Preprint 6/1997

March 13, 1997

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Sylvia Pulmannová

Karl Svozil

Ideals in ortholattices, Bell

inequalities and simultaneously

definite properties

PREPRINT SERIES

IDEALS IN ORTHOLATTICES, BELL INEQUALITIES AND SIMULTANEOUSLY DEFINITE PROPERTIES

Sylvia Pulmannová and Karl Svozil

1. Introduction

Recently, J.L. Bell and R.K. Clifton [BC] introduced the notion of quasiboolean algebras and used them as a unifying element for different approaches to a characterization of simultaneously definite properties in quantum mechanics.

One physical motivation for this approach is a result proven for the first time by Kochen and Specker [KS] (see also Specker [Spe_1], Zierler and Schlessinger [ZS], John Bell [Bel_1], and Mermin [Mer]) stating the impossibility to “complete” quantum physics by the introduction of noncontextual hidden parameter models. Such a possible “completion” had been suggested, though in not very concrete terms, by Einstein, Podolsky and Rosen (EPR) [EPR]. These authors speculated that “elements of physical realitiy” exist irrespective of whether they are actually measured or not. Moreover, EPR conjectured, the quantum formalism can be “embedded” into a larger theoretical framework which would reproduce the quantum theoretical results but would otherwise be classical and deterministic from an algebraic and logical point of view.

A proper formalization of the term “element of physical reality” suggested by EPR can be given in terms of two-valued states or valuations, which can take on only one of two values 0 and 1 and which are interpretable as the classical logical truth assignments false and true, respectively. Kochen and Specker’s results [KS] state that for quantum systems representable by Hilbert spaces of dimension higher than two, there does not exist any such valuation f : L −→ {0, 1} on the set of closed linear subspaces L interpretable as quantum mechanical propositions preserving the lattice operations and the orthocomplement, even if these lattice operations are carried out among commuting elements.^1

The Kochen and Specker result, it is commonly believed, is directed against the noncontextual hidden parameter program envisaged by EPR. Indeed, if one takes into account the entire logic spanned by Hilbert space (of dimension larger than two) and if one considers all states thereon, any truth value assignment to quantum propositions prior to the actual measurement yields a contradiction. One “fall-back” option we shall consider here is a restriction to a subset of all possible states, corresponding to specifications of physical preparation procedures. It is then possible to recover consistent truth value assignments and therefore valuations for

1Nonpreservation of lattice operations among noncommuting propositions is quite evident, given the nondistributive structure of quantum logics.

Typeset by AMS-TEX

a subclass of quantum mechanical propositions. In this way one is naturally lead to the notion of quasiboolean algebras.

The aim of the present paper is to put these ideas into relations with related results previously obtained in lattice theory and quantum logic approach to quantum mechanics. In particular, we are interested in semiprime ideals, Boolean quotients, commutators, partial compatibility, joint distributions, Bell inequalities and hidden variables.

In [R], the ring-theoretical concept of semiprime ideal is appropriately defined for lattices. It is proved that an ideal I of a lattice L is semiprime iff I is the kernel of some homomorphism of L onto a distributive lattice with 0. The theory of semiprime ideals is developed there without assuming the axiom of choice and it is proved that the Ultrafilter Principle^2 is equivalent to the statement that every semiprime ideal is representable as an intersection of prime ideals.

In [Be], distributivity of a finitely generated orthomodular lattice is characterized using the concept of a semiprime ideal. A generalization of these results can be found in [Ch], where it is proved that an ideal in an orthomodular lattice is semiprime iff it contains the commutator ideal.

Irreducible orthomodular lattices with Boolean quotients are studied in [AP_1], where a nontrivial example of an irreducible orthomodular lattice is found, all proper quotients of which are Boolean algebras.

Some Bell-type inequalities in orthomodular lattices and their relations to subadditivity of states, commutators and Boolean quotients are studied in [PM], [P], [AP_2], and a further development of these ideas can be found in [DL_1], [DL_2], [Py].

2. Semiprime ideals and quasidistributive lattices

In the theory of commutative rings, the following result is known as Krull’s Lemma (cf. [Ban]): Axiom of Choice is equivalent, in Zermelo-Frankel set theory, to the condition that any proper ideal in a commutative ring with unit is contained in a maximal ideal, which in turn is equivalent to the formally simpler condition that any non-trivial commutative ring with unit contains a maximal ideal. Another variant of Krull’s Lemma says that the Boolean Ultrafilter thoerem is equivalent to the condition that every nontrivial commutative ring with unit contains a prime ideal. There are several attempts to find an analogue of Krull’s Lemma in the theory of distributive lattices (cf. [Ban]). Recall that an ideal I of a commutative ring R with unit is called semiprime whenever a^n ∈ I (n is a positive integer) entails a ∈ I. According to a well-known result by Krull ([Kr]), using well-ordering theorem, every semiprime ideal is the intersection of all prime ideals that contain it (cf. [R_1] for a proof using only the Ultrafilter Principle). In the following definition, an appropriate analogue of the notion of a semiprime ideal for lattices is given ([R]).

Recall that an ideal in a lattice L is a subset I of L such that a ∈ I, b ≤ a imply b ∈ I, and a, b ∈ I imply a ∨ b ∈ I. The definition of a filter is dual, that is, a subset

2The Ultrafilter Theorem for Boolean algebras says that every Boolean algebra contains a maximal filter (an ultrafilter, equivalently. Recall that an ultrafilter in a Boolean algebra B is a proper filter F such that for any x ∈ B, either x ∈ F or x^0 ∈ F ). Unlikely to the case of commutative rings, Axiom of Choice is strictly stronger than the Ultrafilter theorem for Boolean algebras (see [Ban]).

