Preprint 2/1999

March 2, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anatolij Dvureèenskij

Pekka Lahti

Kari Ylinen

Some remarks

on the moment problem

PREPRINT SERIES

SOME REMARKS ON THE MOMENT PROBLEM

ANATOLIJ DVUREÈENSKIJ, PEKKA LAHTI, AND KARI YLINEN

Abstract. We solve the moment problem for the polar margins of a physically relevant class of phase space observables.

1. Introduction and notations

The representation of an observable as a positive operator measure in the Hilbert space formulation of quantum mechanics arises the question of determining the moment operators of an observable and of the uniqueness of the operator measure in terms of its moment operators. Though the classical moment problem has been thoroughly investigated, see, e.g., [1], [2], [3], [4], much less has been published on the operator measure counterpart of the problem. In this paper we investigate the operator measure formulation of the moment problem, and we solve the problem for the unsharp phase and number observables which are obtained as the polar coordinate angle and radial margins of the phase space observables.

Let H be a complex Hilbert space, and let L(H) denote the set of bounded operators on H. Let Ω be a nonempty set and A a σalgebra of subsets of Ω. Let E : A → L(H) be an operator measure, and let E_{ψ,φ}, ψ, φ ∈ H, denote the complex measure defined by E_{ψ,φ}(X) = ⟨ ψ | E(X)φ ⟩. In this paper we always assume that the operator measures are positive, that is, E(X) ≥ O for all X ∈ A, and normalized, that is, E(Ω) = I. Let f : Ω → C be an A-measurable function and let D(L^E(f)) denote the set of those vectors φ ∈ H for which f is E_{ψ,φ}-integrable for each ψ ∈ H. The integral of f with respect to E is the unique linear operator L^E(f), with the domain D(L^E(f)), such that ⟨ ψ | L^E(f)φ ⟩ = ∫ Ω f dE_{ψ,φ} for all φ ∈ D(L^E (f)), ψ ∈ H. We denote this operator also by ∫ f dE. Further details and properties of this notion of an operator integral are given in [5] and [6].

Assume now that Ω = R, with A being the σ-algebra B(R) of the Borel subsets of the real line R. Let id denote the identity function on R. Let N denote the set of natural numbers including 0. For any k ∈ N, we call the linear operator L^E(id^k) the k-th moment operator of the operator measure E. We also write L^E(id^k) = ∫ R^{xk dE(x). In} 1

general, L^E(id^k) need not be densely defined; it is even possible that D(L^E (id^k)) = {0}. We call the number ⟨ ψ | L^E(id^k)φ ⟩ = ∫ R^{idk dEψ,φ,} ψ ∈ H, φ ∈ D(L^E (id^k)), the k-th moment of the complex measure E_{ψ,φ}.

2. Operator measures concentrated on bounded sets

Consider an operator measure E : B(R) → L(H) which is concentrated on a closed interval [a, b] of the real line R. Its moment operators L^E(id^k) are bounded self-adjoint operators. It is a well-known consequence of the Weierstrass approximation theorem and the uniqueness part of the Riesz representation theorem that the moment operators L^E(id^k) determine E uniquely. We ask under what conditions the sequence of bounded self-adjoint operators may appear as a sequence of the moment operators of an operator measure concentrated on [a, b]. A characterization of such operator sequences is given, for instance, in [7, Theorem II, p. 463]. The multitude of the polynomial conditions of that result may, however, be reduced by using the notion of completely monotone operator sequences.

We say that a sequence of bounded self-adjoint operators (S_k)^∞_{k=0} ⊂ L(H) is completely monotone with respect to an interval [a, b] if, for all m, n ∈ N, n∑ j=0 m+j∑ i=0 (−1)^j (b − a)^j (−a)^i ( n j )( m + j i ) S_{m+j−i} ≥ O. Using a simple transformation, the result [8, Theorem 4.2] can easily be adopted to characterize such operator sequences.

Theorem 2.1. A sequence of bounded self-adjoint operators (S_k)^∞_{k=0} ⊂ L(H), with S_0 = I, is a sequence of the moment operators of an operator measure E concentrated on the interval [a, b] if and only if (S_k)^∞_{k=0} is completely monotone with respect to the interval [a, b].

3. Operator measures with unbounded support

Consider now an operator measure E : B(R) → L(H) which is not necessarily concentrated on a bounded set. Its moment operators L^E(id^k), k ∈ N, are symmetric, that is, ⟨ ψ | L^E (id^k)φ ⟩ = ⟨ L^E(id^k)ψ | φ ⟩ for all ψ, φ ∈ D(L^E (id^k)), but they need not be densely defined. Assuming that D ⊆ ∩^∞_{k=0}D(L^E (id^k)), one may ask whether for a given φ ∈ D the positive measure E_{φ,φ} is determinate, that is, if the moment sequence ( ⟨ φ | L^E(id^k)φ ⟩ )_{k≥0} determines the measure E_{φ,φ}. One may also ask if the totality of the moment sequences ( ⟨ φ | L^E(id^k)φ ⟩ )_{k≥0}, φ ∈

D, determines the moment operators L^E(id^k), and, finally, if the moment operators L^E(id^k) determine the operator measure E.

It is well known that in the unbounded case a moment sequence ( ⟨ φ | L^E(id^k)φ ⟩ )^∞_{k=0}, φ ∈ D, need not determine the measure E_{φ,φ}. Indeed, consider the operator measures E and F which are concentrated on [0, ∞) and defined as follows: E(X) = 1 24 I ∫ X e^{−u1/4} du F (X) = 1 24 I ∫ X e^{−u1/4} [1 − sin(u^{1/4})] du

for all X ∈ B([0, ∞)). Then (see, e.g., [9, p. 126]) ∫_∞ 0 x^k dE_{φ,φ}(x) = 1 4 (4k + 3)! = ∫_∞ 0 x^k dF_{φ,φ}(x) for all φ ∈ H, k ∈ N. Thus L^E(id^k) = L^F (id^k) for all k ∈ N, though E ≠ F ; in fact, E_{φ,φ} ≠ F_{φ,φ} for each φ ∈ H \ {0}.

The classical results concerning the Hamburger and the Stieltjes moment problems (see, e.g., [3], or [4]) lead immediately to necessary conditions for a sequence of (unbounded) self-adjoint operators (S_k)^∞_{k=0} to appear as the sequence of the moment operators of an operator measure E concentrated on R and R^+, respectively. In view of the applications to be discussed, we give the Stieltjes version of such conditions: a necessary condition that a sequence of (unbounded) self-adjoint operators (S_k)^∞_{k=0} is the sequence of the moment operators of an operator measure E : B([0, ∞)) → L(H) is that n∑ l,m=0 α_lα_mS_{l+m} ≥ O and_n ∑ l,m=0 α_lα_mS_{l+m+1} ≥ O for every finite sequence α_0, · · · , α_n of complex numbers, with the understanding that the operator inequalities are defined on the respective domains ∩^{2n}_{k=0}D(S_k) and ∩^{2n+1}_{k=0} D(S_k).

In the sequel we shall restrict our attention to the case of exponentially bounded positive Borel measures, which appear in the applications to be considered, and which are known to have the following powerful properties (see, for instance, [10, Theorems II.4.3 and II.5.2])

Lemma 3.1. Let μ : B(R) → [0, ∞] be a positive Borel measure such that for some a > 0 ∫

R^e a|t| dμ(t) < ∞. a) All the moments of μ are finite, that is, the integrals

s_k = ∫ R^{tk dμ(t), k ∈ N,} exist.

b) The monomials t^k, k ∈ N, are complete in L^2(R, μ), that is, if f ∈ L^2(R, μ) is such that ∫ R^{f(t)tk dμ(t) = 0} for all k ∈ N, then f(t) = 0 μ-a.e..

c) The measure μ is determinate, that is, it is uniquely determined by its moment sequence (s_k)^∞_{k=0}.

4. The phase space observables A^{|s⟩}

The polar margins of the phase space observables constitute a class of physically interesting examples of bounded and unbounded operator measures for which the moment problems can be solved using the above results. To do that we shall first introduce the relevant phase space observables. In the following we assume that the Hilbert space is separable.

For any two vectors φ, ψ ∈ H, we let |φ ⟩⟨ ψ| denote the operator |φ ⟩⟨ ψ|(η) = ⟨ ψ | η ⟩ φ. Let (| n⟩)^∞_{n=0} be a fixed orthonormal basis of H. We call it the number basis. Let N = ∑ n≥0 n|n ⟩⟨ n|, a = ∑ n≥0 √ n + 1|n ⟩⟨ n + 1|, a^∗ = ∑ n≥0 √ n + 1|n + 1 ⟩⟨ n|, be the associated number, lowering, and raising operators, with the appropriate domains. Let λ : B(C ) → [0, ∞] be the two-dimensional Lebesgue measure. Let D_z = e^{za∗−z̄a}, z ∈ C , be the (unitary) shift operator, and let T be any positive trace one operator, that is, a state. The set function B(C ) ∋ Z → A^T (Z) := 1 π ∫ Z D_zT D^∗_z dλ(z) ∈ L(H), is then a (positive normalized) operator measure, the phase space observable associated with the state T [11],[12]. It is known [13] that the only phase space observables A^T whose polar coordinate marginal measures define number and phase observables are those which arise from the number states T = |s ⟩⟨ s|, or from their mixtures T = ∑_∞ s=0 λ_s|s ⟩⟨ s|, λ_s ≥ 0, ∑_∞ s=0 λ_s = 1. Therefore, from now on we only consider the phase space observables which are defined by the number states |s ⟩⟨ s|. We denote them by A^{|s⟩}.

5. The polar margins of the phase space observable A^{|s⟩}

Writing C ∋ z = |z|e^{i arg z} = re^{iθ}, (r, θ) ∈ [0, ∞) × [0, 2π) we may define the polar coordinate marginal measures of A^T : B([0, ∞)) ∋ R → A^{|s⟩}((R × [0, 2π)) =: Ẽ^{|s⟩}(R) ∈ L(H), B([0, 2π)) ∋ X → A^{|s⟩}([0, ∞) × X) =: F^{|s⟩}(X) ∈ L(H). The operator measures Ẽ^{|s⟩} and F^{|s⟩}, s ∈ N, are known to represent an unsharp number observable and the conjugate unsharp phase observable, respectively [14],[15]. The unsharp phase observable F^{|s⟩} is an operator measure concentrated on a bounded interval of the real line, so that its moment problem is completely solved by the discussion in Section 2. On the other hand, the unsharp number observable Ẽ^{|s⟩} is unbounded, so that it could well happen that its moment operators do not suffice to determine the operator measure Ẽ^{|s⟩}. We shall turn to investigate the moment problem for the unsharp number observables. For notational simplicity, we consider from now on instead of Ẽ^{|s⟩} the operator measures E^{|s⟩} defined by E^{|s⟩}(X) = Ẽ^{|s⟩}( √ X), X ∈ B([0, ∞)), so that, in particular, ∫_∞ 0 x^k dE^{|s⟩}(x) = ∫_∞ 0 (x^2)^k dẼ^{|s⟩}(x),

for all k ≥ 0.

6. The moment problem for the operator measure E^{|s⟩}

The moment operators of the operator measures E^{|s⟩}, s ∈ N, have already been determined [5]. They are: L^{E|s⟩}(id^k) = ∞∑ n=0 σ(s, k, n)|n ⟩⟨ n| =: σ(s, k, N) D(L^{E|s⟩} (id^k)) = D(N^k), where σ(s, k, n) = [n,s]∑

l,l′=0 (−1)^{l+l′} ( s l )( n l^′ )( n + k + s − l − l^′ n − l )( k + s − l^′ k ) k!

= ∞∑ i,j=0 a_{ij}s^{k−j} n^i, a_{i,j} ∈ N, with [n, s] := min(n, s). We now have (| n⟩)^∞_{n=0} ⊂ ∩_{k≥0}D(L^{E|s⟩} (id^k)), and the complex measures E^{|s⟩}_{|n⟩,|m⟩} associated with the number basis (| n⟩)^∞_{n=0} are easily seen to be the following: E^{|s⟩}_{|n⟩,|m⟩}(X) = ⟨ n | E^{|s⟩}(X)|n ⟩ = ⟨ n | A^{|s⟩}( √ X × [0, 2π))|m ⟩ = 0, for n ≠ m, E^{|s⟩}_{|n⟩,|n⟩}(X) = ⟨ n | E^{|s⟩}(X)|n ⟩ = ⟨ n | A^{|s⟩}( √ X × [0, 2π))|n ⟩

= ∫ X g^{(s)}_n (x) dx, where

g^{(s)}_n (x) = n! s! [n,s]∑

ℓ,ℓ′=0 (−1)^{l+l′} ( s ℓ )( s ℓ^′ ) (x)^{s+n−ℓ−ℓ′} (n − ℓ)!(n − ℓ^′)! e^{−x}. We denote E^{|s⟩}_{|n⟩,|n⟩} =: μ^{(s)}n . The probability measure μ^{(s)}n is absolutely continuous with respect to the Lebesque measure μ_L, and its Radon- Nikodym derivative dμ^{(s)}n /dμ_L is g^{(s)}n . In fact, the density g^{(s)}n has the form g^{(s)}_n (x) = h^{(s)}_n e^{−x}, where

h^{(s)}_n (x) = n! s! [n,s]∑

ℓ,ℓ′=0 (−1)^{l+l′} ( s ℓ )( s ℓ^′ ) x^{s+n−ℓ−ℓ′} (n − ℓ)!(n − ℓ^′)! . This shows immediately that ∫_∞ 0 e^{ax} dμ^{(s)}n (x) < ∞ for any 0 ≤ a < 1.

By Lemma 3.1 we may thus conclude:

Corollary 6.1. For all integers s, n ≥ 0, the monomials x_k, k ∈ N, are complete in L^2(μ^{(s)}n , [0, ∞)), and the measure μ^{(s)}n is determinate.

Corollary 6.2. For any s ≥ 0, the operator measure E^{|s⟩} is uniquely determined by the moment operator sequence (σ(s, k, N))^∞_{k=0}.

Proof. For given s ≥ 0, assume that there is an operator measure E : B([0, ∞)) → L(H) for which L^E(id^k) = σ(s, k, N), for all k ≥ 0. We recall that the operator measure E is uniquely determined by the complex measures E_{|n⟩,|m⟩}, n, m ≥ 0. For any n ≥ 0, the sequence (σ(s, k, n))^∞_{k=0} determines uniquely the probability measure E^{|s⟩}_{|n⟩,|n⟩} so that E_{|n⟩,|n⟩} = E^{|s⟩}_{|n⟩,|n⟩}. Assume now that n ≠ m. Let μ_{m+i}l_n and μ^s_{m+iln} denote the positive measures E_{|m⟩+i}l_{|n⟩,|m⟩+i}l_{|n⟩} and E^{|s⟩}_{|m⟩+il|n⟩,|m⟩+il|n⟩}, respectively. Using the polar decomposition we may write E_{|n⟩,|m⟩} = 1 4 3∑ l=0 i^lμ_{m+i}l_n. By assumption, ∫_∞ 0 x^k dμ_{m+i}l_n = ∫_∞ 0 x^k dμ^{(s)}_{m+iln} = ∫_∞ 0 x^k(h^{(s)}_n + h^{(s)}_m )e^{−x} dx.

The moment sequence ( ∫_∞ 0 x^k(h^{(s)}n + h^{(s)}m )e^{−x} dx)^∞_{k=0} determines again uniquely the measure μ^{(s)}_{m+iln}, so that μ^{(s)}_{m+iln} = μ_{m+i}l_n. But then E_{|n⟩,|m⟩} = 1 4 3∑ l=0 i^lμ_{m+i}l_n

= 1 4 3∑ l=0 i^lμ^{(s)}_{m+iln} = E^{|s⟩}_{|n⟩,|m⟩}, which concludes the proof.

Acknowledgement A.D. is very grateful to the Finish Academy for organizing his stay at the Institute of Theoretical Physics, University of Turku in Oct. 1998, when the present paper was initiated.

The paper was partially supported by the grant VEGA No. 4033/98 of the Slovak Academy of Sciences.

References [1] J.A. Shohat, J.D. Tamarkin, The Problem of Moments, Math. Surveys 1, Providence, American Mathematical Society, 1943.

[2] N. Akhiezer, The Classical Moment Problem, Edinburg, Oliver and Boyd, 1965.

[3] C. Berg, J.P.R. Christensen, P. Ressel, Harmonic Analysis on Semigroups, Springer-Verlag, New York, 1984.

[4] B. Simon, The classical moment problem as a self-adjoint ˛nite di¸erence operator, Advances in Mathematics 137 (1998) 82-203.

[5] P.Lahti, M. Maczy«nski, K. Ylinen, The moment operators of phase space observables and their number margins, Reports on Mathematical Physics, 41 (1998) 319-331.

[6] P.Lahti, J.-P. Pellonpää, K. Ylinen, Operator integrals and phase space observables, Journal of Mathematical Physics, 40 April (1999), in the press.

[7] F. Riesz, B. Sz.-Nagy, Functional Analysis, Dover Publications , Inc,.

New York, 1990.

[8] M. Duchoò, A. Dvureèenskij, P. de Lucia, Moment problem for e¸ect algebras, Int. J. Theor. Phys 37 (1997) 1941-1958.

[9] D. V. Widder, Laplace Transform, Princeton University Press, Princeton, 1946.

[10] G. Freud, Orthogonal Polynomials, Akadémiai Kiadó, Budapest, 1971. [11] E.B. Davies, The Quantum Theory of Open Systems, Academic Press, 1976.

[12] W. Stulpe, Classical Representations of Quantum Mechanics, Wissenschaft & Technik Verlag, Berlin, 1997.

[13] P. Lahti, J.-P. Pellonpää, Covariant phase observables in quantum mechanics, Journal of Mathematical Physics, submitted 1999.

[14] A.S. Holevo, Probabilistic and Statistical Aspect of Quantum Theory, North-Holland, Amsterdam, 1982.

[15] P. Busch, M. Grabowski, P. Lahti, Operational Quantum Physics, LNP m 31, Springer, 1995, 2. corrected printing 1997.

Anatolij Dvureèenskij, Mathematical Institute, Slovak Academy of Sciences, SK{814 73 Bratislava, Slovakia

E-mail address: dvurecen@mau.savba.sk

Pekka Lahti, Department of Physics, University of Turku, FIN- 20014 Turku, Finland

E-mail address: pekka.lahti@utu.fi

Kari Ylinen, Department of Mathematics, University of Turku, FIN- 20014 Turku, Finland

E-mail address: kari.edvin.ylinen@utu.fi

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion

(continued on inside back cover)

7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets 26/1996 Beloslav Rieèan: On the strong law of large numbers for weak observables in MV algebras 25/1996 Ivan Korec: Algebraical constructions of reversible generalized Pascal triangles and one{dimensional cellular automata 24/1996 Peter Vojtáź: Uncertain reasoning with ‚oating connectives 23/1996 Ivan Korec: De˛nability of addition from multiplication and neighbourhood relation and some related results