Preprint 12/1999

July 26, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Beloslav Rieèan

On the sum of observables

in product MV algebras

PREPRINT SERIES

On the sum of observables in product MV algebras

Beloslav Rieèan

Mathematical Institute; Slovak Academy of Sciences; ľtefánikova 49; SK{814 73 Bratislava; SLOVAKIA e-mail: riecan@mat.savba.sk

Department of Mathematics; Faculty of Natural Sciences; Matej Bel University; Tajovského 40; SK{974 01 Banská Bystrica; SLOVAKIA e-mail: riecan@fpv.umb.sk

Abstract.

As an alternative to quantum logics MV algebras have been suggested ([2], [20]). In a quite general class of MV algebras there have been constructed sum of any two observables ([20], [14], [10]). Recently the notion of product MV algebra has beeen introduced ([17], [4], [5], [12]). In any weakly σ-distributive product MV algebra the joint observable of any observables can be constructed and on the base also the sum of any observables. In this paper we show that the two concepts of constructing of the sum are equivalent.^1

Keywords: MV algebras, states, observables

States and observables on MV algebras

Here we shall present basic de˛nitions. In Section 2 the ˛rst construction of sum of observables will be discussed, in Section 3 the second one will be studied. Finally in Section 4 the connection between the concepts will be clarify.

A prototype of an MV algebra is a set F of real functions f : ˙ → [0, 1] closed under the following binary operations ⊕, ⊙, the unary operation ∗ and two ˛xed elements 0_Ω, 1_Ω, where

f ⊕ g = min(f + g, 1),

f ⊙ g = max(f + g − 1, 0),

f^∗ = 1 − f.

Generally an MV algebra ([1]) is an algebraic structure M = (M, ⊕, ⊙, ∗, u, 0) satisfying some axioms (e.g. [1], [3], [20]). Of course, by the Mundici representation theorem [11] to any M V algebra M there exists a commutative lattice ordered group (G, +, ≤) with a strong unit u (i.e. to any a ∈ G there exists n ∈ N with a ≤ nu) such that M = [0, u] and a ⊕ b = (a + b) ∧ u, a ⊙ b = (a + b − u) ∨ 0, 1This research has been supported by grant VEGA 2/6087/99.

a^∗ = u − a, 0 is the neutral element of G and u is the mentioned strong unit of G. A state is a mapping m : M → [0, 1] satisfying the following conditions:

(i) m(u)=1.

(ii) If a ≤ b^∗, then m(a + b) = m(a) + m(b). (iii) If a_n ↗ a, then m(a_n) ↗ m(a).

A weak observable is a mapping x : B(R) → M satisfying the following conditions: (i) m(x(R))=1.

(ii) If A ∩ B = ∅, then x(A) ≤ x(B)^∗ and x(A ∪ B) = x(A) + x(B). (iii) If A_n ↗ A, then x(A_n) ↗ x(A).

A weak observable is observable, if (i’) x(R) = u.

If x : B(R) → M is a weak observable and m : M → [0, 1] is a state, then the mapping m_x = m ∘ x : B(R) → [0, 1] is a probability measure.

fi-independent observables

Two observables x, y : B(R) → M are called to be ⊙-independent, if m(x(A) ⊙ y(B)) = m(x(A)).m(y(B)) for any A, B ∈ B(R).

Of course, the right side of the equality can be rewritten as m_x(A).m_y(B) = m_x × m_y (A × B). This formulation leads to the following de˛nition.

Two observables x, y : B(R) → M are called to be compatible, if there exists a measure μ : B(R^2) → [0, 1] such that m(x(A) ⊙ y(B)) = μ(A × B) for all A, B ∈ B(R).

Evidently, if x, y are ⊙-independent, they are compatible. Therefore we have formulated the following theorem ([10]) for compatible observables, although the proof is a slight modi˛cation of the corresponding proof from the book [20]. Of course, it holds in so-called weakly σ-distributive MV algebras ([22]). Definition 2.1 A weakly σ-distributive MV algebra is a σ-complete MV algebra such that for any bounded sequence (a_{ij}) with (a_{ij}) ↘ 0(j → ∞, i = 1, 2, . . .) we have

⋀ φ∈NN ∞⋁ i=1 a_{iφ(i)} = 0 .

Theorem 2.2. Let M be a weakly σ-distributive MV algebra, x, y : B(R) → M be compatible week observables. Then there exists a weak observable x ⊕ y such that

m((x ⊕ y)((−∞, t))) = μ({(u, v); u + v < t}) for any t ∈ R.

Corollary 2.3. If M is a weakly σ-distributive MV algebra and x, y : B(R) → M are ⊙ - independent weak observables, then there exists a weak observable x ⊕ y such that m((x ⊕ y)((−∞, t))) = m_x × m_y({(u, v); u + v < t}). Of course, the last equality can be reformulated as follows. Put g(u, v) = u + v. Then g^{−1}((−∞, t)) = {(u, v); u + v < t}, hence the mentioned equality can be rewritten by m((x ⊕ y)((−∞, t)) = m_x × m_y(g^{−1}((−∞, t))) (for t ∈ R), or by the equality

m ∘ (x ⊕ y) = m_x × m_y ∘ g^{−1}.

Although the construction of x ⊕ y is a little complicated, it is interesting that the strong law of large numbers has been proved in this concept (see [15]).

Product MV algebras

If F is a σ-algebra of fuzzy sets and x, y : B(R) → F are observables, then their joint observable is a morphism h : B(R^2) → F such that h(A × B) = x(A).y(B) for any A, B ∈ B(R). Since x(A).y(B) are real functions from F, x(A).y(B) is their product. Of course, in general M V algebra we need not have such a product. Therefore we introduce the following notion. Definition 3.1 A product MV algebra is an algebraic system M = (M, ⊕, ⊙, ., ∗, 0, u), where (M, ⊕, ⊙, ∗, 0, u) is an MV algebra and . is a binary operation on M satisfying the following properties: (i) u.u = u. (ii) . is commutative and associative. (iii) If a ≤ b^∗, then (a + b).c = a.c + b.c. (iv) If a_n ↓ 0, b_n ↓ 0, then a_n · b_n ↓ 0.

A product M V algebra is called strong product M V algebra, if u.a = a for any a ∈ M .

In a weaker form the notion of a product MV algebra is discussed in [4]. In [5] a class of MV algebras is studied (weakly divisible MV algebras) in which a product can be introduced. From an algebraic point of view the product MV algebras are studied in [6].

Of course, any MV algebra of fuzzy sets is an MV algebra. Foundations of probability theory on such MV algebras have been developped in [20]. Although in [20] some results have been presented concerning general MV algebras, the absence of the existence of the joint observable did not permit to generalize the previous results. It was one of reasons for introducing the notion of the product MV algebra.

First of all the notion of the joint observable can be de˛ned in the product MV algebras. Definition 3.2. If x, y : B(R) → M are observables, then their joint observable is a mapping h : B(R^2) → M satisfying the following conditions: (i) h(R^2) = u.

(ii) If A ∩ B = ∅, then h(A) ≤ h(B)^∗ and h(A ∪ B) = h(A) + h(B). (iii) If A_n ↗ A, then h(A_n) ↗ h(A). (iv) h(A × B) = x(A).y(B) for any A, B ∈ B(R).

Theorem 3.3. Let M be a weakly σ-distributive product MV algebra, x, y : B(R) → M be any observables. Then there exists the joint observable of x, y. Proof. See [17].

Definition 3.4. If M is a weakly σ-distributive product MV algebra, x, y : B(R) → M are observables and h is their joint observable, then we de˛ne an observable x + y by the formula x + y = h ∘ g^{−1}, where g : R^2 → R, g(u, v) = u + v.

It is not di‹cult to see that Theorem 3.3 holds also for weak observables, hence x + y can be de˛ned also for weak observables.

Definition 3.5. Two weak observables are p-independent, if m(x(A).y(B)) = m(x(A)).m(y(B)) for any A, B ∈ B(R).

Theorem 3.6 If M is a weakly σ-distributive product MV algebra and x, y : B(R) → M are pindependent weak observables, then m_{x+y} = (m_x × m_y) ∘ g^{−1}.

Proof. By the de˛nition m_{x+y} ((−∞, t)) = m(h(g^{−1} ((−∞, t)))) =

= m(h({(u, v); u + v < t})). Put A^n_i = [(i − 1)/2^n, i/2^n), α_n(t) = {(i, j); i + j < 2^nt}. Then m(h({(u, v); u + v < t})) = = m(h( ∞⋃ n=1 ⋃ (i,j)∈αn(t) A^n_i × A^n_j )) =

= lim_{n→∞} ∑ (i,j) m(x(A^n_i ).y(A^n_j )) =

= m_x × m_y( ∞⋃ n=1 ⋃ (i,j)∈αn(t) A^n_i × A^n_j ) = = m_x × m_y({(u, v); u + v < t}) = = m_x × m_y(g^{−1}((−∞, t))). Corollary 3.7. If M is a weakly σ-distributive MV algebra and x, y are ⊙-independent and p-independent observables, then m_{x⊕y} = m_{x+y}. Proof. It follows by Corollary 2.3 and Theorem 3.6.

Two kinds of independency

We have seen that x ⊕ y and x + y have the same probability distribution provided they are pindependent as well as ⊙-independent. We shall show that ⊙-independency in a strong product MV algebra implies p-independency.

Theorem 4.1. If M is a strong product MV algebra and x, y : B(R) → M are ⊙ independent weak observables, then x, y are p-independent.

Proof. Put μ = m_x × m_y : B(R^2) → [0, 1]. Put a = x(A), b = x(B), c = y(C), where A, B, C ∈ B(R), A ∩ B = ∅. Then m((a + b) ⊙ c) = m(x(A ∪ B) ⊙ y(C)) = μ((A ∪ B) × C) = μ(A × C) + μ(A × C) = m(a ⊙ c) + m(b ⊙ c) = m(a ⊙ c + b ⊙ c), hence m((a + b) ⊙ c − (a ⊙ c + b ⊙ c)) = 0. But a ⊙ c + b ⊙ c = = (a + c − u) ∨ 0 + (b + c − u) ∨ 0 = = (a + c − u + (b + c − u) ∨ 0) ∨ (b + c − u) ∨ 0 = = (a + b + c − u + c − u) ∨ (a + c − u) ∨ (b + c − u) ∨ 0, hence 0 = m((a + b) ⊙ c − (a ⊙ c + b ⊙ c)) = = m((a + b + c − u) ∨ 0− −((a + b + c − u + c − u) ∨ (a + c − u) ∨ (b + c − u) ∨ 0)) = = m((a + b + c − u) ∨ 0 +(u − a − b − c + u − c) ∧ (u − a − c) ∧ (u − b − c) ∧ 0) = = m(((u − c) ∧ b ∧ a ∧ (a + b + c − u)) ∨ d), where d = (u − a − b − c + u − c) ∧ (u − a − c) ∧ (u − b − c) ∧ 0. Evidently m(d) = 0. Put B = A^c. Then m(a) + m(b) − 1 = m(x(A)) + m(x(A^c)) − 1 = 0, hence 0 = m(y(C^c) ∧ x(A^c) ∧ x(A) ∧ y(C)).(⋆) On the other hand a.b ≤ a ∧ b, a ⊙ b ≤ a.b. Therefore m(x(A).y(C)) − m(x(A) ⊙ y(C)) = = m(x(A).y(C) − (x(A) + y(C) − u) ∨ 0) = = m(((u − x(A)).(u − y(C))) ∧ (x(A).y(C))) = = m((x(A^c).y(C^c)) ∧ (x(A).y(C))) ≤ ≤ m(y(C^c) ∧ x(A^c) ∧ x(A) ∧ y(C)) = 0 by (⋆ ). Therefore m(x(A).y(C)) = m(x(A) ⊙ y(C)). We see that x, y are p-idependent. Moreover m_{x+y} = m_{x⊕y} by Corollary 3.7.

Corollary 4.2 Let M be a weakly σ-distributive product MV algebra. Let x, y : B(R) :→ M be ⊙-independent observables. Then m_{x+y} = m_{x⊙y}.

References

[1] Chang, C.C: Algebraic analysis of many-valued logics. Trans. Amer. Math. Soc. 88 (1958), 467 - 490.

[2] Chovanec, F.: States and observables on MV algebras. Tatra Mt. math. Publ. 3 (1993), 55 - 65. [3] Cignoli, R. - D’Ottaviano, I.M.L.- Mundici, D.: Algebraic Foundations of many-valued Reasoning (to appear).

[4] Dvureèenskij, A. - Di Nola, A.: Product MV-algebras. Preprint [5] Dvureèenskij, A. - Rieèan, B.: Weakly divisible MV-algebras and product. J. Math. Anal. Appl.

(to appear).

[6] Jakubík, J.: On the product MV-algebras. Preprint.

[7] Jureèková, M. - Chovanec, F.: Some remarks on the joint observable in D-posets. Soft Computing (to appear).

[8] Kacian, A.: Probability on l-rings. Thesis. Bratislava, Slovak Academy of sciences, 1998. [9] Kacian, A.: Construction of joint observable for l-ring valued measures. BUSEFAL 75 (1998), 97 - 100.

[10] Kacian, A. - Rieèan, B.: Sum of observables in MV algebras. In: IPMU’98 Paris 1998, vol. II, 1398 - 1402.

[11] Mundici, D.: Interpretation of AF C^∗-algebras in Lukasiewicz sentential calculus. J. Funct. Anal.

65 (1986), 15 - 63.

[12] Mundici, D.: Tensor products and the Loomis-Sikorski theorem for MV-algebras. Andvances in Applied Mathematics 22 (1999), 227-248.

[13] Pulmannová, S.: A note on observables on MV-algebras. Soft Computing (to appear). [14] Rieèan, B.: On the sum of observables in MV algebras of fuzzy sets. tatra Mt. Math. Publ. 14 (1998), 225 - 232.

[15] Rieèan, B.: On the strong law of large numbers for weak observables in Mv algebras. Tatra Mt.

Math. Publ. 15 (1998), 13 - 21.

[16] Rieèan, B.: On the conditional expectation of observables in Mv algebras of fuzzy sets. Fuzzy Sets and Systems 102 (1999), 445 - 450.

[17] Rieèan, B.: On the product MV algebras. Tatra Mt. Math. Publ. 16 (1998) (to appear). [18] Rieèan, B.: On the probability theory on Mv algebras. Soft Computing (to appear). [19] Rieèan, B.: On the joint distribution of observables. Soft Computing (to appear). [20] Rieèan, B. - Neubrunn, T.: Integral,Measure, and Ordering. Kluwer, Dordrecht and Ister, Bratislava 1997.

[21] Vrábelová, M.: A note on the conditional probability on product MV algebras. Soft Computing (to appear).

[22] Wright, J.D.M.: the measure extension problem for vector lattices. Ann. Inst. Fourier (Grenoble) 21 91971), 65 - 85.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras

(continued on inside back cover)

18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces 3/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Remarks on representations of minimal clans 2/1997 Ivan Korec: Elementary de˛nability from Pascal’s triangle modulo p and the set of e-th powers 1/1997 Ján Jakubík: Lexicographic products of half linearly ordered groups