F of L is a filter if a ∈ F, b ≥ a imply b ∈ F and a, b ∈ F imply a ∧ b ∈ F . An ideal (filter) is proper if it is not equal to the whole L, and a proper ideal (filter) is maximal if there is no bigger proper ideal (filter).

Definition 2.1. An ideal I of a lattice L is called semiprime if for every x, y, z ∈ L, whenever x∧y ∈ I and x∧z ∈ I, then x∧(y ∨z) ∈ I. Dually, a filter F is semiprime if x ∨ y ∈ F and x ∨ z ∈ F imply that x ∨ (y ∧ z) ∈ F .

In a distributive lattice, every ideal and every filter is semiprime. Recall that an ideal I is called prime if x∧y ∈ I implies that either x ∈ I or y ∈ I. It is easy to see that every prime ideal is semiprime, and consequently any nonempty intersection of prime ideals or filters is semiprime.

The Ultrafilter Principle (in the form of the Boolean Prime Ideal Theorem) says that every Boolean algebra contains a prime ideal. In [R], there is proved that the Ultrafilter Principle is equivalent to the statement that every semiprime ideal in a lattice is representable as an intersection of prime ideals (a dual result holds for filters).

An ideal I is principal if I = (a] = {b ∈ L : b ≤ a}. We note that for principal ideals, the notion of a semiprime ideal coincides with the notion of 0-distributivity due to Varlet [V]. According to [V], a lattice with 0 is 0-distributive if x ∧ y = 0 and x ∧ z = 0 imply that x ∧ (y ∨ z) = 0. In [R], a 0-distributive lattice is called semiprime (i.e., the zero ideal (0] is semiprime). Dually, a lattice with 1 is called dual-semiprime if the unit filter [1) is semiprime. A bounded^3 lattice is called bi-semiprime if it is both semiprime and dual semiprime.

Recall that a binary relation R in a lattice is a congruence if R is an equivalence relation preserving lattice operations, i.e. aRa_1 and bRb_1 imply a ∨ bRa_1 ∨ b_1 and a ∧ bRa_1 ∧ b_1. A mapping h : L_1 → L_2, where L_i, i = 1, 2 are lattices, is a homomorphism if it preserves the lattice operations, i.e., h(a ∨ b) = h(a) ∨ h(b) and h(a ∧ b) = h(a) ∧ h(b). The kernel of a homomorphism is the set {a ∈ L : h(a) = 0}. The kernel of any homomorphism is an ideal, but not every ideal gives rise to a homomorphism, in general. Let R be a congruence on a lattice L. For a ∈ L, let ā denote the equivalence class with respect to R to which a belongs. The set of all equivalence classes, denoted by L/R, is a lattice called a quotient of L. The mapping a → ā assigning to every element a ∈ L its corresponding equivalence class ā in L/R, is a surjective homomorphism (called also the canonical epimorphism).

The main theorem in [R] is the following.

Theorem 2.2. Let L be a lattice and I an ideal in L. Then the following conditions are equivalent:

(1) I is semiprime.

(2) I is the kernel of some homomorphism onto a distributive lattice with zero. (3) I is the kernel of a homomorphism of L onto a semiprime lattice.

In [BC], the notion of an I-quasidistributive lattice (strongly I-quasidistributive lattice) is introduced as follows. As usual, the symbol 2 denotes the two-element Boolean algebra{0, 1}.

3a lattice is bounded if it has a smallest element 0 and a greatest element 1

Definition 2.3. Let L be a lattice and I an ideal in L. L is called I-quasidistri-butive if (one of) the following equivalent conditions are satisfied.

(1) Rad(L) ⊆ I, where Rad(L) denotes the intersection of the family of all prime ideals in L.

(2) Any x /∈ I is contained in a prime filter.

(3) For any x /∈ I there is a homomorphism h : L → 2 such that h(x) = 1. (4) There is a Boolean algebra B and a lattice homomorphism f : L → B such that f^{−1}(0) ⊆ I.

Definition 2.4. A lattice L with an ideal I is called strongly I-quasidistributive if the following equivalent conditions are satisfied.

(1) I is the intersection of a (nonempty) family of prime ideals. (2) Any x /∈ I is contained in a prime filter F such that F ∩ I = ∅. (3) For any x /∈ I there is a homomorphism h : L → 2 such that h(x) = 1 and I ⊆ h^{−1}(0).

(4) There is a Boolean algebra B and a lattice homomorphism f : L → B such that I = f^{−1}(0).

(5) Every I-maximal filter is prime. (A filter F is said to be I-maximal if it is maximal with respect to the property of disjointness from I.)

Proposition 2.5. Let L be a lattice, I an ideal in L. The following conditions are equivalent:

(1) I is semiprime iff L is strongly I-quasidistributive. (2) The Ultrafilter Principle (UP) holds.

Proof. By [R, Theorem 4.2], every semiprime ideal of a lattice is representable as an intersection of prime ideals iff UP holds. By (1) in the definition of strongly I-quasidistributive lattice, the result follows. �

3. Ideals in ortholattices and orthomodular lattices

Recall that an ortholattice (OL) is a (bounded) lattice with orthocomplementation, i.e., a unary operation^′ : L → L such that, for all a, b ∈ L, (i) a ≤ b =⇒ b^′ ≤ a^′, (ii) (a^′)^′ = a, (iii) a ∨ a^′ = 1 (dually, a ∧ a^′ = 0). An ortholattice becomes an orthomodular lattice (OML) if the orthomodular law a ≤ b =⇒ b = a ∨ (a^′ ∧ b) holds.

A congruence in an ortholattice should preserve also the orthocomplementation, i.e., aRb =⇒ a^′Rb^′. In an orthomodular lattice every lattice congruence is a congruence (see, e.g., [Be]). Similarly, a homomorphism of an ortholattice should preserve orthocomplements and map unit element to the unit element.

