Preprint 31/1996

December 4, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anatolij Dvureèenskij

Measures and states on BCK-algebras

PREPRINT SERIES

MEASURES AND STATES ON BCK-ALGEBRAS

Anatolij Dvurečenskij

Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, SK-814 73 Bratislava, Slovakia E-mail: dvurecen@mau.savba.sk

Abstract. We define measures and states on BCK-algebras. We show that the set of elements of measure 0 is an ideal, and the corresponding quotient BCK-algebra is commutative with a lifted original measure. We present different examples of commutative as well as positively implicative BCK-algebras on subsets of [0, ∞). Finally, we characterize commutative BCK-algebras as well as positively implicative BCKalgebras via order-determining systems of state-morphisms and states, respectively.

1. Introduction

According to Imai and Iséki, [ImIs], a BCK-algebra is a non-empty set X with a binary operation ∗ and with a constant element 0 satisfying the following axioms: for all x, y, z ∈ X (I) ( (x ∗ y) ∗ (x ∗ z) ) ∗ (z ∗ y) = 0;

(II) ( x ∗ (x ∗ y) ) ∗ y = 0;

(III) x ∗ x = 0;

(IV) x ∗ y = 0 and y ∗ x = 0 imply x = y; (V) 0 ∗ x = 0.

As usual, we shall write X = (X; ∗, 0). In X we can define a partial binary operation ≼ by x ≼ y iff x ∗ y = 0. (1.1)

Then ≼ is a partial ordering on X and in any BCK-algebra (X; ∗, 0) we have, for all x, y, z ∈ X, [MeJu], x ≼ y implies z ∗ y ≼ z ∗ x, (1.2) (x ∗ y) ∗ z = (x ∗ z) ∗ y, (1.3) x ∗ 0 = x. 1991 Mathematics Subject Classification. Primary 06F35, 03G12,.

Key words and phrases. BCK-algebra, commutative BCK-algebra, measure, state, MV-algeb-ra, positively implicative BCK-algebra, semisimple BCK-algebra, order-determining system of states, fuzzy set.

This research is supported by the grant G-229/94 of the Slovak Academy of Sciences, Slovakia. Talk given at ”Settimo Convegno di Analisi e Teoria della Misura”, July 15–19, 1996, Ischia, Italy.

Typeset by AMS-TEX 1

Equivalently, a poset X = (X; ≼, 0) with the least element 0 and with a unary operation ∗ is a BCK-algebra iff, for all x, y, z ∈ X, we have (i) (x ∗ y) ∗ (x ∗ z) ≼ z ∗ y; (ii) x ∗ (x ∗ y) ≼ y; (iii) x ≼ y iff x ∗ y = 0.

If X possesses a greatest element 1, we say that X is bounded, and we shall write X = (X; ∗, 0, 1). Special types of BCK-algebras are MV-algebras which are many valued analogues of a two-valued logic and they have been introduced by Chang [Cha]. We recall that according to Mundici [Mun], they can be characterized as follows. An MV-algebra is a non-empty set L with two special elements 0 and 1 (0 ≠ 1), with a binary operation ⊕ : L × L → L and with a unary operation^∗ : L → L such that, for all a, b, c ∈ L, we have (MVi) a ⊕ b = b ⊕ a (commutativity); (MVii) (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c) (associativity); (MViii) a ⊕ 0 = a; (MViv) a ⊕ 1 = 1; (MVv) (a^∗)^∗ = a; (MVvi) a ⊕ a^∗ = 1; (MVvii) 0^∗ = 1;

(MVviii) (a^∗ ⊕ b)^∗ ⊕ b = (a ⊕ b^∗)^∗ ⊕ a.

We recall that the above axioms are not the independent, e.g. (MVvii) follows from (MVvi) and (MViii) for a = 0.

We define the following binary operations ⊙, ∨, ∧ as follows: a ⊙ b := (a^∗ ⊕ b^∗)^∗, a, b ∈ L, (1.4) a ∨ b := (a^∗ ⊕ b)^∗ ⊕ b, a ∧ b := (a^∗ ∨ b^∗)^∗, a, b ∈ L. Then (L; ⊙, 1) is a semigroup written “multiplicatively” with the neutral element 1.^1 If, for a, b ∈ L, we define a ≤ b ⇔ a = a ∧ b, then ≤ is a partial order on L, and (L; ∨, ∧, 0, 1) is a distributive lattice with the least and greatest elements 0 and 1, respectively, [Cha]. We recall that a ≤ b iff b ⊕ a^∗ = 1. We note that if we define on an MV-algebra L a binary operation ∗ via a ∗ b := a ⊙ b^∗, a, b ∈ L, then (L; ∗, 0) is a bounded, commutative BCK-algebra.

The paper is organized as follows. In Section 2, we introduce measures, measuremorphisms, and we show that any measure on a BCK-algebra induces a commutative quotient BCK-algebra. We give their connections with MV-algebras.

In Section 3, we shall characterize all commutative BCK-algebras as well as positively implicative BCK-algebras on [0, 1], [0, 1), and [0, ∞), which preserve the original order, and we present corresponding measures on them. Finally, in Section 4, we give characterizations of semisimple BCK-algebras via order-determining system of states.

1We remark that in the literature by an MV-algebra is assumed the structure (L; ⊕, ⊙,� , 0, 1), where ⊙ is defined by (1.4).

2. Measures and Commutative BCK-algebras

Let X = (X; ∗, 0) be a BCK-algebra.

