Preprint 17/1996

June 21, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Beloslav Rieèan

Probability theory

on some ordered structures

PREPRINT SERIES

PROBABILITY THEORY ON SOME ORDERED STRUCTURES

Beloslav Riečan

Abstract. The weak law of large numbers and the central limit theorems are proved in a type of posets. This type includes MV algebras, D-posets of fuzzy sets, F -quantum spaces and orthomodular posets.

Introduction

There are various mathematical models of quantum mechanical systems. The most known model is based on orthomodular posets (see e.g. [9]). Recently fuzzy sets have been used (e.g. [10], [11]) and then some more general structures, e.g. D-posets ([6]) and MV algebras ([8], [4]).

For to building probability theory for observables in structures mentioned above there is necessary to construct a calculus with observables. It was done for orthomodular posets ([9], [1]), D-poset of fuzzy sets ([7]), F -quantum spaces ([2], [3]) and recently for MV algebras ([13], [14]), of course, only in a special case. Namely, if x and y are independent observables in an MV algebra M, x, y : B(R) → M, then x + y is an observable satisfying the following equality (∗) m ( (x + y)((−∞, t)) ) = m_x × m_y ( {(u, v); u + v < t} )

holding for every t ∈ R. Here m : M → ⟨0, 1⟩ is a given state, m_x × m_y : B(R^2) → ⟨0, 1⟩ is the product of measures m_x, m_y defined on B(R) by the equalities

m_x(A) = m ( x(A) ) , m_y(B) = m ( y(B) ) . In [5] the weak law of large numbers has been proved for a sequence of independent observables with values in an MV algebra. Of course, the proof is based on the equality (∗) only. Therefore we try to prove some probability assertions in a general ordered structure by the help of (∗) only. As special cases we obtain the law of large numbers and the central limit theorem in all above mentioned structures. They are new in the case of an MV algebra.

Recall that in the classical case of a probability space (Ω, S, P ) and any random variables ξ, η : Ω → R we have P ( {ω ∈ Ω, ξ(ω) + η(ω) ∈ D} ) = = P_T ( {(u, v) ∈ R^2; u + v ∈ D} ) . Key words and phrases. posets, observables, law of large numbers, central limit theorem. Supported by grant VEGA 95/5305/471

Typeset by AMS-TEX 1

for any D ∈ B(R), where T = (ξ, η) : Ω → R^2, P_T : B(R^2) → ⟨0, 1⟩ is defined by the formula

P_T (A) = P ( T^{−1}(A) ) = = P ( {ω ∈ Ω; ( ξ(ω), η(ω) ) ∈ A} ) . If ξ, η are independent, then P_T = P_ξ × P_η, where P_ξ, P_η : B(R) → ⟨0, 1⟩ are the probability distributions defined by P_ξ(C) = P ( ξ^{−1}(C) ) , P_η(D) = P ( η^{−1}(D) ) . Therefore P ( (ξ + η)^{−1}((−∞, t)) ) = P_ξ × P_η ( {(u, v); u + v < t} ) . This equality justifies (∗).

States and observables

Definition 1. There is given a partially ordered set M with the least element 0 and the greatest element 1 and with a partial commutative binary operation +.

Definition 2. There is given a state m : M → ⟨ 0, 1 ⟩ , i.e. a mapping satisfying the following conditions:

(i) m(1) = 1, m(0) = 0.

(ii) If a, b, c ∈ M, b + c is defined and a = b + c, then m(a) = m(b) + m(c). (iii) If (a_n)_n ∈ M, a ∈ M and a_n ↗ a, then m(a_n) ↗ m(a).

Definition 3. A mapping x : B(R) → M is called a weak observable, if the following conditions are satisfied:

(i) m ( x(R) ) = 1.

(ii) If A, B ∈ B(R), A ∩ B = ∅, then x(A) + x(B) exists and x(A ∪ B) = x(A) + x(B). (iii) If A_n ∈ B(R), n = 1, 2, . . . and A_n ↗ A, then x(A_n) ↗ x(A).

Proposition 1. If x is a weak observable and m_x : B(R) → ⟨ 0, 1 ⟩ is defined by the formula m_x = m ∘ x, then m_x is a probability measure.

Proof. Evidently m_x is continuous from bellow.

Let A, B ∈ B(R), A∩B = ∅. Then x(A)+x(B) exists and x(A∪B) = x(A)+x(B). Therefore m ∘ x(A ∪ B) = m ( x(A ∪ B) ) = m ( x(A) ) + m ( x(B) ) = m_x(A) + m_x(B) ,

Example 1. Let (M, ≤, ⊥, 0, 1) be an orthomodular poset. We define a+b = a∨b, whenever a ≤ b^⊥. If m : M → ⟨ 0, 1 ⟩ is a state and x : B(R) → M an observable, then all assumptions stated above are satisfied. A very well known example of an orthomodular poset is a the family of all linear subspaces of a Hilbert space, where ≤ is the inclusion and a^⊥ is the orthogonal complement of a subspace a.

Example 2. Let (M, ≤, \, 0, 1) be a D-poset of fuzzy sets, e.g. the set of all mappings f : Ω → ⟨ 0, 1 ⟩ , ≤ is the usual ordering, 0 the zero function 1 the unit function and f \ g is the difference f − g defined only in the case that g ≤ f. We define f + g only in the case that f ≥ 1 \ g by the formula f + g = 1 \ [ (1 \ g) \ f ] . Of course, f + g is the usual sum of functions in the special case stated above. Also in this case + is only a partial binary operation.

Example 3. Let (M, ≤, ∨, ⊥, 1) be an F -quantum space, e.g. the set of all mappings f : Ω → ⟨ 0, 1 ⟩ , ≤ is the usual ordering, f^⊥ = 1 − f, f ∨ g = max(f, g). We define f + g if and only if f ≤ g^⊥ and in this case f + g = max(f, g).

Example 4. Let (M, ⊕, ⊥, 0, 1) be an MV algebra, e.g. the set of all mappings f : Ω → ⟨ 0, 1 ⟩ , f ⊕ g = min(f + g, 1), f^⊥ = 1 − f. In this case + is a binary operation and f + g = f ⊕ g (of course f + g is the usual sum, if f ≤ g^⊥.)

Weak independence

Definition 4. Observables x_1, . . . , x_n : B(R) → M are called to be weakly independent, if there is an observable y_n : B(R) → M such that m ∘ y_n = (m_{x1} × · · · × m_{xn} ) ∘ g^{−1}_n , where g_n : R^n → R is defined by the formula g_n(u_1, . . . , u_n) = u_1 + · · · + u_n.

Definition 5. Observables x_1, . . . , x_n : B(R) → M are called to be strongly independent, if there is a mapping h_n : B(R^n) → M satisfying the following properties:

(i) m ( h_n(R^n) ) = 1.

(ii) If A, B ∈ B(R^n), A ∩ B = ∅, then h_n(A ∪ B) = h_n(A) + h_n(B). (iii) If A_i ∈ B(R^n) (i = 1, 2, . . . ), A_n ↗ A, then h_n(A_i) ↗ h_n(A) (i → ∞). (iv) m ∘ h_n = m_{m1} × · · · × m_{xn} .

Proposition 2. If x_1, . . . , x_n are strongly independent, then they are weakly independent, too.

Proof. Put y_n = h_n ∘ g^{−1}_n .

Now let us consider the examples mentioned above. In orthomodular posets the sum of observables was defined in [1]:

(x + y) ( (−∞, t) ) = ⋁ r∈Q x ( (−∞, r) ) ∧ y ( (−∞, t − r) ) .

In D-posets of fuzzy sets there exists a joint observable of x, y ([7]), i.e. such a σ-homomorphism h : B(R^2) → M that h(A × B) = x(A) · x(B), A, B ∈ B(R^2) (the usual product of functions). The sum x + y is then defined by the equality x + y = h ∘ g^{−1}, where g(u, v) = u + v, independence is defined by m ( x(A) · x(B) ) = m ( x(A) ) · m ( x(B) ) , hence the independence leads to the strong independence.

Similarly in F -quantum spaces there is the joint observable ([2], [3]). Finally in MV algebras the sum x + y has been defined in [13] by the equality

(x + y) ( (−∞, t) ) = ⋁ n ∑ (i,j)∈α_n x (⟨_{i−1} 2^n , i 2^n )) · y (⟨_{j−1} 2^n , j 2^n )) ,

where α_n = { (i, j) ∈ N × N; i + j < 2^nt } and + and · are the corresponding MV-algebra operations. If x, y are independent (with respect to the operation ·, i.e. if m ( x(A) · y(B) ) = m ( x(A) ) m ( y(B) ) ), then they are weakly independent with respect to Definition 4, too.

Since m_x : B(R) → ⟨ 0, 1 ⟩ is a probability measure, we are able to define moments, particularly the mean value and the dispersion.

Definition 6. An observable x : B(R) → M belongs to L^1 (by other words, it is integrable), if there exists E(x) = ∫ R tdm_x(t). It belongs to L^2 if there exists ∫ R t^2dm_x(t).

Proposition 3. L^2 ⊂ L^1.

Proof. If follows by the Cauchy inequality: | | | ∫ R t · 1dm_x(t) | | | ≤ ∫ R t^2dm_x(t) · ∫ R 1dm_x(t) .

Definition 7. If x : B(R) → M is a weak observable belonging to L^1, then we define E(x) = ∫ R tdm_x(t) , if, moreover, x belongs to L^2, then we define

σ^2(x) = ∫ R ( t − E(x) )_2 dm_x(t) .

Proposition 4. If x, y : B(R) → M are weakly independent weak observables belonging to L^1, then x + y ∈ L^1 and E(x + y) = E(x) + E(y) . Proof. Put g : R^2 → R, g(u, v) = u + v. Then

E(x) + E(y) = ∫ R udm_x(u) + ∫ R vdm_y(v) = = ∫ R [ ∫ R udm_x(u) ] dm_y(v) + ∫ R [ ∫ R vdm_x(u) ] dm_y(v) = = ∫∫ R2 (u + v)dm_x × m_y(u, v) = ∫∫ R2 gdm_x × m_y .

By the integral transformation formula we see that the integral ∫ R tdm_x × m_y ∘ g^{−1}(t)

exists and equals to the integral ∫∫ R2 gdm_x × m_y. Moreover m_x × m_y ∘ g^{−1} = m_{x+y}.

Therefore ∫ R tdm_{x+y}(t) exists and

E(x + y) = ∫ R tdm_{x+y}(t) = ∫∫ R2 gdm_x × m_y = E(x) + E(y) .

Proposition 5. If x, y : B(R) → M are weakly independent weak observables belonging to L^2, then x + y ∈ L^2 and

σ^2(x + y) = σ^2(x) + σ^2(y) .

Proof. Put g : G^2 → R, g(u, v) = u + v. Then ∫ R t^2dm_{x+y}(t) = ∫ R t^2dm_x × m_t ∘ g^{−1}(t) = ∫∫ R2 gdm_x × m_y =

= ∫∫ R2 (u + v)^2dm_x × m_y(u, v) =

= ∫ R u^2dm_x(u) + ∫ R v^2dm_y(v) + 2E(x)E(y) .

Therefore x + y ∈ L^2 and

σ^2(x + y) = ∫ R t^2dm_{x+y}(t) − E(x + y)^2 = = ∫ R t^2dm_{x+y}(t) − ( E(x) + E(y) )_2 = = ∫ R t^2dm_x(u) − E(x)^2 + ∫ R v^2dm_y − E(y)^2 = = σ^2(x) + σ^2(y) .

Limit theorems We shall work with a sequence (x_n)_n of weak observables assuming that (x_n)_n is weakly independent.

Definition 8. A sequence (x_n)_n of weak observables is weakly independent, if x_1, . . . , x_n are weakly independent for every n.

Therefore we can define the sum x_1 + · · · + x_n as a weak observable y_n satisfying the equality m_{yn} = m_{x1} × · · · × m_{xn} ∘ g^{−1}_n , i.e. m ( y_n((−∞, t)) ) = m_{x1} × · · · × m_{xn} ( {(u_1, . . . , u_n); u_1 + · · · + u_n < t} ) . Of course, in limit theorems we need to use the arithmetical mean^1_n ∑_n i=1 x_i. There is no problem to define it.

Definition 9. If x : B(R) → M is a weak observable, c, a ∈ R, c ≠ 0, then we define the mappings cx : B(R) → M (x − a) : B(R) → M by the formulas (cx)(A) = x(c^{−1}A), (x − a)(A) = x(A + a) , where c^{−1}A = {u ∈ R; ∃v ∈ A, u = c^{−1}v}, A + c = {u ∈ R; ∃v ∈ A, u = v + c} . Theorem 1. Let P be the infinite product of measures (m_{xn} )_n defined in R^N by the formula P ( {(t_n)_n ∈ R^N ; (t_1, . . . , t_n) ∈ A} ) = m_{x1} × · · · × m_{xn} (A) (A ∈ B(R^n), n ∈ N ) . Let ξ_n : R^N → R be defined by the formula ξ_n ( (t_i)^∞_{i=1} ) = t_n. Put ζ_n =

(_1 n ∑_n i=1 ξ_i ) − a. Let y_n by the observable defined by the formula m ∘ y_n = m_{x1} × · · · × m_{xn} ∘ g^{−1}_n , z_n =^1_n y_n − a =

(_1 n ∑_n i=1 x_i ) − a. Then

P ∘ ζ^{−1}_n = m ∘ z_n (n = 1, 2, . . . )

i.e. the random variables

(_1 n ∑_n i=1 ξ_i ) − a have the same probability distributions

as the weak observables

(_1 n ∑_n i=1 x_i ) − a. Proof. Let π_n : R^n → R^n be the projection defined by the equality π_n ( (t_i)^∞_{i=1} ) = (t_1, . . . , t_n). Then P can be characterized by the formula P ∘ π^{−1}_n = m_{x1} × · · · × m_{xn} . Put η_n = ∑_n i=1 ξ_i = g_n ∘ π_n. Then

P ∘ η^{−1}_n = P ∘ π^{−1}_n ∘ g^{−1}_n = m_{x1} × · · · × m_{xn} ∘ g^{−1}_n = m ∘ y_n .

If we put ψ_n : R → R, ψ_n(u) =^1_n u − a , we obtain

ζ_n =^1_n η_n − a = ψ_n ∘ η_n .

Therefore

P ∘ ζ^{−1}_n = P ∘ η^{−1}_n ∘ ψ^{−1}_n = m ∘ y_n ∘ ψ^{−1}_n .

Of course y_n ( ψ^{−1}_n (A) ) = y_n ( n(A + a) ) = (_1 n y_n ) (A + a) = = ( (^1_n y_n) − a ) (A) = z_n(A)

hence P ∘ ζ^{−1}_n = m ∘ z_n . Lemma 1. Let (x_n)_n be a weakly independent sequence of weak observables. Let

P be the infinite product of measures m_{x1}, m_{x2} , . . . in the space R^N , ξ_n : R^N → R

be defined by ξ_n ( (t_i)_i ) = t_n. Then (ξ_n)_n are independent random variables.

Proof. The σ-algebra σ in R^N is generated by the family of all cylinders, i.e. sets

of the form π^{−1}_n (B), where n ∈ N, B ∈ B(R^n) and π_n : R^N → R^n is the projection, π_n ( (t_i)_i ) = (t_1, . . . , t_n). We must to prove that ξ^{−1}_n (A) ∈ σ for every A ∈ B(R). But ξ^{−1}_n (A) = { (t_i)_i ∈ R^N ; ξ_n ( (t_i)_i ) ∈ A } = = { (t_i)_i ∈ R^N ; t_n ∈ A } = = π^{−1}_n (R × · · · × R × A) ∈ σ . We have proved that ξ_n : (R^N , σ, P ) → ( R, B(R) ) is a random variable for every n.

Now let A_1, . . . , A_n ∈ B(R). Then P ( ξ^{−1}_1 (A_1) ∩ ξ^{−1}_2 (A_2) ∩ · · · ∩ ξ^{−1}_n (A_n) ) = = P ( {(t_i); t_1 ∈ A_1, t_2 ∈ A_2, . . . , t_n ∈ A_n} ) = = m_{x1} × · · · × m_{xn} (A_1 × A_2 × · · · × A_n) =

= m_{x1}(A_1)m_{x2} (A_2) . . . m_{xn} (A_n) .

But m_{xi} (A_i) = m_{x1}(R) . . . m_{xi}�_1 (R)m_{xi} (A_i) = m_{x1} × · · · × m_{xi} (R × · · · × R × A_i) = P ( π^{−1}_i (R × · · · × R × A_i) ) = P ( ξ^{−1}_i (A_i) ) . Therefore m_{xi} (A_i) = P ( ξ^{−1}_i (A_i) ) , hence P ( ξ^{−1}_1 (A_1) ∩ · · · ∩ ξ^{−1}_n (A_n) ) = P ( ξ^{−1}_1 (A_1) ) . . . P ( ξ^{−1}_n (A_n) ) . Theorem 2. (Law of large numbers) Let (x_n) be a weakly independent sequence

of weak observables of L^2 with the same probability distribution m_{xn} = μ (n =

1, 2, . . . ). Denote E(x_n) = a (n = 1, 2, . . . ). Then for every ε > 0 there holds lim_{n→∞} m (( 1 n n∑ i=1 x_i − a ) (−ε, ε) ) ) = 1 .

Proof. Consider the probability space (R^N , σ, P ) constructed in Theorem 1. Then m (( 1 n n∑ i=1 x_i − a ) (−ε, ε) ) = m ( z_n((−ε, ε)) ) =

= P ∘ ζ^{−1}_n ( (−ε, ε) ) = P ({ t ∈ R^N ; | | | 1 n n∑ i=1 ξ_i(t) − a | | | < ε }) . By the classical law of large numbers lim_{n→∞} P ({ t; | | |^1_n n∑ i=1 ξ_i(t) − a | | | }) = 1 .

Theorem 3. (Central limit theorem). Let (x_n) be a weakly independent sequence of weak observables of L^2 with the same probability distribution m_{xn} = μ (n = 1, 2, . . . ), E(x_n) = a, σ^2(x_n) = σ^2 > 0 (n = 1, 2, . . . ). Then lim_{n→∞} m ( √ n σ ( 1 n n∑ i=1 x_i − a )( (−∞, t) )) = 1 √ 2π ∫_t −∞ e^{− u22} du for every t ∈ R.

Proof. Consider the probability space (R^n, σ, P ) constructed in Theorem 1. Then m (√ n σ ( 1 n n∑ i=1 x_i − a )( (−∞, t) )) =

= P ({ u; 1 n ∑_n i=1 ξ_i(u) − a σ√ n < t }) . By the classical central limit theorem, the last sequence converges to the corresponding value Φ(t) of the distribution function of the normal normed distribution.

References

1. Dvurečenskij, A., Laws of large numbers and the central limit theorems on a logic, Math.

Slovaca 29 (1979), 397–410.

2. Dvurečenskij, A.; Riečan, B., Fuzziness and commensurability, Fascic. Math. 22 (1989), 39– 47. 3. Dvurečenskij, A.; Riečan, B., Fuzzy quantum models, Int. J. General Systems 20 (1991), 39–54.

4. Jakubík, J., Direct product decompositions of MV-algebras, Czech. Math. J. 44 (1994), 725– 739.

5. Jurečková, M., A weak law of large numbers on MV-algebras, Tatra Mountains Math. Publ.

(to appear).

6. Kôpka, F.; Chovanec, F., D-posets, Math. Slovaca 44 (1994), 21–34.

7. Mesiar, R.; Riečan, B., On the joint observable in some quantum structures, Tatra Mountains Math. Publ. 3 (1993), 183–190.

8. Mundici, D., Interpretation of AF C�-algebras in Lukasiewicz sentential calculus, J. Funct.

Anal. 65 (1986), 15–63.

9. Pták, P.; Pulmannová, S., Orthomodular Structures as Quantum Logics, Kluwer, Dordrecht, 1991.

10. Pykacz, J., Quantum logics as families of fuzzy subsets of the set of physical states, Second IFSA Congress (Tokyo), vol. 2, 1987, pp. 437–440.

11. Riečan, B., A new approach to some notions of statistical quantum mechanics, Busefal 35 (1988), 4–6.

12. Riečan, B., On limit theorems in fuzzy quantum spaces, Fuzzy Sets and Systems (to appear). 13. Riečan, B., Weak observables in MV algebras, Int. J. Theor. Phys. (to appear). 14. Riečan, B.; Neubrunn, T., Integral, Measure and Ordering, Kluwer, Dordrecht and Inter Science, Bratislava, 1996.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of MV -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures

(continued on inside back cover)