An ideal I in an ortholattice L is called orthomodular ideal (or a p-ideal) if a ∈ I, b ∈ L =⇒ (a ∨ b) ∧ b^′ ∈ I. Dually, a filter F in L is called an orthomodular filter (or a p-filter) if a ∈ F, b ∈ L =⇒ (a ∧ b) ∨ b^′ ∈ F.

Lemma 3.1. Let F be a subset of an OL L. The following statements are equivalent:

(1) F has the following properties: (i) 1 ∈ F , (ii) x ∈ F and x^′ ∨ y ∈ F imply y ∈ F . (2) F is an orthomodular filter.

Proof. (1) =⇒ (2): We prove first that F with properties (i) and (ii) is a filter. If x ∈ F , x ≤ y, then x ∧ y = x ∈ F and (x ∧ y)^′ ∨ y = x^′ ∨ y^′ ∨ y = 1 ∈ F implies y ∈ F . If x, y ∈ F , then x^′ ∨ y^′ ∨ (x ∧ y) = 1 ∈ F implies y^′ ∨ (x ∧ y) ∈ F , which in turn implies x ∧ y ∈ F . To prove that F is an orthomodular filter, for x ∈ F , y ∈ L define z = (x ∧ y) ∨ y^′. Then x^′ ∨ z = x^′ ∨ y^′ ∨ (x ∧ y) = 1 ∈ F implies z ∈ F .

(2) =⇒ (1): Assume x ∈ F and x^′ ∨ y ∈ F . Then (x^′ ∨ y ∨ y^′) ∧ y = y ∈ F . �

According to [C], a subset F of an ortholattice L with properties (i) and (ii) is called a deductive system (see also [K]).

A Boolean deductive system is a deductive system F such that the relation {(x, y) ∈ L^2 : (x^′ ∨ y) ∧ (y^′ ∨ x) ∈ F } is a congruence relation.

Define, for x, y ∈ L,

x → y = (x^′ ∧ y) ∨ (x^′ ∧ y^′) ∨ (x ∧ (x^′ ∨ y^′)).

An orthomodular deductive system is a deductive system such that the relation {(x, y) ∈ L^2 : (x → y) ∧ (y → x) ∈ F } is a congruence relation on L.

The following statement characterizes those ideals in an ortholattice which are kernels of homomorphisms onto Boolean algebras (see [K]).

Proposition 3.2. Let L be an ortholattice and let I be a proper ideal of L. The following statements are equivalent:

(1) There exists a homomorphism h from L onto a Boolean algebra with h^{−1}(0) = I.

(2) I is the intersection of prime ideals of L. (3) {x^′ ∈ L : x ∈ I} is a Boolean deductive system.

In [BC], a quasidistributive ortholattice is called a quasiboolean algebra. As a corollary of Proposition 3.2 we obtain that an ortholattice L is strongly Iquasiboolean if and only if the set {x^′ ∈ L : x ∈ I} is a Boolean deductive system. Moreover, L is strongly I-quasiboolean if and only if I is the intersection of prime ideals, consequently I is semiprime. Next proposition shows that the converse statement is also true.

Proposition 3.3. If I is a semiprime ideal of an ortholattice L, then the set F = {x^′ ∈ L : x ∈ I} is a Boolean deductive system.

Proof. We have to prove that x ≡ y iff (x∨y^′)∧(y∨x^′ ) ∈ F is a congruence relation. Recall that a reflexive binary relation Θ on a lattice is a congruence relation iff (i) x ≡ y(Θ) iff x ∧ y ≡ x ∨ y(Θ), (ii) x ≤ y ≤ z, x ≡ y(Θ) and y ≡ z(Θ) imply x ≡ z(Θ), (iii) x ≤ y and x ≡ y(Θ) imply x ∧ t ≡ y ∧ t(θ) and x ∨ t ≡ y ∨ t(Θ).

To prove (i), observe that x ∧ y ≡ x ∨ y iff x ∧ y ∨ x^′ ∧ y^′ ∈ F , and x ∧ y ∨ x^′ ∧ y^′ ≤ (x ∨ y^′) ∧ (x^′ ∨ y) implies that x ≡ y. Conversely, x ≡ y implies x ∧ y^′ ∨ x^′ ∧ y ∈ I. Then x ∧ y^′ ∈ I and 0 = x ∧ x^′ ∈ I imply, since I is semiprime, that x ∧ (y^′ ∨ x^′) ∈ I, and similarly we prove that y ∧ (y^′ ∨ x^′) ∈ I. Using once again the semiprime property of I, we obtain that (x ∨ y) ∧ (x^′ ∨ y^′) ∈ I, hence x ∨ y ≡ x ∧ y.

To prove (ii), observe that x ≤ y ≤ z, and x ≡ y, y ≡ z imply x^′ ∧ y ∈ I and y^′ ∧ z ∈ I. Then x^′ ∧ z ∧ y^′ = z ∧ y^′ ∈ I and x^′ ∧ z ∧ y = x^′ ∧ y ∈ I, and since I is semiprime, this yields x^′ ∧ z ∧ (y ∨ y^′) ∈ I, hence x ≡ z.

To prove (iii), observe that x ≤ y and x ≡ y imply x^′ ∧ y ∈ I. Then x^′ ∧ y ∧ t ≤ x^′ ∧ y ∈ I and 0 = t^′ ∧ y ∧ t ∈ I imply (x^′ ∨ t^′) ∧ t ∧ y ∈ I, hence x ∧ t ≡ y ∧ t. Similarly, x^′ ∧t^′ ∧y ≤ x^′ ∧y ∈ I and x^′ ∧y ∧t^′ = 0 ∈ I imply that x^′ ∧t^′ ∧(y ∨t) ∈ I. Hence x ∨ t ≡ y ∨ t. �

Corollary 3.4. In an ortholattice L the following statements are equivalent:

(1) I is a semiprime ideal of L, (2) L is strongly I-quasiboolean, (3) I is the intersection of prime ideals, (4) {x ∈ L : x^′ ∈ I} is a Boolean deductive system.

