Preprint 7/1999

July 1, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miloslav Duchoò

Peter Malièký

Positive linear maps

on trigonometric polynomials

PREPRINT SERIES

POSITIVE LINEAR MAPS ON TRIGONOMETRIC POLYNOMIALS

Miloslav Duchoň — Peter Maličký

Abstract. Positive linear maps on trigonometric polynomials with values in a partially ordered vector space are investigated.

Introduction

The classical Herglotz theorem states that a sequence (z_k)1_{k=}�1 of complex numbers is the sequence of the Fourier-Stieltjes coefficients of a nondecreasing function g defined on the interval [0, 2π] if and only if the sequence (z_k)1_{k=}�1 is positive defined. Recall that z_k = ∫_{2π} 0 e�ikt_{dg(t) is said to be the k-th Fourier-Stieltjes}

coefficient of a function g of bounded variation defined on the interval [0, 2π]. A sequence (z_k)1_{k=}�1 of complex numbers is said to be positive defined if and only if 0 ≤ ∑_n j=�n^{∑n}k=�n^cj^ck^zk�j^{for any finite sequence of complex numbers (c}j^{)n}j=�n^.

A generalization of Herglotz theorem for vector lattices was given in the paper [1]. Paper [2] generalizes this theorem for a sequence (z_k)1_{k=}�1, elements of which belong to the complexification Z of a monotone σ-complete partially ordered vector space Y . For such a sequence it was constructed a positive linear map Φ defined on trigonometric polynomials with values in Y . For the proof of positivity of the map Φ we used a limit process. In this paper we show that this limit process may be omitted ( Theorem 2.3 ). The present paper deals with a partially ordered vector space Y and we present those statements of paper [2] which may be proved without the assumption of monotone σ-completeness of Y . However, this assumption is necessary for a extension of the map Φ onto the set of all continuous 2π-periodic functions.

1. Preliminaries

In the whole paper the symbol Y denotes a real partially ordered vector space and Z the complexification of Y . A real vector space Y is called a partially ordered vector space if it has a partial ordering ≤ such that: ∀x, y, z ∈ Y : x ≤ y =⇒ x + z ≤ y + z ∀x, y ∈ Y ∀λ ≥ 0 : x ≤ y =⇒ λx ≤ λy . 1991 Mathematics Subject Classification. 42A16, 42A32.

Key words and phrases. partially ordered vector space, Fourier coefficients, positive defined sequence.

Typeset by AMS-TEX 1

If a sequence (y_n)1_{n=1} elements of Y has a least upper (greatest lower) bound, then this element is denoted by

⋁1_{n=1 yn (}^⋀1_{n=1 yn ). A partially ordered vector space}

Y is called archimedean if

⋀1_{n=1} 1_{n y = 0 for any positive y ∈ Y . A partially ordered}

vector space is said to be monotone σ-complete if any increasing sequence (a_n)1_{n=1}, which is bounded above, has a least upper bound

⋁1_{n=1 an, see [5]. Any monotone}

σ-complete partially ordered vector space is archimedean.

Example 1.1. Any real vector space with a trivial ordering (i.e. x ≤ y if and only if x = y ) is monotone σ-complete partially ordered vector space and archimedean. Let Y be a set of real polynomials with natural operations and ordering defined by P ≤ Q if and only if P (t) ≤ Q(t) for all t ∈ [a, b]. Then Y is not monotone σ-complete, but Y is still archimedean. Let Y_n be subspace of Y consisting of all polynomials of degree ≤ n. Then Y_n is monotone σ-complete.

Take a function h : [a, b] → Y of the form h(t) = ∑_n j=1 φ_j (t)y_j , where φ_j : [a, b] → R are continuous and y_j ∈ Y . Then the integral ∫_b a h(t)dt = n∑ j=1 (∫_b a φ_j(t)dt ) y_j is correctly defined and ∫_b a h(t)dt ≥ 0 whenever h(t) ≥ 0 for all t ∈ [a, b],

see [3,p. 253].

A function p of the form p(t) = ∑_n j=�n^cj^{eijt is called a (complex) trigonometric}

polynomial. Obviously, the function p is real if and only if c�_j = c_j for any integer j ∈ {−n, ..., 0, ..., n}. The set of all real (complex) trigonometric polynomials is denoted by T_{2π}(R) (by T_{2π}(R, C)).

Clearly, any linear map Φ : T_{2π}(R) → Y may be extended onto a linear map Φ : T_{2π}(R, C) → Z by the formula Φ(p + i q) = Φ(p) + iΦ(q). For any integer j put χ_j (t) = e�^{ijt}. For a linear map Φ : T_{2π}(R, C) → Z the element z_j = Φ(χ_j ) is said to be the j-th Fourier coefficient of Φ.