If X = [0, a) or X = [0, a], where a ∈ (0, ∞), we denote by ∗_R a binary operation on X such that s ∗_R t = max{0, s − t}, s, t ∈ X, (2.1) where s − t denotes the usual subtraction of real numbers s, t. Then (X; ∗_R, 0) is a commutative BCK-algebra.

A mapping m : X → [0, ∞) such that, for all x, y ∈ X, (i) m(x ∗ y) = m(x) − m(y) whenever y ≼ x is said to be a measure; (ii) if 1 ∈ X, m is a measure with m(1) = 1, then m is said to be a state; (iii) m(x ∗ y) = max{0, m(x) − m(y)} is said to be a measure-morphism; (iv) if 1 ∈ X and m is a measure-morphism with m(1) = 1, m is said to be a state-morphism.

A non-void subset I of a BCK-algebra X is said to be an ideal of X if (i) 0 ∈ I;

(ii) x ∗ y ∈ I and y ∈ I imply x ∈ I. For any x, y ∈ X denote x ⋏ y := y ∗ (y ∗ x). Obviously, x ⋏ y is a lower bound of x and y, and x ⋏ x = x, x ⋏ 0 = 0 ⋏ x = 0, and x ∗ (y ⋏ x) = x ∗ y. (2.2) But in general, x ⋏ y ≠ y ⋏ x. X is said to be commutative if x ⋏ y = y ⋏ x for any x, y ∈ X. We recall that any MV-algebra can be organized into a bounded commutative BCK-algebra.

Proposition 2.1. Let (X; ∗, 0) be a BCK-algebra.

(i) Any measure-morphism on X is a measure on X. (ii) m(0) = 0 whenever m is a measure on X.

(iii) m(x) ≤ m(y) whenever x ≼ y and m is a measure on X. (iv) x ≼ y implies m ( y ∗ (y ∗ x) ) = m(x) whenever m is a measure on X.

(v) Let m be a measure on X, then I_m := {x ∈ X : m(x) = 0} is an ideal of X. Proof. (ii). Since 0 ≼ 0, we have m(0) = m(0 ∗ 0) = m(0) − m(0) = 0. The rest of properties is simple.

(iv). We have m ( y ∗ (y ∗ x) ) = m(y) − m(y ∗ x) = m(y) − m(y) + m(x) = m(x). (v). By (ii), 0 ∈ I_m. Let m(x∗y) = 0 and m(y) = 0. Due to (2.2), 0 = m(x∗y) = m ( x ∗ (y ⋏ x) ) = m(x) − m(y ⋏ x) = m(x), when we have used (iii) and y ⋏ x ≼ y.

Hence, x ∈ I_m. □

A measure (a state) on a BCK-algebra X is said to be a σ-measure (a σ-state), if for a sequence {x_n} of elements from X with {x_n} ↗ x, x ∈ X, (i.e., x_1 ≼ x_2 ≼ · · · ≼ x and x = ⋁ n x_n) we have lim_n m(x_n) = m(x).

Proposition 2.2. Let m be a σ-measure on X. Then if {x_n} ↘ x (i.e., x_1 ≽ x_2 ≽ · · · ≽ x and ⋀ n x_n = x) we have m(x_n) ↘ m(x).

Proof. Let {x_n} ↘ x. Put y_n = x_1 ∗ x_n, y = x_1 ∗ x. We claim that ⋁ n y_n = y. It is clear that y_n ≼ y for any n ≥ 1. Let y_n ≼ z for some z ∈ X and any n ≥ 1. Then x_1 ∗ x_n ≼ z so that x_1 ∗ z ≼ x_n for any n. Hence x_1 ∗ z ≼ x, and, consequently, x_1 ∗ x ≼ z so that ⋁ n y_n = x_1 ∗ x.

Calculate lim_n m(x_1∗x_n) = m(x_1∗x) so that m(x_1)−lim_n m(x_n) = m(x_1)−m(x) and m(x_n) ↘ m(x). □ We note that any measure on a commutative BCK-algebra, which is continuous from above, is σ-additive. For general BCK-algebras this is not true (see (ii) of Example 3.2 below, where the measure is continuous from above but it is not σadditive).

A system S of measures (states, measure-morphisms, or state-morphisms, respectively) is an order-determining system on a BCK-algebra X if m(x) ≤ m(y) for any m ∈ S imply x ≼ y.

Example 2.3. Let Ω be an arbitrary non-empty set and let X be the set of all positive-valued functions on Ω. For f, g ∈ X, we define (f ∗ g)(ω) = { 0 if f(ω) ≤ g(ω), f(ω) − g(ω) if g(ω) < f(ω), ω ∈ Ω. (2.3)

Then (X; ∗, 0_Ω) is a commutative BCK-algebra, where 0_Ω(ω) = 0 for any ω ∈ Ω, and, for any fixed ω ∈ Ω, the mapping m_ω : X → [0, ∞) defined via m_ω(f) := f(ω), f ∈ X, is a measure-morphism on X. In addition, S = {m_ω : ω ∈ Ω} is an order-determining system of measure-morphisms.

Proof. It is simply to verify that (X; ∗, 0_Ω) is a commutative BCK-algebra. In addition, m_ω(f ∗ g) = (f ∗ g)(ω) = max{0, f(ω) − g(ω)} = m_ω(f) ∗_R m_ω(g). Since f ∗ g = 0_Ω iff f(ω) ≤ g(ω) for any ω ∈ Ω, S is an order-determining system of measure-morphisms. □

Example 2.4. Let X ⊆ [0, ∞)^Ω be such a system that

(i) 0_Ω ∈ X; (ii) if f, g ∈ X, then f ∗ g ∈ X, where ∗ is defined via (2.3). Then (X; ∗, 0_Ω), is a commutative BCK-algebra with an order-determining system of measure-morphisms defined in Example 2.3.

Theorem 2.5. Let X ⊆ [0, 1]^Ω be a system of fuzzy sets on Ω such that (i) 1_Ω ∈ X, where 1_Ω(ω) = 1 for any ω ∈ Ω; (ii) if f, g ∈ X, then f ∗ g ∈ X, where ∗ is defined via (2.3), is a bounded commutative BCK-algebra such that the system S from Example 2.3 is an order-determining system of state-morphisms.

Conversely, let (X; ∗, 0, 1) be a bounded BCK-algebra with an order-determining system of state-morphisms S. Then (X; ∗, 0, 1) is a commutative BCK-algebra, and (X; ∗, 0, 1) is isomorphic with a system X ⊆ [0, 1]^S , where X := {x̄ ∈ [0, 1]^S : x̄(m) := m(x), m ∈ S and x ∈ X}, and X satisfies the conditions of Example 2.4.

Proof. If S is an order-determining system of measure-morphisms, then m ( x ∗ (x ∗ y) ) = m(x) ∗_R m(x ∗ y) = m(x) ∗_R ( m(x) ∗_R m(y) ) = m(y) ∗_R ( m(y) ∗_R m(x) ) = m ( y ∗ (y ∗ x) ) which entails x ∗ (x ∗ y) = y ∗ (y ∗ x) for any x, y ∈ X.

Conversely, we have (x ∗ y)(m) = m(x ∗ y) = m(x) ∗_R m(y) = (x̄ ∗ ȳ)(m) for any m ∈ S, so that x̄ ∗ ȳ ∈ X. It is clear that 0 = 0_S and ¯1 = 1_S . In addition, x̄ = ȳ implies m(x) = m(y) for any m ∈ S, so that x = y. □ Theorem 2.6. Let (X; ∗, 0) be a BCK-algebra ( (X; ∗, 0, 1) be a bounded BCKalgebra). If X possesses an order-determining system of measures (an order-deter-mining system of states), then X is commutative.

Proof. Let S be an order-determining system of measures on X. Suppose that, for x, y ∈ X we have x ≼ y. According to (iv) of Proposition 2.1, we have m ( y ∗ (y ∗ x) ) = m(x). Since S is order-determining, y ∗ (y ∗ x) = x. Applying [MeJu, Thm I.5.6 (i)], X is commutative. □ Example 2.7. Let X = ([0, 1]; ∗_R, 0, 1) be a BCK-algebra, where ∗_R is defined via (2.1). Then X = [0, 1] has a unique state state-morphism m, namely, m(t) = t, t ∈ [0, 1], and S := {m} is an order-determining system of state-morphisms on X. Consequently, [0, 1] is a commutative bounded BCK-algebra.

Let (X; ∗, 0, 1) be a BCK-algebra, and define a unary operation^∗ and binary operations ⊕, ⊙, ∨, and ∧ on X as follows x^∗ := 1 ∗ x, x ∈ X; (2.4) x ⊕ y := (x^∗ ∗ y)^∗, x, y ∈ X; (2.5) x ⊙ y := (x^∗ ⊕ y)^∗, x, y ∈ X; (2.6) x ∨ y := (x ⊙ y^∗) ⊕ y, x, y ∈ X; (2.7) x ∧ y := (x ⊕ y^∗) ⊙ y, x, y ∈ X. (2.8) Proposition 2.8. Let (X; ∗, 0, 1) be a commutative BCK-algebra and let m be a state on X. For any x, y ∈ X we have m(x ⊕ y) + m(x ⊙ y) = m(x) + m(y). m(x ∨ y) + m(x ∧ y) = m(x) + m(y). m(x^∗) = 1 − m(x). m(x ⊕ y) ≤ m(x) + m(y). m(x ∨ y) ≤ m(x) + m(y). Proof. Since (X; ∗, 0, 1) is a commutative BCK-algebra, it is well-known that (X; ⊕, ⊙,^∗ , 0, 1) is an MV-algebra and in any MV-algebra we have, for any x, y ∈ X, (x ⊕ y) ⊙ x^∗ = y ⊙ (x ⊙ y)^∗, (x ∨ y) ⊙ x^∗ = y ⊙ (x ∧ y)^∗. Since x ⊙ y ≼ x ≼ x ∨ y ≼ x ⊕ y, we have the statements of Proposition. □

Theorem 2.9. Let m be a measure on a BCK-algebra (X; ∗, 0). For x, y ∈ X, we write x ∼_m y if and only if m(x ∗ y) = 0 = m(y ∗ x). Then ∼_m is a congruence on X and (X_m; ∗_m, 0_m) is a commutative BCK-algebra, where X_m := X/ ∼_m:= {x̃ := {y ∈ X : y ∼_m x} : x ∈ X}, 0_m := ~0, and ∗_m is a binary operation on X_m induced by ∗ and ∼_m . In addition, the mapping m̃ : X_m → [0, ∞) defined by m̃(x̃) := m(x), x̃ ∈ X_m, is a well-defined measure on X_m.

Proof. Due to (v) of Proposition 2.1, I_m := {x ∈ X : m(x) = 0} is an ideal of X. The property x ∼_m y holds iff x∗y ∈ I_m and y ∗x ∈ I_m, so that ∼_m is a congruence on X, and X_m := X/ ∼_m is a BCK-algebra, [MeJu, Thm II.1.6].

We now show that

x ∼_m y iff m(x) = m(y) = m(x ⋏ y) = m(y ⋏ x). (2.9)

Indeed, let x̃ = ỹ. By (II) x ∗ (x ∗ y) ≼ y, and since x ∗ y ≼ x, we have m(y) ≥ m ( x ∗ (x ∗ y) ) = m(x) − m(x ∗ y) = m(x), and by symmetry, m(x) ≥ m(y), so that m(y) = m(y ⋏ x) = m(x ⋏ y) = m(x). The converse statement is now clear. Hence, m̃(x̃) := m(x) is a well-defined mapping.

It is easy to see that x̃ ≼_m ỹ iff m(x ∗ y) = 0, where ≼_m is the BCK-order in X/ ∼_m. Define x_0 = y ⋏x = x∗(x∗y). We claim that ~x_0 = x̃. Indeed, it is sufficient to verify (2.9) for x and x_0.

m(x_0) = ( x ∗ (x ∗ y) ) = m(x) − m(x ∗ y) = m(x). m(x_0 ⋏ x) = m ( x ∗ (x ∗ x_0) ) = m ( x ∗ ( x ∗ ( x ∗ (x ∗ y) ))) = m(x) − m(x) + m ( (x ∗ (x ∗ y) ) = m(x) − m(x ∗ y) = m(x). m(x ⋏ x_0) = m ( x_0 ∗ (x_0 ∗ x) ) = m (( x ∗ (x ∗ y) ) ∗ (( x ∗ (x ∗ y) ) ∗ x ))

= m ( x ∗ (x ∗ y) ) = m(x). Since ~x_0 = x̃, we have ~x_0 ≼_m ỹ and then

m̃(ỹ ∗_m x̃) = m̃(ỹ ∗_m ~x_0) = m̃(^ y ∗ x_0) = m(y ∗ x_0) = m(y) − m(x_0) = m(y) − m(x) = m̃(ỹ) − m̃(x̃), so that, m̃ is a measure on X_m.

We now show that X/ ∼_m is a commutative BCK-algebra. Let x̃ ≼_m ỹ. By (II), we have ỹ ∗_m (ỹ ∗_m x̃) ≼_m x̃. We prove that x̃ ∗_m ( ỹ ∗_m (ỹ ∗_m x̃) ) = ~0. Calculate m ( x ∗ ( y ∗ (y ∗ x) )) = m ( x ∗ (x ⋏ y) ) = m(x) − m(x ⋏ x) = m(x) − m(y) + m(y ∗ x) = m(x) − m(y) + m̃(ỹ ∗_m x̃) = m(x) − m(y) + m̃(ỹ) − m̃(x̃) = 0,

which entails that x̃ ∗_m ( ỹ ∗_m (ỹ ∗_m x̃) ) = ~0, and x̃ ≼_m ỹ ∗_m (ỹ ∗_m x̃) so that x̃ = ỹ ∗_m (ỹ ∗_m x̃). This property is by [MeJu, Thm I.5.6.(i)] the necessary and sufficient condition to be X_m a commutative BCK-algebra. □

Corollary 2.10. Let m be a state on a bounded BCK-algebra (X; ∗, 0, 1). Then m̃ from Theorem 2.9 is a state on a bounded commutative BCK-algebra (X_m; ∗_m, 0_m, 1_m), where 1_m := ~1. In addition, for all x, y, z ∈ X, we have (i) m(x⊕y) = m(y⊕x); (ii) m ( (x ⊕ y) ⊕ z ) = m ( x ⊕ (y ⊕ z) ) ; (iii) m(x ⊕ 0) = m(x); (iv) m(x ⊕ 1) = 1; (v) m ( (x^∗)^∗ ) = m(x); (vi) m(x ⊕ x^∗) = 1; (vii) m(0^∗) = 1; (viii) m ( (x^∗ ⊕ y)^∗ ⊕ y ) = m ( (x ⊕ y^∗)^∗ ⊕ x ) ; (ix) m(x ⊙ y) = m(y ⊙ x); (x) m(x ∨ y) = m(y ∨ x); (xi) m(x ∧ y) = m(y ∧ x) = m(x ⋏ y) = m(y ⋏ x), and (X_m; ⊕_m, ⊙^∗m_, , 0_m, 1_m) is an MV-algebra, where^∗m, ⊕_m, ⊙_m are operations on X_m induced from^∗, ⊕, ⊙ defined via (2.4)–(2.6).

Proof. It follows from Theorem 2.9 and from fact that m̃(~1) = m(1) = 1. □

3. Examples of BCK-algebras and Measures

A BCK-algebra (X; ∗, 0) is said to be (i) positively implicative if (x ∗ z) ∗ (y ∗ z) = (x ∗ y) ∗ z, x, y, z ∈ X; (ii) implicative if x = x ∗ (y ∗ x), x, y ∈ X. According to [MeJu, Thm I.4.2-(b)], X is positively implicative^2 iff x ∗ y = (x ∗ y) ∗ y, x, y ∈ X, (3.1) and X is implicative [MeJu, Thm I.6.2] iff it is commutative and positive implicative.

Example 3.1. Let X = {0, 1, . . . , K} be integers ordered by the natural way, where K is either an integer or ℵ_0.

