Preprint 34/1996

December 10, 1996

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Emília Haluźková

Direct limits of monounary

algebras

PREPRINT SERIES

Direct limits of monounary algebras

Emília Haluźková^1 Mathematical Institute, Slovak Academy of Sciences, Greźákova 6, 040 01 Koźice, S l o v a k i a

1 Introduction

The direct limit construction is a well-known method for building up algebras from families of algebras, e.g. [2], §21. We will handle with monounary algebras and some properties of the direct limit construction will be discussed in this paper.

Let K be a class of algebras and L_→(K) be the class of direct limits of algebras of K. The operator L_→ was introduced also by G.Grätzer in [2], §23. If L_→(K) = K is satis˛ed, then we will say that K is closed with respect to direct limits. Classes of cyclically ordered groups closed with respect to direct limits have been dealt with by J.Jakubík and G.Pringerová [3].

We will assume classes of monounary algebras be closed with respect to isomorphisms.

In the present paper we investigate classes K such that L_→(K) = K. It will be given several examples of such classes. Further, we will characterize all one-element classes K. (By a one-element class we mean the class of all isomorphic copies of a monounary algebra.) As a consequence we obtain that every class K = L_→(K) contains an algebra A such that L_→({A}) = {A}.

2 Preliminaries

Let N be the set of all positive integers, N_0 = N ∪ {0}.

The class of all monounary algebras will be denoted by U. We will use the symbol f for the operation in algebras of U.

Let A be a monounary algebra. The algebra A is said to be connected, if for each x, y ∈ A there are positive integers m, n with f^m(x) = f^n(y). Let B ⊆ A and B be a subalgebra of A. The algebra B is said to be a component of A, if B is a maximal connected part of A.

The class of all connected monounary algebras will be denoted by the symbol U^c.

Let k ∈ N_0. Let’s denote by C_k the following connected monounary algebra:

1. if k = 0, then ‖ C_k ‖= ℵ_0; otherwise ‖ C_k ‖= k;

2. operation f of C_k is surjective and injective mapping.

1Supported by grant GA SAV 1230/96.

If k ≠ 0, then we will say that the algebra C_k is the cycle of length k. The class of all connected monounary algebras having the cycle of length k as its subalgebra will be denoted by U^c_k. For the denotation of the class of all connected monounary algebras without a cycle we will use the symbol U^c_0 , more precisely we put U^c_0 = U^c−S_{k∈N} U^c_k.

Let A ∈ U. We will say that A has a cycle, if there exists k ∈ N such that C_k is the subalgebra of A.

Lemma 1 Let A ∈ U and i, j ∈ N , u ∈ A. If f^i(u) = u and v = f^j (u), then f^i(v) = v.

Proof. We have f^i(v) = f^i(f^j(u)) = f^j(f^i(u)) = f^j(u) = v. 2

Lemma 2 Let A ∈ U. If there exist n ∈ N , x ∈ A such that f^n(x) = x, then A has a cycle.

Proof. Put B = {f^k(x), k ∈ N_0}. The algebra B is a subalgebra of A and B = {f^k(x), 0 ≤ k ≤ n − 1} according to the previous lemma. If ‖ B ‖= 1, then B is a cycle.

Let ‖ B ‖> 1. Assume that a, b ∈ B. Then there exist k, l ∈ {0, ..., n − 1} such that a = f^k(x), b = f^l(x). Assume that f(a) = f(b). If k = l, then a = b.

Let k > l. Then f^{k−l}(f^{l+1}(x)) = f^{k+1}(x) = f(f^k(x)) = f(a) = f(b) = f(f^l(x)) = f^{l+1}(x). Substitute in the previous lemma k − l for i, n − l − 1 for j and f^{l+1}(x) for u. We obtain v = f^j (u) = f^{n−l−1}(f^{l+1}(x)) = f^n(x) = x and x = v = f^i(v) = f^{k−l}(x). Therefore a = f^k(x) = f^{k−l+l}(x) = f^l(f^{k−l}(x)) = f^l(x) = b.

We have proved that f is injective on B. The set B is ˛nite and thus the algebra B is a cycle by the de˛nition. 2

Lemma 3 Let A be a homomorphic image of C_0. If A has no cycle, then A ∼= C_0.

Proof. Suppose that φ is a homomorphism from C_0 onto A.

