Preprint 12/1996

May 27, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Sylvia Pulmannová

Congruences in partial abelian

semigroups

PREPRINT SERIES

CONGRUENCES IN PARTIAL ABELIAN SEMIGROUPS

Sylvia Pulmannová

Mathematical Institute, Slovak Academy of Sciences, SK-814 73 Bratislava, Slovakia E-mail: pulmann@mau.savba.sk

Abstract. A partial abelian semigroup (PAS) is a structure (L, ⊥, ⊕), where ⊕ is a partial binary operation on L with domain ⊥, which is commutative and associative (whenever the corresponding elements exist). A class of congruences on partial abelian semigroups are studied such that the corresponding quotient is again a PAS. If M is a subset of a PAS L, we say that x, y ∈ L are perspective with respect to M, if there is z ∈ L such that x ⊕ z ∈ M and y ⊕ z ∈ M. A subset M is called weakly algebraic if perspectivity with respect to M is a congruence. Some conditions are shown under which a congruence coincides with a perspectivity with respect to an appropriate set M. Especially, conditions under which the corresponding quotient is a D-poset are found. It is also shown that every congruence of MV-algebras and orthomodular lattices is given by a perspectivity with respect to an appropriate set M.

0. Introduction

In this paper, we will study some congruences on partial abelian semigroups, where a partial abelian semigroup is a structure (L, ⊥, ⊕), where ⊕ is a partial binary operation on L with domain ⊥, which is commutative and associative in a restricted sense ([W]). Similar structures have already appeared in the literature and found applications in several fields.

A general theory of universal partial algebras can be found in [Bu]. A special case of partial grupoids - algebras with a partially defined binary operation - have been studied in [L,E].

A (commutative) minimal clan, as a common abstraction of Boolean rings and commutative lattice-ordered groups was introduced by Schmidt in 1985 [Sch]. A commutative minimal clan is a set E with a set S of pairs of summable elements of E, a partial addition + : S → E, and an order relation ≤ such that (E, S, +, ≤) is a commutative lattice-ordered partial semigroup having the cancellative property and the difference property - a property which is related to the existence of relative complements in Boolean rings and to modular law in commutative lattice-ordered groups.

1991 AMS Subject Classification : 06A06, 08A55, 06C15.

Key words and phrases. Partial abelian semigroup, effect algebra, difference (operation) on a poset, orthomodular poset, orthoalgebra, difference poset, homomorphism and congruence of partial abelian semigroups, algebraic set..

Typeset by AMS-TEX 1

A special case of a commutative minimal clan is an MV-algebra introduced by Chang [Ch] in 1957, where MV is supposed to suggest many-valued logic (see also [M], [Mu], [Ch,K] for alternative definitions of MV-algebras).

In 1987, Belavkin [B] introduced a notion of a quasilogic as a partially ordered set N with a partial operation of substraction such that a ≤ b =⇒ ∃b − a ≤ b, subject to some monotonicity properties. The motivation was to find an abstract model for the set of all positive self-adjoint operators on a Hilbert space, in particular, for the set of all effects (i.e., self-adjoint operators between 0 and I by the usual partial ordering of self-adjoint operators), as a special case.

With the same motivation, based on the abstraction of the set of all effects and unsharp quantum measurements, Giuntini and Greuling [G,G] in 1989 introduced the notion of a weak orthoalgebra as an algebra with a partially defined binary operation + on pairs of orthogonal elements, a totally defined unary operation of orthocomplementation and two constants 0 and 1.

The notion of a weak orthoalgebra is a generalization of the notion of an orthoalgebra, introduced by Foulis and Randall [F,R] as an algebraic structure which plays a role of a ”logic” in the theory of manuals ( or test spaces). An orthoalgebra is defined as a partial binary algebra with a sum (operation) ⊕ on a set with two special elements. (See [Go], [F,G,R,], [R], [Gu] for the axioms and basic properties of orthoalgebras).

In [K,Ch], Kôpka and Chovanec (1992) independently of [B], introduced a difference (operation) on a partially ordered set (poset) P as a partial binary operation ⊖ on P such that b ⊖ a is defined if and only if a ≤ b satisfying some conditions. For example, b ∧ a^′ is such an operation in an orthomodular poset. A difference poset, D-poset, (DP) is a bounded poset equipped with a difference operation. For example, every orthoalgebra (which is a natural generalization of an orthomodular lattice or poset, [Be], [K], [P,P]), and also every orthomodular poset is a difference poset. An exact relationship between difference posets and orthoalgebras was pointed out in [N,P]. A description of an orthoalgebra in terms of a difference operation on a poset is given there. A generalization of orthoalgebras as structures with a partial ⊕ operation, not necessarily containing a greatest element, can be found in [Kr]. For a generalization of test spaces where the logic becomes a D-poset, see [D,P1],[DP2], [W], [P,W]. In [Ch,K], there is shown that every MV-algebra is a Dposet (a D-lattice, more precisely), and conditions under which a D-lattice becomes an MV-algebra are given.

A description of an orthomodular poset, resp. a difference poset in terms of a sum operation on a set is given in [B,M], resp. [P] and [F,B 2]. In the last paper, the term effect algebra has been used. Yet more general approach is used in [K,R] when considering a difference operation on an arbitrary set with a special element (so-called RI-set, RI stands for relative inverse).

In [H,P], a generalized difference poset as a poset with a smallest element and with a difference operation subject to an additional cancellativity condition in such a way that every order ideal of a difference poset is a generalized difference poset. It is proved that every generalized difference poset P is an order ideal of a difference poset P̂ . Similar results were obtained in [J1] and [M-I] for generalized orthomodular lattices (see also [Be], [K]) and (weak) generalized orthomodular posets, respectively.

A very important property (from the mathematical point of view as well as from the point of view of physical applications) is the existence of tensor products of D-posets. These tensor products were studied in [F,B], [D], [D,P1], [D,P2].

Some more details about relations among the above mentioned structures will be given elsewhere.

In [W], a class of ”faithful” congruences of partial abelian semigroups was studied, and it was shown that some of them can be described as perspectivity relations with respect to algebraic subsets. In the present paper, we will consider a more general class of congruences, and their relations to perspectivities with respect to weakly algebraic subsets. While faithful congruences on D-posets (effect algebras) are only the trivial ones, there are nontrivial examples of congruences of the more general type. In fact, every congruence of an MV-algebra and of an orthomodular lattice is of that type, and any MV-filter, resp. any orthomodular filter, is a weakly algebraic subset. Moreover, there are close connections between the factorisation with respect to a central ideal (resp. central element, [G,F,P]) and the congruences.

1. Basic definitions and results

We will start with basic definitions (see [W]).

By partial abelian semigroup (PAS) we mean a structure (L, ⊥, ⊕) where ⊥ is a binary relation on L and ⊕ is a partially defined binary operation with domain ⊥ satisfying (1) p ⊕ q = q ⊕ p (2) (p ⊕ q) ⊕ r = p ⊕ (q ⊕ r) These identities are to be understood as asserting that if the term on either side is defined, so is that on the other, and the two are equal. Thus, (1) and (2) place sharp restrictions on the binary relation ⊥: (1) requires that ⊥ to be symmetric, and (2) implies (3) p ⊥ q and r ⊥ (p ⊕ q) =⇒ r ⊥ q and (q ⊕ r) ⊥ p. We say that a PAS L is cancellative iff for all a, b, c ∈ L, a ⊥ c ⊥ b and a ⊕ c = b ⊕ c entail a = b. A zero in L is an element 0 such that p ⊥ 0 for all p ∈ L and p ⊕ 0 = p. If L is cancellative, it has at most one zero. The formal adjunction of a zero to a PAS presents no difficulty; we shall therefore assume that every PAS possesses a zero. We shall say that L is positive iff for all p, q ∈ L, p ⊕ q = 0 only if p = q = 0. Note that if L contains no zero, then the formal adjunction of a zero yields a positive PAS. A unit in a PAS L is an element 1 in L such that for every a ∈ L there is b ∈ L such that a⊕b = 1. A unital PAS is a PAS with a distinguished unit 1. A cancellative positive PAS has at most one unit.

In any PAS L, we may define a relation p ≤ q iff ∃r ∈ L such that p ⊕ r = q.