2. Fourier coefficients of a positive linear map

We now give a characterization of a positive linear map Φ : T_{2π}(R) → Y in terms of its Fourier coefficients.

Definition 2.1. Let z = (z_j )1_{j=}�1 be a sequence of elements of Z.

(i) The sequence z is said to be positive defined if 0 ≤ ∑_n j=�n^{∑n}k=�n^cj^ck^zk�j for any finite sequence (c_j )^n_{j=}�_n of complex numbers.

(ii) The sum_N ∑ j=�N ( 1 − |j| N + 1 ) z_j e^{ijt} is denoted by σ_N (z, t) and is called the Cesaro sum of the sequence z.

Lemma 2.1. Let Φ : T_{2π}(R) → Y be a positive linear map. Then the sequence z = (z_j )1_{j=}�1 of the Fourier coefficients of Φ is positive defined.

Proof. Let (c_j )^n_{j=}�_n be a sequence of complex numbers. Put

f(t) = n∑ j=�n^{cj eijt and g(t) =} | f(t) |_2 = n∑ j=�n n∑ k=�n^{cjckei(j} �k)t_. Then 0 ≤ Φ(g) = n∑ j=�n n∑ k=�n^{cjckzk} �j . So, the sequence z is positive defined.

Lemma 2.2. Let p(t) = ∑_n j=�n^cj^{eijt be a nonnegative trigonometric polynomial.}

Then there is a complex trigonometric polynomial q(t) = ∑_n j=0 d_j e^{ijt} such that p(t) = | q(t) |_2 . Proof. Put P (ζ) = ∑_n j=�n^cj^{ζj . Then p(t) = P (eit) . Write} w = i(1 + ζ) 1 − ζ , or equivalently ζ = w − i w + i . For real w we have |ζ| = 1. Put

R(w) = (w^2 + 1)^nP ( w − i w + i ) . Then R(w) = n∑ j=�n^{cj(w − i)n+j (w + i)n} �j_, which means that R is a polynomial of degree ≤ 2n. Moreover,

R(w) ≥ 0 for any real w .

It means that the polynomial R has only real zeros of even multiplicity and pairs of nonreal conjugated zeros of the same multiplicity. In other words,

R(w) = A m∏ k=1 (w − w_k)(w − w_k), where A ≥ 0 .

Therefore,

P ( w − i w + i ) = A (w^2 + 1)^n m∏ k=1 (w − w_k)(w − w_k) = A (w^2 + 1)^n�^m m∏ k=1 w − w_k w + i w − w_k w − i .

Hence,

P (ζ) = A ( 1 − (_{1+ζ} 1�ζ^{)2)n} �m^{m∏}_{k=1} i(1+ζ) 1�ζ^{− wk} i(1+ζ) 1�ζ^{+ i} i(1+ζ) 1�ζ^{− wk} i(1+ζ) 1�ζ^{− i =} = A 4^n�^m

(1 − ζ)^n�^m ( 1 − 1 ζ )_n�_m^m∏ k=1 (1 + ζ) + iw_k(1 − ζ) 2 (1 + ζ) + iw_k(1 − ζ) 2ζ =

= A 4^n

(1 − ζ)^n�^m ( 1 − 1 ζ )_n�_m^m∏ k=1 (1 + ζ + iw_k(1 − ζ)) ( 1 + 1 ζ − iw_k ( 1 − 1 ζ )) . Put Q(ζ) = √ A 4^n

(1 − ζ)^n�^m m∏ k=1 (1 + ζ + iw_k(1 − ζ)) .

Then P (ζ) = Q(ζ)Q(ζ) whenever ζ =^1_ζ , i.e. |ζ| = 1. The trigonometric polynomial q(t) = Q(e^{it}) has desired properties. Remark. For the another proof see [4, p.92, 294-295].

The convertion of Lemma 2.1 is also true:

Theorem 2.3. Let z = (z_j )1_{j=}�1 be a positive defined sequence of elements of Z. Then the map Φ : T_{2π}(R, C) → Z defined by the formula

Φ(p) = n∑ j=�n^{cj z} �j for p(t) =^{n∑}_{j=} �n^{cj eijt} is a unique positive linear map for which the sequence of the Fourier coefficients is the sequence z.

Proof. Linearity and uniqueness of the map Φ is obvious. We shall show positivity. Let p(t) = ∑_n j=�n^cj^{eijt ≥ 0 for all real t. By Lemma 2.1,} p(t) = | q(t) |_2 , where q(t) = n∑ j=0 d_j e^{ijt} . Hence, p(t) = (^n∑ j=0 d_j e^{ijt} )(^n∑ k=0 d_ke�^{ikt} ) = n∑ j=�n (^{min(n,n+j)} ∑ k=max(0,j)

d_kd_k�_j ) e^{ijt} . It means

c_j = min(n,n+j) ∑ k=max(0,j)

d_kd_k�_j and n∑ j=�n^{cjz} �j =^{n∑}_{j=} �n (^{min(n,n+j)} ∑ k=max(0,j)

d_kd_k�_j ) z�j =^{n∑}_{k=0}^{n∑}_{j=0} dkdj zj�k ≥ 0 , because z = (z_j )1_{j=}�1 is a positive defined sequence.

So, we have the following characterization of positive linear maps by their Fourier coefficients.

Theorem 2.4. For any sequence z = (z_j )1_{j=}�1 of elements of Z the following properties are equivalent.

(i) There is a unique positive linear map Φ : T_{2π}(R) → Y for which z is the sequence of the Fourier coefficients.

(ii) The sequence z is positive defined.

Now, we consider positive defined sequences in connection with their Cesaro sums.

Lemma 2.5. Let a sequence z = (z_j )1_{j=}�1 of elements of Z be positive defined. Then

(i) σ_N (z, t) ≥ 0 for all real t and natural N.

(ii) 0 ≤ z_0 ∈ Y , z�_n = z_n, ± Re(z_n) ≤ z_0 and ± Im(z_n) ≤ z_0 for any integer n.

Proof. (i). Put c_j = e�^{ijt} for 0 ≤ j ≤ N. Then

0 ≤ N∑ j=0 N∑ k=0 c_jc_kz_k�_j = N∑ j=�N^{(N + 1 − |j|)zj e} ijt = (N + 1)σ_N (z, t).

(ii). Put c_0 = 1. Then

0 ≤ 0∑ j=0 0∑ k=0 c_j c_kz_k�_j = c_0z_0 = z_0,

i.e., 0 ≤ z_0 ∈ Y . Put c_0 = c_n = 1 and c_j = 0 for 0 < j < n. Then 0 ≤ n∑ j=0 n∑ k=0 c_jc_kz_k�_j = 2z_0 + z_n + z�_n.

It means that Im(z_n + z�_n) = 0 and − Re(z_n + z�_n) ≤ 2z_0. Replacing c_n by −1, we obtain Re(z_n + z�_n) ≤ 2z_0. Put c_n = ±i, then we have ± Im(z_n) ≤ z_0 and Re(z_n − z�_n) = 0. Therefore, z�_n = z_n, ± Re(z_n) ≤ z_0 and ± Im(z_n) ≤ z_0. Lemma 2.6. Let z = (z_j )1_{j=}�1 be a sequence of elements of Z such that z_j = 0 for |j| > m. If ∑_m j=�m^zj^{eijt ≥ 0 for all t, then the sequence z is positive defined.}

Proof. Put f(t) = n∑ j=�n^{cjeijt, g(t) =} | f(t) |_2 = n∑ j=�n n∑ k=�n^{cj ckei(j} �k)t_{and h(t) =}^{n∑}_{j=} �n^{zj eijt .} Then 0 ≤ 1 2π ∫_{2π} 0 g(t)h(t)dt = n∑ j=�n n∑ k=�n^{cj cjzk} �j .

Lemma 2.7. Let a sequence z = (z_j )1_{j=}�1 of elements of Z be such that σ_N (z, t) ≥ 0 for all real t and natural N. Then 0 ≤ z_0 ∈ Y , z�_j = z_j , ± Re(z_j ) ≤ 2z_0 and ± Im(z_j ) ≤ 2z_0 for any integer j. Proof. For any integer N ≥ 0 put

ζ_j = ( 1 − |j| N + 1 ) z_j for − N − 1 < j < N + 1 and ζ_j = 0 otherwise.

Since σ_N (z, t) ≥ 0 for all t, the sequence (ζ_j )1_{j=}�1 is positive defined by Lemma 2.6. Now, Lemma 2.5 implies 0 ≤ ζ_0 ∈ Y , ζ�_j = ζ_j , ± Re(ζ_j ) ≤ ζ_0 and ± Im(ζ_j ) ≤ ζ_0 for −N − 1 < j < N + 1. It means

0 ≤ z_0 ∈ Y, z�_j = z_j , ± ( 1 − |j| N + 1 ) Re(z_j ) ≤ z_0 and ± ( 1 − |j| N + 1 ) Im(z_j ) ≤ z_0

for −N − 1 < j < N + 1. Now, for any integer j take N = 2|j| − 1. Then

± Re(z_j ) ≤ 2z_0 and ± Im(z_j ) ≤ 2z_0 for any integer j .

Theorem 2.8. Let a sequence z = (z_j )1_{j=}�1 of elements of Z be such that σ_N (z, t) ≥ 0 for all real t and natural N. If

1_⋀ N=1 z_0 N = 0 ,

then the linear map Φ : T_{2π}(R, C) → Z defined by the formula

Φ(p) = n∑ j=�n^{cj z} �j for p(t) =^{n∑}_{j=} �n^{cj eijt} is a unique positive linear map for which the sequence of the Fourier coefficients is the sequence z.

Proof. Clearly, it suffices to prove positivity of Φ. So, assume p(t) = n∑ j=�n^{cj eijt ≥ 0 .} We have to prove that_n ∑ j=�n^{cj z} �j ≥ 0 . Since p(t) ≥ 0 and σ_N (z, t) ≥ 0 for all t, we have 0 ≤ 1 2π ∫_{2π} 0 f(t)σ_N (z, t)dt = n∑ j=�n^{cj} ( 1 − |j| N + 1 ) z�j

whenever n ≤ 2N + 1. Put S = n∑ j=�n^{cj z} �j and SN =^{n∑}_{j=} �n^{cj} ( 1 − |j| N + 1 ) z�j . Then S ≥ S − S_N = n∑ j=�n^{cj} |j| N + 1

z�j =^{n∑}_{j=1} 2 Re(cj^{|j|}_{N + 1} z�j ) ,

because the elements c_j , c�_j and z_j , z�_j are conjugated. Let c_j = a_j + ib_j , where a_j and b_j are real, and z_j = u_j + iv_j , where u_j, v_j ∈ Y . Then z�j = uj − ivj and S ≥ 2^{n∑}_{j=1}^j_{N + 1} (aj uj + bj vj ) . Lemma 2.7 implies ±u_j ≤ 2z_0 and ±v_j ≤ 2z_0. The inequalities ±a_j ≤ c_0 and ±b_j ≤ c_0 follow from Lemma 2.6 and (ii) of Lemma 2.5. Therefore,

S ≥ −8 n∑ j=1 j N + 1 c_0z_0 = −

4n(n + 1) N + 1 c_0z_0 .

It means S ≥ 1_⋁ N=1 − 4n(n + 1) N + 1 c_0z_0 = −4n(n + 1)c_0

1_⋀ N=1 z_0 N + 1

= 0 .

So, Φ is positive.

Corollary 2.9. Let a sequence z = (z_j )1_{j=}�1 of elements of Z be such that σ_N (z, t) ≥ 0 for all real t and natural N. If Y is archimedean, then there is a positive linear map Φ : T_{2π}(R) → Y for which the sequence of the Fourier coefficients is the sequence z.

The last theorem summarizes our previous results.

Theorem 2.10. For any sequence z = (z_j )1_{j=}�1 of elements of Z with

0 ≤ z_0 ∈ Y and

1_⋀ N=1 z_0 N = 0

the following properties are equivalent.

(i) There is a unique positive linear map Φ : T_{2π}(R) → Y for which z is the sequence of the Fourier coefficients.

(ii) The sequence z is positive defined.

(iii) The Cesaro sums σ_N (z, t) are nonnegative for all natural N.

References

1. Duchoň, M., On Herglotz theorem in vector lattices, Tatra Mt. Math. Publ. 3 (1993), 231–236. 2. Duchoň, M. - Malik, P., On Herglotz theorem in partially ordered vector spaces, Soft Computing (to be appear).

3. Malik, P., On random variables with values in a vector lattice, Acta Mathematica Univ. Com.

LII – LIII (1987), 249–263.

4. Plya, G. - Szegö, G., Problems and Theorems in Analysis, Vol. 2, Nauka, Moscow, 1978. 5. Wright, J. D. M., Measures with values in a partially ordered vector space, Proc. London Math. Soc. 25 (1972), 675–688.

Mathematical Institute; Slovak Academy of Sciences; Štefánikova 49; SK–814 73 Bratislava; SLOVAKIA

E-mail address: duchon@savba.sk

Department of Mathematics; Faculty of Natural Sciences; Matej Bel University; Tajovského 40; SK–974 01 Banská Bystrica; SLOVAKIA

E-mail address: malicky@fpv.umb.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2

(continued on inside back cover)

14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations 31/1996 Anatolij Dvureèenskij : Measures and states on BCK-algebras 30/1996 Ján Haluźka: Uncertainty and tuning in music