(i) X is a commutative BCK-algebra with the natural order if and only if n ∗ m = { 0 if n ≤ m, n − m if m < n. (ii) X is a positively implicative BCK-algebra with the natural order if and only if n ∗ m = { 0 if n ≤ m, n if m < n. If K is an integer, then there is a unique state (a unique state-morphism) m, namely for the case (i) m(i) = i/K, for i = 0, . . . , K, and for the case (ii) m(i) = 0 for 0 ≤ i ≤ K − 1 and m(K) = 1.

If K is not an integer, then there is no state-morphism, there is only a zero-valued measure-morphism.

(iii) X cannot be any implicative BCK-algebra with the natural order.

Let (X_i, ∗_i, 0_i) (i = 1, 2) be two BCK-algebras. A mapping h : X_1 → X_2 is said to be a homomorphism if h(x ∗_1 y) = h(x) ∗_2 h(y), x, y ∈ X. If h is a oneto-one homomorphism and h^{−1} is a homomorphism, too, then h is said to be an isomorphism.

2If (X; ∗, 0) is positively implicative, so is the Iséki extension of X.

Example 3.2. Let the interval of real numbers X = [0, 1] be ordered by the natural way.

(i) X is a bounded commutative BCK-algebra with the BCK-order equal to the natural one if and only if there is a continuous, increasing function g : [0, 1] → [0, 1] with g(0) = 0 and g(1) = 1 (called a generator) such that x ∗ y := g^{−1} ( max{0, g(x) − g(y)} ) , (3.2)

for any x, y ∈ [0, 1]. If such a generator exists, is unique. In addition, all commutative BCK-algebras on [0, 1] with the natural order are isomorphic. Any such a BCK-algebra possesses a unique state-morphism, namely m_g(x) := g(x), x ∈ [0, 1], and S_g := {m_g} is an order-determining system of state-morphisms on it.

(ii) X is a bounded positively implicative BCK-algebra with the BCK-order equal to the natural one if and only if x ∗ y := { 0 if x ≤ y, x if x > y, (3.3)

for any x, y ∈ [0, 1].

In this case, X possesses a unique state m, namely m(1) = 1 and m(x) = 0 for any x ∈ [0, 1).

(iii) X cannot be any implicative BCK-algebra with the natural order.

Proof. (i) It is easy to verify that (3.2) entails that [0, 1] is a commutative BCKalgebra. Suppose the converse, i.e., let X = [0, 1] be a commutative BCK-algebra with the natural order. If x ≤ y, then x ∗ y = 0.

Define on X = [0, 1] a partial binary operation ⊖ such that b ⊖ a is defined iff a ≤ b and then b⊖a := b∗a. It is not complicated to verify that, for all a, b, c ∈ [0, 1], we have (i) b ⊖ a ≤ b and b ⊖ (b ⊖ a) = a; (ii) if a ≤ b ≤ c then c ⊖ b ≤ c ⊖ a and (c ⊖ a) ⊖ (c ⊖ b) = b ⊖ a (see also [DvKi]). The structure ([0, 1]; ⊕, 0, 1) is a so-called D-poset [KoCh], and by Mesiar [Mes, Thm 1], there is a generator g such that, for x ≥ y, (3.2) holds. Hence, (3.2) holds for all x, y ∈ [0, 1].

Define X_g := ([0, 1]; ∗_g, 0) as the BCK-algebra with ∗_g defined via (3.2) for a fixed generator g, and let X_0 be the space corresponding to g = id_{[0, 1]}. Then the mapping h_g : X_g → X_0 defined as h_g(x) := g(x), x ∈ X_g , is an isomorphism in question.

Using Example 2.7 and the established isomorphism, {m_g} satisfies our assertion. (ii) Since X is linearly ordered, it is clear that x ∗ y = 0 whenever x ≤ y. If y = 0 then x ∗ y = x, so suppose that 1 ≥ x > y > 0. Since X is positively implicative, we have y < x ∗ y ≤ x. We claim that x ∗ y = x.

Let ϵ > be an arbitrary real number less than x−y. Then from (1.3) we conclude that ( x ∗ (x − ϵ) ) ∗ y = (x ∗ y) ∗ (x − ϵ). Since the left-hand side of this equation is strictly positive, the right-hand side implies x ≥ x ∗ y > x − ϵ, and hence x ∗ y = x.

The converse statement is evident.

Let now m be a state on X and choose x ∈ [0, 1). Then 1 ∗ x = ( 1 ∗ x) ∗ x and therefore m(1 ∗ x) = m ( (1 ∗ x) ∗ x ) , so that 1 − m(x) = m(1 ∗ x) − m(x) = 1 − 2 m(x) which implies m(x) = 0. □

Example 3.3. Let X = [0, ∞) be ordered by the natural way.

(i) If g : [0, ∞) → [0, ∞) is an increasing and continuous function with g(0) = 0, then ([0, ∞); ∗_g , 0) is a commutative BCK-algebra with the BCK-order equal to the natural order, where

x ∗_g y := g^{−1} ( max{0, g(x) − g(y)} ) , x, y ∈ [0, ∞). If g_0 := id_{[0, ∞)}, then any ([0, ∞); ∗_g, 0) is isomorphic with ([0, ∞); ∗_{g0} , 0) if and only if g is unbounded. If g is bounded, then ([0, ∞); ∗_g, 0) is isomorphic with ([0, 1); ∗_R, 0), where ∗_R is defined via (2.1).

Conversely, if ([0, ∞); ∗, 0) is a commutative BCK-algebra with the natural order, then there is an increasing and continuous function g : [0, ∞) → [0, ∞) with g(0) = 0 such that ∗ = ∗_g, where ∗_g is defined via (3.2). In addition, any measure m on ([0, ∞); ∗_g , 0) is of the form m(x) = k g(x), x ∈ [0, ∞), where k is a nonnegative constant.

(ii) ([0, ∞); ∗, 0) is a positively implicative BCK-algebra with the natural order if and only if ∗ is defined via (3.3). In addition, the zero function on [0, ∞) is a unique measure on it.

(iii) ([0, ∞); ∗, 0) cannot be any implicative BCK-algebra with the natural order.

Proof. (i) The first direction is straightforward. Suppose now that ([0, ∞); ∗, 0) is a commutative BCK-algebra with the natural order. Put X_k := [0, k], where k ≥ 1 is an integer. The restriction of ∗ onto X_k × X_k entails that (X_k; ∗, 0, k) is a commutative and bounded BCK-subalgebra of [0, ∞). According to (i) of Example 3.2, X_k is isomorphic with X_1, for any k ≥ 1; an isomorphism is, e.g., h_k(x) := x/k, x ∈ X_k. Due to the last example, there exists a unique increasing and continuous function g_k : [0, k] → [0, k] with g_k(0) = 0 and g_k(k) = k, such that, for all x, y ∈ X_k, x ∗ y = g^{−1}_k ( max{0, g_k(x) − g_k(y)} ) . For any k ≥ 1, we define ĝ_k := g_k/g_k(1). We assert that the restriction of ĝ_{k+1} onto X_k, ĝ_{k+1}|X_{k+1}, is equal to ĝ_k for any k ≥ 1. Indeed, due to the uniqueness of g_k’s on X_k with the condition g_k(k) = k, k ≥ 1, we have k g_{k+1}/g_{k+1}(1)|X_k = g_k for any k ≥ 1. Let t ∈ X_k and calculate

ĝ_{k+1}(t) = g_{k+1}(t) g_{k+1}(1) = k g_{k+1}(t) g_{k+1}(k) g_{k+1}(k) k g_{k+1}(1)

= g_k(t) g_{k+1}(k) k g_{k+1}(1) = g_k(t) g_k(1) g_k(1) ( k g_{k+1}(1) g_{k+1}(k) )_{−1}

= ĝ_k(t) g_k(1) ( g_k(1) )_{−1} = ĝ_k(t). Define a function g : [0, ∞) → [0, ∞) as follows g(t) = ĝ_k(t) if t ∈ X_k for some k ≥ 1. Then g is a well-defined function with g(0) = 0, g(+∞) = ∞, g is increasing and continuous, and, in addition, x ∗ y = g^{−1} ( max{0, g(x) − g(y)} ) , x, y ∈ [0, ∞).

This equality follows from the observation that if x, y ∈ X_k, then x ∗ y = g^{−1}_k ( max{0, g_k(x) − g_k(y)} ) = ĝ^{−1}_k ( max{0, ĝ_k(x) − ĝ_k(y)} ) = g^{−1} ( max{0, g(x) − g(y)} ) , which finishes the first part of the proof.

If g is unbounded, then h_g : [0, ∞) → [0, ∞) defined via h_g(x) := g(x), x ∈ [0, ∞), is an isomorphism between ([0, ∞); ∗_g , 0) and ([0, ∞); ∗_{id[0};1_) , 0). In addition, for any x, y ∈ [0, ∞), there exists an z ∈ [0, ∞) with z ∗_g x = y. Indeed, we put z := g^{−1} ( g(x) + g(y) ) . Suppose now that g is bounded and let k_0 := sup{g(x) : x ∈ [0, ∞)}. From the continuity of g we obtain that there is a u > 0 such that g(u) > k_0/2. But for x = u and y = u there is no z such that z ∗_g u = u which entails that ([0, ∞); ∗_g, 0) is not isomorphic with ([0, ∞); ∗_{id[0};1_) , 0). We claim that ([0, ∞); ∗_g, 0) is isomorphic with ([0, 1); ∗_R, 0) (see (2.1)). Indeed, the mapping h_g(x) := g(x)/k_0 is an isomorphism in question.

The assertion on measures follows from a simple observation that any measure m on X = ([0, ∞); ∗_{id[0};1_) , 0) or on X = ([0, 1); ∗_R, 0) is of the form m(x) = k x, x ∈ X, where k ≥ 0 is a constant.

(ii) It follows the same ideas as those in the proof of (ii) in Example 3.2. □

Example 3.4. Let the interval X = [0, 1) be ordered by the natural way.

(i) ([0, 1); ∗, 0) is a commutative BCK-algebra with the natural order if and only if there is an increasing and continuous function g : [0, 1) → [0, ∞) with g(0) = 0 such that (3.2) holds for any x, y ∈ [0, 1). Let ∗_g be ∗ depending on g via (3.2). If g is bounded on [0, 1), then ([0, 1); ∗_g, 0) is isomorphic with ([0, 1); ∗_{g0} , 0), where g_0 := id_{[0, 1)}, and if g is unbounded, then ([0, 1); ∗_g, 0) is isomorphic to ( [0, ∞); ∗_{id[0};1_) , 0 ) . In addition, any state on ([0, 1); ∗_g , 0) is of the form m(x) = k g(x), x ∈ [0, 1), where k is a non-negative constant.

(ii) ([0, 1); ∗, 0), is a positively implicative BCK-algebra with the natural order if and only if ∗ is defined via (3.3) for all x, y ∈ [0, 1). In addition, the zero function on [0, 1) is a unique measure on it, and any measure m on ([0, 1); ∗_g , 0) is of the form m(x) := k g(x), x ∈ [0, 1), where k ≥ 1 is a constant.

(iii) ([0, 1); ∗, 0) cannot be any implicative BCK-algebra with the natural order.

Proof. (i) follows from [Mes, Thm 2, Cor 1] and from (ii) of Example 3.3, or it can be proved directly by way different of that used in [Mes]. Let {d_n} be a strictly increasing sequence of positive numbers such that d_n ↗ 1. Since any X_n = [0, d_n] is isomorphic with [0, 1], there is a unique increasing and continuous function g_n : X_n → X_n with g_n(0) = 0 and g_n(d_n) = d_n such that x ∗ y = max{0, g_n(x) − g_n(y)} if x, y ∈ X_n. If we define ĝ_n := g_n/g_n(d_1), then similarly as in the proof of Example 3.3, we have that ĝ_{n+1}|X_n = ĝ_n. The function g(x) = ĝ_n(x) if x ∈ X_n, satisfies (3.2). Comparing this approach with that used in the proof of Example 3.3, we obtain the statements in question.

(ii) follows the same ideas as those in the proof of (ii) in Example 3.2. □

Example 3.5. Let X be a linearly ordered set with the least element 0. Then X = (X; ∗, 0) is a positively implicative BCK-algebra with the original linear order if and only if ∗ is defined (3.3) for all x, y ∈ X.

If 1 belongs to X, then m with m(x) = 0 if x ∈ X \ {1} and m(1) = 1 is a unique state on X, and any measure on X is a constant multiple of a state. If X is not bounded, then the zero function is a unique measure on X.

Proof. We claim that if x > y, then x ∗ y = x. Suppose the converse. Then x > x ∗ y > y. Let now y_1 be an arbitrary element of X such that x > y_1 > y. Then x > x ∗ y ≥ x ∗ y_1 > y_1. In particular, if y_1 = x ∗ y, then x > x ∗ y ≥ x ∗ (x ∗ y) > x ∗ y which is a contradiction.

The statement about states and measures follows easily from the proof of Example 3.2. □

4. Representation of Semisimple BCK-algebras

An ideal I is maximal if it is proper and there is no proper ideal of X containing I and different of I. We denote by M = M(X) the set of all maximal ideals of a bounded BCK-algebra X.^3 The set

R(X) := ⋂ {I : I ∈ M(X)} is said to be the radical of X. A bounded BCK-algebra is said to be semisimple if R(X) = {0}. We recall that according to [MeJu, Thm VII.5.6], a bounded positively implicative BCK-algebra X is semisimple iff, for any x ∈ X, we have NNx = x, (4.1) where Nx = 1 ∗ x. In addition, by [MeJu, Thm II.5.5], an ideal M of a positively implicative BCK-algebra is maximal iff, for all x, y ∈ X, x ∉ M and y ∉ M imply x ∗ y ∈ M and y ∗ x ∈ M. Example 4.1. Let Ω ≠ ∅ and denote by B any Boolean algebra of Ω, i.e., B ⊆ 2^Ω such that

(i) ∅ ∈ B;

(ii) if A ∈ B, then Ω \ A ∈ B; (iii) if A, B ∈ B, then A ∪ B ∈ B.

Then (B; ∗, ∅) is a bounded semisimple positively implicative BCK-algebra, where ∗ is defined via A ∗ B = A \ B, A, B ∈ B. (4.2) Example 4.2. Let X be a system of fuzzy sets of Ω, i.e. X ⊆ [0, 1]^Ω (Ω ≠ ∅), such that

(i) 1_Ω ∈ X, where 1_Ω(ω) = 1 for any ω ∈ Ω; (ii) if f, g ∈ X, then f ∗ g ∈ X, where (f ∗ g)(ω) = { 0 if f(ω) ≤ g(ω), f(ω) if f(ω) > g(ω), ω ∈ Ω. (4.3)

3There is at least one maximal ideal of X.

Then (X; ∗, 0_Ω, 1_Ω) is a semisimple positively implicative BCK-algebra.

It is worthy to say that (ii) in Example 3.1 is a positively implicative BCKalgebra which is not semisimple whenever K is greater than 1.

Theorem 4.3. Let (X; ∗, 0, 1) be a bounded positively implicative BCK-algebra. Then there are a non-void set Ω, a Boolean algebra B ⊆ 2^Ω and a homomorphism h from X onto B.

Proof. Take Ω = M(X) the set of all maximal ideals of X, and, for any x ∈ X, define a mapping ^x : M → {0, 1} via ^x(M) = { 0 if x ∈ M, 1 if x ∉ M, M ∈ M. Put ^X := {^x : x ∈ X} and define ∗_1 on ^X as follows

(^x ∗_1 ^y)(M) = { 0 if ^x(M) ≤ ^y(M), ^x(M) if ^x(M) > ^y(M), M ∈ M. Then ( ^X, ∗_1, ^0, ^1) is a bounded semisimple BCK-algebra. We have ^0 = 0_M and ^1 = 1_M. We claim that [ x ∗ y = ^x ∗_1 ^y for any x, y ∈ X. We have two cases: Case (a). [ x ∗ y(M) = 0, then x ∗ y ∈ M and we have four possibilities:

(1) x ∈ M, y ∈ M, then ^x(M) = 0 = ^y(M) and (^x ∗_1 ^y)(M) = 0. (2) x ∉ M, y ∈ M, then x ∗ (x ∗ y) ≤ y ∈ M so that x ∈ M, which is a contradiction.