Let x, y ∈ C_0 and φ(x) = φ(y). Assume that x ≠ y. Then there exists n ∈ N such that x = f^n(y). We have f^n(φ(y)) = φ(f^n(y)) = φ(x) = φ(y). In view of previous lemma A has a cycle. This is a contradiction. Thus x = y and φ is an isomorphism. 2

For the sake of completeness and for ˛xing the denotations we also recall the notion of direct limit: in fact, we apply it for the case of monounary algebras (cf., e.g. Grätzer [2] for the case of universal algebras).

Let < P, ≤> be a directed partially ordered set, P ≠ ∅. For each p ∈ P let A_p be a monounary algebra. Suppose that for each pair of elements p and q in P with p < q, there is de˛ned a homomorphism φ_{pq} of A_p into A_q such that p < q < s implies that φ_{ps} = φ_{pq} ∘ φ_{qs}.

For each p ∈ P let φ_{pp} be the identity on A_p.

Let p and q be the elements of P and let x ∈ A_p, y ∈ A_q. We put x ≡ y if there exists s ∈ P with p ≤ s, q ≤ s such that φ_{ps}(x) = φ_{qs}(y). For each z ∈ S_{p∈P} A_p put z = {t ∈ S_{p∈P} A_p : z ≡ t}. Let A = {z : z ∈ S_{p∈P} A_p}.

If z_1, z_2 are elements of S_{p∈P} A_p such that z_1 = z_2, then clearly f(z_1) = f(z_2). Hence if put f(z_1) = f(z_1), then operation f on A is correctly de˛ned and with respect to this operation A is a monounary algebra. It is said to be the direct limit of the indexed system {A_p}_{p∈P} . We express this situation by writing (1) {A_p}_{p∈P} −→ A Homomorphisms and endomorphisms of monounary algebras were investigated in [4] - [7].

The de˛nition of direct limit yields following four assertions.

Lemma 4 Let (1) hold. Let p ∈ P and φ_p be the mapping from A_p to A such that φ_p(x) = x for every x ∈ A_p. Then φ_p is the homomorphism of A_p to A.

Lemma 5 Let m ∈ N and (1) be valid. If ‖ A_p ‖≤ m for every p ∈ P , then ‖ A ‖≤ m. Lemma 6 Let (1) be valid. If the operation of A_p is 1-1 for every p ∈ P , then operation of A is 1-1.

Lemma 7 Let (1) be valid and let p ∈ P . If q ≤ p for all q ∈ P , then A ∼= A_p.

Lemma 8 Let A be an algebra and (1) be valid. If A_p ∼= A for all p ∈ P and φ_{pq} is an isomorphism between A_p and A_q for all p, q ∈ P , then A ∼= A.

EXAMPLE. Suppose that P is the set of all ˛nite subsets of the interval (0, 1). Let ≤=⊆. For p ∈ P, p = {p_1, ..., p_n},where n ∈ N , put A_p = {x, p_1, ...p_n}. Further put f(x) = f(p_i) = x for i = 1, ..., n. If p ⊆ q, then let φ_{pq} = id_{Ap} . We get A ∼= (0, 1) ∪ {x} and f(y) = x for every y ∈ (0, 1) ∪ {x}.

This example shows that Lemma 5 cannot be generalized to the case when instead of m will be put an in˛nite cardinal number.

Let K ⊆ U. The equality L_→(K) = K is equivalent to the following condition: whenever (1) holds and A_p ∈ K for each p ∈ P , then each monounary algebra isomorphic to A belongs to K.

Lemma 9 a) L_→(∅) = ∅, L_→(U) = U.

b) Let J be a nonempty set and for j ∈ J let L_→(K_j) = K_j . Then L_→(T_{j∈J} K_j) = T_{j∈J Kj.} c) If L_→(K_1) = K_1, L_→(K_2) = K_2, then L_→(K_1 ∪ K_2) = K_1 ∪ K_2.

Proof. The assertions a, b follow from de˛nitions.

Suppose that (1) is valid and A_p ∈ K_1 ∪ K_2 for all p ∈ P . Denote Q = {q ∈ P : A_p ∈ K_2}.

First let there exist p ∈ P such that for every q ∈ Q the relation p ≰ q is true. Put R = {r ∈ P : p ≤ r}. The set R is directed. Further if r ∈ R then A_r ∈ K_1. If s ∈ P , then we can choose s^′ ∈ P such that s ≤ s^′, p ≤ s^′. We have s^′ ∈ R. That means that R is co˛nal with P . Thus {A_r}_{r∈R} → A and A ∈ K_1.

Now let for every p ∈ P there exists q ∈ Q such that p ≤ q. Then Q is co˛nal with P and {A_q}_{q∈Q} → A. Because K_2 is closed with respect to direct limits we have A ∈ K_2. 2

It is obvious that Lemmas 4, 5, 7, 8, 9 are not speci˛c for monounary algebras, they are valid for any type of algebraic systems.

3 Several closed classes

This section is devoted to the search of some concrete classes of monounary algebras which are closed with respect to direct limits.

We will often use these three properties of direct limits.

Lemma 10 L_→(U^c) = U^c.

Proof. Let x, y ∈ A. There exist p ∈ P and x_1 ∈ x, y_1 ∈ y such that x_1, y_1 ∈ A_p. We can ˛nd m, n ∈ N_0 such that f^m(x_1) = f^n(y_1) by the connectivity of A_p. That means that f^m(x) = f^m(x_1) = f^n(y_1) = f^n(y). 2

Lemma 11 Let (1) be valid. The family {A_p}_{p∈P} contains an algebra with a cycle if and only if A has a cycle. More precisely, A contains a cycle of length k, where k is the length of the shortest cycle in algebras of {A_p}_{p∈P} .

Proof. Assume that {A_p}_{p∈P} contains an algebra with a cycle. Let l be the length of the shortest cycle in algebras of {A_p}_{p∈P} . Every algebra of {A_p}_{p∈P} can be homomorphically embedded into A according to Lemma 4. This implies that A is the algebra with a cycle. Moreover A has at least one cycle with length less or equal to l.

Now let A has a cycle of length n, n ∈ N . Assume that p ∈ P and x ∈ A_p are such that f^n(x) = x. We have f^n(x) ∈ x because f^n(x) = f^n(x). That means that there exists q ∈ P such that φ_{pq}(x) = φ_{pq}(f^n(x)). We obtain φ_{pq}(x) = f^n(φ_{pq}(x)). Thus A_q has a cycle with length less or equal to n. 2

Lemma 12 Suppose that (1) is valid. Let A has no cycle and let the family {A_p}_{p∈P} contain an algebra with a subalgebra isomorphic to C_0. Then C_0 is a subalgebra of A.

Proof. Let p ∈ P is such that C_0 ∈ S(A_p). Consider homomorphism φ_p from Lemma 4. Then φ_p(C_0) is the homomorphic image of C_0. The algebra A hasn’t any cycle by the assumption and that is why φ_p(C_0) ∼= C_0 according to Lemma 3 . Further φ_p(C_0) ∈ S(A). Therefore C_0 ∈ S(A). 2

Theorem 1 Let k ∈ N_0. Then

a) L→(U^c_k) = U^c_k. b) L→({Ck}) = {Ck}. Proof. Let (1) is valid.

Suppose that k ≠ 0. Let A_p ∈ U^c_k for all p ∈ P . We have A ∈ U^c according to Lemma 10 and A has a cycle of length k by Lemma 11.

Now let A_p ∼= C_k for all p ∈ P . The algebra A is connected by Lemma 10 and C_k ∈ S(A) according to Lemma 11. The operation f of A is injective according to Lemma 6. We have A ∼= C_k.

Assume that A_p ∈ U^c_0 for all p ∈ P . We have A ∈ U^c_0 according to Lemmas 10 and 11.

Finally let A_p ∼= C_0 for all p ∈ P . The algebra A is connected by Lemma 10 , A has no cycle by Lemma 11 and C_0 ∈ S(A) by Lemma 12 . In view of Lemma 6 we have A ∼= C_0. 2

Theorem 2 Let K_k ⊆ U^c_k and L_→(K_k) = K_k for all k ∈ N_0. If K = S_{k∈N0} K_k, then L_→(K) = K.

Proof. Let (1) is valid, A_p ∈ K for all p ∈ P .

Assume that {A_p}_{p∈P} contains the algebra with a cycle. Let i be the length of the shortest cycle in algebras of {A_p}_{p∈P} . Put Q = {q ∈ P : A_q ∈ U^c_i }. Homomorphic image of the cycle of length i can be only the cycle of length less or equal than i, in our case thus the cycle of length i. If q ∈ Q and p ∈ P is such that q ≤ p, then p ∈ Q. Thus Q is directed and co˛nal with P . We have {A_q}_{q∈Q} → A and A ∈ U^c_i by Lemma 11 . Because K_i is closed with respect to direct limits, we have A ∈ K_i and A ∈ K.

Now assume that {A_p}_{p∈P} doesn’t contain the algebra with a cycle. Then A_p ∈ K_0 for every p ∈ P . Because K_0 is closed with respect to direct limits we obtain A ∈ K_0 ⊆ K. 2

Let A be a monounary algebra. Let A satisfy the following condition: If C ⊆ A and C is the cycle of A, then C ∼= C_1. Then we will say that A is a cycle-free algebra. Cycle-free algebras have been dealt with by G.Bordalo [1]. Denote by F the class of all cycle-free algebras.

Theorem 3 L_→(F) = F.

Proof. Follows from Lemma 11. 2

Let us denote by N the monounary algebra with universe N and operation f de˛ned as f(i) = i + 1 for each i ∈ N .

Theorem 4 L_→({N, C_0}) = {N, C_0}.

Proof. Let (1) is valid and A_p ∼= N or A_p ∼= C_0 for every p ∈ P . Put Q = {q ∈ P : A_q ∼= C_0}. If Q is co˛nal with P , then {A_q}_{q∈Q} → A. The set {C_0} is closed with respect to direct limits by Theorem 1 and that is why A ∼= C_0.

Suppose that Q isn’t co˛nal with P . Then P − Q is co˛nal with P and {A_p}_{p∈P −Q} → A. The algebra A is connected by Lemma 10.

Let C_0 be a subalgebra of A. The operation of A is injective by Lemma 6. Therefore A ∼= C_0.

Now let C_0 isn’t any subalgebra of A. In view of Lemma 11 A has no cycle and thus N is a subalgebra of A. According to the injectivity of the operation of A we obtain A ∼= N. 2

4 The algebras of type ø

Let A be a monounary algebra and {B_j}_{j∈J} be the component partition of A.

We shall say that A is of type τ if following two conditions are valid:

1. if j ∈ J, then there exists k ∈ N such that A_j ∼= C_k;

2. if i, j ∈ J, i ≠ j and k, l ∈ N are such that A_i ∼= C_k, A_j ∼= C_l, then k doesn’t divide l.

Denote by T the class of all algebras of type τ .

We will prove that T is closed with respect to direct limits and some special subclasses of T are closed with respect to direct limits.

The de˛nition of algebras of type τ yields that C_k ∈ T for every k ∈ N . Further if A is of type τ and C_1 is a subalgebra of A, then A ∼= C_1. Finally if A ∈ T and B is a subalgebra of A, then B ∈ T .

Lemma 13 Let A is of type τ . Then every endomorphism of A is the isomorphism.

Proof. Monounary algebras have the following property: If k ∈ N and φ is a homomorphism of C_k, then φ(C_k) is a cycle of length l, where l is a divisor of k. From this follows the lemma. 2

Theorem 5 If A ∈ T , then L_→({A}) = {A}.

Proof. Suppose that (1) is valid. Put A_p = A for each p ∈ P . Let p, q ∈ P . The homomorphism φ_{pq} is an endomorphism of A. The algebra A is of type τ and thus φ_{pq} is an isomorphism between A_p and A_q. That implies A ∼= A according to Lemma 8. 2

Lemma 14 Let A ∈ U. If C_k ∈ S(A), then there exists x ∈ A such that f^k(x) = x and ‖ {x, f(x), ..., f^{k−1}(x)} ‖= k. Proof. Follows from the de˛nition of a cycle. 2

Lemma 15 Let (1) be valid and k ∈ N . If C_k ∈ S(A), then there exists p ∈ P such that for each q ∈ P with p ≤ q holds C_k ∈ S(A_q).

Proof. We prove this assertion indirectly. Suppose that fer each p ∈ P there exists q ∈ P, p ≤ q such that C_k /∈ S(A_q).

We shall show that for every x ∈ A there is f^k(x) ≠ x or ‖ {x, f(x), ..., f^k(x)} ‖< k. Then C_k /∈ S(A).

Assume that x ∈ A and f^k(x) = x. Let p ∈ P be such that x ∈ A_p. In view of f^k(x) = x, there exists q ∈ P, p ≤ q such that φ_{pq}(x) = φ_{pq}(f^k(x)). We obtain f^k(φ_{pq}(x)) = φ_{pq}(x). Thus A_q has a cycle of length m, where m ≤ k.

Let m < k. The equality {x, f(x), ..., f^k(x)} = {φ_{pq}(x), f(φ_{pq}(x)), ..., f^k(φ_{pq}(x))} is valid. Therefore ‖ {x, f(x), ..., f^k(x)} ‖< k. Let m = k. Choose s ∈ P, q ≤ s such that A_s doesn’t contain a cycle of length k. Then the element φ_{qs}(φ_{pq}(x)) belongs to a cycle of A_s which has length n, n < k. Analogously as in the previous case we obtain ‖ {x, f(x), ..., f^k(x) ‖≤ n < k. 2

Theorem 6 L_→(T ) = T .

Proof. Let (1) is valid and A_p ∈ T for all p ∈ P . According to Lemma 6 and Lemma 12 every component of A is isomorphic to C_k for some k ∈ N .

Assume that B, C are components of A such that B ∼= C_k, C ∼= C_l, k, l ∈ N . In view of Lemma 15 there exist p, r ∈ P such that for each q ∈ P, p ≤ q the algebra A_q contains a cycle of length k and for each s ∈ P, r ≤ s the algebra A_s contains a cycle of length l. Choose t ∈ P such that r ≤ t and p ≤ t. We obtain that A_t has cycles of lengths k, l. The algebra A_t is of type τ . Therefore if k ≠ l, then k doesn’t divide l. And if k = l, then B = C. 2

Theorem 7 Let K ⊆ T and n ∈ N . If every element of K has less than n components, then L_→(K) = K.

Proof. Let (1) is valid and A_p ∈ K for all p ∈ P . We have A ∈ T by the previous theorem.

Consider that {B_i}_{i∈I} is the component partition ofA. If I is ˛nite, put m =‖ I ‖, else put m = n. Let i(1), ..., i(m) be di¸erent elements of I.

Assume that j ∈ {1, ..., m} and k(j) ∈ N is such that B_{i(j)} ∼= C_{k(j)}. According to Lemma 15 in P exists p(j) such that for each q ∈ P, p(j) ≤ q holds that the algebra A_q has a cycle of the length k(j).

Now let s ∈ P be such that p(1) ≤ s, ..., p(m) ≤ s. The algebra A_s contains cycles of length k(1), ..., k(m). Numbers k(1), ..., k(m) are di¸erent and thus A is a subalgebra of A_s and m < n.

Assume that the algebra A_s has a component B such that B ≁= C_{k(j)} for j = 1, ..., m. Then B is the cycle of length k and k(j) doesn’t divide k for j = 1, ...m. According to Lemma 4 can be A_s homomorphically embedded into A, this is a contradiction. Thus A ∼= A_s and A ∈ K. 2

5 One-element D-classes

In this section we will characterize all one-element classes of monounary algebras which are closed with respect to direct limits.

Let A be a monounary algebra.

The notion of degree s(x) of an element x ∈ A was introduced by M.Novotný [7]. Put M = {m ∈ N : there exists y ∈ A such that f^m(y) = x}. If M is not upperbounded, then s(x) = ∞. If M has an upper bound, then s(x) is the maximum of M.

Let B be a subalgebra of A. Assume that there exists a homomorphism φ of A onto B such that φ(b) = b for each b ∈ B. Then B is said to be a retract of A and φ is called a retract mapping corresponding to B.

Retracts of monounary algebras was thoroughly studied by D. Studenovská. In view of [8] Theorem 1.3 we have Lemma 16 Let A ∈ U, B ⊆ A and B ∈ S(A). Then B is a retract of A if and only if the following conditions are satis˛ed:

(a) If y ∈ A is such that f(y) ∈ B, then there is z ∈ M such that s(y) ≤ s(z).

(b) For any component D of A with D ∩ B = ∅, the following conditions are satis˛ed:

(b1) If D contains a cycle with d elements, then there is a component D^′ of A with D^′ ∩ B ≠ ∅ and there is n ∈ N such that n divides d and D^′ has a cycle with n elements.

(b2) If D contains no cycle and x ∈ D, then there is y ∈ B such that s(f^k(x)) ≤ s(f^k(y)) for every k ∈ N_0.

In view of [3], Lemma 1.1 we have

Lemma 17 Let L_→(K) = K and A ∈ K. Let B be a retract of A. Then B ∈ K.

Lemma 18 Let L_→(K) = K and K ≠ ∅. Then K contains an algebra B such that each component of B is isomorphic to C_k for any k ∈ N_0.

Proof Choose A ∈ K. Put P = N , A_p = A for all p ∈ P, φ_{p,p+1} = f for all p ∈ P . So we have de˛ned direct family of monounary algebras. We will show that the operation f on A is injective and surjective mapping. Then the proof will be ready.

Assume that p, q ∈ P, a ∈ A_p, b ∈ A_q and f(a) = f(b). Then f(a) = f(b) and that is why there exists s ∈ P, p ≤ s, q ≤ s such that φ_{ps}(f(a)) = φ_{qs}(f(b)). >From this follows φ_{p,s+1}(a) = f^{s+1−p}(a) = f^{s−p}(f(a)) = φ_{ps}(f(a)) = φ_{qs}(f(b)) = f^{s−q+1}(b) = φ_{q,s+1}(b). That means that a = b.

Further let p ∈ P and a ∈ A_p. Choose a^′ ∈ A_{p+1} such that a = a^′ in the algebra A. Because φ_{p,p+1}(a) = f(a^′), we have a = f(a^′) = f(a^′). 2

Lemma 19 Let L_→(K) = K. If K contains an algebra with a cycle, then K contains an algebra B such that each component of B is isomorphic to C_k for any k ∈ N . Proof. Let {B_j}_{j∈J} be the component partition of A. Put J^′ = {j ∈ J : B_j has a cycle }. Further for each j ∈ J^′ denote D_j the cycle of B_j and denote by B the algebra which has the component partition {D_j}_{j∈J} 0 .

We have J^′ ≠ ∅ and B is a retract of A according to Lemma 16. Thus B ∈ K according to Lemma 17. 2

Lemma 20 Let L_→(K) = K. If K contains an algebra with a cycle, then K contains an algebra of type τ .

Proof. Let A ∈ K and all components of A are cycles. It is easy to see that there exists B ⊆ A such that the algebra B ∈ S(A) and B ∈ T . Moreover B is a retract of A and thus B ∈ K. 2

Theorem 8 Let A ∈ U. Then L_→({A}) = {A} if and only if A ∼= C_0 or A is of type τ .

Proof. In view of Theorem 1 we have that {C_0} is closed with respect to direct limits. If A is an algebra of type τ , then {A} is closed with respect to direct limits by Theorem 5 .

The opposite direction we shall prove indirectly. Assume that A ≁= C_0 and A isn’t of type τ . Let K be closed with respect to direct limits and A ∈ K.

If A has a cycle, then K contains an algebra of type τ by Lemma 20. Thus K has more than one element.

If A has no cycle, then K contains an algebra B such that each component of B is isomorphic to C_k for any k ∈ N_0 according to Lemma 18 . If A ≁= B, then we are ready. If A ∼= B, then A isn’t connected and each component of A is isomorphic to C_0. Thus C_0 is a retract of A and C_0 ∈ K by Lemma 17. We conclude K has more than one element. 2

Theorem 9 Let L_→(K) = K. Then there exists an algebra A ∈ K such that L→({A}) = {A}. Proof. Choose B ∈ K. If B is of type τ or B ∼= C_0, we can put A = B by Theorem 5 and Theorem 1.

Suppose that B isn’t of type τ and A ≁= C_0. If B has a cycle, then K contains an algebra A of type τ according to Lemma 20. We have {A} is closed with respect to direct limits by Theorem 5.

If B has no cycle, then K contains an algebra B^′ such that each component of B^′ is isomorphic to C_k for any k ∈ N_0 according to Lemma 18. If B^′ is of type τ , then put A = B^′.

Assume that B^′ isn’t of type τ . If B^′ has a cycle, then K contains an algebra A of type τ . If B^′ has no cycle, then each component of B^′ is isomorphic to C_0. Thus C_0 ∈ K in view of Lemma 17 and we can put A = C_0. 2

References

[1] G.Bordalo: A duality between unary algebras and their subuniverse lattices, Portugal. Math.

46(1989), 431-439.

[2] G.Grätzer: Universal algebra, Princeton 1968.

[3] J.Jakubík, G.Pringerová: Direct limits of cyclically ordered groups, Czechoslovak Math. J. 44 (1994), 231-250.

[4] D.Jakubíková-Studenovská: Systems of unary algebras with common endomorphisms I, II, Czechoslovak Math. J. 29 (1979), 406-420, 421-429.

[5] O.Kopeèek, M.Novotný: On some invariants of unary algebras, Czechoslovak Math. J. 24 (1974), 219-246.

[6] E.Nelson: Homomorphisms of monounary algebras, Paci˛c J. Math. 99(1982(2)), 427-429.

[7] M.Novotný: Über Abbildungen von Mengen, Paci˛c J. Math. 13(1963), 1359-1369.

[8] D.Studenovská: Retract irreducibility of connected monounary algebras, Czechoslovak Math. J.

46(1996), 291-307.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions 18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n 17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus

(continued on inside back cover)

12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of M V -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures