Preprint 5/1999

June 25, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miroslav Ploźèica

Separation properties

in congruence lattices of lattices

PREPRINT SERIES

SEPARATION PROPERTIES IN CONGRUENCE LATTICES OF LATTICES

Miroslav Ploščica

Abstract. We investigate congruence lattices of lattices in the varieties Mn. Our approach is to represent congruences by open sets of suitable topological spaces. We introduce some special separation properties and show that for different n the lattices in Mn have different congruence lattices.

1. Introduction

It is well known that a lattice is algebraic if and only if it is a congruence lattice of some algebra. Much less is known if we require this algebra to be of a special type. For instance, there is a longstanding problem of whether every distributive algebraic lattice is a congruence lattice of some lattice. We refer to this problem as CLP.

The only class of lattices for which the congruence lattices are well understood is the variety of distributive lattices. (We recall these results in section 4.) Recent investigations show that congruence lattices of large nondistributive lattices have much more complicated structure. Especially, some refinement properties come into play. (See [10].)

In this paper we investigate congruence lattices of lattices belonging to the varieties M_n generated by lattices M_n, n ≥ 3. Here M_n denotes the lattice of length 2 with n middle elements. As our main achievement we consider the discovery of special conditions, called here n-separability. These conditions show that lattices in M_n for different n have, in general, different congruence lattices. We believe that further investigation of conditions of this kind can contribute significantly to the solution of CLP. We also hope that the topological method used in this paper can be succesfully applied to other varieties of lattices and other algebras.

Our reference books are [8] for universal algebra, [4] for lattice theory and [6] for topology. All notions unexplained in our paper can be found there. We adopt the following denotations. If f is a function, then dom(f) and rng(f) stand for its domain and range, respectively. By ker(f) (the kernel) we denote the binary relation on dom(f) given by (x, y) ∈ ker(f) iff f(x) = f(y). The composition of functions is written in such a way that (fg)(x) = f(g(x)). By f ¯ X we mean the restriction of f to X. If P is an ordered set and x ∈ P then ↑ x = {y ∈ P | y ≥ x} and ↓ x = {y ∈ P | y ≤ x}. 1991 Mathematics Subject Classification. 06B10,54H10,08A30. This research was supported by VEGA grant 5125/1999

Typeset by AMS-TEX 1

2. Topological representation

An element a of a lattice L is called strictly meet irreducible iff a = V X implies that a ∈ X for every subset X of L. The greatest element of L is not strictly meet irreducible. Let M(L) denote the set of all strictly meet irreducible elements of L. We shall call a set Z ⊆ M(L) closed if Z = M(L)∩ ↑ x for some x ∈ L. A set is called open if its complement is closed.

2.1. Lemma. Let L be a complete lattice. The sets ∅, M(L) are closed. The intersection of any family of closed sets is closed. If L is distributive then the union of two closed sets is closed.

Proof. It is easy to see that ∅ = M(L)∩ ↑ 1, M(L) = M(L)∩ ↑ 0, T_{i∈I} (M(L)∩ ↑ x_i) = M(L)∩ ↑ (W_{i∈I} x_i) for any x_i ∈ L. Further, if L is distributive then (M(L)∩ ↑ x_1) ∪ (M(L)∩ ↑ x_2) = M(L)∩ ↑ (x_1 ∧ x_2) for any x_1, x_2 ∈ L. �

Thus, if L is complete and distributive, M(L) is a topological space. For any topological space T let O(T ) denote the family of all open subsets, ordered by the set inclusion.

2.2. Theorem. If L is a distributive algebraic lattice, then L is isomorphic to O(M(L)).

Proof. The assignment x → M(L)\ ↑ x is clearly surjective and order preserving. The rest follows from the fact that if L is algebraic, then x = V(M(L)∩ ↑ x) for every x ∈ L. (See 2.19 in [8] or I.4.23 in [3].) �

Topological representations for distributive (algebraic) lattices appear quite often in the literature, starting with M. H. Stone ([12]). Let us just mention that the representations in [3] (section V.4) and [4] (section II.5) are very close (but, in general, not equivalent) to our construction.

We are interested in the case when L = Con A is the congruence lattice of an algebra A. Then M(Con A) is the set of all ρ ∈ Con A such that the factor algebra A/ρ is subdirectly irreducible. In the sequel we investigate connections between subdirect decomposition of an algebra A and topological properties of the space M(Con A). We wish to mention that our original source of motivation here is the natural dualities theory of B. A. Davey and H. Werner ([2], [1]). Although we make no explicit use of this theory, the reader might observe some of its characteristic features, especially the correspondence between congruences of an algebra and closed subsets of its dual space.

For the rest of this section we make the following assumptions. Let the algebra A belong to a congruence distributive and locally finite variety V. Let SI(V) be the class of all subdirectly irreducible algebras in V. Choose S ⊆ SI(V) such that every T ∈ SI(V) is isomorphic to some S ∈ S and no two members of S are isomorphic. Note that S can be a proper class.

We are going to describe M(Con A) by means of homomorphisms. For S ∈ S let H_S (A) denote the set of all surjective homomorphisms A → S and H(A) = S{H_S (A) | S ∈ S}. Clearly, ker(f) ∈ M(Con A) for every f ∈ H(A). Let φ denote the surjective mapping H(A) → M(Con A) defined by φ(f) = ker(f). We say that a set G ⊆ H(A) is closed iff G = φ^{−1}(Z) for some closed subset Z of M(Con A). Equivalently G is closed iff G = {f ∈ H(A) | ker(f) ⊇ α} for some α ∈ Con A. This obviously defines a topology on H(A) and φ becomes continuous.

2.3. Theorem. The lattices O(H(A)) and Con A are isomorphic.

Proof. Let ψ : O(M(Con A)) → O(H(A)) be defined by ψ(Y ) = φ^{−1}(Y ). It is easy to see that ψ is a bijective lattice homomorphism. By 2.2, O(M(Con A)) is isomorphic to Con A. �

The map φ need not be injective. It is easy to see that ker(f) = ker(g) for f ∈ H_S (A), g ∈ H_T (A) iff there exists an isomorphism h : S → T such that hf = g. Since we assume that all S ∈ S are mutually nonisomorphic, this can only happen if S = T and h is an automorphism of S. In such a case f and g are topologically indistinguishable in H(A), i.e. for every closed (or open) set G we have f ∈ G iff g ∈ G. By identifying the undistinguishable points we obtain a topological space H(A). More precisely, let ∼ be the equivalence relation on H(A) given by f ∼ g iff ker(f) = ker(g). Let H(A) be the factor set H(a)/ ∼. The ∼-class containing g ∈ H(A) will be denoted by g. The set G ⊆ H(A) is defined to be closed if G = {g | g ∈ G} for some closed set G ⊆ H(A). Equivalently, G is closed if G = {g | ker(g) ⊇ α} for some α ∈ Con A. Now the assignment g → ker(g) defines a homeomorphism H(A) → M(Con A) and we have the following assertion.

2.4. Theorem. The spaces H(A) and M(Con A) are homeomorphic. Consequently, the lattices O(H(A)) and Con A are isomorphic.

For a subset B ⊆ A let ⟨B⟩ denote the subalgebra of A generated by B. Let X ⊆ A generate the whole A. (We are mainly interested in the case when X is a free generating set, but this is not essential here.) Let X_0 ⊆ X be finite, S ∈ S and let r : X_0 → S be a map that can be extended to a surjective homomorphism r^∗ : ⟨X_0⟩ → S. For any such r we define G_r = {f ∈ H(A) | ker(f ¯ ⟨X_0⟩) ⊆ ker(r^∗)}.

Equivalently, f ∈ G_r iff there exists a homomorphism h : f(⟨X_0⟩) → S with hf ¯ ⟨X_0⟩ = r^∗.

2.5. Theorem. Every set of the form G_r is open and compact in H(A). Every open set in H(A) is a union of the sets of the form G_r . Consequently, these sets form a basis of the topology on H(A).

Proof. Let α = T{ker(f) | f ∈ H(A) \ G_r}. Then clearly H(A) \ G_r ⊆ {f ∈ H(A) | ker(f) ⊇ α}. To show that G_r is open, it suffices to prove the inverse inclusion. Let g ∈ G_r. We need to show that ker(g) + α.

Let us define an equivalence relation ≈ on H(A) \ G_r by f_1 ≈ f_2 iff ker(f_1 ¯ ⟨X_0⟩) = ker(f_2 ¯ ⟨X_0⟩). Because of the local finiteness of V, ⟨X_0⟩ is finite and we have only a finite number of equivalence classes C_1, . . . , C_m. Let α_i = T{ker(f) | f ∈ C_i}. Clearly, α = α_1 ∧ · · · ∧ α_m. Since ker(g) is meet irreducible it suffices to show that ker(g) + α_i for every i. Choose f ∈ C_i arbitrarily. Since f /∈ G_r , we have ker(f ¯ ⟨X_0⟩) * ker(r^∗). Hence, there are u, v ∈ ⟨X_0⟩ with (u, v) ∈ ker(f), (u, v) /∈ ker(r^∗). Then (u, v) ∈ ker(f^′) for every f^′ ≈ f, hence (u, v) ∈ α_i. On the other hand, ker(g ¯ ⟨X_0⟩) ⊆ ker(r^∗), hence (u, v) /∈ ker(g). To prove the compactness, we first show that α is compact. The relations α^′_i = α_i∩⟨X_0⟩^2 are congruences of ⟨X_0⟩. We already know that α^′_i * ker(r^∗). Since r^∗(⟨X_0⟩) ∈ S, ker(r^∗ ) is strictly meet irreducible in Con⟨X_0⟩ and we obtain that α∩⟨X_0⟩^2 = α^′_1∧· · ·∧α^′_m * ker(r^∗). Let β ∈ Con A be generated by α ∩ ⟨X_0⟩^2. We claim that α = β. Clearly β ⊆ α. Assume now that (u, v) /∈ β. There is a surjective homomorphism f : A → T ∈ V with ker(f) = β. The algebra T need not be subdirectly irreducible. However, by the subdirect representation theorem, there exists S ∈ S and a surjective homomorphism h : T → S such that (f(u), f(v)) /∈ ker(h). Then hf ∈ H(A) and (u, v) /∈ ker(hf). Further, α ∩ ⟨X_0⟩^2 ⊆ ker(f ¯ ⟨X_0⟩) ⊆ ker(hf ¯ ⟨X_0⟩), hence ker(hf ¯ ⟨X_0⟩) * ker(r^∗), hf /∈ G_r and α ⊆ ker(hf). Thus, (u, v) /∈ α, which shows that α = β. Since ⟨X_0⟩ is finite, β is finitely generated and hence compact.

By 2.3 the lattices O(H(A)) an Con A are isomorphic and G_r in this isomorphism corresponds to α. (Since G_r = {f ∈ H(A) | ker(f) + α}.) Hence, G_r is a compact element of the lattice O(H(A)), which clearly means that G_r is a compact subspace of H(A). For the last part of our assertion, let G ⊆ H(A) be open, g ∈ G. We need to find G_r such that g ∈ G_r ⊆ G. Since G is open, we have G = {f ∈ H(A) | ker(f) + θ} for some θ ∈ Con A. Hence, there are u, v ∈ A with (u, v) ∈ θ \ ker(g). There is a finite set X_0 ⊆ X such that u, v ∈ ⟨X_0⟩. There exist T ∈ S and a surjective homomorphism h : g(⟨X_0⟩) → T such that (g(u), g(v)) /∈ ker(h). Let us set r = hg ¯ X_0. Then clearly r^∗ = hg ¯ ⟨X_0⟩, hence ker(g ¯ ⟨X_0⟩) ⊆ ker(r^∗ ) and g ∈ G_r . Further, for every f ∈ G_r we have (u, v) /∈ ker(r^∗) ⊇ ker(f ¯ ⟨X_0⟩), hence θ * ker(f) and therefore f ∈ G. �

2.6. Consequence. An open subset of H(A) is compact iff it is a finite union of the sets of the form G_r.

Another consequence is that H(A) has a basis of compact open sets, but this also follows easily from the fact that O(H(A)) is isomorphic to the algebraic lattice Con A.

Further, we define G_r = {f ∈ H(A) | f ∈ G_r} and obtain the following consequence.

2.7. Consequence. All sets G_r are compact and form a basis of the topology on H(A). Compact open sets in H(A) are exactly the finite unions of the sets of the form G_r.

Since the whole space H(A) is an open set, it is also a union of the sets of the form G_r.

2.8. Consequence. The spaces M(Con A), H(A) and H(A) are locally compact.

The spaces M(Con A), H(A) and H(A) need not be compact. Also, let us note that the topology on H(A) is often close to the usual product topology. This is especially true S consists of a single algebra S with no proper automorphisms. In this case H(A) inherits its topology from the product topology of S^A (with S discrete). We discuss such an example in the section 4.

3. Free algebras

Let V and S be as in the previous section. Let F (X) denote the free algebra in V with X as the free generating set.

3.1. Lemma. Let L be a distributive lattice, x ∈ L, Z = M(L)∩ ↑ x. Then the subspace Z of M(L) is homeomorphic to M(↑ x).

Proof. It is easy to see that q ∈ M(↑ x) iff q ∈ M(L) and g ≥ x. Hence the sets Z and M(↑ x) are equal and it is easy to check that their topologies coincide. �

3.2. Theorem. For a distributive lattice L the following conditions are equivalent.

(1) L ∼= Con A for some A ∈ V;

(2) M(L) is homeomorphic to a closed subspace of M(Con F (X)) for some set X; (3) L ∼= O(Z) for some set X and some closed subspace Z of

M(Con F (X));

(4) M(L) is homeomorphic to a closed subspace of H(F (X)) for some set X; (5) L ∼= O(Z) for some set X and a closed subspace Z of H(F (X)).

Proof. (1)⇒(2) Let L ∼= Con A. There is a set X and θ ∈ Con F (X) such that A ∼= F (X)/θ. Let us set Z = M(Con F (X))∩ ↑ θ. Then Con A ∼=↑ θ and therefore M(L) is homeomorphic to M(↑ θ) which by 3.1 is homeomorphic to Z.

(2)⇒(3) If M(L) is homeomorphic to Z then, by 2.2, L ∼= O(M(L)) ∼= O(Z). (3)⇒(1) Let L ∼= O(Z), Z = M(Con F (X))∩ ↑ θ. We set A = F (X)/θ. By 3.1 Z is homeomorphic to M(↑ θ), hence L ∼= O(M(↑ θ)) ∼= O(M(Con A)) ∼= Con A.

(2)⇔(4) and (3)⇔(5) follow from 2.4. �

Thus, our strategy is to describe the spaces H(F (X)) and their closed subspaces The existence of a free generating set allows some simplification in the description of spaces H(A) and H(A). Every map f : X → S ∈ S extends uniquely to a homomorphism f^∗ : F (X) → S. Therefore, we can identify the set H(F (X)) with the set of all maps f : X → S ∈ S such that f(X) generates S. The sets G_r are defined for all r : X_0 → S ∈ S such that the r(X_0) generates S.

4. Distributive lattices

Before we get to the varieties M_n, let us briefly discuss the well known case of distributive lattices. The variety D of distributive lattices contains only one subdirectly irreducible member, namely the two element lattice D = {0, 1}. In this case H(F (X)) = H(F (X)) and this space is isomorphic to the space D^X \ {o, i} with the usual product topology. (Here o and i denote the two constant functions X → {0, 1}.)

4.1. Theorem. For a distributive lattice L, the following conditions are equivalent.

(1) L ∼= Con M for some M ∈ D;

(2) L ∼= O(Z \ {z}) for some Boolean space Z and some z ∈ Z; (3) L ∼= O(Z \ {z_1, z_2}) for some Boolean space Z and some z_1, z_2 ∈ Z; (4) L ∼= O(Z^′) for some locally compact, Hausdorff, zerodimensional space Z^′.

Proof. It is a topological exercise to show that Z^′ fulfils the conditions in (4) iff Z^′ = Z\{z} iff Z^′ = Z \ {z_1, z_2} for some Boolean (compact, Hausdorff, zerodimensional) space Z. We omit this proof. The equivalence of (1) and (3) follows from 3.2 and is also known from Priestley or Stone duality. (See e.g. [4] or [11].) �

Some more equivalent conditions can be added to 4.1 by 3.2. From (4) we can also deduce a nontopological characterization. Namely, L ∼= Con M for some M ∈ D iff the compact elements of L form a generalized Boolean algebra. (See [4], II.3 and II.4.)

The situation becomes even simpler if we consider the variety D_{01} of bounded distributive lattices. Then L ∼= Con M for some M ∈ D_{01} iff L ∼= O(Z) for some Boolean space Z iff the compact elements of L form a Boolean algebra.

5. The varieties M_n

For n ≥ 3 let M_n = {0, 1, a_1, . . . , a_n} denote the lattice having the smallest element 0, the greatest element 1 and n mutually incomparable ”middle” elements a_1, . . . , a_n. 1

0

� � � HHH HHH HHH a_1 H HHH HHH HH � � � a_n ,, ,, , ll ll l a_2 a_3� � � BB B . . .

Let M_n denote the variety generated by the lattice M_n. It is well known that subdirectly irreducible members of M_n are (up to isomorphism) the lattice D = {0, 1} and the lattices M_3, M_4, . . . , M_n. (It follows easily from Jónsson’s lemma.)

For any set X let F_n(X) denote the free algebra in M_n with X as the set of free generators. According to the section 3, the points of H(F_n(X)) are all maps f : X → M_n such that f(X) = {0, 1} or {a_1, . . . , a_k} ⊆ f(X) ⊆ {0, 1, a_1, . . . , a_k} for some k ≥ 3. (Notice that all subdirectly irreducible algebras in M_n are subalgebras of M_n, so we only consider maps X → M_n.) For every f ∈ H(F_n(X)) let f^∗ denote its unique extension to a homomorphism F_n(X) → M_n.

The sets G_r are defined for all finite X_0 ⊆ X and all r : X_0 → M_n such that r(X_0) = {0, 1} or {a_1, . . . , a_k} ⊆ r(X_0) ⊆ {0, 1, a_1, . . . , a_k} for some k ≥ 3. Now we shall look closer at these sets. Let A_n be the set of all automorphisms of M_n, i.e. all permutations π : M_n → M_n with π(0) = 0, π(1) = 1. Thus, f, g ∈ H(F_n(X)) are indistinguishable (i.e. ker(f^∗) = ker(g^∗)) iff πf = g for some π ∈ A_n. In such a case we write f ∼ g.

5.1. Lemma. If r(X_0) = {0, 1} then

G_r = {f ∈ H(F_n(X)) | r^{−1}(0) ⊆ (πf)^{−1}({0, a_1}) and

r^{−1}(1) ⊆ (πf)^{−1}({1, a_2}) for some π ∈ A_n}.

If {a_1, . . . , a_k} ⊆ r(X_0) ⊆ {0, 1, a_1, . . . , a_k} for some k ≥ 3 then

G_r = {f ∈ H(F_n(X)) | r = πf ¯ X_0 for some π ∈ A_n}

and the set G_r is clopen (closed and open).

Proof. Consider the lattice homomorphism s : {0, 1, a_1, a_2} → {0, 1} defined by s(0) = s(a_1) = 0, s(1) = s(a_2) = 1. If r^{−1}(0) ⊆ (πf)^{−1}({0, a_1}) and r^{−1}(1) ⊆ (πf)^{−1}({1, a_2}) then r = sπf ¯ X_0 which implies that ker(r^∗) ⊇ ker(πf^∗ ¯ ⟨X_0⟩) = ker(f^∗ ¯ ⟨X_0⟩), hence f ∈ G_r. Conversely, let f ∈ G_r, i.e. ker(f^∗ ¯ ⟨X_0⟩) ⊆ ker(r^∗ ). Since r^∗(X_0) = {0, 1}, there is a lattice homomorphism g : f^∗(⟨X_0⟩) → {0, 1} with r^∗ = gf^∗ ¯ ⟨X_0⟩. For k ≥ 3 there is no lattice homomorphism from M_k onto {0, 1}. Thus, f^∗(⟨X_0⟩) is a sublattice of M_n not isomorphic to M_k and we can assume that f^∗(⟨X_0⟩) ⊆ {0, 1, a_j , a_k} for some j ≠ k. The equality g(a_j ) = g(a_k) is impossible, because it implies that g is constant while r^∗ is not. Therefore we can assume that g^{−1}(0) ⊆ {0, a_j }, g^{−1}(1) ⊆ {1, a_k}. Choose π ∈ A_n such that π(a_j ) = a_1, π(a_k) = a_2. Then r^{−1}(0) ⊆ (πf)^{−1}({0, a_1}) and r^{−1}(1) ⊆ (πf)^{−1} ({1, a_2}).

Now the second formula. If πf ¯ X_0 = r then obviously ker(r^∗ ) = ker(f^∗ ¯ ⟨X_0⟩), hence f ∈ G_r. Conversely, let f ∈ G_r . Now we have r^∗(⟨X_0⟩) = M_k and there is a surjective homomorphism g : f^∗(⟨X_0⟩) → M_k with r^∗ = gf^∗ ¯ ⟨X_0⟩. The only sublattices of M_n that can be homomorphically mapped onto M_k are those isomorphic to M_k. Thus, we can assume that f^∗(⟨X_0⟩) = {0, 1, a_{i1} , . . . , a_{ik} }, g(a_{i1} ) = a_1,. . ., g(a_{ik} ) = a_k. Choose π ∈ A_n such that π(a_{i1} ) = a_1,. . ., π(a_{ik} ) = a_k. Then clearly r = πf ¯ X_0.

It remains to show that G_r is closed. Let f ∈ H(F_n(X)) \ G_r . Since f(X) is finite, it is possible to choose a finite set X_1 such that X_0 ⊆ X_1 ⊆ X and f(X_1) = f(X). Let s = f ¯ X_1. Then G_s is defined, f ∈ G_s and we claim that G_r ∩ G_s = ∅. Let g ∈ G_r. Then g^∗(⟨X_0⟩) is isomorphic to r^∗(⟨X_0⟩) and hence to M_k. Thus, g cannot belong to G_s if s(X_1) = {0, 1}. Finally, if s(X_1) ≠ {0, 1} then g ∈ G_s would imply f ¯ X_1 = s = πg ¯ X_1 for some π ∈ A_n and then also f ¯ X_0 = πg ¯ X_0, hence f ∈ G_r which is not true. �

Let us recall that the space H(F_n(X)) arises from H(F_n(X)) by identifying the undistinguishable points. By 3.2, congruence lattices of algebras in M_n are exactly lattices of the form O(Z), where Z is a closed subspace of H(F_n(X)). Thus, we would like to describe closed subspaces of H(F_n(X)). Before we try to do so, let us present an illustrative example.

Let n = 3 and let ω denote the set of all nonnegative integers. The points of H(F_3(ω)) will be denoted as sequences of elements 0, 1, a_1, a_2, a_3. Let W be the subspace of H(F_3(ω)) whose points are the sequences x = (0, 1, 0, 0, 0 . . . ), y = (1, 0, 0, 0, 0 . . . ), z_1 = (a_1, a_2, a_3, 0, 0 . . . ), z_2 = (a_1, a_2, 0, a_3, 0 . . . ), z_3 = (a_1, a_2, 0, 0, a_3, 0 . . . ), . . . . (More precisely, the points of W are the ∼-equivalence classes containing these sequences.) It is not difficult to check that W is indeed a closed subspace. Topologically, W consists of a discrete sequence {z_1, z_2, z_3 . . . } converging to its two limit points x, y. Hence O(W ) is the family of all sets G ⊆ W satisfying the condition

if x ∈ G or y ∈ G then W \ G is finite.

Such a set G is compact if is finite or contains x or y. Notice that the intersection of two compact sets need not be compact. (Indeed, if {x, y} ∩ G_1 = {x}, {x, y} ∩ G_2 = {y}, then G_1 ∩ G_2 is not compact.) This is probably the simplest example of a congruence lattice representable in M_3 but not in the variety D of distributive lattices. Let us note that we can explicitly show the lattice L ∈ M_3 whose congruence lattice is O(W ). Namely, L is a sublattice of (M_3)^ω generated by the elements (0, 1, a_1, a_1, a_1 . . . ), (1, 0, a_2, a_2, a_2 . . . ), (0, 0, a_3, 0, 0 . . . ), (0, 0, 0, a_3, 0 . . . ), (0, 0, 0, 0, a_3, 0 . . . ), etc.

Now we turn to the question of what can be said about closed subspaces of H(F_n(X)) in general. Some properties are easy to observe. Let Z ⊆ H(F_n(X)) be closed. It is natural to consider Z as the union of two sets Z = Z_0 ∪ Z_n, where Z_0 = {f ∈ H(F_n(X)) | f(X) = {0, 1}}, (this obviously does not depend on n) and Z_n = Z \ Z_0.

Let us note that if Z corresponds (in the sense of 3.2) to L ∈ M_n then Z_0 corresponds to the largest distributive quotient of L. However, if Z is an abstract space, then its partition into Z_0 and Z_n is not determined uniquely. It is easy to find closed subspaces Y and Z of H(F_n(X)) such that Y and Z are homeomorphic, while Y_0 and Z_0 are not homeomorphic. This ambiguity is natural, since non-isomorphic lattices can have isomorphic congruence lattices.

5.2. Lemma. Let W ⊆ Z be closed, f ∈ Z_n \ W . Then f ∈ G_r and G_r ∩ W = ∅ for some r : X_0 → M_n with {a_1, . . . , a_k} ⊆ r(X_0) ⊆ {0, 1, a_1, . . . , a_k} for some k ≥ 3.

Proof. Since W is closed, there is some set G_s with f ∈ G_s and G_s ∩ W = ∅. The only difficulty is that s may be a function X_0 → {0, 1}. Since f ∈ Z_n, there is a finite set Y ⊆ X with X_0 ⊆ Y and {a_1, . . . , a_k} ⊆ f(Y ) ⊆ {0, 1, a_1, . . . , a_k}. Let us set r = f ¯ Y . Then clearly G_r ⊆ G_s and f ∈ G_r. �

5.3. Lemma.

(1) Z is a T_1-space (i.e. all singletons are closed sets); (2) Z has a basis of compact open sets; (3) Z_0 is a closed subspace of Z;

(4) both Z_0 and Z_n are locally compact, Hausdorff, zerodimensional.

Proof. (1) is a direct consequence of the fact that all subdirectly irreducible algebras in M_n are simple. Indeed, for every α ∈ M(Con F_n(X)) the closed set M(Con F_n(X))∩ ↑ α is equal to α. Thus, H(F_n(X)) is homeomorphic to the T_1-space M(Con F_n(X)) and Z is its subspace.

(2) is fulfilled because O(Z) is isomorphic to Con A for some A ∈ M_n, which is an algebraic lattice.

For every f ∈ Z_n there is a finite set X_0 ⊆ X such that f(X_0) = {a_1, a_2, a_3}. For r = f ¯ X_0 we have f ∈ G_r and G_r ∩Z_0 = ∅. Hence, every point of Z_n has a neighbourbood disjoint with Z_0, which means that Z_n is open and Z_0 closed. Thus, (3) holds.

The basis of topology on Z_0 consists of all sets of the form G_r ∩ Z_0 = {f ∈ Z_0 | f¯ X_0 = r ¯ X_0}, where X_0 ⊆ X is finite and r : X_0 → {0, 1} is surjective. It is easy to see that all these sets are clopen (in Z_0) and they separate the points of Z_0, hence Z_0 is Hausdorff and zerodimensional. Further, any f ∈ Z_0 belongs to some G_r,which is compact by 2.7. Since Z_0 is closed, G_r ∩ Z_0 is compact, showing that Z_0 is locally compact.

By 5.2, every open subset of Z_n is a union of clopen sets. Hence, Z_n is zerodimensional. Since one-element sets are closed, 5.2 implies that any two points can be separated by a clopen set, hence Z_n is Hausdorff. Further, any f ∈ Z_n belongs to some G_r with r : X_0 → M_n such that {a_1, . . . , a_k} ⊆ r(X_0) ⊆ {0, 1, a_1, . . . , a_k} for some k ≥ 3. Since Z is closed in H(F_n(X)), the set Z_n ∩ G_r = Z ∩ G_r is compact and hence Z_n is locally compact. �

For a later use, let us state explicitly the following consequence of 5.2 and 5.3(1).

5.4. Consequence. If f ∈ Z_n and g_1, . . . g_m ∈ Z are mutually different then there is a clopen set C ⊆ Z such that f ∈ C and g_1, . . . , g_m /∈ C.

By 5.3, the spaces Z_0 and Z_n look very much the same. By 4.1 they arise from Boolean spaces by deleting one point. In other words, they are dual spaces of some distributive lattices. The difficult point is how Z_0 and Z_n are glued together. We have seen in our example that while Z_0 and Z_n are Hausdorff, Z need not be Hausdorff. Namely, Z_0 can contain points that do not have disjoint neighbourhoods in Z. Equivalently a sequence (or, more generally, a net) in Z_n can have two limit points in Z_0. The next lemma actually says that such a net cannot have three limit points.

5.5. Lemma. If f, g, h ∈ Z are mutually different then there are open sets A, B, C ⊆ Z such that f ∈ A, g ∈ B, h ∈ C and A ∩ B ∩ C = ∅.

Proof. If one of f , g, h belongs to Z_n (say f ∈ Z_n) then by 5.4 there is a clopen set G_r with f ∈ G_r, g, h /∈ G_r. We can set A = Z ∩ G_r, B = C = Z \ G_r .

Assume now that f, g, h ∈ Z_0, hence f, g, h are functions X → {0, 1}. Since they are different, we have x, y, z ∈ X such that f(x) ≠ g(x), f(y) ≠ g(y), g(z) ≠ h(z). Let X_0 be such a finite subset of X that x, y, z ∈ X and f(X_0) = g(X_0) = h(X_0) = {0, 1}. Let us set r = f ¯ X_0, s = g ¯ X_0, t = h ¯ X_0, A = G_r, B = G_s, C = G_t. Then clearly f ∈ A, g ∈ B, h ∈ C. It remains to show that A ∩ B ∩ C = ∅. For contradiction, suppose that k ∈ G_r ∩G_s ∩G_t. Since {r(x), s(x)} = {0, 1}, by 5.1 k(x) must be in {a_1, . . . , a_n}. Similarly, k(y), k(z) ∈ {a_1, . . . , a_n}. Now we claim that k(x), k(y), k(z) are different. Suppose that k(x) = k(y). Then, by 5.1, r(x) = r(y), s(x) = s(y), t(x) = t(y). Since r(x) ≠ s(x), r(y) ≠ t(y), necessarily s(x) = t(x) = t(y) = s(y). Since s(z) ≠ t(z), we have without loss of generality s(y) = s(z), t(y) ≠ t(z). Since k ∈ G_s ∩ G_t, the equality s(y) = s(z) implies k(y) = k(z), while t(y) ≠ t(z) implies k(y) ≠ k(z), which is impossible. Hence, k(x) ≠ k(y) and similarly k(y) ≠ k(z) ≠ k(x). By 5.1, such k cannot belong to G_r . �

6. Uniform separation

In the previous sections we have seen that spaces H(F_n(X)) for different n look very similar. In this section we introduce topological properties that distinguish between these spaces.

A subset Q of a topological space T is called discrete if for every q ∈ Q there is an open set C with C ∩ Q = {q}. The space T will be called n-uniformly separable (n ≥ 3) if for every discrete set Q ⊆ T there is a family {B_{pq} | p, q ∈ Q, p ≠ q} of open sets such that p ∈ B_{pq} for every p, q ∈ Q and T{B_{pq} | p, q ∈ Q_0, p ≠ q} = ∅ for every n-element set Q_0 ⊆ Q.

By 5.3, every three points have disjoint neighbourhoods. However, n-uniform separability requires that disjoint neighbourhoods can be chosen simultaneously for large families of points.

6.1. Lemma. Let X_1, . . . , X_k be finite sets, k ≥ 3, Y = X_1 ∪ · · · ∪ X_k. Let f_1, . . . , f_k be functions Y → {0, 1} such that for every i ≠ j there exists x ∈ X_i with f_i(x) ≠ f_j (x). Let h be a function such that dom(h) = Y and ker(f_i ¯ (X_i ∪ X_j )) = ker(h ¯ (X_i ∪ X_j )) for every i, j. Then h takes at least k values (i.e. rng(h) is at least k-element).

Proof. Our assumptions imply that ker(h) ⊆ ker(f_i) for every i. Indeed, suppose that (x, y) /∈ ker(f_i), x ∈ X_j , y ∈ X_m, and choose z ∈ X_i arbitrarily. Then either (z, x) ∈ ker(f_i) or (y, z) ∈ ker(f_i), we can assume that (z, x) ∈ ker(f_i). Then x, z ∈ X_i ∪ X_j , hence (x, z) ∈ ker(h). Similarly, y, z ∈ X_i ∪ X_m implies that (y, z) /∈ ker(h). Then clearly (x, y) /∈ ker(h). Our next claim is that h ¯ (X_1 ∪ X_2) is not constant. For contradiction, let h¯ (X_1 ∪ X_2) be constant. Then every f_i must be constant on X_1 ∪ X_2. Without loss of generality, f_1(X_1 ∪ X_2) = {0}. For every i ≠ 1 the functions f_i and f_1 differ on X_1, hence f_i(X_1 ∪ X_2) = {1}. But then there is no x ∈ X_2 with f_2(x) ≠ f_3(x), a contradiction.

Hence, h is not constant on X_1 ∪ X_2. On the other hand, ker(h ¯ (X_1 ∪ X_2)) = ker(f_1¯ (X_1 ∪ X_2)), so h cannot take three values on X_1 ∪ X_2. We conclude that h takes exactly two values on X_1 ∪ X_2. (And similarly for any X_i ∪ X_j .)

Now we show that h takes at least three values on X_1 ∪ X_2 ∪ X_3. For contradiction, let h take only two values on X_1 ∪ X_2 ∪ X_3. We claim that ker(f_1 ¯ (X_1 ∪ X_2 ∪ X_3)) = ker(h¯ (X_1 ∪X_2 ∪X_3)). The inclusion ker(h) ⊆ ker(f_i) is already proved. Let x, y ∈ X_1 ∪X_2 ∪X_3, h(x) ≠ h(y). We need to show that f_1(x) ≠ f_1(y). This is clear if x, y ∈ X_1 ∪ X_2 or (x, y) ∈ X_1 ∪ X_3. The remaining case is x ∈ X_2, y ∈ X_3. Choose z ∈ X_1 arbitrarily. Since h takes only two values on X_1 ∪ X_2 ∪ X_3, we have either h(x) = h(z) or h(y) = h(z). Without loss of generality, h(x) = h(z) ≠ h(y). Since x, z ∈ X_1 ∪ X_2 and y, z ∈ X_1 ∪ X_3, we obtain that f_1(x) = f_1(z) ≠ f_1(y).

Similar arguments hold for f_2 and f_3. Hence, for every i = 1, 2, 3 we have ker(f_i¯ (X_1∪X_2∪X_3)) = ker(h ¯ (X_1∪X_2∪X_3)).There are only two functions X_1∪X_2∪X_3 → {0, 1} with this property, hence two of f_1, f_2, f_3 must coincide on X_1 ∪X_2 ∪X_3, which contradicts our assumptions.

We have proved that h takes two values on X_1 ∪ X_2, two values on X_1 ∪ X_3 but at least three values on X_1 ∪ X_2 ∪ X_3. This is only possible if h is constant on X_1. For similar reasons, h is constant on each X_i. Since h is not constant on X_i ∪ X_j , all the sets X_i must be disjoint and h takes a different value on each X_i. �

6.2. Theorem. For any set X and every n ≥ 3, the spaces H(F_n(X)) and H(F_n(X)) are (n + 1)-uniformly separable.

Proof. We present the proof for H(F_n(X)). (Transition to H(F_n(X)) is obvious.) Similarly as in the previous section, let H_0 = {f ∈ H(F_n(X)) | f(X) = {0, 1}}, H_n = H(F_n(X))\H_0. Let Q ⊆ H(F_n(X)) be discrete. If p ∈ Q ∩ H_n then, by 5.4, for every q ∈ Q, q ≠ p, there are open sets B_{pq} and B_{qp} such that p ∈ B_{pq}, q ∈ B_{qp} and B_{pq} ∩ B_{qp} = ∅. Suppose now that p, q ∈ Q ∩ H_0. By our assumption, for every t ∈ Q there exists an open set C_t with C_t ∩ Q = {t}. We can assume that C_t = G_{rt} for a suitable function r_t. If t ∈ H_0 then clearly r_t = t ¯ X_t for some finite set X_t. We set r_{pq} = p ¯ (X_p ∪ X_q) and B_{pq} = G_{rpq} . It remains to verify that the family {B_{pq} | p, q ∈ Q, p ≠ q} has the required property.

It is obvious that p ∈ B_{pq} for every p, q. Now let q_1, . . . , q_{n+1} be different elements of Q. Let us write B_{ij} instead of B_{qi qj} . If any of q_i belongs to H_n then clearly T{B_{ij} | i ≠ j} = ∅. So let us assume that q_1, . . . , q_{n+1} ∈ H_0. For contradiction suppose that p ∈ T{B_{ij} | i ≠ j}. Let us denote X^′_i = {x ∈ X_{qi} | q_j (x) ≠ q_i(x) for some j ∈ {1, . . . , n + 1}}, Y = X^′_1 ∪ · · · ∪ X^′_{n+1}. For any y ∈ Y , p(y) cannot be 0, because if y ∈ X^′_i then q_i(y) = 1 or q_j (y) = 1 for some j and we suppose that p ∈ B_{ij} ∩ B_{ji}. (See 5.1.) For similar reasons, p(y) ≠ 1 and therefore p(y) ∈ {a_1, . . . , a_n}.

By 5.1 we have ker(p ¯ (X_i ∪ X_j )) = ker(r_{qi qj} ) = ker(q_i ¯ (X_i ∪ X_j )). Further, if i ≠ j then q_j /∈ C_{qi} , hence q_j (x) ≠ r_{qi} (x) = q_i(x) for some x ∈ X_i, which shows that x ∈ X^′_i. Thus, we can apply 6.1 to the functions f_i = q_i ¯ Y , h = p ¯ Y . We obtain that h takes at least n + 1 values, which is impossible because p(Y ) ⊆ {a_1, . . . , a_n}. �

It is easy to see that if a space is n-uniformly separable then all its subspaces are n-uniformly separable. By 3.2 we have the following consequence.

6.3. Theorem. . If L ∼= Con K for some K ∈ M_n then M(L) is (n + 1)-uniformly separable.

Now we show that H(F_n(X)) is not n-uniformly separable if the cardinality of X is at least ℵ_2. We need the following combinatorial principle of Hajnal and Máté. For a set X let [X]^2 denote the set of all two element subsets of X. Analogously, let [X]^{<ω} be the set of all finite subsets of X.

6.4. Lemma. (See [5], section 3.2.) Let |X| ≥ ℵ_2 and let f be a function [X]^2 → [X]^{<ω}. Then for every natural number n there are x_1, . . . , x_n ∈ X such that x_i /∈ f({x_j , x_k}) whenever i ≠ j ≠ k ≠ i.

The special case n = 3 was proved by Kuratowski ([7]). The importance of this principle for congruence lattices was discovered by Wehrung in [13] and [14]. The principle was subsequently used in the papers [10] and [9].

6.5. Theorem. If |X| ≥ ℵ_2 and n ≥ 3, then the spaces H(F_n(X)) and H(F_n(X)) are not n-uniformly separable.

Proof. For every x ∈ X we define a function f_x : X → {0, 1} by f_x(x) = 1 and f_x(y) = 0 for all y ≠ x. Let Q = {f_x | x ∈ X}. Clearly, Q is discrete. (Indeed, if {x} ( X_0 ⊆ X, r = f_x ¯ X_0, then G_r is defined, f_x ∈ G_r and G_r ∩ Q = {f_x}.) Suppose that {B_{xy} | x, y ∈ X, x ≠ y} is a family of open sets with f_x ∈ B_{xy}. We can assume that B_{xy} = G_{rxy} for some function r_{xy} : X_{xy} → {0, 1}. (Necessarily, r_{xy} is a restriction of f_x to some finite set.) Let the function f : [X]^2 → [X]^{<ω} be defined by f({x, y}) = dom(r_{xy}) ∪ dom(r_{yx}). Using 6.3 we find x_1, . . . , x_n ∈ X such that x_i /∈ dom(r_{xj xk} ) whenever i ≠ j ≠ k ≠ i. Let us define g : X → M_n by g(x_i) = a_i and g(y) = 0 otherwise. We claim that g ∈ T{B_{xixj} | i, j ∈ {1, . . . , n}, i ≠ j}. Denote r = r_{xi xj} . Let π ∈ A_n be such that π(a_i) = a_2, π(a_j ) = a_1. If x ∈ r^{−1}({1}) then x = x_i, g(x) = a_i, πg(x) = a_2. If x ∈ r^{−1}({0}) then either x = x_j and πg(x) = a_1 or x /∈ {x_1, . . . , x_n} and g(x) = πg(x) = 0. Hence, r^{−1}({1}) ⊆ (πg)^{−1}({1, a_2}), r^{−1}({0}) ⊆ (πg)^{−1}({0, a_1}), which by 5.1 means that g ∈ B_{xi xj} . � If L = Con F_{n+1}(X) then M(L) is homeomorphic to H(F_{n+1}(X)) and hence not (n+1)- uniformly separable. By 6.3 we have the following result.

6.6. Theorem. Let n ≥ 3, |X| ≥ ℵ_2, L = Con F_{n+1}(X). Then there is no K ∈ M_n such that Con K ∼= L.

Hence, the lattices in different M_n have different congruence lattices. On the other hand it can be shown that for a countable X the lattice Con F_{n+1}(X) can be represented in M_n. (H(F_{n+1}(X)) is homeomorphic to a closed subspace of H(F_n(X)).) The case |X| = ℵ_1 is an open question.

Acknowledgement. The author thanks J. Tůma and M. Repický for helpful discussions.

References

1. D. Clark, B. A. Davey, Dualities for the working algebraist, Cambridge University Press, 1998. 2. B. A. Davey, H. Werner, Dualities and equivalences for varieties of algebras, Contributions to lattice theory (Coll. Math. Soc. János Bolyai 33), North-Holland, 1983, pp. 101-276.

3. G. Gierz, K. H. Hofmann, K. Keimel, J. D. Lawson, M. Mislove, D. S. Scott, A Compendium of Continuous Lattices, Springer Verlag, 1980.

4. G. Grätzer, General Lattice Theory (2nd edition), Birkhäuser Verlag, 1998. 5. A. Hajnal, A. Máté, Set mappings, partitions and chromatic numbers, Logic Colloquium ’73 (Studies in logic and the foundations of mathematics, vol. 80), North-Holland, 1975.

6. J. L. Kelley, General Topology, Van Nostrand, 1955.

7. K. Kuratowski, Sur une caractérisation des alephs, Fundamenta Math. 38 (1951), 14-17. 8. R. McKenzie, R. McNulty, W. Taylor, Algebras, lattices, varieties I, Wadsworth &Brooks/ Cole, 1987. 9. M. Ploščica, J. Tůma, Uniform refinements in distributive semilattices, Contributions to General Algebra 10 (Proc. Klagenfurt ’97), Verlag Johannes Heyn, 1998.

10. M. Ploščica, J. Tůma, F. Wehrung, Congruence lattices of free lattices in non-distributive varieties, Colloquium Math. 76 (1998), 269-278.

11. H. A. Priestley, Representation of distributive lattices by means of ordered Stone spaces, Bull. London Math. Soc. 2 (1970), 186-190.

12. M. H. Stone, Topological representation of distributive lattices and Brouwerian logics, Cas. Mat. Fyz.

67 (1937), 1-25.

13. F. Wehrung, Non-measurability properties of interpolation vector spaces, Israel J. Math. 103 (1998), 177-206.

14. F. Wehrung, A uniform refinement property of certain congruence lattices, Proc. Amer. Math. Soc.

127 (1999), 363-370.

Mathematical Institute, Slovak Academy of Sciences, Grešákova 6, 04001 Košice, Slovakia

E-mail address: ploscica@linux1.saske.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures

(continued on inside back cover)

12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music 29/1996 Ján Haluźka: On numbers 256/243, 25/24, 16/15 28/1996 Ján Haluźka: COMMA 32 805/32 768 27/1996 Beloslav Rieèan: On the sum of observables in MV algebras of fuzzy sets