Preprint 30/1996

October 22, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Ján Haluźka

Uncertainty and tuning in music

PREPRINT SERIES

UNCERTAINTY AND TUNING IN MUSIC

Ján Haluźka Mathematical Institute, Slovak Academy of Sciences, Greźákova 6, 040 01 Koźice, S l o v a k i a, e-mail: jhaluska @ linux1.saske.sk

Abstract

The tuning in music is an excellent example of that the human perceptive mechanism uses various multivalued systems of information coding. The ambiguous intervals in the Just Intonation Set are the second and the minor seventh and the tritone (the relative frequencies 10/9, 9/8, 8/7 and 7/4, 16/9, 18/10 and 45/32, 64/45, respectively). Pythagorean Tuning is also 17-valued. In the present paper we find a 17-valued diatonic tone system which is a consequence of the unique solution of a Diophantine equation describing the basic acoustic relations among octave, perfect fifth and major (minor) third. This system has properties of the Just Intonation Set (it involves octave, perfect fifth, perfect fourth, major third, minor third, major whole tone, minor whole tone, diatonic semitone and chromatic semitone) and also of Pythagorean Tuning. We bring applications of our theory to superparticular ratios and partial monounary algebras.

1 Introduction

Based on the postulate that only the numbers 1,2, and 3 are perfect, Pythagorean Tuning was created as a sequence of 17 numbers of the form 2^a3^b, where a, b are integers. This tuning was established about ˛ve hundred years B. C. and used in European music up to the 14th century, cf. Table 1.

The gradual development of polyphony led to the introduction of thirds (5/4 and 6/5) and sixths (8/5 and 5/3). Targeting at a strict mathematical de˛nition of consonance, the problem of ratios of integers was studied by G i o s e f f o Z a r l i n o (1517 { 1590), S i m o n S t e v i n (1548 { 1620), and J o h a n n K e p l e r (1571 { 1630). One practical result of this period was the creation of the 17-valued Just Intonation Set, cf. [4], cf. Table 2, on which the Equal Tempered Scale was later based (A n d r e a s W e r c k m e i s t e r, 1698) (it is represented by the sequence W = {1,^{12} √ 2, (^{12} √ 2)^2, . . . , (^{12} √ 2)^{12} = 2}).

The further development was connected with mathematical physics. J o s e p h F o u r i e r (1768 { 1830) demonstrated that the oscillations of a string can be represented as the superposition of elementary sinusoid oscillations whose frequency ratios are related to each other as integers. H e r m a n n v o n H e l m h o l t z (1821 { 1894) assumed that the aesthetic characteristics of intervals were connected with the beating produced by overtones.

In the present time, some of musicologists and psycho-acousticians assert that the twelve-degree musical scales appeared not as merely arti˛cial convention, but

AMS subject classification: 94 B 60, 94 D 05, 11 A 05, 92 J 30, 08 A 55 Key words: Multivalued coding, music acoustics, superparticular ratios, partial monounary algebra

Denotation Expressions C 2^03^0 1/1 1.0 x^0y^0 C♯ 2^83^{−5} 256/243 1.053497942 x^1y^0 D_♭ 2^{−11}3^7 2187/2048 1.067871094 x^0y^1 D 2^{−3}3^2 9/8 1.125 x^1y^1 D♯ 2^53^{−3} 32/27 1.185185185 x^2y^1 E_♭ 2^{−14}3^9 19683/16384 1.201354981 x^1y^2 E 2^{−6}3^4 81/64 1.265625 x^2y^2 F 2^23^{−1} 4/3 1.333333333 x^3y^2 F♯ 2^{10}3^{−6} 1024/729 1.404663923 x^4y^2 G_♭ 2^{−9}3^6 729/512 1.423828125 x^3y^3 G 2^{−1}3^1 3/2 1.5 x^4y^3 G♯ 2^73^{−4} 128/81 1.580246914 x^5y^3 A_♭ 2^{−12}3^8 6561/4096 1.601806641 x^4y^4 A 2^{−4}3^3 27/16 1.6875 x^5y^4 A♯ 2^43^{−2} 16/9 1.777777777 x^6y^4 B_♭ 2^{−15}3^{10} 59049/32768 1.802032473 x^5y^5 B 2^{−7}3^5 243/128 1.898437528 x^6y^5 C^′ 2 2/1 2.0 x^7y^5

Table 1: Pythagorean Tuning

Denotation Expressions

C 2^03^05^0 1/1 1.0 C♯, D_♭ 2^43^{−1}5^{−1} 16/15 1.066666666 2^13^{−2}5^1 10/9 1.111111111 D 2^{−3}3^2 9/8 1.125 2^37^{−1} 8/7 1.14285714 D♯, E_♭ 2^13^15^{−1} 6/5 1.2 E 2^{−2}5^1 5/4 1.25 F 2^23^{−1} 4/3 1.333333333 F♯ 2^{−5}3^25^1 45/32 1.40625 G_♭ 2^63^{−2}5^{−1} 64/45 1.422222222 G 2^{−1}3^1 3/2 1.5 G♯, A_♭ 2^35^{−1} 8/5 1.6 A 3^{−1}5^1 5/3 1.666666666 2^{−2}7^1 7/4 1.75 A♯, B_♭ 2^43^{−2} 16/9 1.777777777 3^25^{−1} 9/5 1.8 B 2^{−3}3^15^1 15/8 1.875 C^′ 2^1 2/1 2.0

Table 2: Just Intonation

rather the natural development of musical culture led to aural selection of qualitative intervals (to be more precisely, interval "zones") with a particular degree of individuality. They are: the unison, minor second, major second, minor third, major third, fourth, ˛fth, tritone, ˛fth, minor sixth, major sixth, minor seventh, major seventh, and octave which is qualitative identi˛ed with unison. Thus, the diatonic scales appeared as the result of categorizing certain intervals with speci˛c psycho-acoustical properties. There have been also many theoretical and experimental works concerned { both pro and contra { with the assumed universality of diatonic scales. For a review of the literature, cf. [4], [5].