(3) x ∈ M, y ∉ M, then ^x(M) = 0, ^y(M) = 1 and (^x ∗_1 ^y)(M) = 0. (4) x ∉ M, y ∉ M, then ^x(M) = 1, ^y(M) = 1 and (^x ∗_1 ^y)(M) = 0. Case (b). [ x ∗ y(M) = 1, then x ∗ y ∈ M. We have again four possibilities:

(1) x ∈ M, y ∈ M, then by [MeJu, Cor VII.5.4], 1 ∗ x ∉ M, 1 ∗ y ∉ M and by [MeJu, Thm II.5.5] (1 ∗ y) ∗ (x ∗ y) ∈ M. But (1 ∗ y) ∗ (x ∗ y) = (1 ∗ x) ∗ y ∈ M, hence 1∗x ∈ M while y ∈ M and M is an ideal, which gives a contradiction. (2) x ∉ M, y ∈ M, then ^x(M) = 1, ^y(M) = 0, (^x ∗_1 ^y)(M) = 1. (3) x ∈ M, y ∉ M, then by [MeJu, Thm II.5.5] (x ∗ y) ∗ y ∈ M, but X is positively implicative, and by [MeJu, Thm I.4.2(b)] x ∗ y = (x ∗ y) ∗ y ∈ M, which is a contradiction.

(4) x ∉ M, y ∉ M. Since M is maximal, according to [MeJu, Thm II.5.5], x ∗ y ∈ M which is again a contradiction.

Consequently, the mapping h : X → ^X defined via h(x) = ^x, x ∈ X, is a homomorphism from X onto ^X. Since ( ^X; ∗_1, ^0, ^1) is a semisimple BCK-algebra which is isomorphic with X := {Ib_x : x ∈ X}, where Ib_x denotes the indicator of the set ^x, which is a Boolean algebra in question. □

Theorem 4.4. A positively implicative BCK-algebra (X; ∗, 0, 1) is semisimple if and only if the mapping x → ^x, x ∈ X, from Theorem 4.3 is an isomorphism.

Proof. Suppose that X is semisimple. We assert that ^x = ^y. First let ^x = ^0. This means that x ∈ M for any M ∈ M. Since R(X) = {0}, we have x = 0. If now

^x = ^y, then ^x ∗_1 ^y = ^0 and ^y ∗_1 ^x = ^0 which means that [ x ∗ y = ^0 = [ y ∗ x and hence x ∗ y = 0 = y ∗ x and x = y.

Let now the mapping x → ^x be an isomorphism. If x ∈ R(X), then ^x(M) = 0 for any M ∈ M, hence ^x = ^0 and x = 0 which gives R(X) = {0}. □

Theorem 4.5. Any positively implicative BCK-algebra (X; ∗, 0, 1) is semisimple if and only if it is isomorphic to some Boolean algebra of subsets of a set Ω.

Proof. If X is semisimple, the assertion follows from Theorem 4.4, and the converse statement is evident. □

Theorem 4.6. A bounded positively implicative BCK-algebra (X; ∗, 0, 1) is semisimple if and only if X possesses an order-determining system of states on X.

Proof. Let X be semisimple. According to Theorem 4.5, there is a Boolean algebra B of subsets of a set Ω ≠ ∅ which is isomorphic with X. It is clear that the mapping m_ω : B → [0, 1] defined via m_ω(A) = I_A(ω), A ∈ B, where I_A is the indicator of A, is a state on B, and the set of all these m_ω’s is an order-determining system of states. Using given isomorphism between X and B, we see that X possesses an order-determining system of states.

Let now S be an order-determining system of states on X. Since for any state m on X we have m(1 ∗ x) = 1 − m(x), x ∈ X, we see that m(NNx) = m(x) for any m ∈ M. Hence NNx = x for any x ∈ X, which, by [MeJu, Thm VII.5.6], implies that X is semisimple. □

Theorem 4.7. Let (X; ∗, 0, 1) be a bounded positively implicative BCK-algebra. The following statements are equivalent:

(i) X is semisimple.

(ii) X is isomorphic to a Boolean algebra of subsets of a set. (iii) X is implicative. (iv) X is commutative.

(v) X possesses an order-determining system of states.

Proof. According to Theorems 4.5 and 4.6, (i), (ii) and (v) are equivalent, and in view of [MeJu, Thm I.6.2], for positively implicative BCK-algebras, (iii) and (iv) are equivalent. Using [MeJu, Thm VII.2.7], any implicative BCK-algebra is isomorphic to a Boolean algebra of subsets of a set, so that (ii) and (iii) are equivalent. □

References

[Cha] C.C. Chang, Algebraic analysis of many valued logics, Trans. Amer. Math. Soc. 88 (1958), 467–490.

[DvKi] A. Dvurečenskij, H.S. Kim, On connections between BCK-algebras and difference posets, Studia Logica, (submitted).

[ImIs] Y. Imai, K. Iséki, On axiom systems of propositional calculi, Proc. Japan Acad. 42 (1966), 19–22.

[KoCh] F. Kôpka, F. Chovanec, D-posets, Math. Slovaca 44 (1994), 21–34. [MeJu] J. Meng, Y.B. Jun, BCK-algebras, Kyung Moon Sa Co., Seoul, 1994. [Mes] R. Mesiar, Differences on [0, 1], Tatra Mountains Math. Publ. 6 (1995), 131–140. [Mun] D. Mundici, Interpretation of AF C�-algebras in Lukasiewicz sentential calculus, J.

Funct. Anal. 65 (1986), 15–63.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions 18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n 17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of MV -algebras

(continued on inside back cover)

9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures