Preprint 11/1999

July 26, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Peter Eliaź

A hierarchy of thin sets related

to the boundedness

of trigonometric series

PREPRINT SERIES

A HIERARCHY OF THIN SETS RELATED TO THE BOUNDEDNESS OF TRIGONOMETRIC SERIES

PETER ELIAľ

Abstract. We study the family B′ of the sets on which some series of the form Pk_{∈N} jsin πnkxj is uniformly bounded. We show that the families B^⌋_′ of all sets admitting the boundary c form a hierarchy which is incontinuous with respect to the operations of intersection and union.

Let us recall two kinds of thin sets studied in harmonic analysis. A set X ⊆ [0, 1] is called an N-set (in honour of V. V. Nemytskiĭ) if there exists a trigonometric series absolutely converging on X but not converging absolutely everywhere; it is called an N_0-set if there exists a series of the form ∑ k∈N^{|sin πnkx| converging on X.}

J. Arbault [1] showed that the family N_′ of all N_0-sets is a proper subfamily of the family N of all N-sets, and both families share some common properties.

In the paper [3] we examined several modifications of the definitions of the families N and N_′, and compared the obtained families one to another. We showed that the family B_′ of all sets on which some series of the form ∑ k∈N^{|sin πn}k^{x|} is uniformly bounded, differs from previously known “classical” families. In the present paper we continue the study of the family B_′ considering the hierarchy of the families B^⌋_′ of all sets admitting the boundary c. We show that if c < d then B^⌋_′ is a proper subfamily of B^⌈_′ , and ⋃ d<c B^⌈_′ $ B^⌋_′ $ ⋂ ⌈>⌋ B^⌈_′ for every c > 0.

For a review of families of trigonometric thin sets, some historical notes, and also for many new results we refer the reader to the paper [2].

We shall deal with the quotient group T= R/Z; however, we will not distinguish between the elements of Tand the reals, or between the functions defined on Tand the corresponding periodic functions on R. For a real x, let [x] denote the integer part of x and let ‖x‖ denote the distance of x to the nearest integer, i. e. [x] = max{k ∈ Z: k ≤ x} and ‖x‖ = min{|x − k| : k ∈ Z}. Let us note that ‖x‖ − ‖y‖ ≤ ‖x + y‖ ≤ ‖x‖ + ‖y‖ and ‖−x‖ = ‖x‖ for all x, y ∈ T. The space Tequipped with the metric ϱ(x, y) = ‖x − y‖ is a compact topological group.

In an accordance with [3], we define B_0-sets as follows.

Definition 1. A set X ⊆ T is a B_0-set if there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that the series ∑ k∈N^{‖nkx‖ is uniformly bounded}

on X, i. e. there exists a real c such that ∑ k∈N^{‖nkx‖ ≤ c for all x ∈ X. The family}

of all B_0-sets is denoted by B_′ .

1991 Mathematics Subject Classi˛cation. Primary 43A46; Secondary 42A28. Key words and phrases. Trigonometric thin sets, N0-sets, B0-sets, uniform boundedness. The work on this paper was supported by grant 2/4034/97 of Slovak Grant Agency VEGA.

The research was partly done when the author was visiting the Mathematical Institute of the University in Bonn with ˛nancial support by the Graduiertenkolleg. 1

Since 2 ‖x‖ ≤ |sin πx| ≤ π ‖x‖ for all x ∈ T, it is clear that the previous definition remains equivalent if we replace ∑ k∈N^{‖nkx‖ by ∑}k∈N^{|sin πnkx|.} Proposition 2. A set X ⊆ T is a B_0-set if and only if there exist an increasing sequence {n_k}_{k∈}Nof natural numbers and a sequence {a_k}_{k∈}Nof elements of T such that the series ∑ k∈N^{‖nkx + ak‖ is uniformly bounded on X.}

Proof. It follows immediately from Lemma 3 below.

Lemma 3. Let {n_k}_{k∈}Nbe an increasing sequence of natural numbers and let {a_k}_{k∈}Nbe a sequence of elements of T. Then for every ε > 0 there exists an increasing sequence {m_j }_{j∈}Nof natural numbers such that ∑ j∈N^{‖m}j^{x‖ ≤} ∑ k∈N^{‖n}k^{x + a}k^{‖ + ε for every x ∈} T^.

Proof. We use a classical argument. Since Tis compact, there exists an increasing function h : N → N such that the sequence { n_{h(2j+1)} − n_{h(2j)} } j∈N^{is increasing and} ∑ j∈N^{‖a}h(2j+1)^{− a}h(2j)^{‖ ≤ ε. It suffices to put m}j^{= n}h(2j+1)^{− n}h(2j)^.

However, we do not know the answer for the following question.

Problem 4. Let {n_k}_{k∈}Nbe an increasing sequence of natural numbers and let {a_k}_{k∈}Nbe a sequence of elements of T. Does there exist a sequence {m_j}_{j∈}Nsuch that ∑ j∈N^{‖m}j^{x‖ ≤ ∑}k∈N^{‖n}k^{x + a}k^{‖ for all x ∈} T^?

Let us now define the families B^⌋_′ . Here the use of the series ∑ k∈N^{‖n}k^{x‖ and} ∑ k∈N^{|sin πn}k^{x| is not equivalent; for simplicity we will consider the first one.}

Definition 5. Let c be a positive real. A set X ⊆ Tis called a B^c_0-set if there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that ∑ k∈N^{‖n}k^{x‖ ≤ c for} all x ∈ X. The family of all B^c_0-sets is denoted by B^⌋_′ .

We show that in the previous definition, ‘≤’ can be replaced by ‘<’.

Lemma 6. Let c > 0, X ⊆ T, and let {n_k}_{k∈}Nbe such that ∑ k∈N^{‖nkx‖ ≤ c for} all x ∈ X. Then there exists j ∈ N such that ∑ k>j ‖n_kx‖ < c for all x ∈ X. Proof. Suppose for a contradiction that for every j there exists x_j ∈ X such that ∑ k>j ‖n_kx_j ‖ ≥ c. Thus ‖n_kx_j‖ = 0 for all k ≤ j and ‖ ‖n_{kj} x_j ‖ ‖ > 0 for some

k_j > j. Hence for every j and k such that k ≥ k_j we have ‖ ‖n_{kj} x_j ‖ ‖ > 0 and ‖ ‖n_{kj} x_k ‖ ‖ = 0, and thus x_j ≠ x_k. It follows that the set {x_j : j ∈ N} is infinite.

However, this is impossible since for every k there are only finitely many x ∈ T such that ‖n_kx‖ = 0.

Let us recall that a set X ⊆ Tis called a Dirichlet set (a D-set) if there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that the sequence {‖n_kx‖}_{k∈}N is uniformly converging to 0 on X. The family of all D-sets is denoted by D. From the definition we can immediately see that ⋃ c>0 B^⌋_′ = B_′ and ⋂ c>0 B^⌋_′ = D. We do not know whether an analogue of Proposition 2 holds true in the case of B^c_0-sets.

Problem 7. Let c > 0, let {n_k}_{k∈}Nbe an increasing sequence of natural numbers and let {a_k}_{k∈}Nbe a sequence of elements of T. Does there exist a sequence {m_j }_{j∈}N such that for all x ∈ T, ∑ j∈N^{‖mj x‖ ≤ c whenever ∑}k∈N^{‖nkx + ak‖ ≤ c ?}

Fix a positive real c. Let us denote by B^{∗⌋}_′ the family of all sets X ⊆ Tfor which there exist sequences {n_k}_{k∈}Nand {a_k}_{k∈}Nsuch that ∑ k∈N^{‖nkx + ak‖ ≤ c for all} x ∈ X. Clearly B^⌋_′ ⊆ B^{∗⌋}_′ , and Problem 7 asks whether the equality holds true. From Lemma 3 it follows that B^{∗⌋}_′ ⊆ ⋂ ⌈>⌋ B^⌈_′ . Thus for every c > 0 we have ⋃ d<c B^⌈_′ = ⋃ ⌈<⌋ B^{∗⌈}_′ ⊆ B^⌋_′ ⊆ B^{∗⌋}_′ ⊆ ⋂ ⌈>⌋ B^⌈_′ = ⋂ ⌈>⌋ B^{∗⌈}_′ . In Propositions 10 and 11 we will show that the first and the last inclusions are proper.

Let {m_j}_{j∈}Nbe an increasing sequence of natural numbers and let {a_j}_{j∈}Nbe a sequence of elements of T. For every positive integer n, let α(n), β(n) ∈ N be such that n = 2^{α(n)}β(n) and β(n) is odd.

Lemma 8. Let p, r ∈ N, p ≥ 1. Assume that the set {α(m_j) : j ∈ N} is infinite. There exist j, q ∈ N and s ∈ {−1, 1} such that q ≥ r and ‖ ‖sm_j 2^{−q2p} + a_j ‖ ‖ ≥ 2^{−2p} .

Proof. Put J = { j ∈ N : ‖aj‖ ≥ 2^{−2p }}. Clearly either {α(mj) : j ∈ J} or {α(mj ) :

j /∈ J} is infinite.

In the first case find j ∈ J such that α(m_j ) ≥ r2^p, and put q = r and s = 1. Then sm_j 2^{−q2p} is an integer and thus ‖ ‖sm_j 2^{−q2p} + a_j ‖ ‖ = ‖a_j‖ ≥ 2^{−2p} .

In the latter case find j /∈ J such that α(m_j ) ≥ (r − 1)2^p and put q = [α(m_j )2^{−p}] + 1. Then clearly q ≥ r. We also have 0 < q2^p − α(m_j ) ≤ 2^p and thus ‖ ‖m_j 2^{−q2p} ‖ ‖ = ‖ ‖β(m_j )2^{α(m}j^{)−q2p} ‖ ‖ ≥ 2^{−2p} . Since ‖a_j‖ ≤ 2^{−2p} ≤ 2^{−2}, we can conclude that either ‖ ‖m_j 2^{−q2p} + a_j ‖ ‖ ≥ 2^{−2p} or ‖ ‖m_j 2^{−q2p} − a_j ‖ ‖ ≥ 2^{−2p} .

Lemma 9. Let θ be a real such that 0 < θ ≤ 1/2, let {p_k}_{k∈}Nbe a sequence of positive integers, and let {ε_k}_{k∈}Nbe a sequence of positive reals. Assume that lim_{j→∞} α(m_j ) = ∞. There exists x ∈ T such that 1. ‖x‖ ≤ θ; 2. there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that ‖ ‖22^{nk} x ‖ ‖ ≤ 2−2^{pk} + 2−2^{nk} for all k ∈ N, and ‖ ‖22^n x ‖ ‖ ≤ 2−2^n for all n /∈ {n_k : k ∈ N}; 3. there exists an increasing sequence {j_k}_{k∈}Nof natural numbers such that ‖m_{jk} x + a_{jk} ‖ ≥ 2^{−2pk} − ε_k for all k ∈ N.

Proof. We will define sequences {n_k}_{k∈}N, {j_k}_{k∈}N, {q_k}_{k∈}N, and {s_k}_{k∈}Nby induction. Fix k ∈ N and suppose that n_i, j_i, q_i, s_i are defined for all i < k. Find r ≥ 2 such that (a) 2^{−r2pk} ≤ 2^{−k−1}θ; (b) r2^{pk} > 2^{nk}�1^{+1} if k ≥ 1; (c) 2^{−r2pk} ≤ 2^{i−k}2^{−2ni} +1 for all i < k;

(d) 2^{−r2pk} ≤ 2^{i−k}ε_i/m_{ji} for all i < k.

Let l ∈ N be such that l > j_{k−1} if k ≥ 1, and α(m_j ) ≥ q_{k−1}2^{pk}�1 for all j ≥ l. By Lemma 8 there exist j_k ≥ l, q_k ≥ r, and s_k ∈ {−1, 1} such that (e) ‖ ‖ ‖mj_k sk2^{−qk2} �p_k + a_{jk} ‖ ‖ ‖ ≥ 2^{−2pk} . Put n_k = max{i : 2^i < q_k2^{pk} }.

Let x = ∑ k∈N^sk^{2−qk 2pk . By (a), |x| ≤ ∑}k∈N^{2−qk2pk ≤ ∑}k∈N^{2−k−1θ = θ, and} thus (1) holds.

To show (2), fix k ∈ N. If k ≥ 1 then by (b), q_k2^{pk} > 2^{nk}�1^{+1}. Thus n_k > n_{k−1}

and hence q_i2^{pi} < 2^{nk} for all i < k. Since q_k ≥ 2, we have 2^{nk+1} ≥ q_k2^{pk} ≥ 2^{pk+1}

and thus n_k ≥ p_k. Hence 2^{nk} is a multiple of 2^{pk} and we have q_k2^{pk} ≥ 2^{nk} + 2^{pk} .

Using (c) we obtain that ∑ i≥k 2^{−qi2pi} ≤ 2^{−qk 2pk} + ∑ i>k 2^{k−i}2^{−2nk} +1

≤ 2^{−2nk −2pk} + 2^{−2nk} +1 = 2^{−2nk} ( 2^{−2pk} + 2^{−2nk} ) . (f)

Hence ‖ ‖2^{2nk} x ‖ ‖ ≤ 2^{2nk} ∑_{i≥k} 2^{−q}i^{2pi} ≤ 2^{−2pk} + 2^{−2nk} , and thus the first part of (2)

holds. To show the latter one, let n /∈ {n_k : k ∈ N} and put k = min{i : n_i > n}.

Then for all i < k we have n > n_i and thus q_i2^{pi} ≤ 2^n. Hence by (f), ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ ≤ 2^{2n} ∑ i≥k 2^{−qi2pi} ≤ 2^{2n−2nk} ( 2^{−2pk} + 2^{−2nk} ) ≤ 2^{2n−2n} +1 = 2^{−2n} .

To show (3), fix again k ∈ N. From the choice of l it follows that j_k > j_{k−1} if

k ≥ 1, and α(m_{jk} ) ≥ q_i2^{pi} for all i < k. Hence by (e) and (d), ‖m_{jk} x + a_{jk} ‖ ≥ ‖ ‖ ‖mj_k sk2^{−qk2pk} + aj_k ‖ ‖ ‖ − mj_k ∑ i>k 2^{−qi2pi} ≥ 2^{−2pk} − m_{jk} ∑ i>k 2^{k−i}ε_k/m_{jk} = 2^{−2pk} − ε_k.

For n ∈ N, denote ϕ(n) = ∑ k≥n 2^{−2k} , ψ(0) = 1, and ψ(n) = 2^{−2n} ∑ k<n 2^{2k} if

n ≥ 1. It can be easily shown that both {ϕ(n)}_{n∈}Nand {ψ(n)}_{n∈}Nare decreasing

and converging to 0.

Proposition 10. For every c > 0 there exists X ⊆ Tsuch that

1. there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that ∑ k∈N^{‖nkx‖ ≤ c for all x ∈ X;} 2. for every increasing sequence {m_j }_{j∈}Nof natural numbers, every sequence

{a_j}_{j∈}Nof elements of T, and for every η > 0 there exists x ∈ X such that ∑ j∈N^{‖m}j^{x + a}j^{‖ > c − η.} Proof. Put X = { x ∈ T:^∑_{n∈N}:^‖2^{2n}x^‖ ≤^}. Clearly X satisfies the condi-

tion (1).

To show (2), fix η > 0 and sequences {m_j }_{j∈}N, {a_j}_{j∈}N. We will find x ∈ X

such that ∑ j∈N^{‖m}j^{x + a}j^{‖ > c − η. We will consider two cases.}

(a) If lim_{j→∞} α(m_j ) = ∞ then we can find N ∈ N, a sequence {p_k}_{k∈}Nof positive

integers and a sequence {ε_k}_{k∈}Nof positive reals such that ∑ k∈N^{2−2pk −∑}k∈N^εk^> c − η and ∑ k∈N^{2−2pk + ϕ(N ) + ψ(N ) ≤ c. Put θ = 2−2N . There exists x ∈} T

satisfying the conditions (1)–(3) of Lemma 9. We have ∑ n∈N ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ = ∑ n<N ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ + ∑ n≥N ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ ≤ ∑ n<N 2^{2n} θ + ∑ k∈N^2 −2^{pk} + ∑ n≥N 2^{−2n} ≤ c and ∑ j∈N^{‖mj x + aj ‖ ≥} ∑ k∈N^{‖mjk x + ajk ‖ ≥} ∑ k∈N ( 2^{−2pk} − ε_k ) > c − η.

(b) If the sequence {α(m_j )}_{j∈}Ndoes not tend to infinity then we will find x ∈ X

such that the sequence {‖m_j x + a_j ‖}_{j∈}Ndoes not tend to 0. We can suppose that

lim_{j→∞} ‖a_j‖ = 0 (otherwise take x = 0). There exist M ∈ N and an increasing

sequence {j_k}_{k∈}Nof natural numbers such that α(m_{jk} ) = M for all k. Find N ∈ N

such that 2^N > M and ψ(N ) ≤ c. For x = 2^{−2N} we get ∑ n∈N ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ = ∑ n<N 2^{2n−2N} = ψ(N ) ≤ c.

Since ‖m_{jk} x + a_{jk} ‖ ≥ ‖m_{jk} x‖ − ‖a_{jk} ‖ ≥ 2^{M−2N} − ‖a_{jk} ‖ for all k ∈ N, the sequence

{‖m_j x + a_j‖}_{j∈}Ndoes not converge to 0.

Proposition 11. For every c > 0 there exists X ⊆ Tsuch that

1. for every η > 0 there exists an increasing sequence of natural numbers {n_k}_{k∈}N

such that ∑ k∈N^{‖nkx‖ < c + η for all x ∈ X;} 2. for every increasing sequence {m_j }_{j∈}N of natural numbers and for ev-

ery sequence {a_j}_{j∈}N of elements of T there exists x ∈ X such that ∑ j∈N^{‖m}j^{x + a}j^{‖ ≥ c.} Proof. Put X = { x ∈ T:^∑_{n≥N}^‖2^{2n}x^‖ ≤ + ϕ(N) + ψ(N) for all N ∈ N^}.

Clearly X satisfies the condition (1).

To show (2), fix sequences {m_j}_{j∈}N, {a_j }_{j∈}N. We will find x ∈ X such that ∑ j∈N^{‖m}j^{x + a}j^{‖ ≥ c. Again let us discuss two cases.}

(a) Assume that lim_{j→∞} α(m_j ) = ∞. Let us choose a sequence {p_k}_{k∈}Nof

positive integers such that ∑ k∈N^{2−2pk = c. Find t ∈} N^{such that} ‖ ‖ ‖m02^{−2t} + a0 ‖ ‖ ‖ > 0 and put θ = ‖ ‖ ‖m02^{−2t} + a0 ‖ ‖ ‖ /2. Fix a sequence {εk}k∈Nof positive reals such that ∑ k∈N^εk^{= θ and find l ∈} N^{such that α(m}j^{) ≥ 2t for all j ≥ l. By Lemma 9 there}

exists x^′ ∈ Tsuch that

(1’) ‖x^′‖ ≤ θ/m_0;

(2’) there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that ‖ ‖2^{2nk} x^′ ‖ ‖ ≤ 2^{−2pk} + 2^{−2nk} for all k ∈ N, and ‖ ‖2^{2n} x^′ ‖ ‖ ≤ 2^{−2n} for all n /∈ {n_k : k ∈ N}; (3’) there exists an increasing sequence {j_k}_{k∈}Nof natural numbers such that

j_k ≥ l and ‖m_{jk} x^′ + a_{jk} ‖ ≥ 2^{−2pk} − ε_k for all k ∈ N.

Put x = x^′ + 2^{−2t} . Then for every N ∈ N we have ∑ n≥N ‖ ‖ ‖2^{2n} x ‖ ‖ ‖ ≤ ∑ n≥N ‖ ‖ ‖2^{2n} x^′ ‖ ‖ ‖ + ∑ n≥N ‖ ‖ ‖2^{2n−2t} ‖ ‖ ‖ ≤ ∑ k∈N^2 −2^{pk} + ∑ n≥N 2^{−2n} + ∑ N≤n<t 2^{2n−2t} ≤ c + ϕ(N ) + ψ(N ), since the last sum equals 0 if t ≤ N and is not greater than ψ(t) < ψ(N ) if t > N . Moreover, ∑ j∈N^{‖mj x + aj‖ ≥ ‖m0x + a0‖ +} ∑ k∈N^{‖mjk x + ajk ‖} ≥ ‖ ‖ ‖m02^{−2t} + a0 ‖ ‖ ‖ − ‖m0x^′‖ + ∑ k∈N^{‖mjk x} ′ + a_{jk} ‖ ≥ θ + ∑ k∈N^2 −2^{pk} − ∑ k∈N^{εk = c.} (b) If the sequence {α(m_j )}_{j∈}Ndoes not tend to infinity then similarly as in the proof of Proposition 10 there exists x ∈ T such that ∑ n∈N^{‖22n x‖ ≤ c and the} sequence {‖m_j x + a_j‖}_{j∈}Ndoes not tend to 0.

The following theorem summarizes our results concerning the hierarchy of the families B^⌋_′ and B^{∗⌋}_′ .

Theorem 12. Let c be a positive real. Then ⋃ d<c B^⌈_′ = ⋃ ⌈<⌋ B^{∗⌈}_′ $ B^⌋_′ ⊆ B^{∗⌋}_′ $ ⋂ ⌈>⌋ B^⌈_′ = ⋂ ⌈>⌋ B^{∗⌈}_′ .

Corollary 13. If c < d then B^⌋_′ $ B^⌈_′ and B^{∗⌋}_′ $ B^{∗⌈}_′ .

Let us note that the proofs of Propositions 10 and 11 can be easily adopted for showing the following statements.

Proposition 14. For every c > 0 there exists X ⊆ Tsuch that

1. there exists an increasing sequence {n_k}_{k∈}Nof natural numbers such that ∑ k∈N^{|sin πn}k^{x| ≤ c for all x ∈ X;} 2. for every increasing sequence {m_j }_{j∈}Nof natural numbers, every sequence {a_j}_{j∈}Nof elements of T, and for every η > 0 there exists x ∈ X such that ∑ j∈N^{|sin π(mj x + aj )| > c − η.} Proposition 15. For every c > 0 there exists X ⊆ Tsuch that

1. for every η > 0 there exists an increasing sequence of natural numbers {n_k}_{k∈}N such that ∑ k∈N^{|sin πnkx| < c + η for all x ∈ X;} 2. for every increasing sequence {m_j }_{j∈}N of natural numbers and for every sequence {a_j}_{j∈}N of elements of T there exists x ∈ X such that ∑ j∈N^{|sin π(m}j^{x + a}j^{)| ≥ c.} Hence it is possible to prove results analogous to Theorem 12 and Corollary 13, concerning the families of sets obtained by replacing the expression ∑ k∈N^{‖nkx‖ in} Definition 5 by ∑ k∈N^{|sin πnkx|.} References

[1] J. Arbault, Sur l’ensemble de convergence absolue d’une série trigonométrique, Bull. Soc.

Math. France 80 (1952), 253{317.

[2] L. Bukovský, N. N. Kholshchevnikova and M. Repický, Thin sets of harmonic analysis and in˛nite combinatorics, Real Anal. Exchange 20 (1994/95), 454{509.

[3] P. Eliaź, A classi˛cation of trigonometrical thin sets and their interrelations, Proc. Amer.

Math. Soc. 125 (1997), 1111{1121.

Mathematical Institute, Slovak Academy of Sciences, Jesenná 5, 041 54 Koźice, Slovakia

E-mail address: elias@kosice.upjs.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones

(continued on inside back cover)

17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups 34/1996 Emília Haluźková: Direct limits of monounary algebras