Lemma 1.1. ([W]) Let L be a PAS. For p, q ∈ L, let p ≤ q iff ∃r ∈ L : p ⊕ r = q. Then

(i) The relation ≤ is reflexive and transitive, i.e., a preorder. (ii) If the relatiom ≤ is a partial ordering, then S is positive. (iii) If L is cancellative and positive, then ≤ is a partial ordering.

Let (P, ≤) be a poset with the smallest element 0 and let ⊖ be a partial binary operation on P such that b ⊖ a is defined iff a ≤ b. Then ⊖ is a difference on

(P, ≤) if and only if the following two conditions are satisfied for all a, b, c ∈ P (cf. [K,Ch]):

(i) a ⊖ 0 = a.

(ii) If a ≤ b ≤ c then c ⊖ b ≤ c ⊖ a and (c ⊖ a) ⊖ (c ⊖ b) = b ⊖ a. In [H,P] the notion of a generalized difference poset has been introduced as follows.

A difference ⊖ is called cancellative if the following condition is satisfied: (C) If a ≤ b, c and b ⊖ a = c ⊖ a, then b = c.

Definition 1.2. ([H,P]) Let (P, ≤, ⊖) be a poset with a cancellative difference containing a smallest element 0. The system (P, ≤, 0, ⊖) is called a generalized difference poset (GDP).

The following notion was introduced in [K,Ch] (see also [N,P]).

Definition 1.3. ([K,Ch]) Let (P, ≤, ⊖) be a poset with a difference and let 0 and 1 be the smallest and greatest elements in P , respectively. The structure (P, ≤, 0, 1, Ψ) is called a difference poset (D-poset, DP).

We note that condition (C) is satisfied in every D-poset ([H,P]). Let (P, ≤, ⊖) be a poset with a difference satisfying condition (C). This means that for every a, b ∈ P there is at most one c ∈ P such that a = c ⊖ b. Thus property (C) enables us to define a sum operation on P , that is, a partial binary operation ⊕ on P given by (a, b, c ∈ P ):

(S) a ⊕ b is defined and a ⊕ b = c if and only if c ⊖ b is defined and a = c ⊖ b. By [H,P], Corollary 13, there is a one to one correspondence between posets with a cancellative difference having a smallest element 0 and partial binary algebras with a sum operation and with a special element 0 having the following properties:

(1) If a ⊕ b is defined, then b ⊕ a is defined and a ⊕ b = b ⊕ a (commutativity). (2) If a ⊕ b and (a ⊕ b) ⊕ c are defined, then b ⊕ c and a ⊕ (b ⊕ c) are defined and (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c) (associativity).

(3) If a ⊕ b and a ⊕ c are defined and a ⊕ b = a ⊕ c, then b = c (cancellativity). (4) a ⊕ 0 = a (zero property).

(5) a ⊕ b = 0 =⇒ a = b = 0 (positivity).

Consequently, cancellative, positive PAS with a zero coincides with a generalized difference poset (and also with an abelian RI-set in the sense of [K,R]), and a unital cancellative positive PAS with zero coincides with a difference poset.

Let S be a PAS. For a ∈ S, define n.a (n ∈ N) as follows: 1.a = a, (n + 1).a = n.a ⊕ a. Let μ(a) denote the greatest n such that n.a exists (possibly μ(a) = ω). If S is positive and cancellative PAS and ⊕ is totally defined, then μ(a) = ω for all a ∈ S. The following statement is straightforward.

Lemma 1.4. If S is cancellative unital PAS and μ(a) is finite for all nonzero a ∈ S, then S is positive, hence a D-poset.

We recall that a D-poset S is an orthoalgebra iff μ(a) ∈ {0, 1} for all nonzero a ∈ S ( [F,G,R], [Go], [R] for the basic axioms of orthoalgebras,, [N,P], [P], [F,B 2] for the relations between orthoalgebras and effect algebras).

2. Homomorphisms and congruences

Definition 2.1. If L and M are two PASs, a function f : L → M is a homomorphism iff p ⊥ q =⇒ f(p) ⊥ f(q) and f(p⊕q) = f(p)⊕f(q). A homomorphism f is full iff f(p) ⊥ f(q) and f(p) ⊕ f(q) ∈ f(L) imply that there are p_1, q_1 in L such that p_1 ⊥ q_1, f(p) = f(p_1), f(q) = f(q_1) and f(p)⊕f(q) = f(p_1 ⊕q_1). A homomorphism f is faithful (or closed by [Bu], or strong, by [L,E]) iff f(p) ⊥ f(q) =⇒ p ⊥ q.

Note that an isomorphism (i.e., a homomorphism with a two-sided inverse) is the same thing as a bijective faithful homomorphism. The trivial homomorphism f : L → {0} is faithful iff L is a semigroup, i.e., iff a ⊥ b for all a, b ∈ L.

Definition 2.2. Let L be a PAS. A binary relation ∼ on L is a congruence iff (i) ∼ is an equivalence relation, (ii) a_1 ∼ b_1, a_2 ∼ b_2, a_1 ⊥ a_2, b_1 ⊥ b_2 imply a_1 ⊕ a_2 ∼ b_1 ⊕ b_2, (iii) a ∼ b, b ⊥ c =⇒ ∃d such that d ∼ c and a ⊥ d.

A binary relation ∼ on L is a faithful congruence ([W]) iff

(i’) ∼ is an equivalence relation, (ii’) a ∼ b and a ⊥ c imply b ⊥ c and a ⊕ c ∼ b ⊕ c.

We note that a faithful congruence is sometimes called closed ([Bu]). It easy to see that a faithful congruence is a congruence. If L is a semigroup, then every congruence is faithful.

Let ∼ be a congruence and denote by [a] the equivalence class of a ∈ L under ∼. The set L/∼ of all congruence classes is the quotient of L.

Proposition 2.3. Let ∼ be a congruence on L. Then the quotient L/∼ is a PAS.

Proof. Define [a] ⊥ [b] iff there are a_1, b_1 such that a ∼ a_1, b ∼ b_1, a_1 ⊥ b_1 and put [a] ⊕ [b] = [a_1 ⊕ b_1]. According to (ii) of Definition 2.2, [a] ⊕ [b] is well defined.

Commutativity of the operation ⊕ is clear. To prove associativity, assume [a] ⊥ [b], ([a] ⊕ [b]) ⊥ [c]. Then there are a_1, b_1, a_1 ⊥ b_1 and [a] ⊕ [b] = [a_1 ⊕ b_1]. By definition, [c] ⊥ [a_1 ⊕ b_1] implies that there are c_1 ∼ c, d ∼ a_1 ⊕ b_1 such that c_1 ⊥ d and ([a] ⊕ [b]) ⊕ [c] = [a_1 ⊕ b_1] ⊕ [c] = [d ⊕ c_1]. Now d ∼ a_1 ⊕ b_1, d ⊥ c_1 imply by (iii) that there is c_2 ∼ c_1, c_2 ⊥ a_1 ⊕ b_1. Therefore,

[a_1 ⊕ b_1] ⊕ [c_1] = [d ⊕ c_1] = [(a_1 ⊕ b_1) ⊕ c_2] = [a_1 ⊕ (b_1 ⊕ c_2)] = [a_1] ⊕ [b_1 ⊕ c_2] = [a] ⊕ [b ⊕ c]. � We note that in [Bu], a congruence relation is defined as a binary relation satisfying (i) and (ii) of Definition 5. Owing to the specific property (3) of the relation ⊥ we need additional properties to make L/∼ a PAS.

From the definition of the relation ⊥ on the quotient L/ ∼ it follows that the canonical mapping a → [a] is a full and surjectve homomorphism from L onto L/ ∼.

Proposition 2.4. Let S and L be PASs and let f : L → S be a surjective homomorphism. Define a ∼^f b iff f(a) = f(b). The following are equivalent:

(1) f is full and ∼^f is a congruence, (2) condition (c) is satisfied, where (c) f(a) ⊥ f(b) =⇒ ∃b_1 ∈ L, f(b_1) = f(b) and b_1 ⊥ a (symmetrically, ∃a_1 ∈ L, f(a_1) = f(a) and a_1 ⊥ b).

Moreover, S ≡ L/∼^f .

Proof. (1) =⇒ (2). Let {(a, b) : f(a) = f(b), a, b ∈ L} be a congruence. This implies that a ∼^f b, b ⊥ c =⇒ ∃d ∼^f c : a ⊥ d. Assume f(a) ⊥ f(b). Since f is full and surjective, there are a_1, b_1 ∈ L, a_1 ⊥ b_1, f(a) = f(a_1), f(b) = f(b_1). Therefore,

a ∼^f a_1, a_1 ⊥ b_1 =⇒ ∃b_2 ∼^f b_1 ∼^f b, b_2 ⊥ a.

(2) =⇒ (1). Now assume that condition (c) is satisfied. Then, clearly, f is full and ∼^f is an equivalence relation. If a_1 ∼^f b_1, a_2 ∼^f b_2 and a_1 ⊥ a_2, b_1 ⊥ b_2 then, clearly, f(a_1 ⊕ a_2) = f(a_1) ⊕ f(a_2) = f(b_1) ⊕ f(b_2) = f(b_1 ⊕ b_2), hence a_1 ⊕ a_2 ∼^f b_1 ⊕ b_2.

Finally, let a ∼^f b, b ⊥ c. Then f(a) = f(b), f(b) ⊥ f(c). By (c), there is c_1 ∼^f c such that c_1 ⊥ a. This proves that ∼^f is a congruence.

Let a, b ∈ S, a ⊥ b. Let a_1, b_1 ∈ L be any elements such that a = f(a_1), b = f(b_1). Then there is b_2 ∈ L, such that f(b) = f(b_1) = f(b_2) and b_2 ⊥ a_1. Hence a ⊕ b = f(a_1) ⊕ f(b_1) = f(a_1) ⊕ f(b_2) = f(a_1 ⊕ b_2). Conversely, if [a] ⊥ [b], a, b ∈ L, then there are a_1, b_1 in L, a_1 ∼^f a, b_1 ∼^f b and a_1 ⊥ b_1. Then f(a_1) = f(a), f(b_1 = f(b) and f(a) = f(a_1) ⊥ f(b_1) = f(b). This shows that (S, ⊕, 0) is isomorphic with (L/∼^f , [0]) in the isomorphism a → [a_1]. �

Proposition 2.5. Let S and L be PASs and let f : L → S be a faithful and surjective homomorphism. Then ∼^f is a faithful congruence and S ≡ L/∼^f .

Conversely, if ∼^f is a faithful congruence, then a → [a] is a faithful and surjective homomorphism.

Proof. Let f be faithful. Assume a ∼^f b, b ⊥ c. Then f(a) = f(b) ⊥ f(c) imply a ⊥ c. The remaining part is clear. �

3. Algebraic sets and perspectivities

Let S be a PAS and let M be any subset of S. We will say that a, c ∈ S are complements of each other with respect to M if a ⊥ c and a ⊕ c ∈ M.

We will say that a, b ∈ S are perspective with respect to M if they share a common complement, that is, there is c ∈ S such that a ⊕ c ∈ M, b ⊕ c ∈ M. We will write a ∼^M_c b, or a ∼^M b, a ∼_c b, a ∼ b if c or M or both are not emphasized.

We will say that a subset M of S is dominating if for every a ∈ S there is a c ∈ S such that a ⊕ c ∈ M. In other words, every a ∈ S has at least one complement with respect to M.

We will say that M ⊆ S is weakly algebraic if the perspectivity relation ∼^M is a congruence. We will say that M is algebraic if ∼^M is a faithful congruence.

Lemma 3.1. Let S be a PAS and let M be a weakly algebraic subset of S. Then (i) M is dominating, (ii) S/∼^M is a cancellative unital PAS, (iii) a, b ∈ M, r ∈ S and b = a ⊕ r iff r ∼ 0.

Proof. (i) The perspectivity ∼^M is an equivalence, therefore a ∼ a, hence there is b ∈ S with a ⊕ b ∈ M. Hence M is dominating. (ii) Let 1 ∈ S/∼^M denote the class containing M. Since M is dominating, to every a ∈ S there is b ∈ S with a⊕b ∈ M. This implies [a] ⊕ [b] = 1, hence 1 is a unit. Let [a] ⊕ [b] = [a] ⊕ [c]. Then there are a_1 ∼ a, b_1 ∼ b, a_1 ⊥ b_1 and [a] ⊕ [b] = [a_1 ⊕ b_1]. Similarly, there are a_2 ∼ a, c_1 ∼ c, a_2 ⊥ c_1 and [a] ⊕ [c] = [a_2 ⊕ c_1]. Moreover, a_1 ∼ a_2, a_2 ⊥ c_1 imply that there is c_2, c_2 ∼ c_1, c_2 ⊥ a_1 and [a_1 ⊕ c_2] = [a_2 ⊕ c_1]. Therefore, a_1 ⊕ b_1 ∼ a_1 ⊕ c_2 implies that there is d ∈ S with a_1 ⊕ b_1 ⊕ d ∈ M and a_1 ⊕ c_2 ⊕ d ∈ M. But this gives b_1 ∼ c_2, hence b ∼ c, i.e., [b] = [c]. Cancellativity of S/∼^M is proved. (iii) Let r ∼ 0. Then there is b ∈ S such that r ⊕ b ∈ M and 0 ⊕ b ∈ M, hence b ∈ M. Conversely, let a ∈ M and a ⊕ r ∈ M. Then a ∼ a ⊕ r imply r ∼ 0 by (ii). �

We will say that a subset M of a PAS S is closed if x ∈ M, y ∼ x imply y ∈ M. For any set M ⊆ S, the set M^′ := {x ∈ S : ∃y ∈ M, x ∼ y} will be called the closure of M. We will say that M is an order filter if x ∈ M, a ⊥ x imply a ⊕ x ∈ M. A subset M of S is said to be irredundant if x, y ∈ M, y = x ⊕ r =⇒ r = 0. Observe that in a cancellative PAS, irredundancy is equivalent with x, y ∈ M, x ≤ y =⇒ x = y.

Lemma 3.2. Let M be a subset of a PAS S.

(i) If M is weakly algebraic then M^′ = {x ∈ S : ∃r ∈ S such that x ⊕ r ∈ M and r ∼ 0}. (ii) Let M be weakly algebraic and closed. Then S/∼^M is positive (hence a D-poset) if and only if M is an order filter.

(iii) Let M be irredundant and weakly algebraic. If S is positive then S/M is a D-poset. Moreover, x ∼ 0 =⇒ x = 0.

Proof. (i) Let y ∈ M, x ∼ y. Since M is dominating, there is r ∈ S such that x ⊕ r ∈ M. Then x ⊕ r ∼ y ∼ x imply r ∼ 0. Conversely, if r ∼ 0 and x ⊕ r ∈ M, then x ⊕ r ∼ x since ∼ is a congruence.

(ii) Let M be an order filter. Assume that [x] ⊕ [y] = [0]. Then there are x_1, y_1 such that x_1 ⊥ y_1, x ∼ x_1, y ∼ y_1 and [x] ⊕ [y] = [x_1 ⊕ y_1]. Hence x_1 ⊕ y_1 ∼ 0, so that for some z ∈ S, x_1 ⊕ y_1 ⊕ z ∈ M and 0 ⊕ z ∈ M. But then z ∈ M, x_1, y_1 ⊥ z imply (M being an order filter) that z ⊕ x_1, z ⊕ y_1 ∈ M, hence x_1 ∼ y_1 ∼ 0, hence [x] = [y] = [0]. This proves that S/ ∼^M is a D-poset.

Conversely, let S/ ∼^M be a D-poset. Assume x ∈ M and r ⊥ x. Then [x] = 1, [x ⊕ r] = 1 ⊕ [r] implies r ∼ 0. Hence x ⊕ r ∈ M^′ = M since M is closed.

(iii) Let [x] ⊕ [y] = [0]. Then there are x_1, y_1 such that x ∼ x_1, y ∼ y_1 and [x] ⊕ [y] = [x_1 ⊕ y_1]. Hence x_1 ⊕ y_1 ∼ 0. Then x_1 ⊕ y_1 ⊕ c ∈ M for some c ∈ M. Due to irredundancy of M, x_1 ⊕ y_1 = 0, and by positivity of S, x_1 = y_1 = 0, hence [x] = [y] = [0]. If x ∼ 0, there is c ∈ M such that x ⊕ c ∈ M. By irredundancy of M, x = 0. �

Lemma 3.3. Let M ⊆ S be weakly algebraic. Then M^′ is weakly algebraic, too, and ∼^M ≡∼^{M 0} .

Proof. It suffices to prove that ∼^{M 0} =⇒ ∼^M . Let a ∼^{M 0} b. Then there is x ∈ S such that a ⊕ x ∈ M^′ and b ⊕ x ∈ M^′. By Lemma 3.2 (i), there are z, w ∈ S, z ∼^M 0, w ∼^M 0 and a ⊕ x ⊕ z ∈ M, b ⊕ x ⊕ w ∈ M. But then a ⊕ z ∼^M_x b ⊕ w, and since ∼^M is a congruence, a ∼^M a ⊕ z, b ∼^M b ⊕ w. Hence a ∼^M b. �

Corollary. [W]. If M is algebraic, M^′ is algebraic, too.

Proposition 3.4. (a) A closed subset M of a PAS S is weakly algebraic iff (i) M is dominating, (ii) a ⊕ x ∈ M, b ⊕ y ∈ M, x ∼^M y imply a ∼^M b, (iii) a ∼^M b, a ⊥ x =⇒ ∃y ∼^M x, b ⊥ y. (b) A subset M of S is algebraic and closed iff M is dominating and a ∼^M b, a ⊕ c ∈ M =⇒ b ⊕ c ∈ M. Proof. (a) If M is weakly algebraic, properties (i), (ii), (iii) follow from the fact that ∼^M is a congruence.

Conversely, let (i),(ii),(iii) be satisfied for a subset M of S. We will write ∼ instead of ∼^M . Since M is dominating, for any a ∈ S there is a_1 ∈ S such that a ⊕ a_1 ∈ M, hence a ∼ a. Symmetry of ∼ is immediate. To prove transitivity, observe that (iv) is satisfied, where (iv) a ∼ b, a ⊕ x ∈ M =⇒ ∃y ∼ x, b ⊕ y ∈ M Indeed, by (iii) there is y ∼ x, y ⊥ b. Since M is dominating, there is z such that b ⊕ y ⊕ z ∈ M. By (ii) and a ⊕ x ∈ M, a ∼ b, we have x ∼ y ⊕ z. Hence there is u, x ⊕ u ∈ M, y ⊕ z ⊕ u ∈ M. Again by (ii) and y ∼ x, we have u ∼ z ⊕ u, which entails z ∼ 0, hence b ⊕ y ∈ M.

Assume that a ∼_e b, b ∼_f c. Then by (iv), a ∼ b, b ⊕ f ∈ M imply ∃g ∼ f, a ⊕ g ∈ M. By (ii), a ⊕ g ∈ M, c ⊕ f ∈ M, g ∼ f imply a ∼ c. Hence ∼ is an equivalence.

Now let a_1 ∼ b_1, a_2 ∼ b_2, a_1 ⊥ a_2, b_1 ⊥ b_2. Since M is dominating, there are x, z such that a_1 ⊕ a_2 ⊕ x ∈ M, b_1 ⊕ b_2 ⊕ z ∈ M. By (iv), a_1 ∼ b_1, a_1 ⊕ (a_2 ⊕ x) ∈ M imply ∃y ∼ a_2 ⊕ x, b_1 ⊕ y ∈ M, and similarly, a_1 ∼ b_1, b_1 ⊕ (b_2 ⊕ z) ∈ M imply ∃u ∼ b_2 ⊕ z, a_1 ⊕ u ∈ M. By (ii) this entails a_2 ⊕ x ∼ b_2 ⊕ z and a_2 ∼ b_2 gives x ∼ z. This entails, again by (ii), a_1 ⊕ a_2 ∼ b_1 ⊕ b_2. Taking (iii) into account, we proved that ∼ is a congruence.

(b) See [W]. �

We already know from Lemma 3.1 (ii) that if M is a weakly algebraic subset of a PAS S, then S/∼^M is a cancellative unital PAS. The following proposition shows that it can be ”positivized”.

Proposition 3.5. Let S be a unital cancellative PAS. The set M = {y ∈ S : y = 1 ⊕ r, r ∈ S} is algebraic and S/∼^M is positive, i.e., a D-poset.

Proof. Observe that if 1 ⊕ r is defined then x ⊕ r is defined for any x ∈ S. Indeed, there is a (unique) x^′ in S such that x ⊕ x^′ = 1. In addition, there is r_1 such that r ⊕r_1 = 0. Indeed, by unitality, there is r_1 such that 1⊕r ⊕r_1 = 1, by cancellativity then r ⊕ r_1 = 0. The set M is dominating since 1 ∈ M. Let a ∼ b, b ⊕ c ∈ M Then there is d ∈ S with a ⊕ d ∈ M, b ⊕ d ∈ M. Let a ⊕ d = 1 ⊕ u, b ⊕ d = 1 ⊕ v, b⊕c = 1⊕w. From a⊕d⊕u_1 = 1 we get d⊕u_1 = a^′. Similarly, b^′ = d⊕v_1 = c⊕w_1. Then

1 ⊕ v_1 = (a ⊕ d ⊕ u_1) ⊕ v_1 = (a ⊕ u_1) ⊕ (d ⊕ v_1) = (a ⊕ u_1) ⊕ (c ⊕ w_1).

Therefore, a ⊕ c = 1 ⊕ v_1 ⊕ u ⊕ w ∈ M. This proves that M is algebraic. By Lemma 3 (iii), 1 ⊕ r ∈ M, 1 ∈ M imply r ∼ 0. Therefore, if [1] ⊕ [r] is defined, then [1] ⊕ [r] = [1 ⊕ r], and r ∼ 0, hence [r] = [0]. �

The last proposition can be generalized as follows. Let S be a PAS. Recall that a subset M ⊆ S is an order filter if a ∈ M, x ∈ S, a ⊥ x imply a ⊕ x ∈ M.

Proposition 3.6. Let S be a PAS and let M be a weakly algebraic subset of S. Then M^1 := {a ∈ S : a ∼^M x ⊕ y, x ∈ M} is also weakly algebraic, and S/ ∼ M^1 is a D-poset.

Proof. In what follows, ∼≡∼^M is the perspectivity with respect to M and ∼^1≡∼^{M1} is the perspectivity with respect to M^1. Similarly, [x] denotes a congruence class with respect to M, [x]_1 denotes a congruence class with respect to M^1 containing x. (i) Since M ⊆ M^1, and M is dominating, M^1 is dominating, too. (ii) Let a ⊕ c, b ⊕ d ∈ M^1, and a ∼^1 b. Then there is e ∈ S, a ⊕ e, b ⊕ e ∈ M^1.

Moreover, a ⊕ e ∼ x ⊕ x_1, b ⊕ e ∼ y ⊕ y_2, a ⊕ c ∼ z ⊕ z_1, b ⊕ d ∼ v ⊕ v_1, where x, y, z.v ∈ M. Since M is dominating, there are x_2, y_2, z_2, v_2 such that

x ∼ x ⊕ x_1 ⊕ x_2 ∼ a ⊕ e ⊕ x_2 ∈ M =⇒ x_1 ⊕ x_2 ∼ 0 y ∼ y ⊕ y_1 ⊕ y_2 ∼ b ⊕ e ⊕ y_2 ∈ M =⇒ y_1 ⊕ y_2 ∼ 0 z ∼ z ⊕ z_1 ⊕ z_2 ∼ a ⊕ c ⊕ z_2 ∈ M =⇒ z_1 ⊕ z_2 ∼ 0 v ∼ v ⊕ v_1 ⊕ v_2 ∼ b ⊕ d ⊕ v_2 ∈ M =⇒ v_1 ⊕ v_2 ∼ 0.

Now we have

[x] = [x] ⊕ [y_1 ⊕ y_2] = [x] ⊕ [y_1] ⊕ [y_2] = [x ⊕ y^′_1] ⊕ [y_2]

for a suitable y^′_1 ∼ y_1, y^′_1 ⊥ x. Similarly, for a suitable y^′_2 ∼ y_2, y^′_2 ⊥ x ⊕ y^′_1, and x ∼ x ⊕ y^′_1 ⊕ y^′_2. Since M ⊆ M^1, we have ∼⊆∼^1, and from x ∈ M ⊆ M^1, x ⊕ y^′_1 ∈ M^1, x ⊕ y^′_2 ∈ M^1 we conclude that y^′_2 ∼^1 y^′_1 ∼^1 0. Similarly we prove that for any i = 1, 2, x_i ∼^1 z_i ∼^1 v_i ∼^1 0.

Further,

[a ⊕ z_2] = [a ⊕ z_2] ⊕ [x_1 ⊕ x_2] = [a ⊕ x_2] ⊕ [z_2] ⊕ [x_1] = [b ⊕ y_2] ⊕ [z_2] ⊕ [x_1] = [b ⊕ y_2] ⊕ [z_2] ⊕ [x_1] ⊕ [v_1 ⊕ v_2] = [b ⊕ v_2] ⊕ [y_2] ⊕ [z_2] ⊕ [x_1] ⊕ [v_1].

On the other hand, a ⊕ z_2 ⊕ c ∼ b ⊕ v_2 ⊕ d implies [d] = [c] ⊕ [y_2] ⊕ [z_2] ⊕ [x_1] ⊕ [v_1].

This entails [d]_1 = [c]_1; i.e. d ∼^1 c, as desired.

(iii) Let a ∼^1 b, b ⊥ c. Then there is z, a⊕z, b⊕z ∈ M^1. Since M is dominating, there are z_1, z_2, z_3 such that a ⊕ z ⊕ z_1, b ⊕ z ⊕ z_2, b ⊕ c ⊕ z_3 ∈ M. Hence a ⊕ z_1 ∼ b ⊕ z_2, c ⊕ z_3 ∼ z ⊕ z_2.

Moreover, there are x, y ∈ M and x_1, y_1 such that a ⊕ z ∼ x ⊕ x_1, b ⊕ z ∼ y ⊕ y_1. Then

[a ⊕ z] = [x ⊕ x_1] = [a ⊕ z ⊕ z_1] ⊕ [x_1] =⇒ [x_1] ⊕ [z_1] = 0, [b ⊕ z] = [y ⊕ y_1] = [b ⊕ z ⊕ z_2] ⊕ [y_1] =⇒ [z_2] ⊕ [y_1] = 0.

Therefore,

[a ⊕ z] ⊕ [z_2] ⊕ [y_1] = [a] ⊕ [z ⊕ z_2] ⊕ [y_1] = [a] ⊕ [c ⊕ z_3] ⊕ [y_1] = [a] ⊕ [c] ⊕ [z_3] ⊕ [y_1].

But [a] ⊥ [c] =⇒ ∃c_1 ∼ c, c_1 ⊥ a and [a ⊕ c_1] = [a] ⊕ [c].

Since ∼⊆∼^1, we may conclude that M^1 is algebraic. Since M^1 is obviously an order filter, S/∼^1 is a D-poset. �

The following example shows that some pathological situations may occur.

Example 3.7. Let S = {0, 1, 2} be the group of positive integers mod 3. Then S is cancellative and unital with unit 0, but is not positive. The set M = {0} is dominating. Moreover, a ∼^M b =⇒ a = b, hence M is algebraic and S/∼^M ≡ S. The set M^1 = {0, 1, 2}, and S/∼^{M1} = {0}.

Let S be a PAS. We will say that a subset M of S is weakly D-algebraic (Dalgebraic) if M is weakly algebraic (algebraic) and L/∼^M is a D-poset.

It is easy to check that if M is weakly D-algebraic, then M^1 = M^′. Indeed, for any weakly algebraic M, if y ∼ x, x ∈ M, then y ∈ M^1. This shows M^′ ⊆ M^1.

Conversely, let M be weakly D-algebraic and let y ∼ x ⊕ c, x ∈ M. Then [x] ⊕ [c] = 1 ⊕ [c] implies c ∼ 0, hence y ∼ x.

In particular, if M is weakly algebraic and irredundant and S is positive, then M^1 = M. Indeed, in this case M is weakly D-algebraic and c ∼ 0 =⇒ c = 0 (Lemma 3.2 (iii)).

Proposition 3.8. Let S be a PAS and let M be a weakly D-algebraic subset of S. Then S/∼^M = {0} iff there are a, b ∈ M such that a ⊕ b ∈ M. If the operation ⊕ in S is totally defined, then S/∼^M = {0}. If M is D-algebraic, then S/∼^M = {0} iff ⊕ is totally defined in S.

Proof. Clearly, a ∼ 0, a ∈ M iff then there is b ∈ M such that b ⊕ a ∈ M. If the operation ⊕ in S is totally defined, then a ⊥ b implies [a] ⊥ [b] for any a, b ∈ S. Since S/∼ is a D-poset, this implies S/∼ = {0}. If M is D-algebraic, then a ⊥ b iff [a] ⊥ [b], which yields the last statement. �

The following theorem shows a relation between faithful surjective homomorphisms and algebraic sets.

Proposition 3.9. Let S be a PAS, L a D-poset and let f : S → L be a faithful surjective homomorphism. Then F = f^{−1}(1) is algebraic and ∼^F ≡∼^f . In particular, if ∼ is a faithful congruence on a PAS S, and S/ ∼ is a D-poset, then ∼≡∼^M with M = {x ∈ S : x ∈ 1}, where 1 denotes the unit in S/ ∼.

Proof. Clearly, F is dominating. If a ∼^F b, c ⊕ b ∈ F then f(a) = f(b), f(c) ⊥ f(b) =⇒ f(c) ⊥ f(a), hence c ⊥ a. Moreover, f(c ⊕ a) = f(c) ⊕ f(a) = f(c) ⊕ f(b) = 1, i.e., c ⊕ a ∈ F . Hence F is algebraic. In the same way ve prove that ∼^F ≡∼^f .

If ∼ is a faithful congruence, then a → [a] is a faithful surjective homomorphism from L onto S/ ∼, and this gives the desired result. �

Example 3.10. ([W]) Let L be a PAS, and denote by Z_+ the set of all nonnegative integers. A functionn f : L → Z_+ amitting only finitely many nonzero values, is called summable if the element ⊕f := ⊕_{a∈L}f(a)a exists (where f(a)a is defined as in the end of §1). If f is summable, then necessarily f(a) ≤ μ(a) ∀a ∈ L. Denote by S(L) the family of all summable functions on L. If f ∈ S(L) and g : L → Z_+ is such that g(a) ≤ f(a) ∀a ∈ L, then g also belongs to S(L). With the pointwise ordering and the restricted addition f ⊕g := f +g provided that f +g ∈ S(L), S(L) becomes a positive, cancellative PAS. The map f → ⊕f is a faithful homomorphism from S(L) onto L, so that every PAS is a faithful homomorphic image of a cancellative positive PAS of its summable functions ([W], Proposition 4).

In particular, if L is an effect algebra (a D-poset, equivalently), put M := {f ∈ S(L) : ⊕_{a∈L}f(a)a = 1}. Then M is algebraic and S(L)/ ∼^M ≡ L (see [W], [P,W]). If L is an orthoalgebra, then f(a) ∈ {0, 1} for all a ≠ 0 for any summable function f. Hence, it this case, M is simply the family of all finite orthopartitions of 1 in L, and we recover the standard representation of orthoalgebras as logics of manuals (see, [F,R 1], [F,R 2], [R,F], [F,G,R]).

4. Ideals and central ideals

A subset J of a PAS L is called an order ideal if x = y ⊕ z, x ∈ J =⇒ y, z ∈ J; and J is called an ideal if x = y ⊕ z, x ∈ J ⇐⇒ y, z ∈ J.

We say that an ideal J in L is principal if J = [0, x] for some x ∈ L. For any subset M of L define M^⊥ := {x ∈ L : x ⊥ y ∀y ∈ M}. For any M, M^⊥ is an order ideal. Indeed, u ⊕ v ∈ M^⊥ =⇒ u ⊕ v ⊥ x, x ∈ M =⇒ u, v ⊥ x, x ∈ M =⇒ u, v ∈ M^⊥. Clearly, 0 ∈ M^⊥ for any M.

The following is easy:

M ⊆ M^{⊥⊥}; M_1 ⊆ M_2 =⇒ M^⊥_2 ⊆ M^⊥_1 ;

(M^⊥)^{⊥⊥} = (M^{⊥⊥})^⊥; M^{⊥⊥⊥} = M^⊥.

Let L be a D-poset. For any interval [0, x], x ∈ L, we have [0, x]^⊥ = {y ∈ L : y ⊥ z, ∀z ≤ x} = [0, x^′]. A subset Z of a PAS L will be called a central ideal if (i) Z, Z^⊥ are ideals in L;

(ii) ∀x ∈ L, there is a unique decomposition x = x_1 ⊕ x_2, where x_1 ∈ Z, x_2 ∈ Z^⊥.

Observe that if Z is a central ideal then Z^⊥ is also a central ideal. The decomposition in (ii) will be called a central decomposition. It is easy to check that if a PAS Z = Z_1 × Z_2 is the direct product of PASs Z_1, Z_2, then (z_1, z_2) → (z_1, 0) ⊕ (0, z_2) (z_1 ∈ Z_1, z_2 ∈ Z_2) is a central decomposition with respect to the central ideal Z̃_1 := {(z_1, 0) : z_1 ∈ Z_1}.

Lemma 4.1. Let Z be a central ideal in a positive, cancellative PAS L. Then (i) Z ∩ Z^⊥ = {0}; (ii) Z = Z^{⊥⊥}.

Proof. (i) Let x ∈ Z ∩ Z^⊥, then x = x ⊕ 0 = 0 ⊕ x =⇒ x = 0. (ii) If Z is a central ideal, then Z^⊥ is a central ideal as well, and hence by (i), Z^{⊥⊥} ∩ Z^⊥ = {0}. Let x ∈ Z^{⊥⊥}. Then x = x_1 ⊕ x_2 ⊥ y, x_1 ∈ Z, x_2 ∈ Z^⊥, y ∈ Z^⊥ =⇒ x_2 ⊥ y, y ∈ Z^⊥ =⇒ x_2 ∈ Z^{⊥⊥}, hence x_2 = 0, so that x = x_1 ∈ Z. �

Proposition 4.2. Let Z be a central ideal in a cancellative, positive PAS L. For x, y ∈ L, define x ∼ y if x_1 = y_1, where x = x_1 ⊕ x_2, y = y_1 ⊕ y_2, x_1, y_1 ∈ Z, x_2, y_2 ∈ Z^⊥. Then ∼ is a congruence.

Proof. Clearly, x = x_1 ⊕x_2, y = y_1 ⊕y_2 and x ⊥ y imply x⊕y = (x⊕y)_1 ⊕(x⊕y)_2 = (x_1 ⊕ y_1) ⊕ (x_2 ⊕ y_2).

The relation ∼ is clearly an equivalence relation. Assume that x ∼ y, u ∼ v and x ⊥ u, y ⊥ v. Then x_1 = y_1, u_1 = v_1 and x_1 ⊥ u_1, y_1 ⊥ v_1. Hence x_1 ⊕u_1 = y_1 ⊕v_1, and hence x ⊕ u ∼ y ⊕ v. If x ∼ y, y ⊥ z, then x_1 = y_1 and y_1 ⊕ y_2 ⊥ z_1 ⊕ z_2.This implies x_1 ⊥ z_1, and x_1 ⊕z_1 ∈ Z. Therefore, x_1⊕z_1 ⊥ x_2, and hence x_1⊕x_2 ⊥ z_1⊕0. We obtain z_1 ⊕ 0 ∼ z and z_1 ⊕ 0 ⊥ x. This verifies axioms (i), (ii), (iii) of Definition 2.2, hence ∼ is a congruence. �

The following proposition and corollary put into relation algebraic sets and ideals.

Proposition 4.3. Let M be a closed, dominating subset of a PAS L, which is an order filter. Define J := {x ∈ L : x ⊥ y, for some y ∈ M}. Then J is an ideal in L.

Moreover, if any x, y ∈ L have an upper bound in L, then x ∼ y if and only if ∃u, v ∈ J such that x ⊕ u = y ⊕ v. Proof. Assume that x, y ∈ L and x ⊥ y. If x ⊕ y ∈ J, then x ⊕ y ⊥ z for some z ∈ M =⇒ x ⊥ z, y ⊥ z, hence x, y ∈ J.

If x, y ∈ J, then there are z_1, z_2 ∈ M with x ⊥ z_1, y ⊥ z_2. Since M is dominating, there is z ∈ L such that x ⊕ y ⊕ z ∈ M. Moreover, since M is an order filter, we have x ⊕ z_1, y ⊕ z_2 ∈ M, and therefore y ⊕ z ∼^M z_1, x ⊕ z ∼^M z_2. The closeness of M implies y ⊕ z ∈ M, x ⊕ z ∈ M, which yields z ∼^M z_1, z ∼^M z_2, and closeness of M yields z ∈ M, hence x ⊕ y ∈ J.

Now assume that any x, y ∈ L have an upper bound in L. Let x ∼^M y, and let z ∈ L be such that x ⊕ z ∈ M, y ⊕ z ∈ M. Let w be an upper bound of x ⊕ z, y ⊕ z. Then there are u_1, u_2 ∈ J such that x ⊕ z ⊕ u_1 = w = y ⊕ z ⊕ u_2, so that x ⊕ u_1 = w ⊖ z = y ⊕ u_2.

Conversely, let u_1, u_2 ∈ J, and x ⊕ u_1 = y ⊕ u_2. Since u_1, u_2 ∈ J, and M is an order filer, we have u_1 ⊕ z_1 ∈ M, u_2 ⊕ z_2 ∈ M for some z_1, z_2 ∈ M. There is z such that x ⊕ u_1 ⊕ z = y ⊕ u_2 ⊕ z ∈ M, which implies x ⊕ z ∼^M z_1, y ⊕ z ∼^M z_2. Close ness of M implies x ⊕ z, y ⊕ z ∈ M, hence x ∼^M y. �

Corollary 4.4. To every closed weakly D-algebraic subset M of a D-poset L there corresponds an ideal J = {x ∈ L : x = y^′, y ∈ M} (where x^′ = 1 ⊖ x), and x ∼^M y if and only if x ⊕ u = y ⊕ v for some u, v ∈ J.

5. Congruences on D-posets

Let S be a PAS and L a unital, cancellative, positive PAS (D-poset). For a ∈ L, let a^′ = 1 ⊖ a. The following result shows that there is no nontrivial faithful homomorphism f : L → S.

Proposition 5.1. Let f : L → S be faithful surjective homomorphism from a D-poset L onto a PAS S. Then f is injective, hence an isomorphism.

Proof. The suppositions imply that S is again a D-poset, and f(a^′ ) = f(a)^′. Thus, f(a) = f(b) implies f(a)^′ = f(b)^′ = f(b^′ ). By faithfulness, a ⊥ b^′, which entails a ≤ b^{′′} = b. Symmetrically, b ≤ a, so a = b. �

Corollary 5.2. Let L be a D-poset and M ⊆ L an algebraic subset. Then M = {1}, and the unique faithful congruence of L is the trivial congruence a ∼ b iff a = b. Proof. Follows by Proposition 5.1 and Proposition 3.9. �

Let f : S → L be a surjective full homomorphism. Let a ∼^f b iff f(a) = f(b). Then ∼^f is a congruence iff condition (c) of Proposition 2.4 is satisfied. Put F = f^{−1}(1), and let ∼^F be the perspectivity with respect to F .

Clearly, ∼^F ⊆∼^f , and ∼^F ≡∼^f iff f(a) = f(b) =⇒ ∃c: c ⊥ a, c ⊥ b, f(c ⊕ a) = f(c ⊕ b) = 1. For example, if S is a lattice and f is a lattice homomorphism, too, and ∼^f is a congruence, then ∼^f ≡∼^F . Indeed, we can take c = a^′ ∧ b^′. From this, the following useful result can be derived. (A D-poset L is called a D-lattice if L is a lattice).

Proposition 5.3. Let L be a D-lattice, ∼ be a congruence on L which is also a lattice congruence, and f : L → L/ ∼ be the canonical mapping. Then ∼≡∼^M , where M = f^{−1}(1).

The following example shows that in a general case the equivalence ∼^f ≡∼^F need not hold.

Example 5.4. Let S = MO_2 (that is, the horizontal sum of two four-point Boolean algebras), L = {0, 1} and let f : S → L be defined as follows: f(1) = f(a) = f(b) = 1, f(0) = f(a^′ ) = f(b^′) = 0. It is easy to check that ∼^f is a congruence (not a lattice congruence). But the set F = {1, a, b} is not weakly algebraic. Indeed, a ∼ b, a ⊕ a^′ ∈ F , b ⊕ b^′ ∈ F , but a^′ and b^′ do not share a common complement.

In the sequel, we consider two important examples of D-lattices, MV-algebras and orthomodular lattices. We will show that congruences in these structures correspond to congruences in the sense of Definition 2.2.

An MV-algebra is an algebra (A, +, ∘, ∗, 0, 1), where A is a nonempty set, 0 and 1 are constants, + and ∘ are binary operations and ∗ is a unary operation, satisfying the following axioms (cf. [M], this definition is equivalent to the definition introduced by Chang [Ch]). (MV1) (a + b) + c = a + (b + c); (MV2) a + 0 = a; (MV3) a + b = b + a: (MV4) a + 1 = 1: (MV5) (a^∗)^∗ = a; (MV5) 0^∗ = 0: (MV7) a + a^∗ = 1:

(MV8) (a^∗ + b^∗) + b = (a + b^∗)^∗ + a.

Given an MV-algebra (after Mangani [M]), we can define

a ∘ b = (a^∗ + b^∗)^∗; a ∧ b = (a + b^∗) ∘ b; a ∨ b − (a ∘ b^∗) + b. Then a ≤ b iff a = a ∧ b is a partial order in A, and (A, ∧, , ∨) is a distributive lattice.

If we put b ⊖ a := (a + b^∗)^∗ for a ≤ b, then we obtain that A is a D-poset, more exactly, a distributive D-lattice ([Cho]). Moreover, b − a := b ⊖ (a ∧ b) = b ∘ a^∗ for any a, b ∈ A Conversely, in any D-lattice we can define a binary operation b − a := b ⊖ (a ∧ b) for any a, b ∈ A. It was proved in [Ch,K], that a D-lattice P is an MV-algebra if and only if (w − u) − v = (w − v) − u for any u, v, w ∈ P .

The following simple example shows that not every distributive D-lattice is an MV-algebra. Let P = {0, a, b, 1} and let the domain of the operation ⊕ be the binary relation S = {(0, 0), (0, a), (0, b), (a, a), (b, b)} (so-called diamond, see [G,F,P]). Indeed, we have (1 − a) − b = a ≠ b = (1 − b) − a.

An ideal in an MV-algebra A is a non-empty subset I of A such that (1) a, b ∈ I =⇒ a + b ∈ I; (2) a ∈ I, b ∈ A, a ≤ b =⇒ b ∈ I. Lemma 5.5. A subset I ≠ ∅ of an MV-algebra A is an ideal iff for any a, b ∈ A, b ≤ a^∗: a, b ∈ I ⇐⇒ a ⊕ b ∈ I, where a ⊕ b := (a^∗ ⊖ b)^∗ = (a^∗ − b)^∗ = (b^∗ − a)^∗.

Proof. Assume a, b ∈ A, b ≤ a^∗. Let I be an ideal. Then a, b ∈ I =⇒ a ⊕ b = (a^∗ − b)^∗ = a + b ∈ I. The converse implication follows trivially from a, b ≤ a ⊕ b.

Now let I satisfy the above condition. If a ∈ I and b ≤ a, then a = b ⊕ c, hence b, c ∈ I. If a, b ∈ I, then a + b = (a^∗ − b)^∗ = (a^∗ ⊖ (a^∗ ∧ b))^∗ = a ⊕ (a^∗ ∧ b) ∈ I, hence I is an ideal in A. �

Chang ([Ch]) proved that if I is an ideal of an MV-algebra A, then

a ∼_I b iff (a ∘ b^∗) + (a^∗ ∘ b) ∈ I

is a congruence of A, and the quotient A/ ∼_I is an MV-algebra. From this we obtain the following

Proposition 5.6. If I is an ideal of an MV-algebra A, then ∼_I is a congruence in the sense of Definition 2.2. Moreover, the set M := {a^∗ : a ∈ I} is a weakly D-algebraic set, and ∼_I≡∼^M .

Proof. Let a ∼_I b b ⊥ c. Then c∧a^∗ ⊥ a, and c∧a^∗ ∼_I c. Indeed, let ϕ : L → L/ ∼_I be the canonical mapping. Then ϕ(a^∗) = 1, hence ϕ(c−c∧a^∗) = ϕ(c)−ϕ(c)∧ϕ(a^∗) = 0. This proves that ∼_I is a congruence in the sense of Definition 2.2.

Let a ∼_I b. Then (a ∘ b^∗) + (a^∗ ∘ b) ∈ I =⇒ a ⊖ (a ∧ b), b ⊖ (a ∧ b) ∈ I, and this entails a^∗ ⊕ (a ∧ b), b^∗ ⊕ (a ∧ b) ∈ M, whence a^∗ ∼^M b^∗.

Conversely, let a^∗ ∼^M b^∗. Then there is c ⊥ a^∗, b^∗ such that a^∗ ⊕ c, b^∗ ≤ [plusc ∈ M, which entails a⊖c, b⊖c ∈ M. Since c ≤ a, b, we get c ≤ a∧b ≤ a, b =⇒ a⊖(a∧ b) ≤ a⊖c, b⊖(a∧b) ≤ b⊖c, whence (a⊖(a∧b))⊕(b⊖(a∧b)) = (a∘b^∗)+(b∘a^∗) ∈ I, i.e., a ∼_I b.

Taking into account that (a^∗)^∗ = a, and that ∼_I is a congruence, concludes the proof. An alternative proof can be obtained making use of Proposition 5.3. �

We recall that an orthomodular lattice (OML) is an ortholattice with 0 and 1 as the smallest and the greatest element, respectively, satisfying the orthomodular law a ≤ b =⇒ b = a ∨ (a^′ ∧ b), where a → a^′ is the orthocomplementation (see [Be], [K], [P,P]). An orthomodular lattice becomes a D-poset if we define b ⊖ a = b ∧ a^′ for a, b ∈ L, a ≤ b. Let L be an OML. A set M ⊂ L is an orthomodular filter (dual orthomodular ideal) if x, y ∈ M =⇒ x ∧ y ∈ M and x ∈ M, y ∈ L =⇒ (x ∧ y^′ ) ∨ y ∈ M. The one-to-one correspondence between orthomodular filters and congruences of orthomodular lattices is well-known([Be], [K]). It is easy to see that an orthomodular ideal is an ideal of the PAS L, the converse need not hold.

Proposition 5.7. Let L be an OML. Then an orthomodular filter M is a weakly D-algebraic subset of L.

Proof. Let M be an orthomodular filter in L. Then a ∼ b iff (a ∧ b) ∨ (a^′ ∧ b^′) ∈ M is a congruence of L as an OML. If a ∼ b, b ⊥ c, then put d := c ∧ a^′. Clearly, d = c ∧ a^′ ∼ c ∧ b^′ = c, and d ⊥ a. This proves that ∼ is a congruence in the sense of Definition 2.2.

We will prove that ∼ is perspectivity with respect to M. We have (a ∧ b) ∨ (a^′ ∧ b^′) = (a ∨ (a^′ ∧ b^′)) ∧ (b ∨ (a^′ ∧ b^′) ∈ M (we used Foulis-Holland theorem). Therefore, a ∨ (a^′ ∧ b^′) ∈ M, b ∨ (a^′ ∧ b^′) ∈ M, hence a and b share a common complement a^′ ∧ b^′ which is orthogonal to both a, b. Conversely, let c be such that a ⊕ c ∈ M, b ⊕ c ∈ M. Then c ≤ a^′, c ≤ b^′, a ⊕ c = a ∨ c ≤ a ∨ (a^′ ∧ b^′), b ∨ c ≤ b ∨ a^′ ∧ b^′.

Therefore (a ∧ b) ∨ (a^′ ∧ b^′) ∈ M, i.e., a ∼ b. An alternative proof can be obtained by applying Proposition 3.5. �

In [GFP], the following definitions have been introduced. Let E be an effect algebra (a D-poset, equivalently). If e ∈ E, then e is principal if for p, q ∈ E, p ⊥ q and p, q ≤ e =⇒ p ⊕ q ≤ E. Clearly, e is principal iff [0, e] is a (principal) ideal. Notice that the notion of a principal element can be easily generalized to a positive, cancellative PAS. An element a ∈ E is central iff (i) a and a^′ are principal, (ii) ∀p ∈ E, ∃q, r ∈ E, q ≤ a, r ≤ a^′, p = q ⊕ r. It has been proved [G,F,P], that for any central element a, the elements a∧p and a^⊥ ∧p exist, and p = (a∧p)⊕(a^⊥ ∧p), p ∈ E, so that the decomposition in (ii) is unique.

Proposition 5.8. In a D-poset L, every central ideal is principal.

Proof. Let Z ⊂ L be a central ideal. Then 1 = x_1 ⊕ x_2, x_1 ∈ Z, x_2 ∈ Z^⊥ is a unique decomposition of 1. Therefore, there is a unique (x_1 =)x ∈ Z such that x^⊥ ∈ Z^⊥, whence Z = [0, x], Z^⊥ = [0, x^′]. �

Proposition 5.9. Let L be D-poset. Then x ∈ L is a central element iff [0, x] is a central ideal. For u ∈ L, let u = u_1 ⊕ u_2, u_1 ≤ x, u_2 ≤ x^⊥ be the unique central decomposition with respect to [0, x]. The congruence y ∼ z iff y_1 = z_1 coincides with the perspectivity with respect M = [x, 1].

Proof. The first statement is clear. To prove the second, observe that z ∼ y implies y_1 = z_1 ≤ x =⇒ x ⊖ y_1 = x ⊖ y_1 =: r. Hence y ⊕ r = (y_1 ⊕ r) ⊕ y_2 = x ⊕ y_2 ∈ M, similarly, z ⊕ r = x ⊕ z_2 ∈ M.

Conversely, y ∼_M z implies y ⊕ u ∈ M, z ⊕ u ∈ M for some u ∈ L. But then (y_1 ⊕u_1)⊕(y_2 ⊕u_2) = x⊕v for some v ∈ L. Uniqueness of the central decomposition implies y_1 ⊕ u_1 = x, and, analogously, z_1 ⊕ u_1 = x. By cancellativity, y_1 = z_1. �

6. Conclusions

We studied congruences in partial abelian semigroups as equivalence relations preserving the partial operation and and having the property (*) a ∼ b, b ⊥ c =⇒ ∃d : d ∼ c, d ⊥ a. These properties quarantee that the corresponding quotient is again a PAS, in particular, the associativity condition (which corresponds to strong associativity in the sense of [L,E]) is satisfied. In some important cases, like congruences in MV-algebras and orthomodular lattices, as well as by factors in direct products, condition (*) is always satisfied. It remains an open question whether this condition is necessary.

References

[B] Belavkin, V.P., Mathematical foundations of general theory of systems (in Russian), Technical Report, MIEM, Moscow, 1987.

[Be] Beran, L., Orthomodular Lattices. Algebraic Approach, Reidel, Dordrecht, 1985. [Bu] Burmeister, P., A model theoretic oriented approach to partial algebras, Academic Verlag, Berlin, 1986.

[B,M] Burmeister, P., Ma̧cziński, M., Orthomodular (partial) algebras and their representations, Demonstratio Math. 27 (1994), 701–722.

[Ch] Chang, C.C., Algebraic analysis of many valued logics, Trans. Amer. Math. Soc. 88 (1957), 467–490.

[Ch,K] Chovanec, F., Kôpka, F., D-lattices, Internat. J. Thoer. Phys. (to appear). [D] Dvurečenskij, A., Tensor product of difference posets, Trans. Amer. Math. Soc. (to appear).

[D,P 1] Dvurečenskij, A., Pulmannová, S., D-test spaces and difference posets, Reports on Math.

Phys. 34 (1994), 151–170.

[D,P 2] Dvurečenskij, A., Pulmannová, S., Tensor product od D-posets and D-test spaces, Reports on Math. Phys. (to appear).

[F,B 1] Foulis, D.J., Bennett, M.K., Tensor products of orthoalgebras, Order 19 (1993), 271–282. [F,B 2] Foulis, D.J., Bennett, M.K., Effect algebras and unsharp quantum logics, Found. Phys (1994) (to appear).

[F,G,R] Foulis, D.J., Greechie, R.J., Rüttimann, G.T., Filters and supports in orthoalgebras, Internat. J. Theor. Phys. 31 (1992), 789–807.

[F,R 1] Foulis, D. J., Randall, C. H., Operational statistics. I. Basic concepts., J. Math. Phys.

13 (1972), 1667–1675.

[F,R 2] Foulis, D. J., Randall, C. H., Empirical logic and tensor product, Interpretations and Foundations of Quantum Theory (H. Neumann, ed.), Bibliographisches Institut, Mannheim, 1981.

[Go] Golfin, A., Representations and Products of Lattices, Ph.D. Thesis, University of Massachusetts, Amherst, MA, 1987.

[Gu] Gudder, S.P., Quantum Probability, Academic Press, Boston, 1988. [G,F,P] Greechie, R.J., Foulis, D.J., Pulmannová, S., Center of an effect algebra, Order (to appear).

[G,G] Giuntini, R., Greuling, H., Toward a formal language for unsharp properties, Found.

Phys. 19 (1989), 931–945.

[H,P] Hedlíková, J., Pulmannová, S., Generalized difference posets and orthoalgebras, Preprint (1994).

[J] Janowitz, M.F, A note on generalized orthomodular lattices, J. Natur. Sci. Math. 8 (1968), 89–94.

[K,Ch] Kôpka, F., Chovanec, F., D-posets, Math. Slovaca 44 (1994), 21–34. [K,R] Kalmbach, G., Riečanová, Z., An axiomatization for abelian relative inverses, Demonstratio Math. 27 (1994), 769–780.

[Kr] Krause, L., Jordan rings, Lizentiatsarbeit, Universität Bern, 1991. [L,E] Ljapin, E.S., Evseev, A.E., Partial algebraic operations (in Russian), Rossijskij gosudarstvennyj pedagogičeskij universitet imeni A.I. Gercena, Izdatelstvo ”Obrazovanie”, St. Petersbourgh, 1991.

[M] Mangani, P., Su certe algebre conesse con logiche a piu valori, Bolletino dell’Unione Matematica Italiana 8 (1973), 68–78.

[M-I] Mayet-Ippolito, A., Generalized orthomodular posets, Demonstratio Mathematica 24 (1992), 263–274.

[Mu] Mundici, D., Interpretation of AF C*-algebras in Lukasiewicz sentential calculus, J.

Funct. Anal. 65 (1986), 15–63.

[N,P] Navara, M., Pták, P., Difference posets and orthoalgebras, Preprint. [P,P] Pták, P., Pulmannová, S., Orthomodular Structures as Quantum Logics, Kluwer, Dordrecht, 1991.

[P] Pulmannová, S., A remark on orthomodular partial algebras, Demonstratio Math. 27 (1994), 687–699.

[P,W] Pulmannová, S., Wilce, A., On representations of D-posets, Internat. J. Theor. Phys.

(to appear).

[R,F] Randall, C.H., Foulis, D.J, Operational statistics. II. Manuals of operations and their logics, J. Math. Phys. 14 (1973), 1472–1480.

[R] Rüttimann, G.T., The approximate Jordan-Hahn decomposition, Can. J. Math. 41 (1989), 1124–1146.

[Sch] Schmidt, K.D., Jordan decompositions of generalized vector measures, John Willey & Sons, New York, 1989.

[W] Wilce, A., Perspectivity and congruences in partial abelian semigroups, Preprint (1994).

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of MV -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures

(continued on inside back cover)