Preprint 8/1999

July 19, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Ján Jakubík

Graph automorphisms

and cells of lattices

PREPRINT SERIES

GRAPH AUTOMORPHISMS AND CELLS OF LATTICES

Ján Jakubík, Košice

A partially ordered set is called discrete if all its bounded chains are finite. All partially ordered sets which are dealt with in the present paper are assumed to be discrete.

Inspired by a problem proposed by Birkhoff ([1], Problem 6) the author investigated graph automorphisms of modular lattices [5] and of semimodular lattices [6].

For the references concerning graph isomorphisms of lattices cf. Ratanaprasert [11].

The notion of cell in a lattice was introduced in the author’s article [4]. It was applied for studying graph isomorphisms of semimodular lattices by Ratanaprasert and Davey [12]. Further, this notion was used for investigating graph isomorphisms of semilattices by Kolibiar [8] and Ratanaprasert [10], [11], and of directed sets by Tomková [15].

In Section 2 of the present paper we apply the notion of cell for dealing with graph automorphisms of lattices (neither modularity nor semimodularity is assumed). We obtain a generalization of a result of [5].

Some further results (concerning semimodular lattices, gradded lattices, balanced lattices and geometric lattices) are given in Sections 3 and 4.

1. Preliminaries

Let P be a partially ordered set. For a, b ∈ P with a 5 b, the interval [a, b] is the set {x ∈ P : a 5 x 5 b}. If [a, b] = {a, b} and a ≠ b, then [a, b] is said to be a prime interval and we express this situation by writing a ≺ b or b ≻ a.

The graph G(P ) is defined to be the unoriented graph whose vertex set is P and whose edges are pairs (a, b) such that either a ≺ b or b ≺ a.

If P_1 and P_2 are partially ordered sets and if φ is an isomorphism of G(P_1) onto G(P_2), then φ is called a graph isomorphism of P_1 onto P_2. For P_1 = P_2 we obtain, in particular, a graph automorphism of P_1.

Let φ be a graph isomorphism of P_1 onto P_2 and let X ⊆ P_1. We say that X is preserved (reversed) under φ if, whenever x_1, x_2 ∈ X and x_1 ≺ x_2, then φ(x_1) ≺ φ(x_2) (or φ(x_1) ≻ φ(x_2), respectively).

If X is either preserved or reversed under φ, then X is called regular under φ. For a partially ordered set P we denote by P^d the partially ordered set which is dual to P .

The direct product P_1 × P_2 of partially ordered sets P_1 and P_2 is defined in the usual way. We shall apply also the notion of internal direct product decomposition of a partially ordered set (in the same sense as in [7] and [5]).

Typeset by AMS-TEX 1

Let P, P^′ be partially ordered sets and let f be a graph isomorphism of P onto P^′. Suppose that there exist partially ordered sets A, B and direct product representations g : P → A × B, g^′ : P^′ → A^d × B such that the diagram P^f−−−−→ P^′ g ? y ? yg^0 A × B^i−−−−→ A^d × B is commutative (where i is the identity mapping on A × B). Then the graph isomorphism f is said to be given by a direct product diagram. (Cf. Kolibiar [8].)

2. Cells in lattices

Let L be a lattice. Assume that x_1, x_2, . . . , x_m, y_1, y_2, . . . , y_n, u and v are distinct elements of L such that

(i) u ≺ x_1 ≺ x_2 ≺ · · · ≺ x_m ≺ v, u ≺ y_1 ≺ y_2 ≺ · · · ≺ y_n ≺ v, (ii) either x_1 ∨ y_1 = v, or x_m ∧ y_n = u.

Then the set C = {u, v, x_1, x_2, . . . , x_m, y_1, y_2, . . . , y_n} is called a cell in L. The cell C is said to be proper if either m > 1 or n > 1.

2.1. Theorem. (Cf. [4].) A graph isomorphism f : L → L^′ of lattices L and L^′ is given by a direct product diagram iff any proper cell in L or in L^′ is regular under f or f^{−1}, respectively.

For a lattice L we denote by A(L) - the set of all graph automorphisms of L;

A_c(L) - the set of all φ ∈ A(L) such that each proper cell of L is regular under φ and under φ^{−1}.

Further, let C and C_0 be the class of lattices L such that, whenever φ ∈ A(L) (or φ ∈ A_c(L), respectively), then φ is a lattice automorphism on L.

2.2. Theorem. (Cf. [5].) Let L be a modular lattice. Then the following conditions are equivalent:

(i) L belongs C.

(ii) No direct factor of L having more than one element is self-dual.

In the present paper we prove

2.3. Theorem. Let L be a lattice. Then the condition (ii) from 2.2 is equivalent with the condition

(i_1) L belongs to C_0.

If L is a modular lattice then no proper cell exists in L; thus A(L) = A_c(L) and L ∈ C ⇔ L ∈ C_0. Hence 2.3 is a generalization of 2.2.

We prove 2.3 by means of some lemmas.

2.4. Lemma. (Cf. [5].) Let ψ be an isomorphism of L onto the direct product A × B. Further, suppose that χ is an isomorphism of B onto B^d. For each x ∈ L we put φ(x) = y, where ψ(x) = (a, b), y = ψ^{−1}((a, χ(b))). Then φ is a graph automorphism of L.

By a similar argument as in the proof of Lemma 2.1 of [4] we obtain

2.5. Lemma. Let the assumptions of 2.4 be satisfied. Then each proper cell of L is regular under the graph automorphism φ and under φ^{−1}; consequently, φ ∈ A_c(L).

2.6. Lemma. If L belongs to C_0, then no direct factor of L having more than one element is self-dual.

Proof. Suppose that L belongs to C_0. Suppose that B is a self-dual direct factor of L. There is a direct factor A of L such that the direct product decomposition ψ : L → A × B is valid. Let φ be as in 2.4. In view of 2.5, φ belongs to A_c(L). By way of contradiction, assume that B has more than one element. According to Lemma 1.2 in [4], φ fails to be a lattice automorphism of L. Hence L /∈ C_0 and we arrived at a contradiction. �

2.7. Lemma. Let the condition (ii) of 2.2 be valid. Then L belongs to C_0.

Proof. Let f be an arbitrary element of A_c(L). Put L^′ = L. Hence f is a graph isomorphism of L onto L; moreover, all proper cells in L or in L^′ are regular under f or f^{−1}, respectively. Thus according to 2.1, f is given by a direct product diagram. We can apply the notation as in Section 1 (taking L instead of P ).

Without loss of generality we can suppose that g and g^′ are internal direct product decompositions of L = L^′ with the same central element. Then from [4], Lemma 2.1 (cf. also [7], Lemma 2.4) we obtain A = A^d. Therefore A is a one-element set. �

From 2.6 and 2.7 we conclude that 2.3 holds.

3. Semimodular lattices

In this section we assume that L is a semimodular lattice.

3.1. Definition. Let X be a sublattice of L which is isomorphic to the lattice on Fig. 1 and let X be the convex hull of X in L. Then X is said to be an interval of type (C_0).

u u u u u u u Fig. 1

If A is a direct factor of L and y ∈ L, then the component of y in the direct factor A will be denoted by y(A).

Let Y ⊆ L. Suppose that y_1(A) = y_2(A) for each y_1, y_2 ∈ Y . Then the direct factor A is said to be orthogonal to Y .

We denote by A_1(L) the set of all φ ∈ A(L) such that, whenever X is an interval of type (C_0) in L, then X is preserved under φ.

3.2. Theorem. (Cf. [6].) The following conditions are equivalent:

(i) If φ ∈ A_1(L), then φ is a lattice automorphism of L.

(ii) If A is a self-dual direct factor of L such that A is orthogonal to each interval of type (C_0) in L, then A is a one-element set.

3.3. Lemma. Let C be a proper cell in L. Then (under a notation as in Section 2) we have

(i_1) x_m ∧ y_n = u;

(ii_1) C is a subset of an interval of type (C_0) in L.

Proof of (i_1). By way of contradiction, suppose that (i_1) fails to hold. Then, in view of the definition of a cell, the relation x_1 ∨ y_1 = v is valid. Since either m > 1 or n > 1, we have a contradiction with the semimodularity of L.

Proof of (ii_1). Put z = x_1 ∨ y_1. If z 5 x_m, then we would have x_m ∧ y_n = y_1, which is impossible in view of (i_1). Similarly, z ˇ y_m. Hence, in view of semimodularity of L, the element z is incomparable with both x_m and y_n. Since x_1 ≺ z, y_1 ≺ z, x_m ≺ v and y_n ≺ v, we obtain x_m ∧ z = x_1, x_m ∨ z = v, y_n ∧ z = y_1, y_n ∨ z = v. Thus X = {u, v, x_1, x_m, y_1, y_n} is a sublattice of L which is isomorphic to the lattice on Fig. 1 and X is an interval of type (C_0) in L. Moreover, C ⊆ X. �

3.4.1. Lemma. Let φ ∈ A_1(L), u, v, x_1, x_2, . . . , x_m, y_1, y_2, . . . , y_n ∈ L such that u ≺ x_1 ≺ x_2 ≺ · · · ≺ x_m ≺ v, u ≺ y_1 ≺ y_2 ≺ · · · ≺ y_n ≺ v. Suppose that (a) φ(u) ≺ φ(x_1) ≺ φ(x_2) ≺ · · · ≺ φ(x_m) ≺ φ(v).

Then φ(u) ≺ φ(y_1) ≺ φ(y_2) ≺ · · · ≺ φ(y_n) ≺ φ(v).

Proof. It suffices to apply an analogous argument as in the proof of lemma 2.3 in [4]. � Analogously we have 3.4.2. Lemma. Let the same assumptions as in 3.4.1 be satisfied with the distinction that instead of (a) the relation (b) φ(u) ≻ φ(x_1) ≻ φ(x_2) ≻ · · · ≻ φ(x_m) ≻ φ(v) holds. Then φ(u) ≻ φ(y_1) ≻ φ(y_2) ≻ · · · ≻ φ(y_n) ≻ φ(v).

3.5. Lemma. Let C be a proper cell in L and φ ∈ A(L). Then C cannot be reversed under φ.

Proof. For the cell C we apply the same notation as in the proof of 3.3. By way of contradiction, suppose that C is reversed under φ. Then the mapping φ (reduced to the set [u, v]) is a dual lattice isomorphism of the interval [u, v] onto the interval [φ(v), φ(u)] of L. Then according to 3.3 we have φ(x_m) ∧ φ(y_n) = φ(v), φ(x_m) ∨ φ(y_n) = φ(u), φ(x_n) ≻ φ(v), φ(y_n) ≻ φ(v) and some of the relations φ(x_m) ≺ φ(u), φ(y_n) ≺ φ(u) fails to hold. This contradicts the semimodularity of L. � 3.6. Lemma. A_1(L) = A_c(L).

Proof. The relation A_c(L) ⊆ A_1(L) is a consequence of 3.3. Let X be a sublattice of L isomorphic to the lattice on Fig. 1; let u and v be the least element or the greatest element of X, respectively. Then there exists a proper cell C with elements denoted as in Section 2. Let φ ∈ A_1(L). Thus C is regular under φ. Hence C is either preserved or reversed under φ.

In view of 3.4.1 and 3.4.2, the interval [u, v] of L is either preserved or reversed under φ. Then according to 3.5, the first possibility must occur. Thus [u, v] = X is preserved under φ. Hence A_c(L) ⊆ A_1(L). � The following theorem sharpens the implication (i)⇒(ii) from 3.2.

3.7. Theorem. Let the condition (i) from 3.2 be valid. Then we have (ii_2) if A is a self-dual direct factor of L, then A is a one-element set.

Proof. This is a consequence of 3.6 and 2.3. � 3.8. Theorem. Let the condition (ii) from 3.2 be valid. Then the condition (ii_2) from 3.7 holds.

Proof. In view of 3.2, the condition (i) from 3.2 holds. Then 3.7 yields that (ii_2) is valid. �

4. Gradded, balanced and geometric lattices

The remarks contained in this section can be considered as an addendum to the author’s paper [5]. All lattices dealt with in the present section are assumed to be of finite length.

In A), B) and D) we apply the results of Duffus and Rival [2], of Lee [9], or of Stern [14], respectively, concerning graph isomorphisms of some types of lattices.

We will say that a pair of lattices (L, L^′) satisfies the condition (α) if each graph isomorphism of L onto L^′ is given by a direct product diagram.

A) A lattice L will be said to be of type (DR) if (i) L is gradded, (ii) every element of L is a join of atoms and a meet of coatoms. Lattices of such type were studied by Duffus and Rival [2].

4.1. Theorem. (Cf. [2].) Let L and L^′ be gradded lattices and let L be of type (RD). Then the pair (L, L^′) satisfies the condition (α).

By the same method as in [5] (with the only distinction that instead of [3] we now apply 4.1) we conclude

4.2. Theorem. Let L be a gradded lattice of type (DR). Then the following conditions are equivalent:

(i) Each graph automorphism of L is a lattice automorphism. (ii) No direct factor of L having more than one element is self-dual.

B) A semimodular lattice of finite length is called geometric if every element of L is a join of atoms (cf. [9]).

4.3. Theorem. (Cf. [9].) Let L and L^′ be lattices with isomorphic graphs. If L is geometric, then the pair (L, L^′) satisfies the condition (α).

Analogously as in A) (by applying 4.3) we obtain

4.4. Theorem. Let L be a geometric lattice and let the conditions (i) and (ii) be as in 4.2. Then (i) and (ii) are equivalent.

4.5. Corollary. (Cf. [9].) Let L be a geometric lattice. Suppose that L is directly indecomposable and that it is not self-dual. Then every graph automorphism of L is a lattice automorphism.

C) From 2.2 we immediately obtain

4.6. Corollary. (Cf. [9].) Let L be a non-self-dual, directly indecomposable modular lattice. Then every graph automorphism of L is a lattice automorphism.

D) For a lattice L we denote by J (L) - the set of all elements x of L such that x fails to be the least element of L and x is join-irreducible;

M(L) - the set of all elements y of L such that y fails to be the greatest element of L and y is meet-irreducible.

Let j ∈ J (L) and m ∈ M(L). We denote by j^′ the unique element of L such that j^′ ≺ j; further, let m^∗ be the unique element of L with m ≺ m^∗.

Assume that j ˇ m. The arrow-relations between J (L) and M(L) are defined by j ↗ m ⇔ j ∨ m = m^∗, j ↙ m ⇔ j ∧ m = j^′. (Cf. Wille [16].)

The lattice L is called balanced if for all j ∈ J (L) and M(L) we have j ↗ m ⇔ j ↙ m. (Cf. Reuter [13].)

4.7. Theorem. (Cf. [14].) Let L and L^′ be lattices which are gradded and balanced. Then the pair (L, L^′) satisfies the condition (α).

If L is a modular lattice or if it is of type (RD), then L is gradded and balanced (cf. [14]). Hence 4.7 is a generalization of the author’s result from [3], and of the result of Duffus and Rival (cf. 4.1).

Similarly, as in A), from 4.7 we conclude

4.8. Theorem. Let L be a balanced lattice. Let (i) and (ii) be as in 4.3. Then the conditions (i) and (ii) are equivalent.

This generalizes 4.2 and also the result (∗) from [5].

References

[1] G. Birkhoff, Lattice Theory, Third Edition, Providence, 1967.

[2] D. Duffus, I. Rival, Path length in the covering graph of a lattice, Discrete Math. 19 (1979), 139–158.

[3] J. Jakubík, On graph isomorphism of lattices, Czechoslovak Math. J. 4 (1954), 131–142.

(Russian) [4] J. Jakubík, On isomorphisms of graphs of lattices, Czechoslovak Math. J. 35 (1985), 188– 200.

[5] J. Jakubík, Graph automorphisms of a finite modular lattice, Czechoslovak Math. J. 49 (1999), 443–447.

[6] J. Jakubík, Graph automorphisms of semimodular lattices, Math. Bohemica (to appear). [7] J. Jakubík, M. Csontóová, Convex isomorphisms of directed multilattices, Math. Bohemica 118 (1993), 359–379.

[8] M. Kolibiar, Graph isomorphisms of semilattices, in: Contributions to General Algebra 3, Proc. of the Vienna Conference 1984, Verlag Hölder-Pichler-Tempsky, Wien, 1985, pp. 225– 235.

[9] J. G. Lee, Covering graphs of lattices, Bull. Korean Math. Soc. 23 (1986), 39–46. [10] C. Ratanaprasert, Compatible Orderings of Semilattices and Lattices, Ph.D. Thesis, La Trobe University, 1987.

[11] C. Ratanaprasert, Compatible orders on semilattices, Tatra Mountains Math. Publ. 5 (1995), 177–187.

[12] C. Ratanaprasert, B. A. Davey, Semimodular lattices with isomorphic graphs, Order 4 (1987), 1–13.

[13] K. Reuter, The Kurosh-Ore exchange property, Acta Math. Acad. Sci. Hung. 53 (1989), 119–127.

[14] M. Stern, On the covering graph of balanced lattices, Discrete Math. 156 (1996), 311–316. [15] M. Tomková, Graph isomorphisms of partially ordered sets, Math. Slovaca 37 (1987), 47–52. [16] R. Wille, Subdirect decompositions of concept lattices, Algebra Universalis 17 (1983), 275– 287.

Matematický ústav SAV, Grešákova 6, 040 01 Košice, Slovakia E-mail address: musavke@mail.saske.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras

(continued on inside back cover)

15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax2 + cy2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras 33/1996 Ivan Korec: A list of arithmetical structures strongest with respect to the ˛rst order de˛nability 32/1996 Ivan Korec: De˛nability of Pascal’s triangles modulo 4 and 6 and some other binary operations from their associated equivalence relations