Our aim is not to judge such non-mathematical problem. We are interested is the fact that the tuning (which should be strict and exact, otherwise it is not a tuning!) in music is an excellent example of that the human perceptive mechanism uses various multivalued systems of information coding.

Particularly, two 17-tone tuning systems for the 12 qualitative di¸erent music intervals (Pythagorean Tuning and Just Intonation) are well-known. The main requirement is that the subject’s perceptive system be able to encode the informational content unambiguously: this factor distinguishes a musical interval from any other pair of sounds.

In the present paper we ˛nd a 17-valued diatonic tuning system which is a consequence of the unique solution of a Diophantine equation describing the basic acoustic relations among octave, perfect ˛fth and major (minor) third. This system has properties of the Just Intonation Set (it involves octave, perfect ˛fth, perfect fourth, major third, minor third, major whole tone, minor whole tone, diatonic semitone and chromatic semitone) and also of Pythagorean Tuning. We bring applications of our theory to superparticular ratios and partial monounary algebras.

2 Preliminaries

Denote by R, N , Z, Q the sets of all real, natural, integer, and rational numbers, respectively. Denote by L = ((0, ∞), ·, 1, ≤) the usual multiplicative group with the usual order on R. So, if a ≤ b, a, b ∈ (0, ∞), then b/a is an L-length of the interval (a, b). Since this terminology is not obvious, we borrow the usual musical terminology, i.e. we simply say that b/a is an interval. This inaccurateness does not lead to any misunderstanding because the therm "interval" is used only in this sense in this paper.

Definition 1 Let {x, . . . , y ∈ R; 1 < x ≤ . . . ≤ y < 10/9} be a set of N reals. Let m_0, m_1, . . . , m_M ; . . . ; n_0, n_1, . . . , n_M be M × N nonnegative integers, such that

0 = m_0 ≤ m_1 ≤ . . . ≤ m_M , . . . , 0 = n_0 ≤ n_1 ≤ . . . ≤ n_M and m_j + . . . + n_j = j, j = 0, 1, . . . , M. Then the set S = {x^{m0} . . . y^{n0} , x^{m1} . . . y^{n1} , . . . , x^{mM} . . . y^{nM} } is said to be an Mdegree N-interval scale.

A 12-degree N-interval scale S is a 12-degree N-interval (2/1, 3/2)-scale [(2/1, 3/2, 5/4)-scale] if

x^{m12} · · · y^{n12} = 2/1, x^{m7} · · · y^{n7} = 3/2, [x^{m4} · · · y^{n4} = 5/4].

We say that S is an M-degree N-interval system ((2/1, 3/2)-system), [(2/1, 3/2, 5/4)-system] if S =^⋃ S, where S are M-degree N-interval scales ((2/1, 3/2)- scales) [(2/1, 3/2, 5/4)-scales].

Example 1 Equal Tempered Scale is a 12-degree 1-interval scale which is neither a 12-degree N-interval (2/1, 3/2)-system nor a 12-degree N-interval (2/1, 3/2, 5/4)-system for every N ∈ N (^{12} √ 2 is an irrational number). 2

Example 2 Pythagorean Tuning is a 12-degree 2-interval (2/1, 3/2)-system, cf. Table 1, [6], [2], where these two intervals are x = 2^8/3^5, y = 3^7/2^{11}, known in the literature as diesis (the Pythagorean minor semitone) and apotome (the Pythagorean major semitone), respectively. This tone system contains no major triad (the relatively frequency ratio intervals 1 : 5/4 : 3/2 = 4 : 5 : 6). Pythagorean Tuning is not a 12-degree N-interval (2/1, 3/2, 5/4)-system for every N ∈ N . 2

Definition 2 We say that a matrix A = m_{12} n_{12} r_{12} m_7 n_7 r_7 m_4 n_4 r_4

of nonnegative integers, is a (12, 7, 4)-matrix, if

0 ≤ m_4 ≤ m_7 ≤ m_{12}, 0 ≤ n_4 ≤ n_7 ≤ n_{12}, 0 ≤ r_4 ≤ r_7 ≤ r_{12} and m_j + n_j + r_j = j, j = 4, 7, 12.

Definition 3 If to a given (12, 7, 4)-matrix A there exists an M-degree Ninterval scale S (system S), then we say that the scale S (system S) is generated by A.

In the present paper we ˛nd a (12, 7, 4)-matrix and then construct and consider the generated 12-degree 3-interval (2/1, 3/2, 5/4)-system.

3 (12, 7, 4)-matrices

Theorem 1 Let A = m_{12} n_{12} r_{12}

m_7 n_7 r_7

m_4 n_4 r_4

be a matrix of nonnegative integers with det A ≠ 0.

Then there exist unique and positive x, y, z ∈ R, such that

x^{m12} y^{n12} z^{r12} = 2/1, x^{m7} y^{n7} z^{r7} = 3/2, x^{m4} y^{n4} z^{r4} = 5/4, (1)

and the following statements are equivalent:

(a) x, y, z ∈ Q, (b) det A = 1.

The values of x, y, z are as follows:

x =^{det A} √ 2^{D2,x} 3^{D3,x} 5^{D5,x} , y =^{det A} √ 2^{D2,y} 3^{D3,y} 5^{D5,y} , z =^{det A} √ 2^{D2,z} 3^{D3,z} 5^{D5,z} ,

where D2,x = | | | | 1 n12 r12 −1 n7 r7 −2 n4 r4 | | | | , D2,y = | | | | m12 1 r12 m7 −1 r7 m4 −2 r4 | | | | , D2,z = | | | | m12 n12 1 m7 n7 −1 m4 n4 −2 | | | | ,

D3,x = | | | | | 0 n12 r12

1 n7 r7

0 n4 r4 | | | | | , D3,y = | | | | | m12 0 r12

m7 1 r7

m4 0 r4 | | | | | , D3,z = | | | | | m12 n12 0

m7 n7 1

m4 n4 0 | | | | | ,

D5,x = | | | | | 0 n12 r12

0 n7 r7

1 n4 r4 | | | | | , D5,y = | | | | | m12 0 r12

m7 0 r7

m4 1 r4 | | | | | , D5,z = | | | | | m12 n12 0

m7 n7 0

m4 n4 1 | | | | | . Proof If x, y, z ∈ Q, then there exist p ∈ P and E_{2,x}, . . . E_{p,z} ∈ Z such that x = 2^{E2,x} 3^{E3,x} . . . p^{Ep,x} , y = 2^{E2,y} 3^{E3,y} . . . p^{Ep,y} , z = 2^{E2,z} 3^{E3,z} . . . p^{Ep,z} , (2) Combining (1) and (2), E_{2,x} E_{2,y} E_{2,z} E_{3,x} E_{3,y} E_{3,z} E_{5,x} E_{5,y} E_{5,z} E_{7,x} E_{7,y} E_{7,z} . . . E_{p,x} E_{p,y} E_{p,z} m_{12} m_7 m_4

n_{12} n_7 n_4

r_{12} r_7 r_4 = 1 −1 −2

0 1 0

0 0 1

0 0 0 . . . 0 0 0 .

Since det A = 1, E_{2,x} E_{2,y} E_{2,z} E_{3,x} E_{3,y} E_{3,z} E_{5,x} E_{5,y} E_{5,z} E_{7x} E_{7,y} E_{7,z} . . . E_{p,x} E_{p,y} E_{p,z} = D_{2,x} D_{2,y} D_{2,z} D_{3,x} D_{3,y} D_{3,z} D_{5,x} D_{5,y} D_{5,z} 0 0 0 . . . 0 0 0 .

2 Theorem 2 No 12-degree 1- or 2- rational interval system is generated by any (12, 7, 4)-matrix.

Proof The analysis of all (12, 7, 4)-matrices with det A = 1 contains no case D_{2,x} = D_{3,x} = D_{5,x} = 0. So, D^2_{,x} + D^2_{3,x} + D^2_{5,x} > 0. Analogously, D^2_{,y} + D^2_{3,y} + D^2_{5,y} > 0, D^2_{,z} + D^2_{3,z} + D^2_{5,z} > 0. The assertion for 1-interval system is trivial. 2

Corollary 1 Equal Temperament and Pythagorean Tuning are not generated by any (12, 7, 4)-matrix.

Theorem 3 Let A be a (12, 7, 4)-matrix. Then

D^2_{,x} + D^2_{,y} + D^2_{,z} > 0, D^2_{3,x} + D^2_{3,y} + D^2_{3,z} > 0, D^2_{5,x} + D^2_{5,y} + D^2_{5,z} > 0, where D_{2,x}, D_{2,y}, D_{2,z}, D_{3,x}, D_{3,y}, D_{3,z}, D_{5,x}, D_{5,y}, D_{5,z} are as in Theorem 1. Proof At ˛rst, note that a (12, 7, 4)-matrix exists, e.g. the matrix A_∗ in Theorem 5. If D^2_{5,x}+D^2_{5,y} +D^2_{5,z} = 0, then there exist no m_4, n_4, r_4 in A such that x^{m4} y^{n4} z^{r4} = 5/4. A contradiction. Similarly for the numbers 2 and 3. 2

Theorem 4 Let A be a (12, 7, 4)-matrix with det A = 1. Then x ≠ y ≠ z ≠ x. Proof If 1 < x = y = z, then x /∈ Q. A contradiction.

Suppose x = y ≠ z (the cases y = z ≠ x, x = z ≠ y are symmetric). By De˛nition 1 and 2, x^{4−r4} z^{r4} = 5/4, x^{7−r7} z^{r7} = 3/2, x^{12−r12} z^{r12} = 2/1. (3) By Theorem 1, x = 2^α3^β5^γ , z = 2^δ3^ϵ5^θ, for some α, β, γ, δ, ϵ, θ ∈ Z. Then (3) implies

α(12 − r_{12}) + r_{12}δ = 1, β(12 − r_{12}) + r_{12}ϵ = 0, γ(12 − r_{12}) + r_{12}θ = 0, (4) α(7 − r_7) + r_7δ = −1, β(7 − r_7) + r_7ϵ = 1, γ(7 − r_7) + r_7θ = 0, (5) α(4 − r_4) + r_4δ = −2, β(4 − r_4) + r_4ϵ = 0, γ(4 − r_4) + r_4θ = 1. (6) If ϵ = β, then (5) implies β = 1/7 /∈ Z. If γ = θ, then (6) implies γ = 1/4 /∈ Z. So, ϵ ≠ β, θ ≠ γ. Then (4), and (6) imply

r_{12} = −12β ϵ − β = −12γ θ − γ , r_4 = −4β ϵ − β = 1 − 4γ θ − γ . (7) If β ≠ 0, then (7) implies −12β −4β = −12γ 1 − 4γ , which implies 0 = 1. If β = 0 then (7) implies 0 = γ = 1/4. A contradiction. 2

Corollary 2 If S (S) is a 12-degree 3-interval (2/1, 3/2, 5/4)-scale (system) with x, y, z ∈ Q, then we can redenote x, y, z, such that 1 < x < y < z < 10/9.

The analysis of all (12,7,4)-matrices A with det A = 1 yields the following surprising statement.

Theorem 5 According to the symmetry,

A_∗ =

5 4 3 3 2 2 2 1 1 , is the unique solution of the Diophantine equation | | | | | | | m_{12} n_{12} r_{12} m_7 n_7 r_7 m_4 n_4 r_4

| | | | | | | = 1,

0 < m_4 < m_7 < m_{12} 0 < n_4 < n_7 < n_{12} 0 < r_4 < r_7 < r_{12} , { m_i + n_i + r_i = i, i = 4, 7, 12.

Corollary 3 By Corollary 2, let 1 < x < y < z < 10/9. By Theorem 1, for A_∗ we have: D_{2,x} D_{2,y} D_{2,z} D_{3,x} D_{3,y} D_{3,z} D_{5,x} D_{5,y} D_{5,z} = −3 4 0 −1 −1 3 2 −1 −2 , and denote by

X_∗ = (x, y, z) = (25/24, 16/15, 27/25) = (1.041666..., 1.0666..., 1, 08).

4 Construction of 12-degree scales generated by A_�

Theorem 6 Let A be a (12, 7, 4)-matrix and corresponding x, y, z ∈ R as in Theorem 1 (not necessary rational).

Put m^∗_2 = 2m_7 − m_{12}, n^∗_2 = 2n_7 − n_{12}, r^∗_2 = 2r_7 − r_{12}, m^∗_5 = m_{12} − m_7, n^∗_5 = n_{12}−n_7, r^∗_5 = r_{12}−r_7, m^∗_9 = m_{12}−m_7+m_4, n^∗_9 = n_{12}−n_7+n_4, r^∗_9 = r_{12}−r_7+r_4, m^∗_{11} = m_7 + m_4, n^∗_{11} = n_7 + n_4, r^∗_{11} = r_7 + r_4.

Put c = x^0y^0z^0, d = x^{m∗2} y^{n∗2} z^{r∗2} , e = x^{m4} y^{n4} z^{r4} , f = x^{m∗5} y^{n∗5} z^{r∗5} , g = x^{m7} y^{n7} z^{r7} , a = x^{m∗9} y^{n∗9} z^{r∗9} , b = x^{m∗11} y^{n∗11} z^{r∗11} , c^′ = x^{m12} y^{n12} z^{r12} , d^′ = 2d.

Then 1^0 c : e : g = g : b : d^′ = f : a : c^′ = 1 : 5/4 : 3/2, 2^0 m^∗_2 + n^∗_2 + r^∗_2 = 2, m^∗_5 + n^∗_5 + r^∗_5 = 5, m^∗_9 + n^∗_9 + r^∗_9 = 9, m^∗_{11} + n^∗_{11} + r^∗_{11} = 11.

Proof 1^0 We have: 1 : (5/4) : (3/2) = c : e : g = 3/2 : ((3/2)(5/4)) : (3/2)^2 = g : b : d^′ = ((2)(2/3)) : ((2)(2/3)(5/4)) : 2 = f : a : c^′.

2^0 For 5, (m_{12} −m_7)+(n_{12} −n_7)+(r_{12} −r_7) = (m_{12} +n_{12} +r_{12})−(m_7 +n_7 +r_7) = 12 − 7 = 5, analogously for 2, 9, 11. 2

Corollary 4 If

0 = m_0 ≤ m^∗_2 ≤ m_4 ≤ m^∗_5 ≤ m_7 ≤ m^∗_9 ≤ m^∗_{11} ≤ m_{12}, 0 = n_0 ≤ n^∗_2 ≤ n_4 ≤ n^∗_5 ≤ n_7 ≤ n^∗_9 ≤ n^∗_{11} ≤ n_{12}, 0 = r_0 ≤ r^∗_2 ≤ r_4 ≤ r^∗_5 ≤ r_7 ≤ r^∗_9 ≤ r^∗_{11} ≤ r_{12},

then numbers d, f, a, b can be taken as the 3rd, 6th, 10th, and 12th coordinates of the 12-degree scale vector and put m^∗_2 = m_2, n^∗_2 = n_2, r^∗_2 = r_2, m^∗_5 = m_5, n^∗_5 = n_5, r^∗_5 = r_5, m^∗_9 = m_9, n^∗_9 = n_9, r^∗_9 = r_9, m^∗_{11} = m_{11}, n^∗_{11} = n_{11}, r^∗_{11} = r_{11}.

Theorem 7 Let (x, yz) = (25/24, 16/15, 27/25). Let c = x^0y^0z^0, c_♯ = x^1y^0z^0, d_♭ = x^0y^0z^1, d = x^1y^0z^1, d_♯ = x^2y^0z^1, e_♭ = x^1y^1z^1, e = x^2y^1z^1, f = x^2y^2z^1, f_♯ = x^2y^2z^2, g_♭ = x^3y^2z^1, g = x^3y^2z^2, g_♯ = x^4y^2z^2, a_♭ = x^3y^3z^2, a = x^4y^3z^2, a_♯ = x^5y^3z^2, b_♭ = x^4y^3z^3, b = x^5y^3z^3, c^′ = x^5y^4z^3, d^′ = 2d.

Then the all 12-degree scales generated by A_∗ satisfying the condition c : e : g = g : b : d^′ = f : a : c^′ = 1 : 5/4 : 3/2 are the next: (c, i, d, j, e, f, k, g, l, a, m, b, c^′), where i = c_♯, d_♭; j = d_♯, e_♭; k = f_♯, g_♭; l = g_♯, a_♭; m = a_♯, b_♭.

Proof Combine Corollary 3, Theorem 6, and Corollary 4. It is easy to verify, cf. Table 3, that i = c_♯, d_♭; j = d_♯, e_♭; k = f_♯, g_♭; l = g_♯, a_♭; m = a_♯, b_♭, are the all possibilities how to complete {c, d, e, f, g, a, b, c^′} to the 12-degree scales. 2 Corollary 5 The tuning S_∗ = {c, c_♯, d_♭, d, d_♯, e_♭, e, f, f_♯, g_♭, g, g_♯, a_♭, a, a_♯, b_♭, b, c^′}, cf. Table 3, is a 17-valued 12-degree 3-interval (2/1, 3/2, 5/4)-system.

We see that the structure of S_∗ is similar to Pythagorean Tuning.

5 Application to superparticular ratios in music

In this section we show that the system S_∗ is very near also to Just Intonation.

The only pairs of naturals (n+1, n), for which (n+1) and n, n ∈ N , are divisible only by 2,3, or 5, are

(2, 1), (3, 2), (4, 3), (5, 4), (6, 5), (9, 8), (10, 9), (16, 15), (25, 24), (81, 80).

The following superparticular ratios, cf. [1], 2/1, 3/2, 4/3, 5/4, 6/5, 9/8, 10/9, 16/15, 25/24, 81/80 account for common music intervals (they denominate the relative acoustic frequency or, inversely, the length of the pipe or the string) and correspond to octave (= x^5y^4z^3), perfect fifth (= x^3y^2z^2), perfect fourth (= x^2y^2z^1), major third (= x^2y^1z^1), minor third (= xyz), major whole tone (= xz), minor whole tone

(= xy), diatonic semitone (= y), chromatic semitone (= x), and comma of Dydimus (= y^{−1}z), respectively, where (x, y, z) = (25/24, 16/15, 27/25), cf. Corollary 3.

In the next section we consider some partial monounary algebras on the system S_∗ (representing corresponding transpositions in music).

6 Application to partial monounary algebras

Let X be a nonempty set and Y ⊂ X. Let ˙ : Y → X be a mapping of Y into X. Then the couple (X, ˙) is said to be a partial monounary algebra. More about this notion we can ˛nd e.g. in [3].

Consider the partial functions ˙ de˛ned on some subsets of the set S_∗ = {c, c_♯, d_♭, d, d_♯, e_♭, e, f, f_♯, g_♭, g, g_♯, a_♭, a, a_♯, b_♭, b, c^′} ⊂ [1, 2] as follows: for some u ∈ S_∗, ˙_ω(u) = u · ω if 1 ≤ u · ω < 2 or ˙_ω(u) = uω/2 otherwise, where

ω = α_{1,11}, β_{1,11}, γ_{1,11}; α_{2,10}, β_{2,10}, γ_{2,10}, δ_{2,10}, ϵ_{2,10}; α_{3,9}, β_{3,9}, γ_{3,9}, δ_{3,9}, ϵ_{3,9}, ζ_{3,9}; α_{4,8}, β_{4,8}, γ_{4,8}, δ_{4,8}, ϵ_{4,8}; α_{5,7}, β_{5,7}, γ_{5,7}, δ_{5,7}; α_{6,6}, β_{6,6}, γ_{6,6}, δ_{6,6}, respectively, where α_{1,11} = x, β_{1,11} = y, γ_{1,11} = z;

α_{2,10} = xz, β_{2,10} = xy, γ_{2,10} = x^2, δ_{2,10} = yz, ϵ_{2,10} = y^2;

α_{3,9} = x^1y^1z^1, β_{3,9} = x^2y^1z^0, γ_{3,9} = x^1y^2z^0, δ_{3,9} = x^2y^0z^1, ϵ_{3,9} = x^0y^2z^1, ζ_{3,9} = x^0y^1z^2;

α_{4,8} = x^2y^1z^1, β_{4,8} = x^1y^2z^1, γ_{4,8} = x^2y^0z^2, δ_{4,8} = x^2y^2z^0, ϵ_{4,8} = x^3y^1z^0; α_{5,7} = x^3y^2z^2, β_{5,7} = x^3y^3z^1, γ_{5,7} = x^2y^3z^2, δ_{5,7} = x^4y^2z^1; α_{6,6} = x^2y^2z^2, β_{6,6} = x^3y^2z^1, γ_{6,6} = x^2y^3z^1, δ_{6,6} = x^3y^1z^2; where (x, y, z) = (25/24, 16/15, 27/25).

We de˛ne the following partial monounary algebras: (S_∗, ˙_{α1,11} ), (S_∗, ˙_{β1,11} ), (S_∗, ˙_{γ1,11} );

(S_∗, ˙_{α2,10} ), (S_∗, ˙_{β2,10} ), (S_∗, ˙_{γ2,10} ), (S_∗, ˙_{δ2,10} ), (S_∗, ˙_{ϵ2,10} ); (S_∗, ˙_{α3,9} ), (S_∗, ˙_{β3,9} ), (S_∗, ˙_{γ3,9} ), (S_∗, ˙_{δ3,9} ), (S_∗, ˙_{ϵ3,9} ), (S_∗, ˙_{ζ3,9} ); (S_∗, ˙_{α4,8} ), (S_∗, ˙_{β4,8} ), (S_∗, ˙_{γ4,8} ), (S_∗, ˙_{δ4,8} ), (S_∗, ˙_{ϵ4,8} ); (S_∗, ˙_{α5,7} ), (S_∗, ˙_{β5,7} ), (S_∗, ˙_{γ5,7} ), (S_∗, ˙_{δ5,7} ); (S_∗, ˙_{α6,6} ), (S_∗, ˙_{β6,6} ), (S_∗, ˙_{γ6,6} ), (S_∗, ˙_{δ6,6} ), cf. Figures 1, 2, 3, 4, 5, and 6.

If we consider the inverse partial functions ˙^{−1}_ω (they exist; all arrows switch the direction in Figures 1, 2, 3, 4, 5, 6), then Figures 1, 2, 3, 4, 5, 6 de˛ne also the partial monounary algebras

(S_∗, ˙^{−1}_{α6,6} ), (S_∗, ˙^{−1}_{β6,6} ), (S_∗, ˙^{−1}_{γ6,6} ), (S_∗, ˙^{−1}_{δ6,6} ); (S_∗, ˙^{−1}_{α5,7} ), (S_∗, ˙^{−1}_{β5,7} ), (S_∗, ω^{−1}_{γ5,7} ), (S_∗, ˙^{−1}_{δ5,7} ); (S_∗, ˙^{−1}_{α4,8} ), (S_∗, ˙^{−1}_{β4,8} ), (S_∗, ˙^{−1}_{γ4,8} ), (S_∗, ˙^{−1}_{δ4,8} ), (S_∗, ˙^{−1}_{ϵ4,8} ); (S_∗, ˙^{−1}_{α3,9} ), (S_∗, ˙^{−1}_{β3,9} ), (S_∗, ˙^{−1}_{γ3,9} ), (S_∗, ˙^{−1}_{δ3,9} ), (S_∗, ˙^{−1}_{ϵ3,9} ), (S_∗, ˙^{−1}_{ζ3,9} );

     �

       �

        �`

     @@
       @@
        @@R
         �
       �
      �

�

  �

    �`

    @@

  @@

 @@I

    �
  �
 �
@@
  @@
   @@R

b_♭

d_♭

a_♭

e_♭

g_♭ f♯ d♯ g♯ c♯ a♯

e g d a c

f γ1,11 α1,11 β^{1,11} α1,11 γ1,11 β1,11 α1,11 β1,11 α1,11 α1,11 β_{1,11} α1,11 β1,11 γ1,11 α1,11 γ1,11 α1,11 b

α1,11 γ1,11 α1,11 γ1,11

         @@

       @@

      @@I

     @@
       @@
        @@R

    �
  �
 � �

       �

        �`

         @@

       @@

      @@I

�

  �

   �`

    @@

  @@

 @@I

�

  �

   �`

     ? @@

       @@

      @@I

     �

       �

        �`

    @@

  @@

 @@I

β1,11

@@
  @@
   @@R

     ?

         �
       �
      �

Figure 1: The minor seconds (the major sevenths) a♯ β2,10 g♯ α2,10 f♯ β2,10 e

β2,10

d

α2,10

c β2,10 b_♭ α2,10 a_♭ β2,10 g_♭

d♯ α2,10 c♯ β2,10 b

a

g

f e_♭ β2,10 d_♭

β2,10

      6

? ?

HHH
   HHH
     HHH
        HHH
          HHj

           �
        �
      �
   �
 �ß
@@
  @@
   @@
     @R

      6 �
         �
        �
      �

      6�
   �
  �
�

      @@
        @@
         @@
           @R

δ2,10

δ2,10 γ2,10

ϵ2,10

δ2,10 δ2,10

γ2,10 β6,6

γ2,10 δ_{2,10} α2,10

β2,10

α2,10

? ?

           �
        �
      �
   �
 �ß

           �
        �
      �
   �
 �ßH
 HHH
   HHH
      HHH
         HHH
           Hj

      @@
        @@
         @@
           @R

            ?

      6

QQ
  QQ
   QQ
     Qs

      6

           ȷȷ
         ȷȷ
       ȷȷ
      ȷ+

     �
   �
  �
�

?

HHH
   HHH
     HHH
        HHH
          HHj

Figure 2: The major seconds (the minor sevenths) a_♭ f

d

b g♯ c

e_♭

f♯

a g_♭ d♯ g

b_♭

c♯

e d_♭ a♯ α3,9 β_{3,9}

β3,9 ζ3,9

α3,9 α_{3,9}

α3,9

β3,9 α_{3,9} α3,9 δ_{3,9}

α3,9 γ3,9

β3,9 ϵ_{3,9} α3,9

α3,9 β_{3,9}

γ3,9

α3,9 α3,9 α3,9

δ3,9 δ3,9

? ?

@@
  @@
   @@
     @@
       @@
         @@R

         �
       �
      �
    �
  �
�
@@
  @@
   @@R

         �
       �
     �

    �
  �
 �

     @@
       @@
        @@R

     6

                    ? ?

                    @@
                     @@
                       @@
                         @@
                           @@
                            @@R

                             �
                           �
                         �
                       �
                      �
                    �
                    @@
                     @@
                       @@R

                             �
                           �
                         �

                        �
                      �
                    �

                         @@
                          @@
                            @@R

                         6

              �
            �
          �
         �
       �@
        @@
          @@
           @@
             @@R

               @@
                @@
                  @@
                    @@
                      @R�
                     �
                   �
                 �
               �

               6

               6

Figure 3: The minor thirds (the major sixths) d♯ b g

e_♭ c^♯ a f

d_♭ g♯ e c

a_♭ f♯

a♯ b_♭

g_♭ d ϵ4,8

α4,8 α_{4,8}

γ4,8 δ4,8 γ4,8 β4,8 α4,8 α4,8

α4,8 α4,8 β4,8 β4,8

α4,8

α4,8 α4,8 β4,8 β4,8 α4,8

α4,8 δ4,8 β4,8 γ4,8

�

  �

   �

     �

       �`
œ

?

@@
  @@
   @@
     @@
       @R

       6

                 �

                   �

                     �

                      �

                        �`

                 œ

                 ?

                 @@
                   @@
                     @@
                      @@
                        @R

                         6

�

  �

   �

     �

       �`
œ

?

@@
  @@
   @@
     @@
       @R

       6 6�
                      �
                     �@
                      @@
                        @@R
                 �

                   �

                    �`@

                   @@

                 @@I

                 ?

                        -

                        -

Figure 4: The major thirds (the minor sixths)

Denotation Expressions

c 2^03^05^0 1/1 1.0 x^0y^0z^0

c♯ 2^{−3}3^{−1}5^2 25/24 1.041666666 x^1y^0z^0

d_♭ 2^03^35^{−2} 27/25 1.08 x^0y^0z^1

d 2^{−3}3^25^0 9/8 1.125 x^1y^0z^1

d♯ 2^{−6}3^15^2 75/64 1.171875 x^2y^0z^1

e_♭ 2^13^15^{−1} 6/5 1.2 x^1y^1z^1

e 2^{−2}3^05^1 5/4 1.25 x^2y^1z^1

f 2^23^{−1}5^0 4/3 1.333333333 x^2y^2z^1

f♯ 2^{−1}3^{−2}5^2 25/18 1.388888888 x^3y^2z^1

g_♭ 2^23^25^{−2} 36/25 1.44 x^2y^2z^2

g 2^{−1}3^15^0 3/2 1.5 x^3y^2z^2

g♯ 2^{−4}3^05^2 25/16 1.5625 x^4y^2z^2

a_♭ 2^33^05^{−1} 8/5 1.6 x^3y^3z^2

a 2^03^{−1}5^1 5/3 1.666666666 x^4y^3z^2

a♯ 2^{−3}3^{−2}5^3 125/72 1.736111111 x^5y^3z^2

b_♭ 2^03^25^{−1} 9/5 1.8 x^4y^3z^3

b 2^{−3}3^15^1 15/8 1.875 x^5y^3z^3

c^′ 2^13^05^0 2/1 2.0 x^5y^4z^3

Table 3: x = 25/24, y = 16/15, z = 27/25

b_♭

e_♭

a_♭

d_♭

g_♭ a♯

d♯

g♯

c♯

f♯ f

b γ5,7 β5,7 δ5,7 γ5,7

γ5,7 γ_{5,7}

δ5,7 γ5,7

δ5,7 δ5,7

β5,7 γ5,7 α5,7 β5,7

α5,7 α5,7

α5,7 β_{5,7}

α5,7 α5,7 α5,7 α5,7

α5,7

β5,7

α5,7

α5,7 c

g

d

a

e

XXXXX
    XXXXz

       ¸¸¸¸¸
  ¸¸¸¸9

?

?

?

?

       XXXXX
            XXXXz

               ?

               ?

               ?

               ?¸¸¸¸
          ¸¸¸¸¸9

XXXXX
    XXXXX
         XXXXX
             XXz̧¸¸
           ¸¸¸¸¸
       ¸¸¸¸¸
   ¸¸¸¸9X
 XXXXX
     XXXXX
         XXXXX
              Xz̧¸¸¸
          ¸¸¸¸¸
      ¸¸¸¸¸
  ¸¸¸9

              ¸¸¸¸¸
          ¸¸¸¸¸
     ¸¸¸¸¸
 ¸¸9XXX
   XXXXX
       XXXXX
           XXXXz̧
             ¸¸¸¸¸
         ¸¸¸¸¸
    ¸¸¸¸¸
¸9XXXX
   XXXXX
        XXXXX
            XXXz
       6

       6

       6

       6

       6

       6

Figure 5: The fourths (the fifths) f♯ c g♭ d♯ a e♭ a♯ e b_♭ c♯ g d_♭ g_♯ d a_♭

b f β6,6 β6,6

α6,6 α6,6

δ6,6 β6,6

γ6,6 α6,6

δ6,6 γ6,6 β6,6 δ6,6

α6,6 γ^{6,6}

β6,6 β6,6

α6,6 α6,6

α6,6 α6,6

β6,6 β6,6

¿¡ ↓'¿¡ ↓'œ

  œ
 - -

¿¡ ↓'¿¡ ↓'œ

  œ
 - -

       ¿¡ ↓'¿¡ ↓'œ

             œ
             - -

       ¿¡ ↓'¿¡ ↓'œ

             œ
             - -

       ¿¡ ↓'¿¡ ↓'œ

             œ
             - -

  ¿

  ¡

   ↓

   '^{? 6}

Figure 6: The tritones - the augmented fourths (the diminished fifths)

(S_∗, ˙^{−1}_{α2,10} ), (S_∗, ˙^{−1}_{β2,10} ), (S_∗, ˙^{−1}_{γ2,10} ), (S_∗, ˙^{−1}_{δ2,10} ), (S_∗, ˙^{−1}_{ϵ2,10} ); (S_∗, ˙^{−1}_{α1,11} ), (S_∗, ˙^{−1}_{β1,11} ), (S_∗, ω^{−1}_{γ1,11} ).

The proof of the following theorem can be obtained easy and omitted.

Theorem 8 The following partial monounary algebras are isomorphic:

(i) (S_∗, ˙_{α5,7} ), (S_∗, ˙^{−1}_{α5,7} ), (S_∗, ˙_{α4,8} ), (S_∗, ˙^{−1}_{α4,8} ), (ii) (S_∗, ˙_ω) and (S_∗, ˙^{−1}_ω ), where ω = α_{1,11}, β_{1,11}, γ_{1,11}; α_{2,10}, β_{2,10}, γ_{2,10}, δ_{2,10}, ϵ_{2,10}; α_{3,9}, β_{3,9}, γ_{3,9}, δ_{3,9}, ϵ_{3,9}, ζ_{3,9}; α_{4,8}, β_{4,8}, γ_{4,8}, δ_{4,8}, ϵ_{4,8}; α_{5,7}, β_{5,7}, γ_{5,7}, δ_{5,7}; α_{6,6}, β_{6,6}, γ_{6,6}, δ_{6,6}.

Remark 1 (S_∗, ˙_{α1,11} , (S_∗, ˙_{β1,11} ), (S_∗, ˙_{γ1,11} ) are partial monounary algebras of the minor seconds (the chromatic (25/24), diatonic (16/15) semitones and the complement of the chromatic semitone to the major whole tone (27/25 = 9/8 : 25/24), respectively),

(S_∗, ˙_{α2,10} , (S_∗, ˙_{β2,10} ) are partial monounary algebras of the major seconds (the major (9/8) and minor (10/9) whole tones, respectively),

(S_∗, ˙_{α3,9} ) is a partial monounary algebra of the minor thirds (6/5), (S_∗, ˙_{α4,8} ) is a partial monounary algebra of the major thirds (5/4), (S_∗, ˙^{−1}_{α5,7} ) is a partial monounary algebra of the perfect fourths (4/3), (S_∗, ˙_{α6,6} ) is a partial monounary algebra of the tritones - the augmented fourths (25/18),

(S_∗, ˙^{−1}_{α6,6} ) is a partial monounary algebra of the tritones - the diminished ˛fths (36/25),

(S_∗, ˙_{α5,7} ) is a partial monounary algebra of the perfect ˛fths (3/2), (S_∗, ˙^{−1}_{α4,8} ) is a partial monounary algebra of the minor sixths (8/5), (S_∗, ˙^{−1}_{α3,9} ) is a partial monounary algebra of the major sixths (5/3), (S_∗, ˙^{−1}_{α2,10} ), (S_∗, ˙^{−1}_{β2,10} ) are some partial monounary algebras of the minor sevenths,

(S_∗, ˙_α−1_{1,11} , (S_∗, ˙^{−1}_{β1,11} ), (S_∗, ˙^{−1}_{γ1,11} ) are partial monounary algebras of the major sevenths.

References

[1] HALSEY, G.D. − HEWITT, E.: More on the superparticular ratios in music, Am. Math. Monthly 79 (1972), 1096 { 1100.

[2] HALUľKA, J.: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane, Preprint 4/1996, Math. Inst. of Slovak Acad. Sci., Bratislava.

[3] HALUľKOVÁ, E. − STUDENOVSKÁ, D.: Partial monounary algebras with common quasi-endomorphism, Czechoslovak Math.J. 42(117) (1992), 59 { 72.

[4] LEFEBVRE, V.A.: A rational equation for attractive proportions, Math. Psychology 36 (1992), 100 { 128.

[5] MAZZOLA, G.: Geometrie der Töne: Elemente der Mathematischen Musiktheorie (in German), Birkhäuser, Basel { Boston { Berlin, 1990.

[6] THIRRING, W.: Über vollkommene Tonsysteme, Annalen der Physik 47 (1990), 245 { 250.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions 18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n 17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of M V -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata

(continued on inside back cover)

8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures