Preprint 1/1996

May 21, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miloslav Duchoò

Beloslav Rieèan

On the product of semigroup

valued measures

PREPRINT SERIES

ON THE PRODUCT OF SEMIGROUP VALUED MEASURES

Miloslav Duchoň — Beloslav Riečan

Abstract. A product measure construction is examined for semigroup valued mappings. It is based on a version of Alexandroff theorem. The results are applied to the existence of the joint observable for some types of observables.

Introduction

The classical Alexandroff theorem states that an additive, regular non-negative real-valued mapping is σ-additive. As an application of the theorem the product of measures can be constructed. The method was examined for various types of real-valued mappings, vector-valued mappings [4, 5, 6, 7] and also for group-valued mappings [21, 22, 25, 26, 27].

In this paper the relation between regularity and continuity is investigated from a general point of view (considering semigroup-valued mappings).

Further a commutative lattice group (G, +) with G^+ denoting the set of positive elements is considered together with a partial binary operation · : G^+ × G^+ → G^+ such that a · (b + c) = a · b + a · c for every a, b, c ∈ G^+. For such groups a G-valued product measure theorem is proved.

In a quantum mechanics model a set F ⊂ ⟨0, 1⟩^Ω is considered. Instead of a random variable from the Kolmogorov probability scheme, an observable is taken as a homomorphism x : B(R) → F ( B(R) = Borel sets in reals R ) . In this paper we study a more general situation (see [14]) substituing the unit interval ⟨0, 1⟩ by an interval in an ordered group G. Applying the general product measure theorem we prove the existence of the joint observable of two observables. Recall that the notion of the joint observable in quantum models corresponds to the notion of a random vector in the Kolmogorov theory.

In the first part of the paper a version of Alexandroff theorem will be proved for semigroup valued mappings. The second part will contain another version of Alexandroff theorem and a product measure theorem for group valued mappings. Finally the third part of the paper is devoted to the proof of the existence of the joint observables of two observables.

1. Semigroup valued Alexandroff theorem

We shall consider a commutative semigroup (G, +), i.e., a set with a commutative and associative binary operation +.

1991 Mathematics Subject Classification. 28B15.

Key words and phrases. product of measures, Alexandroff theorem, joint observables.

Typeset by AMS-TEX 1

Theorem 1. Let G be a commutative semigroup, D a semiring of subsets of a set, s(D) the generated ring, λ : D → G an additive mapping. Then there exists exactly one additive extension λ̄: s(D) → G of λ.

Proof. Every set of s(D) can be expressed in the form ⋃_n i=1 A_i, where A_i ∈ D are pairwise disjoint. If ⋃_m j=1 C_j is another expression of the same set, then

A_i = m⋃ j=1 (A_i ∩ C_j ), C_j = n⋃ i=1 (A_i ∩ C_j ) ,

hence n∑ i=1 λ(A_i) = n∑ i=1 m∑ j=1 λ(A_i ∩ C_j ) =

= m∑ j=1 n∑ i=1 λ(A_i ∩ C_j ) = m∑ j=1 λ(C_j ) . Therefore we can define λ̄ : s(D) → G by the formula λ̄ (^n⋃ i=1 A_i ) = n∑ i=1 λ(A_i) and evidently λ̄ is an additive mapping. On the other hand, if κ is an arbitrary additive extension of λ to s(D) and A = ⋃_n i=1 A_i, A_i ∈ D (i = 1, . . . , n), A_i ∩A_j = ∅ (i ≠ j), then κ(A) = n∑ i=1 κ(A_i) = n∑ i=1 λ(A_i) = λ̄(A) , hence κ = λ̄.

Our version of the Alexandroff theorem will be formulated and proved for a type of semigroups. We shall say that a commutative ordered semigroup G with a neutral element 0 is weakly regular, if for any a ∈ G, a > 0 and any double sequence (a^i_n) such that a^i_n ↘ 0 (i → ∞, n = 1, 2, . . . ) there are i_1, i_2, . . . such that a ≤ n∑ j=1 a^{ij}_j for no n.

Recall that every commutative lattice ordered group is weakly regular according to [26].

The mapping λ : R → G, R being a ring acting in our version of the Alexandroff theorem will be supposed to be monotone, subadditive and compact. A mapping λ : R → G is called to be monotone, if A ⊂ B, A, B ∈ R implies λ(A) ≤ λ(B), it is called subadditive, if λ(A ∪ B) ≤ λ(A) + λ(B) for every A, B ∈ R. A family C of subsets of a set is said to be compact, if it is closed under finite intersections and every decreasing sequence of non-empty sets of C has a non-empty intersection. A mapping λ : R → G is said to be compact, if there is a compact family C ⊂ R such that to every E ∈ R there are C_n ∈ C (n = 1, 2, . . . ) such that C_n ⊂ C_{n+1} ⊂ E (n = 1, 2, . . . ) and λ(E \ C_n) ↘ 0.

Theorem 2. Let G be a weakly regular, σ-complete, commutative semigroup. Let λ : R → G be monotone, subadditive, compact and λ(∅) = 0. Then λ is upper continuous in ∅, i.e., (A_n) ⊂ R, A_n ↘ ∅ implies λ(A_n) ↘ 0.

Proof. Let (A_n) ⊂ R, A_n ↘ ∅. We want to prove that λ(A_n) ↘ 0. Let us prove it indirectly. Since G is σ-complete, there is a > 0 such that λ(A_n) ≥ a (n = 1, 2, . . . ). Since λ is compact, to any n there are C^i_n ∈ C (i = 1, 2, . . . ) such that C^i_n ⊂ C^{i+1}_n ⊂ A_n (i = 1, 2, . . . ) and λ(A_n \ C^i_n) ↘ 0 (i → ∞). Put a^i_n = λ(A_n \ C^i_n). Choose i_1, i_2, . . . by the weak regularity of G. Now put

D_1 = C^{i1}_1 , D_2 = C^{i1}_1 ∩ C^{i2}_2 , . . . , D_n = C^{i1}_1 · · · ∩ C^{in}_n , . . . .

Then D_n ∈ C, D_n ⊃ D_{n+1} (n = 1, 2, . . . ). We prove that D_n ≠ ∅ (n = 1, 2, . . . ). If D_n = ∅, then

a ≤ λ(A_n) ≤ λ ((_n⋃ j=1 ( A_j \ C^{ij}_j )) ∪ (^n⋂ j=1 C^{ij}_j )) ≤

≤ (_n∑ j=1 λ ( A_j \ C^{ij}_j )) + λ(D_n) = ∑ j=1 a^{ij}_j

which is imposible.

Since D_n ⊃ D_{n+1}, D_n ∈ C, D_n ≠ ∅ (n = 1, 2, . . . ), we have ⋂_∞ n=1 D_n ≠ ∅. But D_n ⊂ A_n (n = 1, 2, . . . ), hence ⋂_∞ n=1 A_n ≠ ∅, which is a contradiction.

Corollary. Let G be a σ-complete, commutative ℓ-group, R be a ring of subsets of a set, λ : R → G a monotone, subadditive, compact mapping such that λ(∅) = 0. Then λ is upper continuous in ∅.

Proof. By [26] every σ-complete, commutative ℓ-group is weakly regular.

2. σ-additive group-valued measures and product measure theorem

Let R be a ring of subsets of a set. A function λ : R → G is said to be σ-additive, if λ(A) = ⋁_∞ n=1 ( λ(A_1) + · · · + λ(A_n) ) , whenever A ∈ R, A_n ∈ R (n = 1, 2, . . . ) A_i ∩ A_j = ∅ (i ≠ j), A = ⋃_∞ n=1 A_n.

Theorem 3. Let G be a commutative partially ordered group, R be a ring of subsets of a set, λ : R → G be an additive mapping. Then λ is σ-additive if and only if λ is upper continuous in ∅.

Proof. If A = ⋃_∞ n=1 A_n and A_n are pairwise disjoint, then A \ ⋃_n i=1 A_i ↘ 0. On the other hand, if B_n ↘ 0, then B_1 = ⋃_∞ i=1(B_i \ B_{i+1}), (B_i \ B_{i+1})_i being pairwise disjoint.

Theorem 4. Let G be a commutative, σ-complete ℓ-group, λ : R → G be an additive non-negative and compact mapping. Then λ is σ-additive.

Proof. It follows by Theorem 3 and Corollary of Theorem 2.

Further let two rings R_1, resp. R_2 of subsets of X_1, resp. X_2 be given. By R_1 × R_2 the family of all sets A × B (A ∈ R_1, B ∈ R_2) will be denoted. A function λ : R_1 × R_2 → G will be called partially additive, if λ(A ∪ B, C) = λ(A, C) + λ(B, C) λ(D, E ∪ F ) = λ(D, E) + λ(D, F ) whenever A, B, D ∈ R_1, C, E, F ∈ R_2, A ∩ B = ∅, E ∩ F = ∅ . Theorem 5. Let G be a commutative semigroup, λ : R_1 × R_2 → G be a partially additive mapping. Then λ is additive.

Proof. Let A × B ∈ R_1 × R_2, A_i × B_i ∈ R_1 × R_2 (i = 1, 2, . . . , n), (A_i × B_i) ∩ (A_j × B_j ) = ∅ (i ≠ j) A × B = ⋃_n i=1(A_i × B_i). We want to prove

λ(A × B) = n∑ i=1 λ(A_i × B_i) .

First we construct C_1, . . . , C_k ∈ R_1 pairwise disjoint and such that

A_i = n_i⋃

j=1 C_{i,j} i = 1, 2, . . . , n .

Similarly construct D_1, . . . , D_ℓ ∈ R_2 pairwise disjoint and such that

B_i = m_i⋃

p=1 D_{i,p} i = 1, 2, . . . , n .

(C_{i,j} , D_{i,p} denoting C_j , D_p belonging to A_i, B_i, respectively.) Then

λ(A × B) = λ ((_k⋃ j=1 C_j ) × B ) = k∑ j=1 λ(C_j × B) = k∑ j=1 λ ( C_j × ℓ⋃ p=1 D_p ) =

= k∑ j=1 ℓ∑ p=1 λ ( C_j × D_p) = n∑ i=1 n_i∑

j=1 m_i∑

p=1 λ(C_{i,j} × D_{i,p}) =

= n∑ i=1 λ (^ni⋃ j=1 C_{i,j} × m_i⋃

p=1 D_{i,p} ) = k∑ ℓ=1 λ(A_i × B_i) .

Now we shall formulate our G–valued product measure theorem. It works under the assumption of weak σ-distributivity [12], [16], [17], [18], [28]. A σ-complete comutative ℓ-group G is said to be weakly σ-distributive, if for every bounded sequence (a_{ij} ) ⊂ G such that a_{ij} ↘ 0 (j → ∞, i = 1, 2, . . . ) it is ⋀ φ∈N^N ⋁_∞ i=1 a_{iφ(i)} = 0.

Theorem 6. Let G be a commutative, weakly σ-distributive ℓ-group with a partial commutative binary operation · : G^+ × G^+ → G^+ satisfying the distributive law: a · (b + c) = a · b + a · c for every a, b, c ∈ G^+ = {x ∈ G; x ≥ 0}. If μ : B(R) → G, ν : B(R) → G are positive measures (i.e., σ-additive, nonnegative and having 0 in ∅), then there exists exactly one measure λ̄: B(R^2) → G such that λ̄(A × B) = μ(A) · ν(B) for every A ∈ B(R), B ∈ B(R).

Proof. Define first on D = {⟨a, b) × ⟨c, d); a, b, c, d ∈ R} the function λ : D → G by the formula λ(A × B) = μ(A) · ν(B) . Evidently λ is partially additive, hence additive by Theorem 5. It can be uniquelly extended to an additive mapping λ̄: s(D) → G defined by λ̄ (_n⋃ i=1 ( A_i × B_i )) = n∑ i=1 μ(A_i)ν(B_i) ,

(A_i × B_i) ∩ (A_j × B_j ) = ∅ (i ≠ j). The function λ̄ is compact with respect to D_0 = {C ⊂ R^2, C compact}. The function λ̄ is σ-additive by Theorem 4, hence λ̄ : s(D) → G is a measure. By [22] λ̄ can be uniquely extended to a measure on the generated σ-algebra σ ( s(D) ) = B(R^2).

In the group-valued case we are able to prove a variant of the Alexandroff theorem for a semiring D instead of a ring R.

Lemma 1. Let D be a semiring of subsets of a set, G be a commutative ℓ-group, λ : D → G be a non-negative, additive mapping. Then the following properties hold:

(i) λ(∅) = 0.

(ii) If A ⊂ B, A, B ∈ D, then λ(A) ≤ λ(B). (iii) If A, B, C ∈ D, B ∪ C ⊂ A, then λ(B) + λ(C) ≤ λ(A) + λ(B ∩ C). Proof. Since λ(∅) = λ(∅ ∪ ∅) = λ(∅) + λ(∅), we obtain λ(∅) = 0. If A ⊂ B, A, B ∈ D, then there are A_1, . . . , A_n ∈ D pairwise disjoint, A_i ⊂ B \ A such that B = A ∪ A_1 ∪ · · · ∪ A_n. Therefore λ(B) = λ(A) + λ(A_1) + · · · + λ(A_n) ≥ λ(A) .

Finally, if A, B, C ∈ D, B ∪ C ⊂ A, then we construct A_1, . . . , A_n ⊂ A \ (B ∩ C) pairwise disjoint such that A = (B ∩ C) ∪ ⋃_n i=1 A_i, B_1, . . . , B_m ⊂ A \ B such that A = B ∪ ⋃_m i=1 B_i and C_1, . . . , C_p ⊂ A \ C such that A = C ∪ ⋃_p i=1 C_i. Using all intersections A_i ∩ B_j ∩ C_k we obtain a finite collection D_1, D_2, . . . , D_ℓ of pairwise disjoint sets of D such that D_i ⊂ A \ (B ∩ C) and

A \ (B ∩ C) = ℓ⋃ i=1 D_i, B \ B ∩ C = q⋃ i=1 D_{ni} , C \ B ∩ C = r⋃ i=1 D_{pi} .

Then λ(B) + λ(C) = λ(B ∩ C) + q∑ i=1 λ(D_{ni} ) + λ(B ∩ C) + r∑ i=1 λ(D_{pi} ) ≤

≤ λ(B ∩ C) + ℓ∑ i=1 λ(D_i) = λ(B ∩ C) + λ(A) .

Lemma 2. Let D be a family of sets closed under intersections. Let λ(∅) = 0 and λ(E) ≤ λ(F ), whenever E, F ∈ D, E ⊂ F and λ(B) + λ(C) ≤ λ(B ∩ C) + λ(A) , whenever A, B, C ∈ D, B ∪ C ⊂ A. Let A_1, . . . , A_n ∈ D, C_1, . . . , C_n ∈ D, A_1 ⊃ A_2 ⊃ · · · ⊃ A_n, C_i ⊂ A_i (i = 1, . . . , n). Then n∑ i=1 λ(C_i) ≤ n−1∑ i=1 λ(A_i) + λ(C_1 ∩ C_2 ∩ · · · ∩ C_n) .

Proof. We shall prove it by induction. The first step is a consequence of the first assumption. Let the assertion hold for some n and let C_1, . . . , C_n, C_{n+1} ∈ D, A_1 ⊃ A_2 ⊃ · · · ⊃ A_n ⊃ A_{n+1}, C_i ⊂ A_i (i = 1, . . . , n + 1). Then n+1∑ i=1 λ(C_i) = n∑ i=1 λ(C_i) + λ(C_{n+1}) ≤

≤ n−1∑ i=1 λ(A_i) + λ(C_1 ∩ · · · ∩ C_n) + λ(C_{n+1}) .

Since (C_1 ∩ · · · ∩ C_n) ∪ C_{n+1} ⊂ A_n ∪ A_{n+1} = A_n, we obtain n+1∑ i=1 λ(C_i) ≤ n−1∑ i=1 λ(A_i) + λ(C_1 ∩ · · · ∩ C_n ∩ C_{n+1}) + λ(A_n) =

= n∑ i=1 λ(A_i) + λ(C_1, ∩ · · · ∩ C_{n+1}) .

Theorem 7. Let G be a σ-complete, commutative ℓ-group. Let D be a family of subsets of a set, closed under intersections and containing ∅, λ : D → G be a mapping satisfying the following conditions:

(i) λ(∅) = 0.

(ii) If A, B ∈ D, A ⊂ B, then λ(A) ≤ λ(B). (iii) If A, B, C ∈ D, B ∪ C ⊂ A, then λ(B) + λ(C) ≤ λ(B ∩ C) + λ(A). (iv) There is a compact family C such that to every E ∈ D there exists a sequence (C_n) ⊂ C such that C_n ⊂ C_{n+1} ⊂ E (n = 1, 2, . . . ) and λ(C_n) ↗ λ(E).

Then λ is upper continuous in ∅, i.e. (A_n) ⊂ D, A_n ↘ ∅ implies λ(A_n) ↘ 0.

Proof. Let (A_n) ⊂ D, A_n ↘ ∅. We want to prove that λ(A_n) ↘ 0. We shall show it indirectly. Since G is σ-complete, there is a > 0 such that λ(A_n) ≥ a (n = 1, 2, . . . ). By the condition (iv) to any n there are C^i_n ∈ C (i = 1, 2, . . . ) such that C^i_n ⊂ C^{i+1}_n ⊂ A_n (i = 1, 2, . . . ) and λ(A_n) − λ(C^i_n) ↘ 0 (i → ∞). Put a^i_n = λ(A_n) − λ(C^i_n). Choose i_1, i_2, . . . by the weak regularity of G ([25]) and put D_n = ⋂_n j=1 C^{ij}_j . Then D_n ∈ C, D_n ⊃ D_{n+1} (n = 1, 2, . . . ) and by Lemma 2 n∑ j=1 λ(C^{ij}_j ) ≤ n−1∑ i=1 λ(A_i) + λ(D_n) .

We want to prove that D_n ≠ ∅ (n = 1, 2, . . . ).

If D_n = ∅ for some n, then a ≤ λ(A_n) ≤ n∑ i=1 λ(A_i) − n∑ j=1 λ(C^{ij}_j ) = n∑ j=1 a^{ij}_j what is in a contradiction with the weak regularity of G.

Since D_n ⊃ D_{n+1}, D_n ∈ C, D_n ≠ ∅ (n = 1, 2, . . . ), we have ⋂_∞ n=1 D_n ≠ ∅. But D_n ⊂ A_n (n = 1, 2, . . . ), hence ⋂_∞ n=1 A_n ≠ ∅, which is a contradiction.

3. Joint observables for some types of MV algebras

If instead of a σ-algebra (in the Kolmogorov probability theory) we consider a set F ⊂ ⟨0, 1⟩^Ω of fuzzy subsets of a set Ω, we obtain a new model for the quantum theory [1], [2], [3], [8], [9], [10], [11], [13], [14], [15], [17], [18], [19], [20], [23], [24]. The basic idea is in the using of the operation f ⊕ g = min(f + g, 1). This algebraic structure is an example of MV algebra. On the other hand, every MV algebra can be represented by a set ⟨0, u⟩^Ω, where ⟨0, u⟩ is an interval in an ℓ-group G. So we are able to construct a convenient theory for a special case of MV algebras (with weakly σ-distributive G having a distributive multiplication). Recall that a theory for observables for weakly σ-distributive ℓ-groups G was constructed in [14].

Let G be a commutative ℓ-group, u ∈ G, u > 0, F = ⟨0, u⟩^Ω. An observable is a mapping x : B(R) → F satisfying the following conditions:

(a) x(R) = u_Ω.

(b) If A, B ∈ B(R), A ∩ B = ∅, then x(A ∪ B) = x(A) + x(B). (c) If A_n ∈ B(R) (n = 1, 2, . . . ), A_n ↗ A, then x(A_n) ↗ x(A). If there is given a commutative binary operation · on ⟨0, u⟩, we can define the joint observable of two observables x, y : B(R) → F as a mapping h : B(R^2) → F satisfying the following conditions:

(i) h(R^2) = u_Ω.

(ii) If A, B ∈ B(R^2), A ∩ B = ∅, then h(A ∪ B) = h(A) + h(B). (iii) If A_n ∈ B(R^2) (n = 1, 2, . . . ), A_n ↗ A, then h(A_n) ↗ h(A). (iv) If A, B ∈ B(R), then h(A × B) = x(A) · y(B) .

Theorem 8. Let G be a commutative, weakly σ-distributive ℓ-group with a partial commutative binary operation · : G^+ × G^+ → G^+ satisfying the distributive law. Let a, b, c ∈ G^+, a ≤ b imply a · c ≤ b · c. Let u ∈ G, u > 0 be such an element that u · u = u. Let x, y : B(R) → ⟨0, u⟩^Ω be observables. Then there exists the joint observable of x, y.

Proof. For fixed ω ∈ Ω, A, B ∈ B(R), put μ_ω(A) = x(A)(ω), ν_ω(B) = y(B)(ω). Evidently μ_ω and ν_ω are measures. Let λ̄ be the product measure constructed in Theorem 6. For C ∈ B(R^2), ω ∈ Ω put h(C)(ω) = λ̄(C) . Then h : B(R^2) → F. We shall prove that h has the properties (i)–(iv). First

h(R^2)(ω) = λ̄(R^2) = λ(R × R) = μ_ω(R) · ν_ω(R) = u · u = u

for every ω ∈ Ω. Therefore h(R^2) = u_Ω. If C, D ∈ B(R^2), C ∩ D = ∅ and ω ∈ Ω, then h(C ∪ D)(ω) = λ̄(C ∪ D) = λ̄(C) + λ̄(D) = = h(C)(ω) + h(D)(ω)

for every ω ∈ Ω, hence h(C ∪ D) = h(C) + h(D). Similarly the property (iii) can be proved. Finally, for any A, B ∈ B(R) and any ω ∈ Ω h(A × B)(ω) = μ_ω(A) · ν_ω(B) = x(A)(ω) · y(B)(ω) , hence h(A × B) = x(A) · y(B).

References

1. Chang, C. C., Algebraic analysis of many valued logics, Trans. Amer. Math. Soc. 88 (1958), 467–490.

2. Chovanec, F., States and observables on MV algebras, Tatra Mountains Math. Publ. 3 (1993), 55–64.

3. Chovanec, F.; Jurečková, M., Law of large numbers on D-posets of fuzzy sets, Tatra Mountains Math. Publ. 1 (1992), 15–18.

4. Duchoň, M., On the tensor product of vector measures in locally compact spaces, Math. čas.

19 (1969), 324–329.

5. Duchoň, M., A note on measures in Cartesian products, Acta Fac. rer. nat. Univ. Comen.

Math. 22 (1969), 39–45.

6. Duchoň, M., Vector measures in Cartesian products, Mat. čas. 21 (1971), 241–247. 7. Duchoň, M., Nonmultiplicative measures in locally compact products, Math. Slovaca 27 (1977), 133–141.

8. Dvurečenskij, A.; Pulmannová, S., Difference posets, effects and quantum measurements, Int.

J. Theor. Phys..

9. Dvurečenskij, A.; Riečan, B., Fuzzy quantum models, Int. J. General Systems 20 (1991), 39–54.

10. Dvurečenskij, A.; Riečan, B., Decomposition of measures on orthoalgebras and difference posets, Int. J. Theor. Physics 33 (1994), 1403–1418.

11. Giuntini, R.; Greling, H., Toward a formal language for unsharp properties, Foundations of Physics 20 (1989), 931–945.

12. Fremlin, D. H., A direct proof of the Matthes–Wright integral extension theorem, J. London Math. Soc. 11 (1975), 276–284.

13. Kolesárová, A.; Riečan, B., T1-observables, Int. J. Theor. Phys. 32 (1993), 1987–1999. 14. Kolesárová, A.; Riečan, B., On ℓ-group valued observables, The Journal of Fuzzy Mathematics 1 (1993), 227–341.

15. Kôpka, F.; Chovanec, F., D-posets, Math. Slovaca 44 (1994), 21–34.

16. Maharam, D., An algebraic characterization of measure algebras, Ann. Math. 48 (1947), 154–167.

17. Maličký, P., Random variables with values in a vector lattice, Acta Math. Univ. Comen.

52–53 (1987), 249–263.

18. Mesiar, R., Fuzzy random variables, Geniko seminario mathematikon 17 (1992), 51–67. 19. Mesiar, R.; Riečan, B., On the joint observables in some quantum structures, Tatra Mountains Math. Publ. 3 (1993), 183–190.

20. Mundici, D., Interpretation of AF C�-algebras in Lukasziewicz sequential calculus, J. Funct.

Anal. 65 (1986), 15–63.

21. Pap, E., Extension of the continuous t-conorm decomposable measures, Univ. u Novom Sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Mat. 20 (1990), 121–130.

22. Pap, E., Regular Borel t-conorm decomposable measures, Univ. u Novom Sadu Zb. Rad.

Prirod.-Mat. Fak. Ser. Mat. 20 (1990), 113–120.

23. Pykacz, J., Fuzzy sets in foundations of quantum mechanics. In: IFSA’91 Brussels, Computer management and system science (D. Dubois, R. Lowen, M. Roubens, eds.), 1991, pp. 205–208.

24. Riečan, B., On the lattice group valued measures, Čas. pěst. mat. 101 (1976), 343–349. 25. Riečan, B., On measures and integrals with values in ordered groups, Math. Slovaca 33 (1983), 153–163.

26. Riečan, B., Fuzzy connectives and quantum models. In: Cybernetics and system research ’92 (R. Trappl., ed.), vol. 1, 1992, pp. 335–338.

27. Riečan, B., Representation of observables in quantum mechanical models, Math. Slovaca 44 (1994), 123–129.

28. Volauf, P., On various notions of regularity in ordered spaces, Math. Slovaca 35 (1985), 127–130.

29. Volauf, P., Alexandroff and Kolmogorov consistency theorem for measures with values in partially ordered groups, Tatra Mountains Math. Publ. 3 (1993), 237–244.

30. Vonkomerová; Vrábelová, M., On the extension of positive continuous operators, Math. Slovaca 31 (1981), 251–262.

31. Wright, J. D. M., The measure extension problem for vector lattices, Ann. Inst. Fourier Grenoble 21 (1971), 65–85.

The Mathematical Institute of the Slovak Academy of Sciences, Štefánikova 49, Bratislava, SLOVAKIA

E-mail address: duchon@savba.sk, riecan@savba.sk,

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures

(continued on inside back cover)