximum at some s € @ with a € S1(E). The result follows. O

IV. NUMBER OF CONTEXTS IN A SPECTRAL EFFECT ALGEBRA

In this section we are going to prove the main result that answers the open question from [2] about the possible
number of contexts in a spectral effect algebra.

Proposition 6. Assume that every pair a,a’ € S1(E) is summable. Then there is only one context in E.

Proof. Assume that there are two contexts A # B in E. Then there is at least one effect a such that a € A but a ¢ B.
Let B = {b1,...b,} and let s € a. For every b;, i € {1,...,n}, we must have a + b; € E. This implies

s(a+b;) <1
which gives s(b;) = 0 for all ¢ € {1,...,n} which is a contradiction with > 1 , b; = 1. O

Proposition 7. FEvery spectral effect algebra E contains either one context or uncountably many contexts.



Proof. Assume that E contains at least two contexts. As a result of Prop. 6, there are a,b € S1(E), a # b, that are
not summable. Let A € [0, 1] and denote

ex=Aa+ (1—N)b.

We will show that every ¢y must belong to a different context, hence E we must contain uncountably infinite number
of contexts.

Since F is spectral we have that for every A € [0, 1] there is a context C) such that ¢y € Cy. Assume that for some
A # p, g € [0,1] we have Cy = C,,. Then we have a,b € V(C)) as cx, ¢, € V(Cy) and we can express ¢ and b as
linear combinations of ¢y and c,,.

Let Cy = {c1,...,cn}, then we must have

n
a = E ;C;
i=1

for some «; € R. Moreover, let s; € &, then «; = s;(a) € [0,1] for all ¢ implies that a € Cy, which yields a € Cy as a
is sharp and one-dimensional. In a similar fashion we get b € C'y, which is a contradiction with the assumption that
a and b are not summable. O

V. COMPOSITION OF SPECTRAL EFFECT ALGEBRAS

In the study of spectral effect algebras, it is a natural question whether spectrality is preserved by some constructions
over convex effect algebras. In this section, we study the direct products and direct convex sums, note that these are
the product and coproduct in the category of convex effect algebras.

Definition 9. Let Ey, Es be effect algebras, then their direct product is an effect algebra Fq x Fy given as Fy X Fo =
{(f1, f2) : f1 € E1, f2 € Ea}. The partial binary operation + is given for f;, f/ € E;, such that f; + f/ € E;, i € {1,2}
as (f1, fo) + (f1, f3) = (fr + fi, fo + f4) and the unit of By x Es is (1,1). If Eq, Es are convex effect algebras, then
we can define a convex structure on Ey X Es by A(f1, f2) = (Af1, Af2), for A € [0,1]. In this way, the direct product
of convex effect algebras is a convex effect algebra.

Proposition 8. The direct product of spectral effect algebras is a spectral effect algebra.

Proof. Tt is easy to see that an element (f1, f2) € E1 x Es is sharp if and only if both f; and f; are sharp. Moreover,
since (f1, f2) = (f1,0)4(0, f2), such an element is one-dimensional if and only if one of the elements is one-dimensional
and the other is 0. Let now A = {a1,...,a,} C E1 and B = {b1,...,b,,} C E3 be contexts. It is straightforward to
see that (a1,0) 4+ ...+ (an,0) + (0,b1) + ...+ (0,by) = (1, 1), hence

{(al, 0), RN (an,()), (O, bl)7 ey (O,bm)} C E; x Ey (3)

is a context. Moreover, any context in Ey X E5 is of this form.
Finally let (flj f2) € By X E3 be any element. Since E; and F» are spectral there are contexts A C Ey and B C F»
such that f; € A and fo € B. It follows that we have

(fr. f2) =Y pi(ai, 0) + > v;(0,b))
i=1 Jj=1

which shows that F; x Fs is spectral effect algebra. O
The definition of the convex direct sum is a bit more involved.

Definition 10. Let Ey, E; be convex effect algebras, then they are affinely isomorphic to the intervals [0, u1] C C; C
V1 and [0, us] C Cy C V; respectively, where for ¢ € {1,2} we have that V; are vectors spaces, C; are pointed cones
and u; € C;. Take the vector space Vi x V5 that corresponds to the coproduct of the respective vector spaces and
define a relation of equivalence =~ by (u1,0) = (0,ug), i.e. (z1,y2) = (z2,y2) if and only if we have

(1,91) = (w2,92) + (1, -1)

for some o € R. It is clear that = is reflexive, symmetric and transitive. Let V' be the quotient space V = (V1 x V2)/~
and define the cone C' = (C1 x C3)/~ C V as the set of equivalence classes containing an element of Cy x Cy. Clearly, C



is a convex cone containing u := [(u1,0)]~ = [(0, u2)]~. To see that C' is pointed, simply note that [(z,y)]~ € CN(—C)
if and only if we can choose x € C1, y € Cs and for some a € R we have x4+ au; € (—C4) and y — qug € (—C2). This
implies 0 < z < —auy in (V4,C1) so that a < 0. At the same time, 0 < y < aug in (Va,C2), so that o > 0. This
implies @ = 0 and consequently (x,y) = (0,0).

Now we can define the direct convex sum of effect algebras F; and F» as

Ey® Es :=[0,u] C C.

We can see that E1 @ Es is a set of equivalence classes of the form [(Af1, (1 — A) f2)]~, where f1 € E1, fo € Fs and
A € [0,1]. Note that E; @ Es is a convex effect algebra by construction as it is an interval in an ordered vector space.

In the less general circumstances of the general probabilistic theories the direct convex sum of the effect algebras
can be introduced as the effect algebra corresponding to the direct product of state spaces [8, Definition 6].

Proposition 9. The direct convexr sum of spectral effect algebras is not a spectral effect algebra.

Proof. In a sense we are going to mimic the proof of Prop. 8 with the only difference that now we will show that there
are two types of contexts on E1 @ FEs: they are either of the form {[(a1,0)]~, .- ., [(an,0)]~} where A = {a1,...a,} C Ey
is a context, or {[(0,b1)]~,- -, [(0,bm)]~} where B = {by,...by,} C Es is a context.

Let f = [(Afi, (1 = A)f2)]~ € S1(E1 @ E»), then from

[(Af1, (1= A)f2)lx = Al(f1,0)l~ + (1 = M[(0, f2)l~

we see that both A[(f1,0)]~ and (1 —A)[(0, f2)]~ must be multiples of f. This implies that there are some ¢, o € [0, 1]
such that

t)\fl = QUq, (1 — t)(l — )\)fg = QU2.

Assuming that both f; and f; are nonzero, this implies that either both are multiples of identity or A € {0,1}.
In both cases, f is of the form f = [g1,0]~ for some g1 € E; or f = [0, g2]~ for some g2 € Fy. It is clear that
[(g1,0)] € S1(E1 @ E2) if and only if g; € S1(E7) and similarly for elements of the form [(0, g2)]~. From the definition,
we can see that in this case, [(g1,0)]~ and [(0, g2)]~ are not summable in E; @ Es, hence these cannot belong to the
same context.

It follows that all contexts on Ey @ E5 are of the above two types. It is straightforward to see that if neither of f;
or f, is a multiple of identity and A € (0,1), the element [(Af1, (1 — A) f2)]~ cannot be given as >\, p1;[(a;,0)]~ or
Zm v5[(0,b;)]~. Hence Ey @ E5 is not spectral. O

VI. SHARPLY DETERMINING STATE SPACES

Here we consider a special case of spectral effect algebras, for which stronger properties can be proved.

Definition 11. We say that the state space &(F) is sharply determining if for any sharp f € E and any g € F such
that g # f there is a state s € §(E) such that s(f) =1 > s(g).

We first obtain a way stronger version of Prop. 4 that is similar to [3, Proposition 18].

Proposition 10. Let E be a spectral effect algebra such that S(E) is sharply determining. Let A, B C E be contexts,
A={a1,...,an} and B = {by,...by} such that for some f € E we have f € AN B, specifically

n;

PP EVED P D 3TN

Ji=1 k=1

where 1 > ... > pp >0 and vy > ... > vy, > 0. Then we have n = m, p; = v; and Zj G, = by,
Proof. Denote a} = Z] _qai; and b = Zlk 1 b, As aresult of Prop. 4 we already know that p1q = 1. We will only
show that a} = b}, the result will follow by repeating the same procedure for f — pia) = f — v1b].

As first note that a; and b} are sharp [6, Theorem 4.8]. Assume that a} # b} then there is s € G(E) such that
s(Vy) =1 > s(a}). We have s(f) = >0, ves(by,) = v1 = p1 as well as s(f) = Y. pis(a)) < p1 which is a
contradiction. Hence we must have a] > b} and by the same logic we must have also b] > a} which together yields
ay =b. O



It was proved in [6, Theorem 4.8] that if G(FE) is sharply determining, then all sharp elements are extremal,
moreover, the sum of sharp elements, if it exists, is sharp. If F is also spectral, then it is clear that the sharp
elements are precisely the finite sums of one-dimensional sharp elements. The next results show that in this case F
is sharply dominating, see [9] for a definition, and the set S(F) of all sharp elements with ordering induced from E
is an orthomodular lattice. We will need the following reformulation of the condition in Definition 11. For the proof,
it is enough to realize that f is sharp if and only if 1 — f is sharp.

Lemma 3. Let E be a convex effect algebra. Then G(E) is sharply determining if and only if for any sharp f € E
and any g € E such that g £ f there is a state s € S(E) such that s(f) =0 < s(g).

Proposition 11. Let E be a spectral effect algebra with a sharply determining state space and let a =Y, p;a; be a
spectral decomposition. Then a° = ZWQO a; 1s the smallest sharp element larger than a.

Proof. Tt is clear that a° is a sharp element and a < a°. Assume next that b is a sharp element such that a < b. Then
for any s € G(E) such that s(b) = 0 we have s(a) = >, pis(a;) = 0, so that s(a;) = 0 whenever p; > 0. It follows
that s(a’) = 0. By Lemma 3, a® < b. O

Proposition 12. Let E be a spectral effect algebra with a sharply determining state space. Let f,g € E be sharp.
Then (\f + (1 — X)g)° does not depend on X\ € (1,0) and we have (\f + (1 —N)g)° = fV g in S(E). Moreover, we
have f g =1—((1— )V (1 - g)).

Proof. Let us first observe that for any f € E and s € G(E), s(f) = 0 iff s(f°) = 0, this is easy to see from the
definition of f°. Let f,g be sharp and for A € (0,1) let py := (Af 4+ (1 — A)g)°. Then for s € &(E), s5(p1/2) = 0 iff
s(3(f +9)) = 0iff s(f) = s(g) =0iff s(Af + (1 —N)g) = 0iff s(px) = 0. By Lemma 3 this implies that py = p1 /2
for all A € (0,1). If h € E is any sharp element such that f,g < h, then s(h) = 0 implies s(f) = s(g) = 0 so that
s(p1/2) = 0, hence py /5 < h. By [6, Corollary 4.10], h — p1/2 € S(E), this shows that py = p;/2 = f Vg in S(E). The
last assertion follows by de Morgan laws. ([l

Corollary 1. Let E be a spectral effect algebra with a sharply determining state space. Then S(E) is an orthomodular
lattice.

Proof. By [6, Corollary 4.9], S(E) is a sub-effect algebra in E that is an orthoalgebra and by Proposition 12, S(E) is
a lattice. By [10, Prop. 1.5.8], any lattice ordered orthoalgebra is an orthomodular lattice. ([l

VII. CONCLUSIONS AND OPEN QUESTIONS

In this article we have proved that there can be either only one or uncountably many contexts contained in a
spectral effect algebra as well as few other results concerning spectral effect algebras. There are still quite a few open
questions that will be left for future research.

1. What are the extreme points of a state space of a spectral effect algebra? In Prop. 5 we have shown that all
exposed points of the effect space of a spectral effect algebra have the form s = a for @ € S1(F). It is an open
question whether one can show a similar result for the extreme points of the state space.

2. Let A ={a1,...,an} be a context and let A= conv(U;a;). Since a, are affinely independent, A = @®.a; is their
convex direct sum. Let I be a set that indexes all of the contexts A, of an effect algebra F; does it hold that
S(E) = Uae1An? If G are E-exposed points for all a € S;(F), this would be even a stronger result than the
one proposed in the question above.

3. Is the cardinality of contexts always the same? It is straightforward to see that all contexts in the effect algebras
used in quantum theory have the same number of elements. It would be very interesting to know whether this
is true in general or whether there is a counter-example. As we have seen in Prop. 9 there are effect algebras
that have contexts with different numbers of elements, but the given example is not a spectral effect algebra.

4. Is it possible to extend the results of Prop. 4 to a result similar to Prop. 107 The property in question is to
show that 1, pia; = f = 327", vjb; where A = {a1,...,a,} and B = {b1,..., by} are contexts would imply
that for every p; there is v; such that p; = v;. A stronger version of said result would be to show that Prop. 10
holds for all spectral effect algebras; this can be either done by showing that the state space of every spectral
algebra is sharply determining or by other means.



5. For a given context A = {a1,...,a,} is the set of states {a1,...,a,} unique? The existence of the states a;

is simply implied by the fact that the effects a; are sharp one-dimensional but it is rather easy to find convex
effect algebras where the set {a1,...,a,} is not unique.

. Does spectrality of the effect algebra implies any kind of weak duality between the effect algebra and the state

space? It is tempting to define a map T : a; — a; but it is of question whether the map would be well defined
and whether the map would be affine. This would be a very strong result to prove or to at least find some
conditions for when it holds. Still all of the examples of spectral effect algebras that we know of have said
property.

. Are there examples of spectral effect algebras that are not operator algebras nor classical? It is straightforward

to see that the effect algebras for finite-dimensional real or complex quantum theory are spectral. It would be
very interesting and possibly helpful to have other examples of spectral effect algebras.
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