Corollary 3.4 extends Krull’s result to ortholattices and semiprime ideals of them. For orthomodular lattices this result was proved in [Ch] (see Proposition 3.6 below).

The following proposition characterizes those ideals (filters) of an ortholattice which are kernels of homomorphisms onto an orthomodular lattice. For the proof see [K].

Proposition 3.5. Let L be an ortholattice, I a proper subset of L and F = {x ∈ L : x^′ ∈ I}. The following statements are equivalent:

(1) There exists a homomorphism h from L onto an orthomodular lattice with h^{−1}(0) = I.

(2) F is an orthomodular deductive system.

It is easy to check that a homomorphic image of an orthomodular lattice is an orthomodular lattice (indeed, let h(a) ≤ h(b). Orthomodularity gives a ∨ b = a ∨ (a^′ ∧ (a ∨ b), which implies h(b) = h(a) ∨ h(a)^′ ∧ h(b)). Let I be an ideal in an orthomodular lattice. It is well-known that the following statements are equivalent:

(1) I is an orthomodular ideal;

(2) relation aRb iff aΔb = (a ∨ b) ∧ (a^′ ∨ b^′) ∈ I is a congruence; (3) I is the kernel of a homomorphism of L.

Let L be an orthomodular lattice (OML, for short). For a, b ∈ L, the element com(a, b) = (a ∨ b) ∧ (a^′ ∨ b) ∧ (a ∨ b^′) ∧ (a^′ ∨ b^′) is called the upper commutator of a, b. Lower commutator is defined dually: com(a, b) = com(a, b)^′ . Any ideal in an OML which contains the ideal I_c generated by the upper commutators is orthomodular and, for an orthomodular ideal I of L, the quotient L/I is Boolean iff I_c ⊆ I. The ideal I_c is called the commutator ideal ([Ma]). In [Ch], the following results were obtained:

Proposition 3.6. Let I be an ideal of an OML L. The following statements are equivalent:

(1) I is semiprime.

(2) I satisfies the condition a ∧ b ∈ I and a ∧ b^′ ∈ I imply a ∈ I. (3) I contains the commutator ideal.

Condition (3) implies that every semiprime ideal is orthomodular. Taking into account that an ideal I of an OML is prime iff I is orthomodular and L/I = 2, we obtain that an ideal I is semiprime iff it is the intersection of all prime ideals that contain it. Indeed, we clearly have I ⊂ ∩{Jprime : I ⊂ J}, and if a /∈ I, a ∈ J for any prime ideal J which contains I, then in the Boolean algebra L/I, ā ≠ 0, but h(ā) = 0 for any two-valued homomorphism h on L/I, a contradiction.

Proposition 3.7. Let I be an ideal of an orthomodular lattice L. The following statements are equivalent:

(1) L is I-quasiboolean algebra. (2) I is semiprime.

(3) L is strongly I-quasiboolean algebra.

Proof. (1) =⇒ (2): According to Definition 2.3 (4), if L is a quasiboolean algebra, there is a Boolean algebra B and a lattice homomorphism f : L → B such that f^{−1}(0) ⊆ I. For every a ∈ L we have

f(0) = f(a ∧ a^′) = f(a) ∧ f(a^′) = 0 f(1) = (a ∨ a^′) = f(a) ∨ f(a^′ ) = 1

since a lattice homomorphism is order-preserving. Since a Boolean algebra can be characterized as uniquely complemented ortholattice, we get f(a^′) = f(a)^′ , hence f preserves orthocomplements. Therefore I_c ⊆ f^{−1}(0) ⊆ I. By Proposition 3.4, I is semiprime.

(2) =⇒ (3): A semiprime ideal in an OML is the intersection of all prime ideals that contain it. By Definition 2.4 (1), L is a strongly I-quasiboolean algebra.

(3) =⇒ (1): Follows directly from the definitions. �

Recall that a subalgebra of an OL L is a subset M ⊆ L such that (i) a ∈ M =⇒ a^′ ∈ M, (ii) a, b ∈ M =⇒ a ∨ b ∈ M. A subalgebra M of an OL is an OL with the operations inherited from L. A subalgebra of L is a Boolean subalgebra if, with operations inherited from L, it is a Boolean algebra.

Example 3.8. In [AP_1], the following example has been found. Let L be an infinite dimensional, irreducible, complete, atomic OML with covering property. (As a concrete example we may consider the OML L = L(H), the lattice of all closed linear subspaces of an infinite dimensional Hilbert space.) Let F denote the set of all finite dimensional elements of L. Then F is an orthomodular ideal in L which is contained in any other nonzero orthomodular ideal of L (see [AP_1]). Let Φ : L → L/F be the canonical epimorphism.

Let B be any Boolean subalgebra of L. Put L_1 = {Φ^{−1}(b) : b ∈ Φ(B)}. L_1 is a subalgebra of L containing F = Φ^{−1}(0), and F is contained in every nonzero ideal of L_1. Moreover, L_1/F ∼ B is a Boolean algebra. Consequently, L_1 is an irreducible OML which is (strongly) I-quasiboolean with respect to every nonzero orthomodular ideal of L_1.

The method used in the above example will be used in the sequel to a characterization and construction of maximal quasiboolean subalgebras.

Let L be an OL and I an ideal of L such that I is the kernel of a homomorphism h : L → L/I. Let B be a maximal Boolean subalgebra of L/I. Put L_B = {x ∈ L : x ∈ b for some b ∈ B}. It is easy to check that L_B is a subalgebra of L which contains I as an ideal. Moreover, L_B/I ≃ B, hence L_B is quasiboolean.

We claim that L_B is a maximal I-quasiboolean subalgebra of L. Assume that L_1 ⊇ L_B is an I-quasiboolean subalgebra of L. Then L_1/I is a Boolean subalgebra of L/I containing B. Since B is maximal in L/I, we must have L_1/I = B. If there is a ∈ L_1, a /∈ L_B, then a/I /∈ B, a/I ∈ L_1/I, a contradiction.

Conversely, let L_1 be a subalgebra of L containing I which is maximal with the property of being I-quasiboolean. Then L_1/I is a Boolean subalgebra of L/I, which is contained in a maximal one, say B. Then B ⊃ L_1/I =⇒ L_B ⊃ L_1. Since L_1 is maximal with the property of being I-quasiboolean, we get L_B = L_1.

A subalgebra of an OML (as an ortholattice) is also an OML. Therefore, if I is an orthomodular ideal in an OML L, then L_B is a maximal sub-OML of L with the property of being I-quasiboolean (equivalently, that I is a semiprime ideal in L_B).

Summarizing, we proved the following statement.

Theorem 3.9. Let I be an ideal of an OL L which is a kernel of a homomorphism. A subalgebra L_0 of L is maximal with the properties L_0 ⊇ I and L_0/I is a Boolean algebra if and only if L_0 = L_B for some maximal Boolean subalgebra B of L/I.

4. States on ortholattices

A state (finitely additive) on an OL L is a map m : L → [0, 1] such that m(1) = 1 and a ⊥ b =⇒ m(a ∨ b) = m(a) + m(b). A state m is order-preserving: assume a ≤ b, then a ⊥ b^′ implies that m(a∨b^′) = m(a) + m(b^′) = m(a) + 1 − m(b), and from this we get m(b) = m(a) + m(a^′ ∧ b). In other words, the orthomodular identity is satisfied in any state m on an ortholattice.

A state m on an OL L is called Jauch-Piron if

m(a) = 0, m(b) = 0 =⇒ m(a ∨ b) = 0.

Equivalently, a state m is Jauch-Piron if the null set m^{−1}(0) of m is an ideal in L.

A state m on an OL L is called a p-state (or an orthomodular state) if

m(a ∨ b) = m(b) whenever m(a) = 0.

Equivalently, a state m is a p-state if m^{−1}(0) is an orthomodular ideal.

A state m on an OL L is called subadditive if m(a ∨ b) ≤ m(a) + m(b). A state m on an OL L is called a valuation if m(a ∨ b) + m(a ∧ b) = m(a) + m(b). A state m on an OL L is called two-valued if m(a) ∈ {0, 1} for all a ∈ L. It is easy to see that the following inclusions hold:

valuation =⇒ subadditive =⇒ p-state =⇒ Jauch-Piron state. If dimH ≥ 3, then every completely additive state on L(H) is Jauch-Piron, in particular, if H is finite dimensional, every state is Jauch-Piron. It is easy to find states on L(H) of two-dimensional Hilbert space which are not Jauch-Piron. There are examples of Jauch-Piron states which are not orthomodular, and orthomodular states which are not subadditive (see, e.g. [P]). A two-valued state is a valuation if and only if it is Jauch-Piron. On an OML, a state m is a valuation if and only if it is subadditive. On an ortholattice L, the following statement can be proved.

Proposition 4.1. A subadditive state m on an ortholattice L is a valuation if and only if m^{−1}(1) is an orthomodular deductive system.

Proof. If m is a valuation, then the relation a ≡ b iff m(a ∨ b) − m(a ∧ b) = 0 is a congruence of L with the kernel m^{−1}(0) and the quotient is a modular ortholattice (see e.g.[Bi]). According to Proposition 3.5 (2), m^{−1}(1) is an orthomodular deductive system.

Conversely, if m is subadditive and m^{−1}(1) is an orthomodular deductive system, then m^{−1}(0) is the kernel of a homomorphism of L onto an orthomodular lattice L_0. Let ā ∈ L_0 denote the equivalence class containing a ∈ L. Then m̄(ā) = m(a) defines a state on L_0. Subadditivity of m implies that m̄ is subadditive too, and hence it is a valuation. This implies that m is also a valuation. �

Answer to the following question is not known to the authors: Problem. Does there exist a subadditive state on an ortholattice which is not a valuation?

As a consequence of Theorem 3.9 we obtain the following.

Proposition 4.2. Let m be an orthomodular state on an OML L. A subalgebra L_0 of L is maximal with respect to the properties that I = m^{−1}(0) ⊂ L_0 and L_0/I is a Boolean algebra iff L_0 = L_B for some maximal Boolean subalgebra of L/I.

Let L be an ortholattice and m a state on L. We say that m satisfies Bell inequalities (of type 2, [PM] or of order 3, [DL_2]) if, for any a, b, c ∈ L, m(a) + m(b) + m(c)−m(a ∧ b) − m(a ∧ c) −m(b ∧ c) + m(a ∧ b ∧ c) ≤ 1 (1) It was proved in [PM] that if m is a state on an OML L, then Bell inequalities (1) are satisfied if and only if m(com(a, b) = 0 for all a, b ∈ L. This yields the following statement.

Theorem 4.3. Let m be a state on an OML L and I = m^{−1}(0). The following statements are equivalent.

(1) Inequalities (1) are satisfied in m. (2) I is a semiprime ideal of L. (3) L is I-quasiboolean algebra.

Recall that two elements a, b in an OML L are compatible if com(a, b) = 0. We will write aCb if a, b are compatible. For any subset A of L, define C(A) = {b ∈ L : aCb ∀a ∈ A}. The set C(A) is called the commutant of A in L. It is well known that C(A) is a subalgebra of L for any subset A of L. The set C(L) is the centre of L.

If p is an atom in an OML L, then C(p)(≡ C({p})) = [0, p^′] ∪ [p, 1]. Indeed, bCp implies p = b ∧ b ∨ p ∧ b^′, and since p is an atom, either p ∧ b = 0, in which case p ≤ b^′, or p ∧ b^′ = 0, in which case p ≤ b.

It is a well-known fact that an interval [0, a] in an OML is an orthomodular ideal iff a belongs to the centre C(L) of L. Therefore, for every a ∈ L, L_0 = C(a) is the greatest subalgebra L_0 of L with the property that [0, a] is an orthomodular ideal in L_0. Combining this with our previous results, we obtain the following statement.

Theorem 4.4. Let L be an OML. For any a ∈ L, a subalgebra L_1 of L is maximal with respect to the property that L_1 is I-quasiboolean algebra where I = [0, a] if and only if L_1 = L_B for some maximal Boolean subalgebra B of C(a)/I.

In [PP], the following definition can be found. We say that a subset M of an OML L is partially compatible with respect to a (p.c. a in short, a ∈ L) if the following two conditions are satisfied:

(1) M ⊂ C(a), (2) M ∧ a = {m ∧ a : m ∈ M} is a pairwise compatible set.

In particular, if a is an atom of L, then for any b ∈ C(a), b∧a is either 0 or a, hence the whole C(a) is p.c. a. In the next proposition, we list some basic properties of partial compatibility ([PP]).

Proposition 4.5. Let L be an OML, M a subset of L and a, a_i(i ∈ I) elements of L. The following is true:

(1) M is p.c. a iff {x, y} p.c. a for all x, y ∈ M. (2) {x, y} p.c. a iff {x, y} ⊂ C(a) and a ≤ com{x, y}. In particular, {x, y} p.c. com{x, y}. (3) {x, y} p.c. a_i for all i ∈ I imply {x, y} p.c. ⋁ i a_i and ⋀ a_i.

(4) A maximal p.c. a set Q containing a given set M (by Zorn’s lemma, it exists) is a subalgebra of L.

Proposition 4.6. A maximal p.c. a set Q in an OML L (a ∈ L) coincides with a subalgebra L_0 of L which is maximal with respect to the properties that [0, a^′] is an orthomodular ideal in L_0 and L_0 is [0, a^′]-quasiboolean.

Proof. (1) Let Q be a maximal p.c. a subset of L. We then have the following properties: Q ⊂ C(a) and [0, a^′] is an orthomodular ideal in C(a). Therefore C(a) can be factorized to C(a) = [0, a]×[0, a^′] and the quotient C(a)/[0, a^′] is isomorphic with the interval [0, a]. Moreover, Q/[0, a^′] is isomorphic with Q ∧ a. According to

Proposition 4.5 (4), it is a subalgebra of [0, a], and since it is pairwise compatible, it is a Boolean algebra. Finally, Q ∧ a is a maximal Boolean subalgebra of [0, a], because Q is a maximal p.c. a set. Observe that Q = L_B where B = Q/[0, a^′] = Q ∧ a. (2) Let L_0 be a subalgebra of L which is maximal with the property that L_0 is [0, a^′]-quasiboolean algebra. Then [0, a^′] must be an orthomodular ideal of L_0, and hence L_0 ⊂ C(a). In addition, L_0/[0, a^′] is a Boolean algebra. Since L_0/[0, a^′] is isomorphic with L_0 ∧ a, this yields that L_0 is p.c. a. If L_0 is not maximal p.c. a subset of L, then there is a maximal p.c. a subset Q of L containing L_0. According to (4) in Proposition 4.5, Q is a subalgebra of L. Then L_0/[0, a^′] ⊂ Q/[0, a^′], and Q/[0, a^′] is a Boolean algebra. Hence Q is [0, a^′]-quasiboolean algebra. Owing to maximality of L_0, we get L_0 = Q. �

In particular, if p is an atom of L, then C(p) = [0, p^′] ∪ [p, 1], and C(p)/[0, p^′] ≡ [0, p] is isomorphic with the Boolean algebra 2. Hence C(p) itself is the greatest p.c. p subalgebra of L. Equivalently, [0, p^′] is a prime ideal of C(p), and C(p) is the greatest [0, p^′]-quasiboolean subalgebra of L.

Let m be a state on an ortholattice L. If there is an element a ∈ L such that m(b) = 0 if and only if b ⊥ a, we say that a is the support of m, and write a = s(m).

On the Hilbert space logic L(H), dimH ≥ 3, every completely additive state m has a support, namely if m corresponds to a density operator D with the spectral decomposition D = ∑ i w_iP_i, then its support is s(m) = ⋁ P_i.

We say that a subset M of an OML L has a joint distribution in a state m if for every finite subset {a_1, a_2, . . . , a_n} of M there is a probability measure μ on B(R^n) such that μ(E_1 × E_2 × · · · × E_n) = m(x_{a1} (E_1) ∧ · · · ∧ x_{an} (E_n)),

where x_{ai} is the proposition observable corresponding to the element a_i (that is, x_{ai} (E)(E ∈ B(R)) is equal to a_i, a^′_i, 1, 0 if E contains 1, 0, both 1, 0, none of 1, 0, respectively. For the following facts about joint distribution see, e.g., [P_1], [P,P], [P,D]. A subset M of L has a joint distribution in a state m if and only if m(com(a_1, . . . , a_n)) = 1 for any a_1, . . . , a_n ∈ M. If ⋀ F ⊂M comF exists, where the

infimum is taken over all finite subsets F of M, we call it the (lower) commutator of the set M, and M p.c. comM whenever comM exists. In particular , if L is a complete lattice, then comM exists for any M ⊂ L. In a separable Hilbert-space logic L(H), the condition that M has a joint distribution in a σ-additive state m can be rewritten as m(comM) = 1. If L(M) denotes a subalgebra of L generated by M, then comL(M) = comM. Moreover, since L(M) p. c. comM, L(M) ∧ comM is a Boolean subalgebra of the OML (comM] (or, equivalently, of the quotient C(comM)/[0, comM], and for any a ∈ C(comM), a = a ∧ comM ∨ a ∧ comM. Therefore m(a) = m(a ∧ comM), whenever m(comM) = 1.

This means that a maximal subset of L(H) having a joint distribution in a state m is a subalgebra L_0 of L(H) maximal with the property m(comL_0) = 1. Moreover, elements of L_0 can be treated, what concerns their stochastic properties in the state m, as the classical propositions L_0 ∧ comL_0.

Now if the support s(m) of the state m exists, then m(com(a_1, . . . , a_n)) = 1 iff s(m) ≤ com(a_1, . . . , a_n). Therefore, a maximal p.c. s(m) set can also be characterized as a subalgebra L_0 of L which is maximal with respect to the properties

L_0 ⊂ C(s(m)) and L_0 have a joint distribution in the state m. For any a ∈ C(s(m) we have a = a ∧ s(m) ∨ a ∧ s(m)^′, hence m(a) = m(a ∧ s(m)). If s(m) is an atom, then a ∧ s(m) is either 0 or s(m), whence m(a) is either 0 or 1. These remarks will be used in the next paragraph.

5. Simultaneously definite properties

Consider a quantum system represented by a Hilbert space H whose state is represented at some moment by some density (positive, Hermitean, trace-class one) operator D on H. Each projection operator P on H defines a proposition of the system, and has eigenvalues 0 and 1, which can be interpreted as ”true” and ”false”. There is a well-known bijection between the set of projections and the set L(H) of closed subspaces of H. The corresponding state is then given by the mapping P → T r(P D), P ∈ L(H). The following question now arises. Of the propositions of the system, represented by L(H), which can be regarded as actually having simultaneously well-defined values (0 or 1) in state D? In [BC], three proposals are considered. We use the symbol L(D) for the set of propositions in question.

I. The orthodox proposal advocated by von Neumann [N] and Dirac [D]: L(D) = {P ∈ L(H) : T r(P D) = 1 or 0}. Equivalently, L(D) = {P ∈ L(H) : s(D) ≤ P or s(D) ≤ P^′}, where s(D) denotes the support of the state D.

If s(D) is an atom (i.e., if D is a pure state), then L(D) coincides with C(s(D)), the maximal p.c. s(D) subalgebra of L(H). According to Proposition 4.6, L(D) is the maximal [0, s(D)^′ ]-quasiboolean subalgebra of L. Clearly, s(D) is a central atom of L(D), and if H is finite dimensional, then L(D) is easily seen to be generated by s(D) and all atoms contained in s(D)^′ .

II. We require that L(D) consists of propositions that have definite values in all pure states corresponding to the spectral projections of D with non-zero eigenvalues L(D) = {P ∈ L(H) : ∀P ∈ P_D, P ≤ P or P ≤ P^′}, where P_D denotes the set of spectral projections of D with non-zero eigenvalues.

Writing L_0 = ⋂ P ∈P_D C(P ), I = [0, s(D) ′ ], and taking into account that s(D) = ⋁ P , it can be easily checked that I ⊂ L(D) ⊂ L_0, L(D) is I-quasiboolean, and L(D) = L_B, where B is the Boolean subalgebra of L_0/I generated by the classes corresponding to the elements P ∈ P_D and s(D)^′ . L(D) is a maximal I-quasi-boolean subalgebra of L with the additional property that P ∈ P_D are its central atoms.

III. Proposal for L(D) due to Bub and Clifton [BuC]. Let {R_i} be the (finite, for simplicity) set of spectral projections of some observable represented by the self-adjoint operator R, and (for pure D) define D_{Ri} = (D ∨ R^′_i) ∧ R_i for all i. Let {D_{Rj} } be the set of all nonzero D_{Ri} . The proposal for L(D) is L(D) = {P ∈ L(H) : ∀j, D_{Rj} ≤ P or D_{Rj} ≤ P^′}.

Every D_{Rj} can be interpreted as the Lüders change of the state D after measurement of R_j. Correspondingly, the state D after a measurement of R is changed into a mixture of the states D_{Rj} . The new state has the support ∨D_{Rj} , hence the ideal corresponding to zero-valued-propositions in this new state is I = [0, (∨D_{Rj} )^′]. With this interpretation, III is analogous to II, but takes into account the Lüders change of the initial state after a measurement of a chosen observable.

References

[AP1] D’Andrea, A. B., Pulmannová, S., Boolean quotients of orthomodular lattices, Alg.

Universalis 37 (1995), 485–495.

[AB2] D’Andrea, A. B., Pulmannová, S., Quasivarieties of orthomodular lattices and Bell inequalities, Rep. Math. Phys. 37 (1996), 261–266.

[Ban] Banaschewski, B., The power of the Ultrafilter Theorem, J. London Math. Soc. 27 (1983), 193–202.

[Be] Beran, L., Distributivity in finitely generated orthomodular lattices, Comment. Math.

Univ. Carolinae 28 (1987), 433–435.

[Bel1] Bell, J.S., On the problem of hidden variables in quantum mechanics, Rev. Mod. Phys.

38 (1966), 1–13.

[Bel2] Bell, J.S., Speakable and Unspeakable in quantum mechanics, Cambridge University Press, Cambridge, 1987.

[BC] Bell, J. L., Clifton, R. K., QuasiBoolean algebras and simultaneously definite properties in quantum mechanics, Internat. J. Theoret. Phys. 34 (1995), 2409–2421.

[Ch] Chevalier, G., Semiprime ideals in orthomodular lattices, Comment. Math. Univ. Carolinae 29 (1988), 379–386.

[DL1] Dvurečenskij, A., Länger, H., Bell-type inequalities in orthomodular lattices I., Internat.

J. Theoret. Phys. 34 (1995), 995–1024.

[DL2] Dvurečenskij, A., Länger, H., Bell-type inequalities in orthomodular lattices I., Internat.

J. Theoret. Phys. 34 (1995), 1025–1036.

[EPR] Einstein, A., Podolsky, B., Rosen, N., Can quantum mechanical description of physical reality be considered complete?, Phys. Rev. 47 (1935), 777–780, reprinted in [WZ], pp. 138–141.

[K] Kalmbach. G., Orthomodular lattices, Academic Press, London, New York, 1983. [KS] Kochen, S., Specker, E.P., The problem of hidden variables in quantum mechanics., J.

Math. Mech. 17 (1967), 59–87, reprinted in [Spe2], pp. 235–263.

[Kr] Krull, W., Idealtheorie in Ringen ohne Endlichkeitsbedingungen, Math. Ann. 101 (1929), 41–53.

[Ma] Marsden E. L. Jr., The commutator and solvability in a generalized orthomodular lattice, Pac. J. Math. 33 (1970), 357–361.

[Mer] Mermin, N.D., Hidden variables and the two theorems of John Bell, Rev. Math. Phys.

65 (1993), 803–815.

[P] Pulmannová, S., Bell inequalities and quantum logics, The interpretation of quantum theory: where do we stand? (Accardi, L., eds.), Istituto della Enciclopedia Italiana fondata da G. Treccani, Roma, 1994, pp. 295–302.

[P1] Pulmannová, S., Commutators in orthomodular lattices, Demonstratio Math. 18 (1985), 187–205.

[P,D] Pulmannová, S., Dvurečenskij, A., Uncertainty principle and joint distributions of observables, Ann. Inst. H. Poincaré A 42 (1985), 253 – 265.

[PM] Pulmannová, S., Majerník, V., Bell inequalities on quantum logics, J. Math. Phys. 33 (1992), 2173–2178.

[PP] Pták, P., Pulmannová, S., Orthomodular structures as quantum logics, Kluwer, Dordrecht, 1991.

[R] Rav, Y., Semiprime ideals in general lattices, J. Pure Appl. Algebra 56 (1989), 105–118. [R1] Rav, Y., Variants of Rado’s selection lemma and their applications, Math. Nachr. 79 (1977), 145–165.

[Spe1] Specker, E., Die Logik nicht gleichzeitig entscheidbarer Aussagen., Dialectica 14 (1960), 175–182, reprinted in [Spe2], pages 175–182.

[Spe2] Specker, E., Selecta, Birkäuser Verlag, Basel, 1990.

[V] Varlet, J., A generalization of the notion of pseudo-complementedness, Bull. Soc. Roy.

Sci. Liège 36 (1968), 149–158.

[WZ] Wheeler, J.A., Zurek, W.,H., Quantum Theory of Measurement, Princeton University Press, Princeton, 1983.

[ZS] Zierler, N., Schlessinger, M., Boolean embeddings of orthomodular sets and quantum logic, Duke Math. J. 32 (1965), 251–262.

Mathematical Institute, Slovak Academy of Sciences, 814 73 Bratislava, Slovakia Department of Theoretical Physics, TU Wien, Wiedner Hauptstrasse

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results 22/1996 Ivan Korec: Open problems more or less related to generalized Pascal triangles 21/1996 Sylvia Pulmannová: On connections among some orthomodular structures 20/1996 Pekka Lahti, Sylvia Pulmannová: Coexistent observables and e¸ects in quantum mechanics 19/1996 Ivan Korec: De˛nability of arithmetical operations from Pascal’s triangle modulo n and arithmetical functions

(continued on inside back cover)

18/1996 Ivan Korec: Undecidability and uniform de˛nability in classes of structures related to Pascal’s triangles modulo n 17/1996 Beloslav Rieèan: Probability theory on some ordered structures 16/1996 Beloslav Rieèan: Weak observables in MV algebras 15/1996 Anatolij Dvureèenskij, Hee Sik Kim: On connections between BCK-algebras and di¸erence posets 14/1996 Anatolij Dvureèenskij, Karl Svozil: Product of partition logics, orthoalgebras and automata 13/1996 Robin L. Hudson, Sylvia Pulmannová: Chaotic expansion of elements of the universal enveloping algebra of a Lie algebra associated with a quantum stochastic calculus 12/1996 Sylvia Pulmannová: Congruences in partial abelian semigroups 11/1996 Karol Nemoga, ľtefan Schwarz : An explicit description of the set of all normal bases generators of a ˛nite ˛eld 10/1996 Ján Jakubík: Subdirect product decompositions of MV -algebras 9/1996 Ivan Korec: Reversibility in generalized Pascal triangles and binary reversibility in one-dimensional cellular automata 8/1996 Jozef Bobok, Milan Kuchta: X-minimal patterns and generalization of Sharkovski»“’s theorem 7/1996 Jarmila Hedlíková, Sylvia Pulmannová: Generalized di¸erence posets and orthoalgebras 6/1996 Ján Borsík, Roman Friè: Pointwise convergence fails to be strict 5/1996 Miroslav Ploźèica: A‹ne completions of distributive lattices 4/1996 Ján Haluźka: Equal temperament and Pythagorean tuning: a geometrical interpretation in the plane 3/1996 Winfried Just, Peter Vojtáź: On matrix rapid ˛lters 2/1996 Anatolij Dvurereèenskij : Fuzzy set representations of some quantum structures 1/1996 Miloslav Duchoò, Beloslav Rieèan: On the product of semigroup valued measures