Preprint 5/1996

May 21, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miroslav Ploźèica

Affine completions

of distributive lattices

PREPRINT SERIES

AFFINE COMPLETIONS OF DISTRIBUTIVE LATTICES

Miroslav Ploščica

Abstract. For any distributive lattice L we construct its extension F(I(L)) with the property that every isotone compatible function on L can be interpolated by a polynomial of F(I(L). Further, we characterize all extensions with this property and show that our construction is in some sense the simplest possible.

Introduction

Let A be a subalgebra of an algebra B. A function f : A^n −→ A is called compatible if, for every congruence θ on A, (x_1, y_1) ∈ θ, . . . , (x_n, y_n) ∈ θ implies (f(x_1, . . . , x_n), f(y_1, . . . , y_n)) ∈ θ. We say that A is affine complete in B if every compatible function on A can be interpolated by a polynomial of B. Note that the converse of this property is always true, provided that we consider algebras with the Congruence extension property (like in the case of distributive lattices): every function on A, which is representable by a polynomial of B, must be compatible.

This concept is a generalization of the usual (absolute) affine completeness: an algebra A is affine complete iff it is affine complete in itself.

There are several sources of motivation for this paper. The first one is the following characterization of affine complete distributive lattices.

1.1. Theorem([8]). A distributive lattice L is affine complete iff the following conditions hold:

(i) L does not contain a nontrivial Boolean interval; (ii) every proper almost principal ideal in L is principal; (iii) every proper almost principal filter in L is principal.

An ideal I in L is called almost principal if I∩ ↓ x is principal for every x ∈ L. We use the denotation ↓ x = {y ∈ L | y ≤ x} and dually for ↑ x. Almost principal filters are defined analogously. An ideal (or filter) I is called proper if I ≠ L. A Boolean interval is called nontrivial if it has at least two elements.

If the condition (i) fails then L has a unary compatible function that is not isotone (order-preserving). It is clear that such a function cannot be interpolated by any lattice polynomial.

If (i) is satisfied but (ii) or (iii) fails, the situation is different. By [2], (i) implies that every compatible function is isotone. (In [3] this was proved for bounded distributive lattices.) The reason why L is not affine complete is that it lacks some

1991 Mathematics Subject Classification. 06D99, 08A40. Key words and phrases. distributive lattice, ideal, polynomial. This research was supported by the GA SAV Grant 1230/95

Typeset by AMS-TEX 1

suitable constants. Therefore, in this case one can hope to find a lattice M such that L is affine complete in M. We call this an affine completion of L and we present a canonical way how to construct such a completion.

Our construction is motivated by the paper [4] of Grätzer and Schmidt. They considered L embedded in the ideal lattice I(L) and the filter lattice F (L). Their conjecture was that if (i) is satisfied then every compatible function on L can be obtained by a composition of polynomials of I(L) and F (L). This conjecture is true for unary functions but fails for functions of higher arities. Nevertheless, investigating the polynomials of I(L) and F (L) has proved fruitful in our paper.

After constructing the ”canonical” affine completion, we consider the question of other possible completions. The problem is as follows. Let L be a sublattice of a distributive lattice M. Under which conditions is L affine complete in M ? Our original conjecture was that the canonical completion of L should be embeddable in any such M. This conjecture is wrong but we shall show that it is not far from the truth either.

A special case of the above problem was solved in [6] in connection with investigations of affine complete Stone algebras. If L is a Stone algebra then D(L) denotes its filter of all dense elements.

1.2. Theorem([6]). Let L be a Stone algebra. The following statements are equivalent:

(1) L is affine complete;

(2) D(L) is affine complete (as a lattice) in L; (3) the following conditions hold:

(B) D(L) does not contain a nontrivial Boolean interval; (F) for every almost principal filter F in D(L) there is a ∈ L such that F = D(L)∩ ↑ a. The equivalence of (2) and (3) solves our problem in a very special case when L forms a filter in M. We shall show that, in general, (F) must be replaced by another (more complicated) condition.

Finally, we would like to mention that some ideas appearing in this paper stem also from the papers [1],[3], [5], [7] and [9].

2. Isotone compatible functions

For bounded distributive lattices, the situation is clear by Grätzer’s paper [3]. A bounded distributive lattice is affine complete if and only if it does not contain a nontrivial Boolean interval. Actually, more is proved in [3]. We shall need the following assertion.

2.1. Lemma([3], Corollary 1). Let L be a bounded distributive lattice. Then every isotone compatible function on L is a polynomial of L.

Now we shall show some basic properties of compatible functions on (possibly) unbounded distributive lattices.

2.2. Lemma. Let f : L −→ L be a unary isotone compatible function on a distributive lattice L. Then

(i) f is idempotent

(ii) the set {x ∈ L | x ≤ f(y) for some y ∈ L} is an almost principal ideal.

Proof. Let x ∈ L. We claim that f(x) ≤ x ∨ f(x ∧ f(x)). For contradiction, suppose that f(x) � x ∨ f(x ∧ f(x)). Then there is a prime ideal P in L such that x ∨ f(x ∧ f(x)) ∈ P and f(x) /∈ P . Let θ be the congruence on L having P and L \ P as its equivalence classes. Then (x, x ∧ f(x)) ∈ θ (since both x and x ∧ f(x) belong to P ), but (f(x), f(x ∧ f(x))) /∈ θ, a contradiction with the compatibility of f. Hence, f(x) ≤ x∨f(x∧f (x)). Since f is isotone, we obtain that f(x) ≤ x∨f^2(x), where f^2(x) means f(f(x)). Symmetrically we can prove that f(x) ≥ x ∧ f^2(x).

By a similar method one can prove that x ∧ f(x) ≤ f^2(x) ≤ x ∨ f(x). (It is a consequence of [8], Lemma 2.4.) We obtain that x ∧ f(x) ≤ x ∧ f^2(x) ≤ x ∧ f(x), hence x ∧ f(x) = x ∧ f^2(x), and similarly, x ∨ f(x) = x ∨ f^2(x). Therefore, f^2(x) = f^2(x)∨(x∧f(x)) = (f^2(x)∨x)∧(f^2 (x)∨f(x)) = (x∨f(x))∧(f^2 (x)∨f(x)) = (x ∧ f^2(x)) ∨ f(x) = (x ∧ f(x)) ∨ f(x) = f(x).

The proof of (ii) is the same as the proof of 2.6(iii) in [8]. �

2.3. Lemma. Let f : L^n −→ L be an isotone compatible function on a distributive lattice L. Let M ⊆ {1, . . . , n}. Then for every x_1, . . . , x_n ∈ L the equality f(x_1, . . . , x_n) = f(z_1, . . . , z_n) holds, where

z_i = { x_i if i /∈ M, f(x_1, . . . , x_n) if i ∈ M. Proof. We proceed by induction on the cardinality of M. If M = ∅, the statement is trivial. Suppose now that |M| ≥ 1 and choose j ∈ M. Let N = M \ {j}. Let us consider the unary function g : L −→ L defined by g(y) = f(y_1, . . . , y_n), where

y_i = x_i if i /∈ M, f(x_1, . . . , x_n) if i ∈ N, y if i = j. It is clear that g is isotone and compatible. By 2.2(i), it is idempotent, hence g(x_j ) = g(g(x_j )). Since g(x_j ) = f(t_1, . . . , t_n), where

t_i = { x_i if i /∈ N, f(x_1, . . . , x_n) if i ∈ N, the induction hypothesis yields that g(x_j ) = f(x_1, . . . , x_n). Hence, f(x_1, . . . , x_n) = g(f(x_1, . . . , x_n)) and, obviously, g(f(x_1, . . . , x_n)) = f(z_1, . . . , z_n). �

2.4. Lemma. Let f : L^n −→ L be an isotone compatible function. Let M ⊆ {1, . . . , n}. For every x_1, . . . , x_n, y_1, . . . , y_n ∈ L the following holds true: f(x_1, . . . , x_n) ≤ f(z_1, . . . , z_n) ∨ ⋁ i∈M x_i,

f(x_1, . . . , x_n) ≥ f(z_1, . . . , z_n) ∧ ⋀ i∈M x_i, where z_i = { x_i if i /∈ M, y_i if i ∈ M. Proof. We prove the first inequality. For contradiction, assume that f(x_1, . . . , x_n) � f(z_1, . . . , z_n) ∨ ⋁ i∈M x_i. Then there is a prime ideal P such that f(x_1, . . . , x_n) /∈ P and f(z_1, . . . , z_n) ∨ ⋁ i∈M x_i ∈ P . Let θ be the congruence on L whose equivalence classes are P and L \ P .

Since f(z_1, . . . , z_n) ∈ P and x_i ∈ P for every i ∈ M, we have (f(z_1, . . . , z_n), x_i) ∈ θ for every i ∈ M. The compatibility of f yields that (f(x_1, . . . , x_n), f(u_1, . . . , u_n)) ∈ θ, where u_i = { x_i (= z_i) if i /∈ M, f(z_1, . . . , z_n) if i ∈ M. By 2.3, f(u_1, . . . , u_n) = f(z_1, . . . , z_n) and hence (f(x_1, . . . , x_n), f(z_1, . . . , z_n)) ∈ θ, a contradiction. �

3. The canonical affine completion

If I is an almost principal ideal in a distributive lattice L, then for every x ∈ L the ideal I∩ ↓ x has a greatest element. We denote this element by x_I . Similarly, if F is an almost principal filter, then F ∩ ↑ x =↑ x^F . It is easy to prove (see [4]) that the set I(L) of all almost principal ideals of L forms a sublattice of the lattice I(L) of all ideals of L. We have the canonical embedding x →↓ x of L into I(L).

Similarly, we consider the lattice F(L) of all almost principal filters of L. Note that F(L) is ordered by the inverse inclusion, i.e. F_1 ≤ F_2 iff F_1 ⊇ F_2. The canonical embedding L −→ F(L) is given by x →↑ x.

The lattice I(L) always has a greatest element, since L itself is regarded as an almost principal ideal. Similarly, L is the least element of F(L).

3.1. Lemma. Every distributive lattice L is an ideal in I(L). (More precisely, the set {↓ x | x ∈ L} is an ideal in I(L).) Similarly, L is a filter in F(L).

Proof. It is clear that the set {↓ x | x ∈ L} is closed under joins. Further, let

I ∈ I(L), I ⊆↓ x for some x ∈ L. Then I∩ ↓ x is a principal ideal, but I∩ ↓ x = I,

hence I ∈ {↓ x | x ∈ L}. The proof for filters is similar. �

3.2. Lemma. For every distributive lattice L, every I, J ∈ I(L) and every x, y ∈ L, the following equalities hold: x_I ∧ y_J = (x ∧ y)_{I∧J} , x_I ∨ x_J = x_{I∨J} , x_I ∨ y_I = (x ∨ y)_I . Proof. I. Clearly, x ∧ y ≥ x_I ∧ y_J ∈ I ∧ J. Further, if t ∈ (I ∧ J)∩ ↓ (x ∧ y), then x ≥ t ∈ I and y ≥ t ∈ J. Hence, t ≤ x_I and t ≤ y_J and therefore t ≤ x_I ∧ y_J .

II. Clearly, x_I ∨x_J ∈ (I ∨J)∩ ↓ x. Further, if t is any element of (I ∨J)∩ ↓ x then t ≤ t_1 ∨ t_2 for some t_1 ∈ I, t_2 ∈ J and hence t ≤ x ∧ (t_1 ∨ t_2) = (x ∧ t_1) ∨ (x ∧ t_2) ≤ x_I ∨ x_J .

III. Clearly, x_I ∨ y_I ∈ I∩ ↓ (x ∨ y). Further, if t is any element of I∩ ↓ (x ∨ y) then t = t ∧ (x ∨ y) = (t ∧ x) ∨ (t ∧ y) ≤ x_I ∨ y_I . �

Now we are going to prove that every isotone compatible function on L can be extended to an isotone compatible function on I(L). So, let us assume that f : L^n −→ L is compatible. We wish to extend it to a function f : I(L)^n −→ I(L). Let I_1, . . . , I_n ∈ I(L). For any M ⊆ {1, . . . , n} we set I(M) = { y ∈ L | y ≤ f(x_1, . . . , x_n) ∨ ⋁ i∈M x_i for some x_1, . . . , x_n ∈ L such

that x_i ∈ I_i for all i ∈ M } . 3.3. Lemma. I(M) is an almost principal ideal in L.

Proof. We prove that, for every y ∈ L,

y_{I(M)} = ⋁ i∈M y_{Ii} ∨ (f(z_1, . . . , z_n) ∧ y), where z_i = { y if i /∈ M, y_{Ii} if i ∈ M. It is clear that such y_{I(M)} belongs to I(M) and y_{I(M)} ≤ y. We need to show that y_{I(M)} is the greatest element of L having these properties.

So, let u ∈ I(M), u ≤ y. Hence, u ≤ ⋁ i∈M x_i ∨ f(x_1, . . . , x_n) for suitable x_1, . . . , x_n ∈ L such that x_i ∈ I_i whenever i ∈ M. Then u ≤ ⋁ i∈M (x_i ∧ y) ∨ (f(x_1, . . . , x_n) ∧ y). Obviously, for i ∈ M we have x_i ∧ y ≤ y_{Ii} ≤ y_{I(M)}. It remains to show that f(x_1, . . . , x_n) ∧ y ≤ y_{I(M)}. According to 2.4, f(t_1, . . . , t_n) ≥ f(x_1, . . . , x_n) ∧ y, where t_i = { y if i /∈ M, x_i if i ∈ M. Hence, f(x_1, . . . , x_n) ∧ y ≤ f(t_1, . . . , t_n) ∧ y and, by 2.4 again, f(t_1, . . . , t_n) ≤ f(z_1, . . . , z_n) ∨ ⋁ i∈M x_i. We obtain that f(x_1, . . . , x_n) ∧ y ≤ ( f(z_1, . . . , z_n) ∨ ⋁ i∈M x_i ) ∧ y ≤ ( f(z_1, . . . , z_n) ∧ y ) ∨ ⋁ i∈M y_{Ii} = y_{I(M)}.

Thus, we have proved that I(M)∩ ↓ y is a principal ideal for every y ∈ L. This implies that I(M) is closed under joins. Hence, I(M) is an almost principal ideal. � Let us define f (I_1, . . . , I_n) = ⋂ { I(M) | M ⊆ {1, . . . , n} } . Since all I(M)’s are almost principal ideals, f (I_1, . . . , I_n) is an almost principal ideal too. Hence, we have defined a function

f : I(L)^n −→ I(L).

It is clear that f is isotone.

3.4. Lemma. f is a compatible function on I(L).

Proof. Let θ be a congruence on I(L), let I_1, . . . , I_n, J_1, . . . , J_n ∈ I(L) and (I_1, J_1) ∈ θ, . . . , (I_n, J_n) ∈ θ. We have to prove that (f (I_1, . . . , I_n), f (J_1, . . . , J_n)) ∈ θ. We can restrict ourselves to the case I_1 ⊆ J_1, . . . , I_n ⊆ J_n. (Indeed, we could consider the ideals K_i = I_i ∩ J_i and prove that (f (K_1, . . . , K_n), f (I_1, . . . , I_n)) ∈ θ and (f (K_1, . . . , K_n), f (J_1, . . . , J_n)) ∈ θ. Let I(M), M ⊆ {1, . . . , n} be the ideals defined above for I_1, . . . , I_n. Let J(M) be similar ideals, defined by using J_1, . . . , J_n instead of I_1, . . . , I_n. We claim that J(M) = I(M) ∨ ⋁ i∈M J_i. Obviously, I(M) ⊆ J(M) and also ⋁ i∈M J_i ⊆ J(M). To prove the other inclusion, let t ∈ J(M), hence t ≤ f(x_1, . . . , x_n) ∨ ⋁ i∈M x_i, where x_1, . . . , x_n ∈ L are such that x_i ∈ J_i whenever i ∈ M. Choose arbitrary elements y_i ∈ I_i (i ∈ M). By 2.4, f(x_1, . . . , x_n) ≤ f(y_1, . . . , y_n) ∨ ⋁ i∈M x_i, where y_i = x_i for i /∈ M. Hence, t ≤ f(y_1, . . . , y_n) ∨ ⋁ i∈M x_i. Since f(y_1, . . . , y_n) ≤ f(y_1, . . . , y_n) ∨ ⋁ i∈M y_i ∈ I(M) and ⋁ i∈M x_i ∈ ⋁ i∈M J_i, we obtain that t ∈ I(M) ∨ ⋁ i∈M J_i. Thus, we have J(M) = I(M) ∨ ⋁ i∈M J_i. Since (I_i, J_i) ∈ θ for every i, we have (I(M), J(M)) = (I(M) ∨ ⋁ i∈M I_i, I(M) ∨ ⋁ i∈M J_i) ∈ θ, which implies that

(f (I_1, . . . , I_n), f (J_1, . . . , J_n)) = ( ⋀ M⊆n I(M), ⋀ M⊆n J(M)) ∈ θ. (Here and in the sequel n stands for {1, . . . , n}.) �

3.5. Lemma. For every x_1, . . . , x_n ∈ L, the following holds: f (↓ x_1, . . . , ↓ x_n) =↓ f(x_1, . . . , x_n). (In other words: f can be regarded as an extension of f.)

Proof. Obviously, f(x_1, . . . , x_n) ∈ I(M) for every M ⊆ {1, . . . , n}, hence ↓ f(x_1, . . . , x_n) ⊆ f (↓ x_1, . . . , ↓ x_n). (It is understood that, in the definition of I(M), the ideals ↓ x_1, . . . , ↓ x_n play the role of I_1, . . . , I_n.)

Suppose now that y ∈ ⋂ M⊆n I(M) = f (↓ x_1, . . . , ↓ x_n). We show that for every M ⊆ {1, . . . , n} there exist y_1, . . . , y_n ∈ L such that y ≤ f(y_1, . . . , y_n) and y_i = x_i for every i ∈ M.

We proceed by induction on the cardinality of M. Since y ∈ I(∅), we have y ≤ f(y_1, . . . , y_n) for some y_1, . . . , y_n ∈ L, which means that the assertion holds for |M| = 0. Suppose now that |M| > 0. From y ∈ I(M) we get that y ≤ f(z_1, . . . , z_n) ∨ ⋁ i∈M z_i,

where z_i ≤ x_i for every i ∈ M. For every k ∈ M we consider the set M_k = M \ {k}. By the induction hypothesis for M_k we have y ≤ f(y^k_1 , . . . , y^k_n), where y^k_1 , . . . , y^k_n ∈ L are such that y^k_i = x_i whenever i ∈ M_k. Let us denote w = ⋀ k∈M f(y^k_1 , . . . , y^k_n).

Further, let t_1, . . . , t_n ∈ L be defined by the rule

t_i = { x_i if i ∈ M, z_i ∨ ⋁ k∈M y^k_i if i /∈ M. By 2.4 and the isotonicity of f, for every k ∈ M we get z_k ∧ w ≤ z_k ∧ f(y^k_1 , . . . , y^k_n) ≤ f(y^k_1 , . . . , y^k_{−1}, z_k, y^k_{+1}, . . . , y^k_n) ≤ f(t_1, . . . , t_n) and also f(z_1, . . . , z_n) ≤ f(t_1, . . . , t_n). Since y ≤ w, we obtain y ≤ (f(z_1, . . . , z_n) ∨ ⋁ k∈M z_k) ∧ w = (f(z_1, . . . , z_n) ∧ w) ∨ ⋁ k∈M (z_k ∧ w) ≤ f(t_1, . . . , t_n).

This completes the induction. If we set M = {1, . . . , n}, we obtain that y ≤ f(x_1, . . . , x_n), which was to prove. �

Of course, assertions analogous to 3.3–3.5 hold also for almost principal filters. Having this in mind, we can prove the main theorem of this section.

3.6. Theorem. Let L be a distributive lattice. For a function f : L^n −→ L, the following statements are equivalent:

(1) f is isotone and compatible;

(2) f can be interpolated by a polynomial of F(I(L)).

Proof. Obviously, every function on L that can be interpolated by a polynomial

of F(I(L)) is isotone and compatible. (Distributive lattices have the Congruence

extension property.) Conversely, let f : L^n −→ L be an isotone compatible function. By 3.4 and 3.5 we can extend it to an isotone compatible function

f : F(I(L))^n −→ F(I(L)). The lattice F(I(L)) is bounded. By 2.1, f is a polyno-

mial function of F(I(L)), which is the desired interpolation of f. �

If L does not contain a nontrivial Boolean interval, then every compatible function on L is isotone and hence can be interpolated by a polynomial of F(I(L)).

3.7. Theorem. Suppose that a distributive lattice L does not contain a nontrivial Boolean interval. Then L is affine complete in F(I(L)). �

Let us remark that if L does not contain a nontrivial Boolean interval, then

F(I(L)) itself is affine complete. Indeed, it is bounded and the following assertion

holds.

3.8. Lemma. If L does not contain a nontrivial Boolean interval, then I(L) and

F(L) do not contain such interval either.

Proof. Let [I, J] be a Boolean interval in I(L), I ( J. Let us choose x ∈ J \ I. Consider the interval [↓ x ∩ I, ↓ x]. This interval is isomorphic to the nontrivial Boolean interval [I, ↓ x ∨ I]. On the other hand, by 3.1 it is isomorphic to the interval [x_I , x] of the lattice L. Hence, L contains a nontrivial Boolean interval. �

Hence, we can regard F(I(L)) as an ”affine completion” of L. Because of the symmetry, I(F(L)) is another affine completion. Rest of this section is devoted to the proof that these two completions are canonically isomorphic.

So, let L be a distributive lattice. If U ∈ F(I(L)), (i.e. U is a family of almost principal ideals that forms an almost principal filter in I(L)) and F ∈ F(L), then we denote by F (U) the filter in L generated by the set {x_I | x ∈ F, I ∈ U}. Since the set {x_I | x ∈ F, I ∈ U} is (by 3.2) closed under meets, we have F (U) = {t ∈ L | t ≥ x_I for some x ∈ F, I ∈ U}. 3.9. Lemma. F (U) ∈ F(L).

Proof. Since U is almost principal, for every x ∈ L there exists an ideal (↓ x)^U ∈ U. We claim that x^{F (U)} = (x^F )_J , where J = (↓ x)^U .

Since ↓ x ⊆ J, we have x ∈ J. Since x ≤ x^F , it follows that x ≤ (x^F )_J . From the definition we have (x^F )_J ∈ F (U).

It remains to show that (x^F )_J is the least element in ↑ x ∩ F (U). Let y ∈ F (U), x ≤ y. Then y ≥ z_I for some z ∈ F , I ∈ U. Obviously, J ⊆ I∨ ↓ x, hence (x^F )_J ≤ (x^F )_{I∨↓x} = (x^F )_I ∨ (x^F )_{↓x} = (x^F )_I ∨ x.

Further x^F ≤ z ∨ x, hence (x^F )_I ≤ (z ∨ x)_I = z_I ∨ x_I . We obtain that (x^F )_J ≤ z_I ∨ x_I ∨ x = z_I ∨ x ≤ y. � Let us denote φ(U) = {F ∈ F(L) | F ∩ I ≠ ∅ for every I ∈ U}.

3.10. Lemma. φ(U) is an almost principal ideal in F(L).

Proof. It is easy to see that φ(U) is an ideal in F(L). (Recall that F(L) is ordered by the inverse inclusion.) Let F ∈ F(L). We claim that F_{φ(U)} = F (U).

Let I ∈ U. Choose x ∈ F arbitrarily. Then x_I ∈ F (U) ∩ I. We have proved that F (U) ∈ φ(U). Let x ∈ F . Choose I ∈ U arbitrarily. Then x ≥ x_I ∈ F (U), hence x ∈ F (U).

We have proved that F ⊆ F (U).

Now, let F ⊆ G ∈ φ(U). We need to show that F (U) ⊆ G. It suffices to prove that x_I ∈ G for every x ∈ F , I ∈ U. Since x ∈ F , obviously x ∈ G. Since G ∈ φ(U), there exists z ∈ G ∩ I. Then x ∧ z ∈ G and since x ∧ z ≤ x_I , we obtain that x_I ∈ G.

3.11. Theorem. The lattices F(I(L)) and I(F(L)) are isomorphic for every distributive lattice L.

Proof. Let φ : F(I(L)) −→ I(F(L)) be the mapping defined in 3.10. Similarly we define ψ : I(F(L)) −→ F(I(L)) by ψ(K) = {I ∈ I(L) | I ∩ F ≠ ∅ for every F ∈ K}. It is clear that both φ and ψ are order-preserving. It remains to prove that they are inverse to each other. Because of the symmetry, it suffices to show that ψ(φ(U)) = U for every U ∈ F(I(L)).

It is obvious that U ⊆ ψ(φ(U)). Conversely, suppose that an almost principal ideal I has a nonempty intersection with every F ∈ φ(U). For contradiction, suppose that I /∈ U. Then I ( I^U and we can choose x ∈ I^U \ I. For the filter G =↑ x consider the filter G(U) generated by {x_K | K ∈ U}. By 3.9, G(U) ∈ φ(U), hence G(U) ∩ I ≠ ∅. It follows that x_J ∈ I for some J ∈ U. Clearly, I^U ⊆ I ∨ J, hence x ∈ I ∨ J, which implies that x = x_{I∨J} = x_I ∨ x_J . Since x_J ∈ I, we have x_J ≤ x_I , hence x = x_I , which means that x ∈ I, a contradiction. �

We close this section with some examples.

(1) If L is a bounded distributive lattice then L ∼= F(I(L)).

(2) If L is an affine complete distributive lattice withou the least and the greatest element, then F(I(L)) ∼= L ∪ {0, 1}.

(3) Let L be the ”open square” lattice L = {(x, y) ∈ R^2 | 0 < x < 1, 0 < y < 1}, where R is the chain of reals. Then, up to isomorphism,

F(I(L)) = {(x, y) ∈ R^2 | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}.

(4) Let L be the set of all sequences of real numbers, which contain only finitely many nonzero members. This set, under the pointwise ordering, is a distributive lattice. Then, up to isomorphism, I(L) is the set of all sequences of R ∪ {∞} with only finitely many negative members. Every such sequence represents the ideal of all elements of L that lie below it. Similarly, F(I(L)) is the set of all sequences of

R ∪ {∞, −∞}.

4. Other affine completions

In this section we investigate general conditions characterizing the situation when a distributive lattice L is affine complete in a distributive lattice M. Our basic technique lies in analyzing binary compatible functions.

First, one denotation. If f : L −→ L is any function on a distributive lattice L, then I(f) = {x ∈ L | x ≤ f(y) for some y ∈ L}.

In the next assertion we use the fact that every unary isotone compatible function f : L −→ L is a lattice endomorphism. Indeed, any such function is representable by some unary polynomial of F(I(L)) and it is easy to see that unary polynomials are endomorphisms.

4.1. Lemma. Let f : L^2 −→ L be an isotone compatible function on a distributive lattice L. For every x ∈ L we define a unary function f_x : L −→ L by f_x(y) = f(x, y). Then

(i) I(f_{x∧y}) = I(f_x) ∩ I(f_y ) for every x, y ∈ L;

(ii) the family {I(f_x) | x ∈ L} generates an almost principal filter in I(L).

Proof. We know from 2.2(ii) that I(f_x) ∈ I(L). Denote by U the filter in I(L) generated by {I(f_x) | x ∈ L}.

(i) The inclusion I(f_{x∧y}) ⊆ I(f_x) ∩ I(f_y ) follows from the isotonicity of f. Conversely, suppose that t ≤ f(x, u) and t ≤ f(y, v) for some t, u, v ∈ L. Define a compatible function g : L −→ L by g(z) = f(z, u ∨ v). Since unary compatible functions are lattice homomorphisms, we obtain that t ≤ f(x, u) ∧ f(y, v) ≤ g(x) ∧ g(y) = g(x ∧ y) = f(x ∧ y, u ∨ v), hence t ∈ I(f_{x∧y}). (ii) Because of (i), for any J ∈ I(L) we have

J ∈ U iff J ⊇ I(f_x) for some x ∈ L.

To prove that U is almost principal, consider arbitrary I ∈ I(L). Choose x ∈ I arbitrarily. We claim that I^U = I ∨ I(f_x). Obviously, I ⊆ I ∨ I(f_x) ∈ U. Now, let J ∈ U, I ⊆ J. Thus, I(f_u) ⊆ J for some u ∈ L. By 2.4, f(x, z) ≤ x ∨ f(u, z) for every z ∈ L. Since x ∈ I ⊆ J and f(u, z) ∈ I(f_u) ⊆ J, we have f(x, z) ∈ J. This shows that I(f_x) ⊆ J, hence I ∨ I(f_x) ⊆ J. �

Now we formulate ”the condition of substitutes”. Let L be a sublattice of a distributive lattice M.

For every U ∈ F(I(L)), U ≠ {L}, I(L), there exists c ∈ M such that

(CS)

y_I = y ∧ (c ∨ x) for every x, y ∈ L, where I = (↓ x)^U .

4.2. Theorem. Suppose that every binary isotone compatible function on L can be interpolated by a polynomial of M. Then (CS) holds.

Proof. Consider the function

f(x, y) = y_I , where I = (↓ x)^U .

This function is isotone and compatible, because it is representable by a polynomial

of F(I(L)) (under the canonical embedding L −→ F(I(L))), namely f(x, y) = y ∧ (U ∨ x). By our assumption, f is representable by a polynomial of M. Let M be the lattice which arises from M by adding a new 0 and 1. (If M possesses the greatest and the least element, this step is not necessary.) Hence, f can be expressed in the canonical form f(x, y) = a ∧ (b ∨ y) ∧ (c ∨ x) ∧ (d ∨ x ∨ y), where a, b, c, d ∈ M, a ≥ b ≥ d, a ≥ c ≥ d. It is easy to see that if y ≤ x then y ∈ ↓ x ⊆ (↓ x)^U , hence f(x, y) = y. In particular, f(x, x) = x for every x ∈ L. Clearly, x = f(x, x) = a ∧ (d ∨ x). Thus, a ≥ x ≥ d for every x ∈ L. Then d ∨ x ∨ y = x ∨ y, a ≥ x ∨ y and we have f(x, y) = (b ∨ y) ∧ (c ∨ x) ∧ (x ∨ y). Since y ≤ x∨y, we have y = f(x∨y, y) = (b∨y)∧(c∨x∨y)∧(x∨y∨y) = (b∨y)∧(x∨y), hence f(x, y) = y ∧ (c ∨ x). It remains to show that c ∈ M (i.e. c ≠ 0, 1).

Suppose that c = 0. Then f(x, y) = x ∧ y. We claim that ↓ x ∈ U for every x ∈ L. Indeed, y ∈ (↓ x)^U = I implies that y = y_I = f(x, y) = x ∧ y, hence y ≤ x, which shows that (↓ x)^U =↓ x and therefore ↓ x ∈ U. Thus, U = I(L), which is excluded.

Suppose that c = 1. Then f(x, y) = y for every x, y ∈ L. This is only possible if (↓ x)^U = L for every x ∈ L. Thus, if I ∈ U then choosing an arbitrary x ∈ I we find that L = (↓ x)^U ⊆ I, hence I = L. We have shown that U = {L}, which is an excluded case too. �

Now we are going to prove the converse. In the sequel we keep the following assumptions:

(1) L is a sublattice of a distributive lattice M; (2) the condition (CS) is satisfied;

(3) f : L^n −→ L is an isotone compatible function (n ≥ 1). Our aim is to represent f by a polynomial of M. Without loss of generality we can assume that M contains 0 and 1. (If a polynomial contains 0 or 1, then it always can be simplified so that these constants disappear.)

For every S ⊆ n = {1, . . . , n} we define a binary function f^S : L^2 −→ L by

f^S (x, y) = f(x_1, . . . , x_n), where

x_i = { y if i ∈ S; x if i /∈ S. Obviously, each f^S is a compatible function. For every x ∈ L we define an unary function f^S_x by f^S_x (y) = f^S (x, y). By 4.1, the family {I(f^S_x ) | x ∈ L} generates some

U ∈ F(I(L)). (Of course, U depends on S.) According to (CS), there is aS ∈ M

such that y ∧ (x ∨ a_S ) = y_I for every x, y ∈ L, I = (↓ x)^U . (If the case U = I(L) or U = {L} occurs, then (CS) does not apply, but the constants a_S = 0 or a_S = 1 have the required property.)

In general, the condition (CS) does not determine the elements a_S uniquely. We shall need a special choice of those elements, which is ensured by the following lemma.

4.3. Lemma. The elements a_S , S ⊆ n, can be chosen in such a way that (1) a_S ≤ a_T whenever S ⊆ T ;

(2) a_∅ ≤ f(x_1, . . . , x_n) ≤ a_n for every x_1, . . . , x_n ∈ L.

Proof. Let a_S , S ⊆ n be arbitrary elements of M satisfying the condition that y_I = y ∧ (x ∨ a_S ) for every x, y ∈ L, I = (↓ x)^S , where the filter S is generated by the family {I(f^S_u ) | u ∈ L}.

I. If (1) is not fulfilled, we set b_T = ⋀ S⊇T a_S for every T ⊆ n. The elements b_T clearly satisfy (1) and it suffices to show that y ∧ (x ∨ a_T ) = y ∧ (x ∨ b_T ) for every x, y ∈ L, T ⊆ n. Consider arbitrary S ⊇ T . Let S be as above and let T ∈ F(I(L)) be generated by the family {I(f^T_u ) | u ∈ L}. For every v ∈ L we have f^S_u (u ∨ v) ≥ f^T_u (v), because f is isotone. Hence, I(f^S_u ) ⊇ I(f^T_u ), and consequently, S ⊆ T . Then for I = (↓ x)^S , J = (↓ x)^T we have I ⊇ J and hence y_I ≥ y_J , or equivalently, y ∧ (x ∨ a_S ) ≥ y ∧ (x ∨ a_T ). Further, y ∧ (x ∨ b_T ) = y ∧ (x ∨ ⋀ S⊇T a_S ) = ⋀ S⊇T (y ∧ (x ∨ a_S )) = y ∧ (x ∨ a_T ). II. We denote f(L^n) = {f(x_1, . . . , x_n) | x_1, . . . , x_n ∈ L}. Clearly, f^∅_u is for every u ∈ L a constant function equal to f(u, . . . , u). Thus, if S = ∅, then the corresponding filter S is S = {I ∈ I(L) | f(u, . . . , u) ∈ I for some u ∈ L}, or equivalently S = {I ∈ I(L) | I ∩ f(L^n) ≠ ∅}. (Indeed, if f(u_1, . . . , u_n) ∈ I then f(u, . . . , u) ∈ I, where u = ⋀_n i=1 u_i.)

We claim that, for any t ∈ L, t ∧ a_∅ is a lower bound of f(L^n). Indeed, if w ∈ f(L^n) then ↓ w ∈ S, hence (↓ w)^S =↓ w and therefore w ≥ t ∧ w = t_{↓w} = t ∧ (w ∨ a_∅) ≥ t ∧ a_∅. Choose t ∈ f(L^n) arbitrarily and set b_∅ = t∧a_∅. Then clearly b_∅ ≤ f(x_1, . . . , x_n) for every x_1, . . . , x_n ∈ L. It remains to prove that y ∧ (x ∨ a_∅) = y ∧ (x ∨ b_∅) for every x, y ∈ L. Since y ∧ a_∅ is a lower bound of f(L^n), we have y ∧ a_∅ ≤ t and hence y ∧(x∨a_∅) = (y ∧x)∨(y ∧a_∅ ) = (y ∧x)∨(y ∧a_∅ ∧t) = y ∧(x∨(a_∅ ∧t)) = y ∧(x∨b_∅). III. Clearly, f^n_u (y) = f(y, . . . , y) for every u, y ∈ L, i.e. the function f^n_u does not depend on u. If S = n then the corresponding filter is S = {I ∈ I(L) | I(f^n_u ) ⊆ I} = {I ∈ I(L) | f(L^n) ⊆ I}. We claim that, for every t ∈ L, t ∨ a_n is an upper bound of f(L^n). Indeed, if w ∈ f(L^n) then w ∈ I = (↓ t)^S ⊇ f(L^n), hence w = w_I = w ∧ (t ∨ a_n) ≤ t ∨ a_n.

Choose t ∈ f(L^n) arbitrarily and set b_n = t ∨ a_n. It remains to show that y ∧ (x ∨ a_n) = y ∧ (x ∨ b_n) for every x, y ∈ L. Since x ∨ a_n is an upper bound of f(L^n), we have t ≤ x ∨ a_n and therefore y ∧ (x ∨ a_n ) = y ∧ (x ∨ a_n ∨ t) = y ∧ (x ∨ b_n ).

4.4. Lemma. For every ∅ ≠ S ( n and every x_1, . . . , x_n ∈ L the following holds true: a_S ∧ ⋀ i∈S x_i ≤ f(x_1, . . . , x_n) ≤ a_S ∨ ⋁ i/∈S x_i.

Proof. Denote by S the filter in I(L) generated by the family {I(f^S_u ) | u ∈ L}.

I. Consider the ideal K = I(f^S_x ), where x = ⋀ i/∈S xi. Let y = ⋀ i∈S x_i. Clearly, y_K ≤ f^S (x, u) for some u ∈ L. From 2.4 and the isotonicity of f we infer that y_K ≤ y ∧ f^S (x, u) ≤ f(x_1, . . . , x_n). Choose arbitrary t ∈ K. Then K ⊇ I = (↓ t)^S , because ↓ t ⊆ K ∈ S. By the definition of a_S we have f(x_1, . . . , x_n) ≥ y_K ≥ y_I = y ∧ (t ∨ a_S ) ≥ y ∧ a_S . II. Denote w = ⋁ i∈S x_i, z = ⋁ i/∈S xi. Consider the ideal J = (↓ z)

S . Clearly, J ⊇ I(f^S_u ) for some u ∈ L, hence f^S (u, w) ∈ J and (f^S (u, w))_J = f^S (u, w). By 2.4 and the isotonicity of f we have f(x_1, . . . , x_n) ≤ f^S (u, w) ∨ z = (f^S (u, w))_J ∨ z = (f^S (u, w) ∧ (z ∨ a_S )) ∨ z ≤ z ∨ a_S . �

From 4.4 and 4.3(ii) we deduce that ⋁ S⊆n ( a_S ∧ ⋀ i∈S x_i ) ≤ f(x_1, . . . , x_n) ≤ ⋀ S⊆n ( a_S ∨ ⋁ i/∈S x_i ) .

It is not difficult to see that, due to distributivity and 4.3(i), ⋁ S⊆n ( a_S ∧ ⋀ i∈S x_i ) = ⋀ S⊆n ( a_S ∨ ⋁ i/∈S x_i ) .

(It can be proved by induction on n.) Hence, f(x_1, . . . , x_n) = ⋁ S⊆n ( a_S ∧ ⋀ i∈S x_i ) ,

which means that we have represented f by a polynomial of M. As a consequence we have obtained the main results of this section.

4.5. Theorem. Let L be a sublattice of a distributive lattice M. The following statements are equivalent:

(1) L and M satisfy (CS);

(2) every isotone compatible binary function on L can be interpolated by a polynomial of M.

(3) every isotone compatible function on L can be interpolated by a polynomial of M. � 4.6. Theorem. Let L be a sublattice of a distributive lattice M. Suppose that L does not contain a nontrivial Boolean interval. The following statements are equivalent:

(1) L is affine complete in M; (2) L and M satisfy (CS);

(3) every compatible binary function on L can be interpolated by a polynomial of M. � The condition (CS) says that M in some sense contains the canonical completion

F(I(L)). Every element of F(I(L)) (possibly except the greatest and the least

element) has some ”substitute” in M. However, we cannot claim that F(I(L)) is a sublattice of M, which is shown by the following example.

Let L = {(x, y) ∈ R^2 | 0 < x < 1, 0 < y < 1} be the open square lattice, which was discussed at the end of the previous chapter. Let M be the sublattice of

R^2 × {0, 1} given by

M = {(x, y, 0) | 0 ≤ x < 1, 0 ≤ y < 1} ∪ {(x, y, 1) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}. We can regard L as a sublattice of M, identifying (x, y) ∈ L with (x, y, 0) ∈ M. Then (CS) is satisfied, i.e. L is affine complete in M. However, there is no lattice embedding F(I(L)) −→ M that preserves the elements of L.

The above lattice L also provides a counterexample to other conjectures. In [4], an I-polynomial of a distributive lattice L is defined as a function on L that can be interpolated by a polynomial of the ideal lattice I(L). Similarly, D-polynomials are functions representable by polynomials of the filter (dual ideal) lattice F (L). The conjecture in [4] says that every isotone compatible function is an ID-polynomial (a composition of I-polynomials and D-polynomials). In fact, it is not difficult to prove that every I-polynomial (D-polynomial) is representable by a polynomial of I(L) (of F(L)). Now, consider the open square lattice L embedded in the lattice Q = {(x, y) ∈ R^2 | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} \ {(0, 1)}. Then both

I(L) = {(x, y) ∈ R^2 | 0 < x ≤ 1, 0 < y ≤ 1} and F(L) are embeddable in Q, which means that every ID-polynomial can be

interpolated by a polynomial of Q. However, L is not affine complete in Q and the function f(x, y) = y ∧ (x ∨ (0, 1)) is isotone compatible on L and cannot be represented by a polynomial of Q. This contradicts the conjecture in [4].

The above example also shows that in 4.5 and 4.6 unary compatible functions cannot be used instead of binary ones. Indeed, every unary compatible function on L is an ID-polynomial ([4]) and hence representable by a polynomial of Q.

References

1. Bandelt, H.-J., Diagonal subalgebras and local polynomial functions of median algebras, Algebra Universalis 30 (1993), 20-26.

2. Dorninger, D., Eigenthaler, G., On compatible and order-preserving functions on lattices, Universal Algebra and Applications, Banach Center Publications, PWN Warsaw, 1982, pp. 97- 104.

3. Grätzer, G., Boolean functions on distributive lattices, Acta Math. Acad. Sci. Hungar. 15 (1964), 195-201.

4. Grätzer, G., Schmidt, E. T., On isotone functions with the substitution property in distributive lattices, preprint.

5. Haviar, M., Algebras generalizing finite Stone algebras. Construction and affine completeness, PhD dissertation (1993), Comenius University, Bratislava.

6. Haviar, M., Ploščica, M., Affine complete Stone algebras, to appear in Algebra Universalis. 7. Kaarli, K., Márki, L., Schmidt, E. T., Affine complete semilattices, Monatshefte Math. 99 (1985), 297-309.

8. Ploščica, M., Affine complete distributive lattices, Order 11 (1994), 385-390. 9. Ploščica, M., Affine complete median algebras, to appear in the proceedings of the Linz 1994 conference.

Mathematical Institute, Slovak Academy of Sciences, Grešákova 6, 04001 Košice, Slovakia

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures

(continued on inside back cover)