Preprint 29/1996

October 22, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Ján Haluźka

On numbers 256/243, 25/24, 16/15

PREPRINT SERIES

On numbers 256=243; 25=24; 16=15

Ján Haluźka Mathematical Institute, Slovak Academy of Sciences, Greźákova 6, 040 01 Koźice, S l o v a k i a, e-mail: jhaluska @ linux1.saske.sk

Abstract

The ratios 256/243, 25/24, 16/15 are known as the minor Pythagorean, chromatic, and diatonic semitone, respectively. The main result of this paper is the following statement which has a valuable consequence for the music acoustic theory:

According to the symmetry, all rational triplets (X1, X2, X3) TDS-generating generalized geometrical progressions ⟨Γi⟩ = ⟨ X^{νi;1}_1 X^{νi;2}_2 X^{νi;3}_3 ; νi,1 + νi,2 + νi,3 = i, 0 ≤ ν0,· ≤ ν1,· ≤ . . . ≤ νi,· ≤ . . . ⟩ ν_{i;�}∈N 3

with the subsequences ⟨Γ12l⟩ = ⟨ 2^l ⟩ , ⟨Γ12l+7⟩ = ⟨ 3 · 2^{l−1} ⟩ , ⟨Γ12l+4⟩ = ⟨ 5 · 2^{l−2} ⟩ are exactly the following:

(25/24, 135/128, 16/15), (256/243, 135/128, 16/15), (25/24, 16/15, 27/25).

Thus, not only the diatonic and chromatic but also the minor Pythagorean semitone (together with the diatonic semitone and its complement to the major whole tone) can serve as a basis for the construction of 12-degree diatonic scales.

1 Introduction

Every periodic waveform f(t), understood as a function of time t > 0, can be represented as follows: f(t) =^{∑∞}_{k=1} a_k sin(2πω_kt − φ_k), where ω_k is the frequency of the k-th partial (which is k times the fundamental frequency ω of the tone associated with its pitch, i. e. ω_k = kω); a_k is the amplitude of the k-th partial (corresponding to its loudness); φ_k is the phase of the k-th partial (conventionally interpreted as the entry delay of the given partial). According to Fourier’s theorem, any tone with a periodic waveform is a sum of harmonics, i. e. partials with frequencies ω_k satisfying the harmonic frequency ratio ω_1 : ω_2 : . . . : ω_k : . . . = 1 : 2 : . . . : 3 : . . . Besides harmonics, there are sounds with no salient pitch (not considered in this paper, cf. [1]) which are of various types, e.g. the ratio of their partial frequencies ω_k is not harmonic but inharmonic. For instance, the ratio 1 :^{12} √ 2 is used in the well-known Equal Tempered Tuning.

AMS subject classification: 42 A 16, 40 B 05, 94 B 60, 94 D 05, 92 J 30, 11 D 25 Key words: Generalized geometrical progression, Fourier’s theorem, Diophantine equation, Many valued coding, Music acoustic

The ratios 256/243, 25/24, 16/15 are known as the minor Pythagorean, chromatic, and diatonic semitone, respectively. The Just Intonation Set (cf. [3], [4], we avoid the minor seventh (7/4) and the second (8/7)), considered as the most natural tuning from many (physical, psycho-acoustical, polyphonic, etc.) points of view in the present time, is constructed on the basis of the chromatic and diatonic semitones. On the other side, Pythagorean Tuning (cf. [3], [4]) is based on the minor Pythagorean semitone, diesis (256/243). The Just Intonation Set and Pythagorean Tuning are still considered by music theoreticians as two fully incompatible tone systems.

The principal result of this paper, new for the music acoustic theory, is the fact that not only the diatonic and chromatic but also the minor Pythagorean semitone (together with the diatonic semitone and its complement to the major whole tone) can serve as a basis for the construction of 12- degree diatonic scales, cf. Table 2.

Recall that the major whole tone (the Pythagorean whole tone) is derived from the perfect fourth and the perfect ˛fth, i.e. 9/8 = 3/2 : 4/3. The minor whole tone is obtained from the major third and the major whole tone, i.e. 10/9 = 5/4 : 9/8. Diesis is derived from the perfect fourth and two major whole tones, i.e. 256/243 = 4/3 : (9/8)^2. The diatonic semitone is obtained from the perfect fourth and major third, i.e. 16/15 = 4/3 : 5/4. For the review of the literature, see [4], [5].

2 Preliminaries

Denote by N = {0, 1, 2, . . .} and by Q the set of all rational numbers. If we denote by L = ((0, ∞), ·, 1, ≤) the usual multiplicative group on reals with the usual order, then b/a is called the L-length of the interval (a, b), 0 < a ≤ b < ∞.

Suppose (the fundamental frequency) ω = 1. We restrict our considerations to the subsequences 1 ·^⟨2^{l⟩} , 3 ·^⟨2^{l−1⟩}, 5 ·^⟨2^{l−2⟩} of the sequence ⟨ω_k⟩ = ⟨k⟩ , k ∈ N (corresponding to the ˛rst three overtones; these subsequences are known in music as the classes of equivalency of the octaves, perfect fifths, and major thirds; members of each subsequence are denoted by the same letter in music, e.g. C, G, E, respectively).

We will use the following conventional notation: X = (X_1, X_2, · · · , X_n) ∈ L^n, ν_{i,·} = (ν_{i,1}, ν_{i,2}, . . . , ν_{i,n}) ∈ N^n, ν_{i,·} ≤ ν_{i+1,·} ⇔ ν_{i,k} ≤ ν_{i+1,k} (k = 1, 2, . . . , n), |ν_{i,·}| = ν_{i,1} + ν_{i,2} + . . . + ν_{i,n}, X^{νi,·} = X^{νi,1}_1 X^{νi,2}_2 . . . X^{νi,n}_n (i, n ∈ N ). Definition 1 For n ∈ N , we say that a sequence ⟨`_i⟩ is an n-generalized geometrical progression if there exist X ∈ L^n and ν_{i,j} ∈ N (i ∈ N , j = 1, 2, . . . , n) such that `_i = X^{νi,·} , ν_{0,·} ≤ ν_{1,·} ≤ . . . ≤ ν_{i,·} ≤ . . . , |ν_{i,·}| = i. In this paper, we will consider the case n = 3.

We say that a matrix (ν_{i,j})^{1,2,3}_{12,7,4} ∈ N^3 × N^3 is a (12, 7, 4)-matrix, cf. [3],

De˛nition 2, if 0 ≤ ν_{4,·} ≤ ν_{7,·} ≤ ν_{12,·} and |ν_{i,·}| = i, i = 12, 7, 4.

Theorem 1 ([3], Theorem 1) Let A = (ν_{i,j})^{j=1,2,3}_{i=12,7,4} ∈ N^3 × N^3 with det A ≠ 0.

Then there exist a unique X ∈ L^3, such that X^{ν12,·} = 2/1, X^{ν7,·} = 3/2, X^{ν4,·} =

5/4, and the following statements are equivalent:

(a) X ∈ Q^3, (b) det A = 1.

The values are as follows:

X_1 =^{det A} √ 2^{D2,1} 3^{D3,1} 5^{D5,1} , X_2 =^{det A} √ 2^{D2,2} 3^{D3,2} 5^{D5,2} , X_3 =^{det A} √ 2^{D2,3} 3^{D3,3} 5^{D5,3} ,

where D2,1 = | | | | | 1 ν12,2 ν12,3 −1 ν7,2 ν7,3 −2 ν4,2 ν4,3 | | | | | , D2,2 = | | | | | ν12,1 1 ν12,3 ν7,1 −1 ν7,3 ν4,1 −2 ν4,3 | | | | | , D2,3 = | | | | | ν12,1 ν12,2 1 ν7,1 ν7,2 −1 ν4,1 ν4,2 −2 | | | | | ,

D3,1 = | | | | | 0 ν12,2 ν12,3 1 ν7,2 ν7,3 0 ν4,2 ν4,3 | | | | | , D3,2 = | | | | | ν12,1 0 ν12,3 ν7,1 1 ν7,3 ν4,1 0 ν4,3 | | | | | , D3,3 = | | | | | ν12,1 ν12,2 0 ν7,1 ν7,2 1 ν4,1 ν4,2 0 | | | | | ,

D5,1 = | | | | | 0 ν12,2 ν12,3 0 ν7,2 ν7,3 1 ν4,2 ν4,3 | | | | | , D5,2 = | | | | | ν12,1 0 ν12,3 ν7,1 0 ν7,3 ν4,1 1 ν4,3 | | | | | , D5,3 = | | | | | ν12,1 ν12,2 0 ν7,1 ν7,2 0 ν4,1 ν4,2 1 | | | | | . Definition 2 We say that a 3-generalized geometrical progression ⟨`_i⟩ is TDS-

generated by a (12, 7, 4)-matrix A [or, is TSD-generated by X ∈ Q^3 such that

X^{ν12,·} = 2/1, X^{ν7,·} = 3/2, X^{ν4,·} = 5/4 (ν_{i,j}, i, j ∈ N ), cf. Theorem 1] if

ν_{2,·} = 2ν_{7,·} − ν_{12,·}, ν_{5,·} = ν_{12,·} − ν_{7,·}, ν_{9,·} = ν_{12,·} − ν_{7,·} + ν_{4,·}, ν_{11,·} = ν_{7,·} + ν_{4,·},

and for i ≥ 12, there exists p ∈ N , 0 ≤ p < 12, and q ∈ N , such that ν_{i,·} = qν_{12,·} + ν_{p,·}. Note that the members `_i, i = 1, 3, 6, 8, 10, etc. for i ≥ 12, constructed in

De˛nition 2, are not uniquely determined.

3 Three sequences

Theorem 2 According to the symmetry, all X ∈ Q^3 TDS-generating 3-generaliz-

ed geometrical progressions ⟨`_i⟩ = ⟨X^{νi,·} ; |ν_{i,·}| = i, 0 ≤ ν_{0,·} ≤ ν_{1,·} ≤ . . . ≤ ν_{i,·} ≤ . . .⟩_{νi,· ∈N 3} with the subsequences

⟨`_{12l}⟩ = ⟨ 2^{l⟩} , ⟨`_{12l+7}⟩ =^⟨3 · 2^{l−1⟩} , ⟨`_{12l+4}⟩ =^⟨5 · 2^{l−2⟩}

are the following:

(25/24, 135/128, 16/15), (256/243, 135/128, 16/15), (25/24, 16/15, 27/25).

Proof. The analysis of the Diophantine equation det[(ν_{i,j})^{j=1,2,3}_{i=12,7,4}] = 1, 0 ≤ ν_{4,·} ≤ ν_{7,·} ≤ ν_{12,·}, |ν_{i,·}| = i in N^3 × N^3 with the additional (not restricting the solution) condition

2ν_{7,·} − ν_{12,·} ≥ 0

yields the following matrices (excluding symmetries, permutations of columns): A_{1,2,3,4,···,8} = 2 7 3 1 4 2 1 2 1 , 2 5 5 1 3 3 1 1 2 , 5 4 3 3 2 2 2 1 1 ,

1 2 9 1 1 5 0 1 3 , 1 3 8 1 2 4 0 1 3 , 1 4 7 1 2 4 1 1 2 , 1 5 6 1 3 3 1 2 1 , 2 3 7 1 2 4 1 0 3 . Apply Theorem 1 and ˛nd all sequences by the algorithm in De˛nition 2. Excluding all such sequences ⟨`_i⟩ which do not satisfy the condition ν_{0,·} ≤ ν_{1,·} ≤ . . . ≤ ν_{i,·} ≤ . . . in De˛nition 1, we obtain the following three matrices: A_{1,2,3}.

In Tables 1 and 2 there are all DTS-generated sequences ⟨`_i⟩ (in the ˛fth column, there are values in cents, i.e. in the isomorphism `_i → 1200 · log_2 `_i; in the sixths column, there is a musical denotation) corresponding to the matrices A_1 and A_2. The DTS-generated sequences corresponding to A_3 we can ˛nd in [3], Table 3. 2 In the connection with the previous theorem we mention here the following

Theorem 3 ([3], Theorem 5) According to the symmetry, A_3 is the unique solution of the Diophantine equation det[(ν_{i,j})^{j=1,2,3}_{i=12,7,4}] = 1, 0 < ν_{4,·} < ν_{7,·} < ν_{12,·}, |ν_{i,·}| = i.

All superparticular ratios for numbers 2,3, and 5, are exactly: 2/1, 3/2, 4/3, 5/4, 6/5, 9/8, 10/9, 16/15, 25/24, and 81/80, cf. [2]. The proof of the following theorem is easy.

Theorem 4 See Table 3.

Expressions of Γi X^0_1 X^0_2 X^0_3 2^03^05^0 1/1 1.0 0 C X^0_1 X^1_2 X^0_3 2^{−7}3^351 135/128 1.0546875 92.1787 C♯ X^0_1 X^0_2 X^1_3 2^43^{−1}5^{−1} 16/15 1.066666666 111.7313 D_♭ X^0_1 X^1_2 X^1_3 2^{−3}3^25^0 9/8 1.125 203.9100 D X^1_1 X^1_2 X^1_3 2^{−6}3^15^2 75/64 1.171875 274.5824 D♯ X^0_1 X^1_2 X^2_3 2^13^15^{−1} 6/5 1.2 315.6413 E_♭ X^1_1 X^1_2 X^2_3 2^{−2}3^05^1 5/4 1.25 386.3137 E X^1_1 X^1_2 X^3_3 2^23^{−1}5^0 4/3 1.333333333 498.0450 F X^1_1 X^2_2 X^3_3 2^{−5}3^25^1 45/32 1.40625 590.2237 F♯ X^1_1 X^1_2 X^4_3 2^63^{−2}5^{−1} 64/45 1.422222222 609.7763 G_♭ X^1_1 X^2_2 X^4_3 2^{−1}3^15^0 3/2 1.5 701.9550 G X^2_1 X^2_2 X^4_3 2^{−4}3^05^2 25/16 1.5625 772.6274 G♯ X^1_1 X^2_2 X^5_3 2^33^05^{−1} 8/5 1.6 813.6863 A_♭ X^2_1 X^2_2 X^5_3 2^03^{−1}5^1 5/3 1.666666666 884.3587 A X^2_1 X^3_2 X^5_3 2^{−7}3^25^2 225/128 1.7578125 976.5374 A♯ X^2_1 X^2_2 X^6_3 2^43^{−2}5^0 16/9 1.777777777 996.0900 B_♭ X^2_1 X^3_2 X^6_3 2^{−3}3^15^1 15/8 1.875 1088.2687 B X^2_1 X^3_2 X^7_3 2^13^05^0 2/1 2.0 1200 C^′ . . . . . . . . . . . . . . . . . .

Table 1: X1 = 25/24, X2 = 135/128, X3 = 16/15

Expressions of Γi X^0_1 X^0_2 X^0_3 2^03^05^0 1/1 1.0 0 C X^0_1 X^0_2 X^1_3 2^{−7}3^35^1 135/128 1.0546875 92.1787 C♯ X^0_1 X^1_2 X^0_3 2^43^{−1}5^{−1} 16/15 1.066666666 111.7313 D_♭ X^0_1 X^1_2 X^1_3 2^{−3}3^25^0 9/8 1.125 203.9100 D X^1_1 X^1_2 X^1_3 2^53^{−3}5^0 32/27 1.185185185 294.1350 D♯ X^0_1 X^2_2 X^1_3 2^{−10}3^55^1 1215/1024 1.186523438 296.0887 E_♭ X^1_1 X^2_2 X^1_3 2^{−2}3^05^1 5/4 1.25 386.3137 E X^1_1 X^2_2 X^2_3 2^23^{−1}5^0 4/3 1.333333333 498.0450 F X^1_1 X^3_2 X^2_3 2^{−5}3^25^1 45/32 1.40625 590.2237 F♯ X^1_1 X^2_2 X^3_3 2^63^{−2}5^{−1} 64/45 1.422222222 609.7763 G_♭ X^1_1 X^3_2 X^3_3 2^{−1}3^15^0 3/2 1.5 701.9550 G X^2_1 X^3_2 X^3_3 2^73^{−4}5^0 128/81 1.580246914 792.1800 G♯ X^1_1 X^4_2 X^3_3 2^{−8}3^45^1 405/256 1.58203125 794.1337 A_♭ X^2_1 X^4_2 X^3_3 2^03^{−1}5^1 5/3 1.666666666 884.3587 A X^2_1 X^5_2 X^3_3 2^{−7}3^25^2 225/128 1.7578125 976.5374 A♯ X^2_1 X^4_2 X^4_3 2^43^{−2}5^0 16/9 1.777777777 996.0900 B_♭ X^2_1 X^5_2 X^4_3 2^{−3}3^15^1 15/8 1.875 1088.2687 B X^2_1 X^5_2 X^5_3 2^03^05^0 2/1 2.0 1200 C^′ . . . . . . . . . . . . . . . . . .

Table 2: X1 = 256/243, X2 = 135/128, X3 = 16/15

(x, y, z) (x, v, y) (w, v, y) 2/1 x^5y^4z^3 x^2v^3y^7 w^2v^5y^5 3/2 x^3y^2z^2 xv^2y^4 wv^3y^3 4/3 x^2y^2z xvy^3 wv^2y^2 5/4 x^2yz xvy^2 wv^2y 6/5 xyz vy^2 wvy^2 9/8 xz vy vy 10/9 xy xy wv 16/15 y y y 25/24 x x wvy^{−1} 81/80 y^{−1}z x^{−1}v w^{−1}y

Table 3: x = 25/24, y = 16/15, z = 27/25, v = 135/128, w = 256/243

References

[1] CHOWNING, J. M.: The Synthesis of complex audio spectra by means of frequency modulation, Journal of the Audio Engineering Society, no. 7, 21(1973), 526 { 534.

[2] HALSEY, G.D. − HEWITT, E.: More on the superparticular ratios in music, Am. Math. Monthly 79 (1972), 1096 { 1100.

[3] HALUľKA, J.: Uncertainty and tuning in music, Tatra Mt. Math. Publ., (to appear).

[4] LEFEBVRE, V.A.: A rational equation for attractive proportions, Math. Psychology 36 (1992), 100 { 128.

[5] MAZZOLA, G.: Geometrie der Töne: Elemente der Mathematischen Musiktheorie (in German), Birkhäuser, Basel { Boston { Berlin, 1990.

[6] THIRRING, W.: Über vollkommene Tonsysteme, Annalen der Physik 47 (1990), 245 { 250.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions 18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n 17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of M V -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem

(continued on inside back cover)

7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures