Preprint 5/1997

February 19, 1997

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Camille Debi„eve

Miloslav Duchoò

Beloslav Rieèan

Moment problem in some ordered

vector spaces

PREPRINT SERIES

MOMENT PROBLEM IN SOME ORDERED VECTOR SPACES

Camille Debiève - Miloslav Duchoň - Beloslav Riečan

Abstract. We present a moment problem in the context of (boundedly) complete vector lattices. A generalization of the Hausdorff moment theorem is formulated and proved.

1. Introduction

If g is a real-valued function of bounded variation on the unit interval I of the real line, the numbers

a_k =

∫_1 0 t^kdg(t), k ∈ N. are called the (power) moments of g.

For every sequence of real numbers a_k, k ∈ N and every pair of non-negative integers n, k, set

Δ^na_k := n∑ j=0 (−1)^j ( n j ) a_{k+j} The sequence (a_k, k ∈ N) is called completely monotone if Δ^na_k ≥ 0 for all integers n, k ≥ 0. For a sequence (a_k) of real numbers to be the moment sequence of some non-decreasing function g (this case being of particular interest), it is necessary and sufficient that (a_k) be completely monotone ([3],[5]). The result permits a generalization to the situation where (a_k) is a completely monotone sequence of elements of a (Dedekind) complete vector lattice the definition of completely monotone sequence being the same.

In the paper [2] we considered the same question in the case of a (boundedly) σcomplete, weakly σ-distributive vector lattice V satisfying the following condition: Any interval [a, b] ⊂ V is sequentially o-compact, i.e. to every sequence (a_i) ⊂ [a, b] there is an o-convergent subsequence (a_{ni} ). In this paper we do not use these assumptions. On the other side we use here the representation of an order bounded linear operator on the space of continuous functions on the interval [a, b] of real line into a (Dedekind) complete vector lattice Y ([1]).

1991 Mathematics Subject Classification. 28E10, 81P10.

Key words and phrases. Moment, vector lattice, completely monotone sequenc, positive operator. Supported by grants 3/1228/95 95/5305/471

Typeset by AMS-TEX 1

2 CAMILLE DEBIÈVE - MILOSLAV DUCHOŇ - BELOSLAV RIEČAN

2. Moment problem theorem

Let Y be a (Dedekind) complete vector lattice. Denote by L^o(X, Y ) the vector space of all o−bounded operators on the normed space X into Y , that is of those U that, if U ∈ L^o(X, Y ), then {U(x); ‖x‖ ≤ 1} is an o−bounded subset of Y . For U ∈ L^o(X, Y ) we put U = sup{|U(x)|; ‖x‖ ≤ 1} If we take into consideration a general form of an order bounded linear operator on the space C[a, b] into Y we can formulate a task in the considered case as follows: Decide under which conditions there exists such a non-decreasing function g(t) : [a, b] → Y such that ∫_b a t^ndg(t) = y_n, n = 0, 1, . . . Recall that a function g, defined on T = [a, b] and taking values in Y , is said to be of (o)-bounded variation, if the set of all elements of the form ∑ j |g(t_{j+1}) − g(t_j)|,

corresponding to all finite partitions of the interval T , is o-bounded. We shall denote by (o) − var_t2_T g(t) the least upper bound of this set.

We shall need the following result ([1], VII.1.5).

The general form of the (o)-bounded linear operator U : C(T ) → Y is given by the formula U(f) = ∫ T f(t)dg(t) where g : T → Y is a function of (o)−bounded variation.

We shall derive a concrete result relating to the power moment problem in the interval [0, 1].

Theorem. In order that there exists a non-decreasing function g(t) : [0, 1] → Y such that (1) ∫_1 0 t^ndg(t) = y_n, y_n ∈ Y, n = 0, 1, . . . it is necessary and sufficient that (2) Δ^ny_k ≥ 0, n, k = 0, 1, . . . , where Δ^my_k denotes the m-th differences for the sequence (y_k) defined inductively by equalities Δ^{m+1}y_k = Δ^my_k − Δ^my_{k+1}, Δ^0y_k = y_k, (3) m = 0, 1, . . . ; k = 0, 1, . . . . Proof. The necessity.

MOMENT PROBLEM IN SOME ORDERED VECTOR SPACES 3

Let the moment problem (1) be solved. Denote by L an order bounded linear operator on the space C[0, 1] → Y generated by a non-decreasing function (hence of order bounded variation, [1]), g(t) : [0, 1] → Y . Put

(4) x^{(m)}_k (t) = t^k(1 − t)^m, m, k = 0, 1, . . . .

Since x^{(m+1)} k (t) = t^k(1 − t)^{m+1} = t^k(1 − t)^m − t^{k+1}(1 − t)^m =

= x^{(m)}_k (t) − x^{(m)}_{k+1}(t),

we have L(x^{(m+1)} k ) = L(x^{(m)}_k ) − L(x^{(m)}_{k+1}), m, k = 0, 1, . . . .

Further

L(x^{(0)}_k ) =

∫_1 0 t^kdg(t) = y_k, k = 0, 1, . . . . If we take into the consideration (3), we can easily see (by induction) that

L(x^{(m)}_k ) =

∫_1 0 t^k(1 − t)^mdg(t) = Δ^my_k, m, k = 0, 1, . . . . From this we deduce that Δ^my_k ≥ 0, m, k = 0, 1, . . . , i. e. (2) is satisfied.

The sufficiency.

Let L_0 denote the operator defined on the set of functions (x_n), x_n(t) = t^n, n = 0, 1, . . . into Y by the formula

L_0(x_n) = y_n, n = 0, 1, . . . .

Extend L to the linear hull of the set (x_n), i. e. to the set of all polynomials. Namely if x(t) = c_0 + c_1t + · · · + c_nt^n, we put

L(x) = c_0y_0 + c_1a_1 = · · · + c_ny_n.

Since the functions x_n are linearly independent the definition of L will be unique.

The operator L defined above will be clearly additive and homogeneous. We shall see that the condition (2) implies that L is positive and order bounded on the vector space of all polynomials.

Let us note that (even without the condition (2)) the operator L is order bounded on the set P_m of all polynomials whose degree is ≤ m, because P_m is finitedimensional space (as coordinates we take coefficients of polynomial), hence the convergence (boudedness) in P_m is coordinatewise.

We have L(x^{(s)}_k ) = Δ^sy_k, k, s = 0, 1, . . . .

Take any polynomial p(t). Let the degree of p(t) be equal to m. Let us take the sequence of corresponding Berstein polynomials (of p(t)),

p_n(t) = B_n(p; t) = n∑ k=0 ( n k ) p( k n )t^k(1 − t)^n�^k.

4 CAMILLE DEBIÈVE - MILOSLAV DUCHOŇ - BELOSLAV RIEČAN

It is well-known that the degree of the polynomial p_n(t) for any n = 1, 2, . . . is not greater than m, and since p_n(t) uniformly converge to p(t) for n → ∞, we have (according to remarks above) L(p_n) → L(p) for n → ∞. But |L(p_n)| ≤ n∑ k=0 ( n k ) |p( k n )||L(x^{(n}�^{k)}_n )| ≤

||p|| n∑ k=0 ( n k ) Δ^n�^ky_k = ||p||y_0. If we take the limit on the left side for n → ∞, we obtain |L(p)| ≤ ||p||y_0. Since p is an arbitrary polynomial, we have proved that L is order bounded on the space of all polynomials. Now we may extend L to the whole space C[0, 1], since polynomials are uniformly dense in C[0, 1] ([1],VI.3.3). We may now use for this extension the theorem concerning general form of the order bounded linear operator on the space C[0, 1] ([1], VII.1.5) according to which L(f) = ∫_1 0 f(t)dg(t), f ∈ C[0, 1], where g(t) : [0, 1] → Y is a function of order bounded variation. In particular

y_n = L(x_n) =

∫_1 0 t^ndg(t), n = 0, 1, . . . We may further extend L to characteristic functions of all intervals in [0, 1]. Since by assumption 0 ≤ Δ^ky_n, k, n = 0, 1, . . . , we can see that L is positive for positive f. By definition g(t) = L(c_{[0,t]}), hence we can see that g is non-decreasing function.

We may reformulate the preceeding theorem in the form

Theorem bis. A sequence (a_k ) ⊂ Y is the moment sequence of a non-decreasing function g on [0, 1] into Y if and only if (a_k) is completely monotone.

Remark. We would like to mention that moment theorem can be applied to obtain a new proof of spectral theorem for Hermitian operators. Cf. [4], where moment theorem is considered in ordered locally convex spaces with some properties.

References

1. CRISTESCU, R., Ordered vector spaces and linear operators, Abacus Press, Kent, 1976. 2. DUCHOŇ, M., RIEČAN, B., Moment problem in vector lattices, Zb. Prir.-Mat. Fak., Univ.

v Novom Sadu, Ser. Mat. (to appear).

3. HAUSDORFF, F., Momentprobleme für ein endliches Interval, Math. Z. 16 (1923), 220–248. 4. SCHAEFER, H. H., A generalized moment problem, Math. Annalen 146 (1962), 325–330. 5. WIDDER, D. V., The Laplace transform, Princeton University Press, Princeton, 1946.

Université Catholique de Louvain, Institut de Mathématique Pure et Appl., Chemin du Cyclotron 2, B-1348 Louvain-la-Neuve, Belgique

Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, SK-814 73 Bratislava, Slovakia

E-mail address: debieve@amm.ucl.ac.be, duchon@mau.savba.sk, riecan@mau.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions 18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n

(continued on inside back cover)

17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of MV -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures