Preprint 15/1999

August 20, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anatolij Dvureèenskij

On Loomis-Sikorski’s theorem

for MV-algebras and BCK-algebras

PREPRINT SERIES

ON LOOMIS{SIKORSKI’S THEOREM FOR MV-ALGEBRAS AND BCK-ALGEBRAS

Anatolij DVUREČENSKIJ

Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, SK-814 73 Bratislava, Slovakia dvurecen@mat.savba.sk

Abstract. We generalize the Loomis–Sikorski theorem for perfect MV-algebras, Dedekind σ-complete BCK-algebra, and Dedekind σ-complete ℓ-rings showing that there exist special kinds of tribes, BCK-tribes or r-tribes consisting of fuzzy sets, or of bounded functions, defined on a compact Hausdorff space. Tribes are closed under point supremas of bounded sequences and they are a direct generalization of σ-algebras of crisp subsets.

1. Introduction

MV-algebras entered mathematics in 1958 by Chang [Cha] as a non-latticeal generalization of Boolean algebras and they arise from many valued logic of Łukasiewicz in the same manner as Boolean algebras arise from classical two-valued logic. BCKalgebras were introduced in a similar way by Imai and Iséki [ImIs] in 1966, and both structures met interest of plenty mathematicians, logicians, algebraists, experts in fuzzy sets as well as in quantum structures [DvKi].

Many MV-algebras have an isomorphic representation by an MV-algebra of fuzzy sets, called a tribe, more precisely by continuous fuzzy sets on a compact Hausdorff space which is an analogue of the Stone representation of Boolean algebras. The similar situation is with some commutative BCK-algebras.

The famous Loomis–Sikorski theorem [Sik] plays a crucial rôle for analysis of Boolean σ-algebras, and it says that every Boolean σ-algebra is a σ-homomorphic image of a σ-algebra of subsets.

In [Dvu 5] and [Mun 1], it was shown that for σ-complete MV-algebras there exists an analogue of σ-complete algebras of sets, tribes, which are σ-complete systems of fuzzy sets closed under point limits of non-decreasing sequences of fuzzy sets, and these tribes play the corresponding rôle in the Loomis–Sikorski theorem for MV-algebras.

1991 Mathematics Subject Classification. 03B50, 03G12.

Key words and phrases. MV-algebra, BCK-algebra, maximal ideal, state, σ-complete MValgebra, Dedekind σ-complete BCK-algebra tribe, Loomis–Sikorski’s theorem, ℓ-group, ℓ-ring, g-tribe, r-tribe, BCK-tribe.

This research was supported by the grant VEGA No 2/4033/98 of the Slovak Academy of Sciences, Slovakia.

Typeset by AMS-TEX 1

In the present paper, we show that the Loomis–Sikorski theorem for σ-complete MV-algebras can be extended to perfect MV-algebras which have a representation by bounded functions only on radicals, Section 2. In Section 3, we present the Loomis–Sikorski theorem for Dedekind σ-complete commutative BCK-algebras with the relative cancellation property having a quasi strong unit. Section 4 is devoted to the Loomis–Sikorski theorem for Dedekind σ-complete product BCKalgebras, product MV-algebras and product perfect MV-algebras, respectively.

2. Perfect MV-algebras

In the present section, we recall MV-algebras and perfect MV-algebras, and we generalize for them the Loomis–Sikorski theorem.

We recall that an MV-algebra is a non-empty set M with two special elements 0 and 1 (0 ≠ 1), with a binary operation ⊕ : M × M → M and with a unary operation^∗ : M → M such that, for all a, b, c ∈ M, we have

(MVi) a ⊕ b = b ⊕ a (commutativity); (MVii) (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c) (associativity); (MViii) a ⊕ 0 = a; (MViv) a ⊕ 1 = 1; (MVv) (a^∗)^∗ = a; (MVvi) a ⊕ a^∗ = 1; (MVvii) 0^∗ = 1;

(MVviii) (a^∗ ⊕ b)^∗ ⊕ b = (a ⊕ b^∗)^∗ ⊕ a.

We define the following binary operations ⊙, ∨, ∧ as follows: a ⊙ b := (a^∗ ⊕ b^∗)^∗, a, b ∈ M, (2.1) a ∨ b := (a^∗ ⊕ b)^∗ ⊕ b, a ∧ b := (a^∗ ∨ b^∗)^∗, a, b ∈ M. Then (M; ⊙, 1) is a semigroup written “multiplicatively” with the neutral element 1. If, for a, b ∈ M, we define a ≤ b ⇔ a = a ∧ b, then ≤ is a partial order on M, and (M; ∨, ∧, 0, 1) is a distributive lattice with the least and greatest elements 0 and 1, respectively, [Cha]. We recall that a ≤ b iff b ⊕ a^∗ = 1. Without loss of generality we shall write for MV-algebras M = (M; ⊕, ⊙,^∗ , 0, 1), where ⊙ is defined by (2.1).

Similarly, we can define a (total) binary operation ∗ on M defined by a ∗ b := a ⊙ b^∗, a, b ∈ M. (2.2) Then a ∗ b = a ∗ (a ∧ b), and 1 ∗ a = a^∗ for any a ∈ M.

Let (G; +, 0, ≤) be an Abelian ℓ-group with a strong unit u, i.e., given v ∈ G, there is an integer n ≥ 1 such that −nu ≤ v ≤ nu.

Define Γ(G, u) = {g ∈ G : 0 ≤ g ≤ u} (2.3) and set for all g_1, g_2, g ∈ Γ(G, u)

g_1 ⊕ g_2 = (g_1 + g_2) ∧ u, g_1 ⊙ g_2 = (g_1 + g_2 − u) ∨ 0, g^∗ = u − g. Then (Γ(G, u); ⊕, ⊙,^∗ , 0, u) is an MV-algebra. The famous Mundici result [Mun] says that given an MV-algebra M there is an Abelian ℓ-group G with a strong unit u such that M is isomorphic with some Γ(G, u), in addition, Γ defines a categorical equivalence between the category of unital ℓ-groups and the category of MV-algebras. We shall denote any representation ℓ-group (G; +, 0, ≤) with a strong unit u of an MV-algebra as a unital ℓ-group G = (G; +, 0, ≤, u), or simply G = (G, u). Given an MV-algebra M, we can introduce a partial binary operation + via a+b is defined iff a ≤ b^∗, and in this case we put

a + b := a ⊕ b. (2.4)

It is easy to see that a + 0 = 0 + a = a for any a ∈ M, and + is commutative, i.e., if a + b is defined in M, so is b + a, and a + b = b + a; + is associative, i.e., if (a + b), (a + b) + c are defined in M so are defined b + c and a + (b + c), and (a + b) + c = a + (b + c). Identifying the MV-algebra M with Γ(G, u) via (2.3), we can see that our partial operation + coincides with the group addition +.

A non-void subset I of M is said to be an ideal of M if (i) x, y ∈ I imply x ⊕ y ∈ I, (ii) x ∈ I, y ≤ x imply y ∈ I. A proper ideal A of M is said to be maximal if there is no proper ideal of M containing A as a proper subset. Let M(M) denote the set of all maximal ideals of M. Then M(M) ≠ ∅, and denote by Rad(M) := ⋂ {A : A ∈ M(M)}; we call Rad(M) the radical of M. A non-zero element a of M is said to be infinitesimal if na exists in M for any integer n ≥ 1. The set of all infinitesimals in M is denoted by Infinit(M). According to [CDM, Prop. 3.6.4], we have Rad(M) = Infinit(M) ∪ {0}. The following result has been proved in [DiDv].

Proposition 2.1. Let M be an MV-algebra. If a, b ∈ Rad(M), then a + b exists in M, and a + b ∈ Rad(M). An MV-algebra M is said to be (i) semisimple if Rad(M) = {0}, (ii) perfect if M = Rad(M) ∪ Rad(M)^∗ , where Rad(M)^∗ := {a^∗ : a ∈ Rad(M)}. If M is a perfect MV-algebra, then Rad(M) ∩ Rad(M)^∗ = ∅.

For example, let G be an Abelian ℓ-group and define the lexicographical product

G(Z) := Z×lex G, where Zis the group of all integers. Then the element (1, 0) is

a strong unit in G(Z) and Γ(G(Z), (1, 0)) is a perfect MV-algebra, and Rad(M) = {(0, g) : g ∈ G^+} and Rad(M)^∗ = {(1, g) : g ∈ G^−}. The operation ⊕ and^∗ are defined as follows: (a, b)⊕(c, d) = (1, 0)∧(a+c, b+d) and (a, b)^∗ = (1, 0)−(a, b) = (1 − a, −b). The famous result of Di Nola and Lettieri, [DiLe], says, for any perfect MValgebra M, there is a (unique up to an ℓ-group isomorphism) ℓ-group G such that M ∼= Γ(G(Z), (1, 0)).

The following result is due to [GeLe].

Proposition 2.2. Let {x_i} be a family of elements of Rad(M) of a perfect MValgebra M. If x = ⋁ i x_i exists in M, then x ∈ Rad(M).

Proof. If x ∈ Rad(M)^∗ , then due to x_i ≤ y for any y ∈ Rad(M)^∗ , we have x ≤ y. In particular, x ≤ x^∗_i for any i, so that x_i ≤ x^∗ which gives the contradiction x ≤ x^∗. � Proposition 2.3. If h is an MV-homomorphism from an MV-algebra M_1 into second one M_2, then h maps Rad(M_1) into Rad(M_2).

Proof. Let a ∈ Rad(M_1). Then, for any n ≥ 1, n a ∈ Rad(M_1) and a+b ∈ Rad(M_1) for each b ∈ Rad(M_1). Hence, for any integer n ≥ 1, n h(a) ≤ h(b^∗) = h(b)^∗ which implies h(a) ∈ Rad(M_2). � Proposition 2.4. Let M_1 and M_2 be two perfect MV-algebras and let h be a mapping from Rad(M_1) into Rad(M_2) preserving + and ∧ and ∨. Then h can be uniquely extended to an MV-homomorphism ĥ from M_1 into M_2.

Proof. Claim 1. Let G^+_1 and G^+_2 be positive cones of Abelian ℓ-groups G_1 and G_2, respectively, and let f : G^+_1 → G^+_2 preserves +, ∧ and ∨. Then f can be uniquely extended to an ℓ-group homomorphism f̂ : G_1 → G_2.

Indeed, extend f to f̂ via f̂ (a_1 − a_2) = f(a_1) − f(a_2), whenever a_1, a_2 ∈ G^+_1 ; then f̂ is a group-homomorphism. We show that it preserves meets. Let a = a^′ −a^{′′} and b = b^′ − b^{′′}, where a^′, a^{′′}, b^′, b^{′′} ∈ G^+_1 . Then

f̂ ((a^′ + b^{′′}) ∧ (b^′ + a^{′′})) = f((a^′ + b^{′′}) ∧ (b^′ + a^{′′})) = (f(a^′) + f(b^{′′})) ∧ (f(b^′ ) + f(a^{′′})).

Subtracting f̂ (b^{′′}) and f̂ (a^{′′}), we obtain f̂(a ∧ b) = f̂(a) ∧ f̂ (b). Claim 2. If we define ĥ(a) = h(a^∗)^∗, a ∈ Rad(M_1), then ĥ is an MV-homomor-phism in question.

Step 1. Let a, b ∈ Rad(M_1). Then a ⊕ b = a + b. so that h(a ⊕ b) = h(a) + h(b) = h(a) ⊕ h(b). Step 2. Let a, b ∈ Rad(M_1)^∗. Then a ⊕ b = 1, and h(a), h(b) ∈ Rad(M_1)^∗, so that h(a ⊕ b) = 1 = h(a) ⊕ h(b).

Step 3. Let a ∈ Rad(M_1) and b ∈ Rad(M_1)^∗. Without loss of generality, we can assume that M_1 = Γ(Z×_{lex} G_1, (0, 1)) and M_2 = Γ(Z×_{lex} G_2, (0, 1)). Then a ∼= (0, a) and b ∼= (1, b), where a ∈ G^+_1 and b ∈ G^−_1 , and a ⊕ b ∼= (1, 0) ∧ (1, a + b) = (1, 0 ∧ (a + b)) ∈ Rad(M_1)^∗.

From the above we conclude there exists a unique mapping f : G^+_1 → G^+_2 such that h((0, a)) = (0, f(a)) and h((1, b)) = (1, −f(−b)).

It is clear that f preserves +, ∧ and ∨ in G^+_1 , so that by Claim 1, it can be uniquely extended to an ℓ-group-homomorphism f̂ : G_1 → G_2. Hence

ĥ(a ⊕ b) = ĥ(1, 0 ∧ (a + b)) = (1, f̂ (0 ∧ (a + b))

= (1, f̂ (0) ∧ (f̂ (a) + f̂(b)) = (0, f̂ (a)) ⊕ (1, f̂ (b)) = ĥ(a) ⊕ ĥ(b). � An MV-algebra M is said to be (i) Rad-Dedekind σ-complete (complete) if for any sequence (any family) {a_n} of elements of Rad(M) such that a_n ≤ b for any n ≥ 1, where b ∈ Rad(M), then ⋁ n a_n ∈ Rad(M); (ii) Rad-Archimedean if n a := a + · · · + a ≤ b (n ≥ 1), for a, b ∈ Rad(M) entail a = 0. It is evident that if M = Γ(Z×_{lex} G, (1, 0)), then M is Rad-Dedekind σ-complete (complete) iff G is Dedekind σ-complete (complete). We recall that if M is Rad-Dedekind σcomplete, then it is not necessarily σ-complete, see e.g., Chang’s MV-algebra [Cha]

Γ(Z(Z), (1, 0)).

According to [BeDi], we say that a perfect MV-algebra M is with principal radical if there is an element a ∈ Rad(M) such that the ideal of M generated by a coincides with Rad(M). The category of perfect MV-algebras with principal radical is a category whose objects are pairs (M, a), where M is a perfect MValgebra with a fixed element a ∈ Rad(M) generating Rad(M), as an ideal, and morphisms are MV-homomorphisms preserving fixed elements a in radicals. This category is categorically equivalent to the category of unital ℓ-groups.

A tribe of fuzzy sets on a set Ω ≠ ∅ is a non-void system F ⊆ [0, 1]^Ω such that (i) 1_Ω ∈ F, (ii) if a ∈ F, then 1 − a ∈ F, (iii) if {a_n}^∞_{n=1} is a sequence of elements of F, then

min{ ∞∑ n=1 a_n, 1} ∈ F.

(We recall that all above operations with fuzzy sets are defined pointwisely on Ω.)

A g-tribe is a non-void system T of bounded functions on Ω ≠ ∅ such that (i) 0_Ω, 1_Ω ∈ T ;

(ii) f ± g ∈ T whenever f, g ∈ T ;

(iii) if {f_n}_n is a sequence of elements from T for which there exists f ∈ T with f_n ≤ f (pointwisely), n ≥ 1, then sup_n f_n ∈ T .

It is evident that with respect to the pointwise ordering f ≤ g iff f(ω) ≤ g(ω) for every ω ∈ Ω, T is a Dedekind σ-complete ℓ-group with strong unit 1_Ω. In addition, Γ(T , 1_Ω) := {f ∈ T : 0_Ω ≤ f ≤ 1_Ω} is a tribe of fuzzy functions.

We now present the Loomis–Sikorski theorem for perfect MV-algebras.

Theorem 2.5. Let M be a Rad-Dedekind σ-complete perfect MV-algebra with principal radical. Then there exists a g-tribe T of bounded functions on a compact Hausdorff space X and an MV-homomorphism h from the perfect MV-algebra M(T ) := Γ(Z×_{lex}T , (1, 0_X )) with principal radical onto M such that h preserves all existing countable joins in M(T ). In addition, h maps Rad(M(T )) onto Rad(M), and h(1_X ) = u, where u is a fixed element of Rad(M) generating it as an ideal.

Proof. Suppose that M = Γ(Z×_{lex}G, (1, 0)) and let u be a fixed element in Rad(M) generating Rad(M) as an ideal. Hence u is a strong unit for G. Since M is Rad- Dedekind σ-complete, then G is Dedekind σ-complete, and by the Loomis–Sikorski theorem, [Dvu 5, Thm 5.1], for the Dedekind σ-complete unital ℓ-group (G, u), there exists a g-tribe T of bounded real-valued functions defined on a compact Hausdorff space X equal to the set of all extremal states on (G, u)^1 and there exists an ℓ-group-homomorphism h^′ from (T , 1_X ) onto (G, u) such that if sup_n f_n ∈ T , then h^′(sup_n f_n) = ⋁ n h^′(f_n), and h(1_X ) = u.

In other words, the mapping h^{′′} : Rad(M(T )) ∼= T^+ onto G^+ ∼= Rad(M) defined by h^{′′}((0, f)) := h^′(f) (f ∈ T^+) preserves preserves +, ∧ and ∨. Hence by Proposition 2.4, there exists a unique extension h of h^{′′} from the perfect MV-algebra M(T ) into G. In any rate, h is surjective, [Dvu 5, Thm 5.1].

Suppose now that ⋁ n f_n is defined in M(T ). Then either all f_n ∈ Rad(M(T )) or there exists f_n ∈ Rad(M(T ))^∗. In the first case by Proposition 2.2, ⋁ n f_n ∈ Rad(M(T )) so that ⋁ n f_n = sup_n f_n, and h( ⋁ n f_n) = ⋁ n h(f_n). In the second case, ⋁ n f_n = ⋁ n∈D f_n, where D := {n : f_n ∈ Rad(M(T ))^∗}. For n ∈ D, f^∗_n ∈ Rad(M(T )), so that ⋀ n∈D f^∗_n = inf_{n∈D} f^∗_n and ⋁ n∈D f_n = ( ⋀ n∈D f^∗_n)^∗ which entails h( ⋁ n f_n) = h( ⋁ n∈D f_n) = h(( ⋀ n∈D f^∗_n)^∗) = (h( ⋀ n∈D f^∗_n))^∗ = ( ⋀ n∈D h(f^∗_n))^∗ = ⋁ n∈D h(f_n). � 3. Commutative BCK-algebras with the Relative Cancellation Property

In the present section, we generalize the Loomis–Sikorski theorem for commutative BCK-algebras with the relative cancellation property and with a quasi strong unit.

Commutative BCK-algebras with the relative cancellation property have been recently introduced by Dvurečenskij and Graziano [DvGr], and in [DvGr 1] it was shown that they appear from ℓ-groups. In addition, in [Dvu 1], there was shown that they are categorically equivalent to a special category of ℓ-groups.

1Let (G, u) be an ℓ-group with strong unit u. A state on G is any mapping s : G → R such that s(g1 + g2) = s(g1) + s(g2), s(u) = 1, s(g) ≥ 0 for g ∈ G+.

We recall a commutative BCK-algebras is an algebra (X; ∗, 0) of type (2, 0) such that the following axioms are satisfied: for all x, y, z ∈ X, (BCK-1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0; (BCK-2) (x ∗ (x ∗ y)) ∗ y = 0; (BCK-3) x ∗ x = 0;

(BCK-4) x ∗ y = 0 and y ∗ x = 0 imply x = y; (BCK-5) 0 ∗ x = 0;

(BCK-6) x ∗ (x ∗ y) = y ∗ (y ∗ x);

The partial order ≤ in X is defined via x ≤ y iff x ∗ y = 0, and in this case, x ∧ y = x ∗ (x ∗ y). A commutative BCK-algebra (X; ∗, 0) is bounded if there is a greatest element 1 in X. Bounded commutative BCK-algebras are categorically equivalent to MValgebras, [FRT], via (2.3).

According to [DvGr], we say that a commutative BCK-algebra (X; ∗, 0) has the relative cancellation property if, for a, x, y ∈ X, a ≤ x, y with x ∗ a = y ∗ a imply x = y. They form a variety.

For example, any upwards directed BCK-algebra (i.e., given x, y ∈ X there exists z ∈ X such that x, y ≤ z), in particular, any bounded commutative BCK-algebra, has the relative cancellation property. The following example shows that not any commutative BCK-algebra has the relative cancellation property.

Example 3.1. The example B_{4−3−3} from [MeJu], where ∗ is given by the table (next to it there is its Hasse diagram), gives a commutative BCK-algebra which is not directed upwards, consequently it is not a lattice. It has not the relative cancellation property. Indeed, we have 1 ≤ 2, 3 and 2 ∗ 1 = 1 = 3 ∗ 1 but 2 ≠ 3, consequently, X cannot be embedded into the positive cone of any Abelian ℓ-group.

∗ 0 1 2 3

0 1 2 3

0 0 0 0

1 0 0 0

2 1 0 1

3 1 1 0

• •

• • 1

0

2 3

. . . . . . . . . . ... .....

.....

......

......

......

......

......

......

......

...... ..

.....

.....

......

......

.....

......

......

.....

......

......

.....

On the other hand, ([0, ∞); ∗_R , 0), where s ∗_R t = max{0, s − t}, s, t ∈ [0, ∞), is an example of a commutative BCK-algebra having the relative cancellation property.

Example 3.2. Suppose that (G; +, ≤, 0) is an Abelian ℓ-group with the positive cone G^+ = {g ∈ G : g ≥ 0}. Then (G^+; ∗_G, 0) is a commutative BCK-algebra with the relative cancellation property, where ∗_G is defined via

u ∗_G v := (u − v) ∨ 0, (3.1)

for u, v ∈ G^+. More generally, if G_0 is a non-void subset of G^+ such that u, v ∈ G_0 imply u∗_Gv ∈ G_0, then (G_0; ∗_G, 0) is a commutative BCK-subalgebra of (G^+; ∗_G, 0) having the relative cancellation property.

The latter example is in some sense an archetype of commutative BCK-algebras with the relative cancellation property because the following basic representation theorem for commutative BCK-algebras was proved in [DvGr 1, Thm 6.4]:

Theorem 3.3. Let (X; ∗, 0) be a commutative BCK-algebra with the relative cancellation property. Then there exists an Abelian ℓ-group (G; + ≤, 0) with the positive cone G^+ and a non-void subset G_0 of G^+ generating G^+ such that u, v ∈ G_0 imply u ∗_G y ∈ G_0, and there exists a BCK-isomorphism h from X onto G_0.

If X has the relative cancellation property, then we can define the partial binary operation + on X with the domain S = {(a, b) ∈ X × X : there exists c ∈ X with c ≥ b and a = c ∗ b}, and we define c = a + b if c ≥ b, and a = c ∗ b (for more details see [DvGr]), and, for all a, b, c ∈ X, we have [DvGr, Thm 2.5] (I) a + 0, 0 + a exist for any a ∈ X, and a + 0 = a = 0 + a. (II) a + b exists if and only if b + a exists, and then a + b = b + a (the commutativity).

(III) a + b and (a + b) + c exist in X if and only if b + c and a + (b + c) exist in X, and in this case (a + b) + c = a + (b + c) (the associativity).

(IV) If a + b exists in X and if a_1 ≤ a, b_1 ≤ b, then a_1 + b_1 exists in X, and a_1 + b_1 ≤ a + b.

(V) a = b holds whenever u + a = u + b for some u ∈ X (the cancellation property).

(VI) If a + b ≤ a + b^′ then b ≤ b^′. Conversely, if b ≤ b^′ and a + b^′ exists in X, then a + b ≤ a + b^′.

(VII) If a + c and b + c exist in X, then (a ∧ b) + c exists in X, and

(a + c) ∧ (b + c) = (a ∧ b) + c.

(VIII) Let z ≥ x, y. Then x∨y exists in X, and x∨y = x∨_z y := z ∗((z ∗x)∧(z ∗y)).

Moreover, (x ∨ y) ∗ y = x ∗ (x ∧ y) = x ∗ y,

and (x ∗ (x ∧ y)) + y, (x ∗ y) + y exist in X, and x ∨ y = (x ∗ (x ∧ y)) + y = (x ∗ y) + y.

It is worthy to recalling that if M is an MV-algebra, then + defined by (2.4) coincides with that derived from a bounded BCK-algebra M.

Define recursively, for all x, y ∈ X : x ∗^0 y = x, x ∗^1 y = x ∗ y, . . . , x ∗^{n+1} y = (x ∗^n y) ∗ y, n ≥ 1. An element u of a commutative BCK-algebra (X; ∗, 0) is said to be a quasi strong unit for X if, for each element x ∈ X, there exists an integer n ≥ 1 such that x ∗^n u = 0.

We say that a BCK-algebra (X; ∗, 0) is Dedekind σ-complete provided that any every non-empty subset of X which has an upper bound in X has a supremum in X. Example 3.4. Let X be a non-void family of real-valued non-negative functions on a set Ω ≠ ∅ such that (i) 0_Ω ∈ X , (ii) if f, g ∈ X then f ∗ g ∈ X , where (f ∗ g)(ω) := max{0, f(ω) − g(ω)}, ω ∈ Ω. (3.2) Then (X ; ∗, 0_Ω) is a commutative BCK-algebra with the relative cancellation property, where the BCK-order coincides with the pointwise order of functions.

A BCK-tribe is a non-void system X of bounded non-negative functions defined on a set Ω ≠ ∅ such that (i) 0_Ω, 1_Ω ∈ X ; (ii) f ∗ g ∈ X whenever f, g ∈ X , where ∗ is defined via (3.2); (iii) if {f_n}_n is a sequence of elements from X for which there exists f ∈ X with f_n(ω) ≤ f(ω), ω ∈ Ω (n ≥ 1), then sup_n f_n ∈ X . It is clear that any BCK-tribe is a Dedekind σ-complete commutative BCK-algebra with the relative cancellation property.

The following result is a generalization of the Loomis–Sikorski theorem for BCKalgebras.

Theorem 3.5. Let (X; ∗, 0) be a Dedekind σ-complete BCK-algebra with the relative cancellation property and with a quasi strong unit u. Then there exists a BCK-tribe X of bounded real-valued functions on a compact Haudorff space Ω and there exists a BCK-σ-homomorphism h from X onto X with h(1_Ω) = u.

Proof. Let u be a quasi strong unit for X. Then, Theorem 3.3, there exists an ℓ-group G with a subset G_0 ⊆ G^+ generating G^+ and u ∈ G_0 such that X ∼= G_0. Since X is Dedekind σ-complete iff G is Dedekind σ-complete, [DvGr 2, Thm 2.4], we conclude that the unital ℓ-group (G, u) is Dedekind σ-complete. Hence, by [Dvu 5, Thm 5.1], there exists a g-tribe T of bounded functions on a compact Hausdorff space Ω ≠ ∅ and an ℓ-group σ-homomorphism h_0 from T onto G. Define X := h^{−1}_0 (G_0). According to the construction of G (see [Dvu 5, Thm 5.1], X is a set of positive bounded functions. In addition, h_0(f ∗ g) = h_0(0_Ω ∨ (f − g)) = h_0(f) ∗_G h_0(g) ∈ G_0, so that X is a BCK-algebra which si also a BCK-tribe in question. � 4. Loomis-Sikorski Theorem for Product BCK-algebras

In the present section, we give the Loomis–Sikorski theorem for product BCKalgebras which were introduced in [Dvu 3]. As a corollary, we obtain the Loomis– Sikorski theorem for product MV-algebras proved by Mundici [Mun 1].

We say that a commutative BCK-algebra (X; ∗, 0) with the relative cancellation property admits a product if there is a binary operation · on X satisfying for all a, b, c ∈ X (i) if a + b is defined in X, then (a · c) + (b · c) and c · a + c · b exist and (a + b) · c = (a · c) + (b · c), c · (a + b) = (c · a) + (c · b), and we say that X is a product BCK-algebra. Sometimes we write X = (X; ∗, 0, ·). An element u of a product BCK-algebra X is said to be a unity, if a · u = u · a = a for any a ∈ X.

A product · on X is (ii) associative if (a · b) · c = a · (b · c), a, b, c ∈ X; (iii) commutative if a · b = b · a, a, b ∈ X. It is worth saying that if · is a product on X, then (iv) a · 0 = 0 = 0 · a, (v) if a ≤ b, then for any c ∈ X, a · c ≤ b · c and c · a ≤ c · b. The following characterization of product BCK-algebras was proved in [Dvu 3, Thm 3.2].

Theorem 4.1. Let (R; +, ·, 0, ≤) be an (associative) ℓ-ring with ∅ ≠ R_0 ⊆ R^+ such that a, b ∈ R_0 entails a ∗_R b ∈ R_0 and a · b ∈ R_0. Then (X; ∗, 0, ·) := (R_0; ∗_R, 0, ·) is a product BCK-algebra with an (associative) product ·, which is the restriction of · to R_0 × R_0.

Conversely, let (X; ∗, 0, ·) be a product BCK-algebra with an (associative) product ·. Then there exists a unique (up to isomorphism) (associative) ℓ-ring (R; +, ·, 0, ≤) with a non-empty set R_0 ⊆ R^+ generating R^+ as a group-cone such that a, b ∈ R_0 entails a ∗_R b ∈ R_0, a · b ∈ R_0, and X ∼= R_0, and ϕ(a · b) = ϕ(a) · ϕ(b), a, b ∈ X, where ϕ is a BCK-isomorphism of X onto R_0.

We have showed in [Dvu 3] that any Dedekind σ-complete product BCK-algebra with unity which is a quasi strong unit has the commutative and associative product.

We recall that the product MV-algebras and their characterizations via ℓ-rings were presented in [DiDv].

Let X be a product BCK-algebra. A non-empty subset I of X is said to be a ·-ideal of X if

(i) 0 ∈ I;

(ii) a ∗ b ∈ I, a ∈ X, and b ∈ I, entail a ∈ I; (iii) a ∈ I and b ∈ X entail a · b ∈ I and b · a ∈ I.

An ideal of X is a non-void subset I of X such that (i) 0 ∈ I; (ii) a∗b ∈ I, a ∈ X, and b ∈ I entail a ∈ I. A maximal ideal is a maximal proper ideal of X. There exists an example of a commutative BCK-algebra [Dvu, Ex 4.2] having no maximal ideal. If X has a quasi strong unit, then X possesses at least one maximal ideal of X. In addition, [Dvu 4], there exists a one-to-one correspondence between measurehomomorphisms and maximal ideals given by m ↔ Ker_m : {x ∈ X : m(x) = 0}.

A mapping m : X → [0, ∞) is said to be a measure if m(x ∗ y) = m(x) − m(y) whenever y ≤ x. If m(x ∗ y) = m(x) ∗_R m(y) for all x, y ∈ X, m is said to be a measure-homomorphism. Fix an element u ∈ X and denote by S_u(X) the set of all measures m on X such that m(u) = 1. In general, S_u(X) can be an empty set. If u is a quasi strong unit, then S_u(X) is a non-void compact Hausdorff space under weak limit of measures, [Dvu 4, Thm 5.3], and the set of extremal points of S_u(X), Ext(S_u(X)), is a non-void compact Hausdorff space, and it coincides with the set of all measure-homomorphisms from S_u(X).

Let u be a quasi strong unit for X. A measure m ∈ S_u(X) is said to be discrete if there exists an integer n ≥ 1 such that m(X) ⊆^1_n Z. If m is a discrete measure-homomorphism, then there exists an integer n such that m([0, u]) = {0, 1/n, 2/n, . . . , n/n}. Now we present the Loomis–Sikorski theorem for product BCK-algebras. We recall that a product BCK-tribe is a BCK-tribe X such that if f, g ∈ X , then the usual product fg ∈ X .

Theorem 4.2. Let (X; ∗, 0, ·) be a Dedekind σ-complete product BCK-algebra with a quasi strong unit u which is a product unity. Then there exists a product BCK-tribe X of bounded positive functions defined on a compact Hausdorff space Ω ≠ ∅ and a BCK-σ-homomorphism h from X onto X which preserves product in X and h(1_Ω) = u.

Proof. Let u be a quasi strong unit for X, and let Ω := Ext(S_u(X)). Then Ω is a compact Hausdorff space. Denote by X_u := [0, u] = {x ∈ X : 0 ≤ x ≤ u}. It is clear that X_u is a bounded product commutative BCK-algebra. Any restriction of S_u(X) onto X_u gives a measure on X_u, and conversely, any measure (measure-homomorphism) on X_u can be uniquely extended to a measure (measurehomomorphism) on X.

Let (R; +, 0, ·, ≤) be an Archimedean commutative and associative ℓ-ring from Theorem 4.1 with R_0 ⊆ R^+ generating R^+ as a group-cone such that (X; ∗, 0, ·) ∼= (R_0, ∗_R, 0, ·). Without loss of generality, we can assume that X = R_0. Since u is a quasi strong unit for X, so is u for the ℓ-ring R.

Let now m be a measure-homomorphism from S_u(X). Then Ker_m is a maximal ideal of X. We show that any maximal ideal I of X is a ·-ideal. Indeed, let a ∈ I and b ∈ X. Then, [DvGr 1, Lem 6.1], there exists an integer n ≥ 1 such that b = b_1 + · · · + b_n, where b_i ∈ X_u, i = 1, . . . , n. Hence, a · b = a · (b_1 + · · · + b_n) = a · b_1 + · · · + a · b_n ≤ a · u + · · · a · u = n a which proves that na is in the ℓ-ideal of R generated by I, consequently by [Dvu 2, Thm 2.6], a · b ∈ I. In a similar way we can prove that b · a ∈ I. Whence m(x · y) = m(x) · m(y) for all x, y ∈ X. This can be seen due to property that the quotient BCK-algebra X/Ker_m is a linear Archimedean BCK-algebra^2, so that, [Dvu 2], it is isomorphic to a BCKsubalgebra of R containing the number 1 as a quasi strong unit which is closed under the natural multiplication. (We can apply Theorem 4.1 to Pickert–Hion’s theorem, [Fuc, p. 126].)

Consequently, a measure-homomorphism m is discrete iff m(X_u) = {0, 1}.

2A commutative BCK-algebra with the relative cancellation property is said to be Archimedean if n a ≤ b for any n ≥ 1 entail a = 0, where n a =: a1 + · · · + an with a = a1 = · · · = an. If u is a quasi-strong unit, then X is Archimedean iff so is Xu, [DvGr 2].

Hence, the mapping x → x̂ ∈ [0, ∞)^Ω, x ∈ X, where x̂(m) := x/Ker_m = m(x), m ∈ Ext(S_u(X)), gives a one-to-one representation of X with X̂ := {x̂ : x ∈ X} which is a set of continuous functions from C(Ω), the space of all real-valued continuous functions on Ω. Moreover, ^x · y = x̂ · ŷ. According to [Goo, Lem 9.12] and [DvGr 2, Thm 2.4], we can show that a continuous function f : Ω → [0, ∞) belongs to X̂ iff f(m) ∈ Z^+ for any discrete measure m from Ext(S_u(X)).

Let now X be a minimal BCK-tribe of bounded non-negative functions on Ω generated by X̂, and consider by X^′ the class of all functions f ∈ X with the property that for some b ∈ X, N(f − b̂) := {m ∈ Ω : |f(m) − b̂(m)| > 0} is a meager set.

If b_1 and b_2 are two elements of X such that N(f −b̂_i) is a meager set for i = 1, 2. Then N(b̂_1 −b̂_2) ⊆ N(b̂_1 − f) ∪ N(f −b̂_2) is a meager set. Due to the Baire theorem saying that any non-empty set of a compact Hausdorff space cannot be a meager set, we conclude that b̂_1 = b̂_2, i.e., b_1 = b_2.

We show that if f, g ∈ X^′, then f ∗ g ∈ X^′, where ∗ is defined by (3.2). In fact, let I be the set of all f ∈ X such that N(f) is a meager set. Then (i) 0_Ω ∈ I; (ii) if f ∈ I and g ∈ X , then min(f, g) ∈ I; (iii) if f ∗ g ∈ I and g ∈ I, then f ∗ g = f −min(f, g) which proves that 0 < f(m) = (f(m)−min(f, g)(m))+(min(f, g))(m), so that f ∈ I. Since N(f − b̂) = N(f ∗ b̂) ∪ N(b̂ ∗ f), N(f − b̂) is a meager set iff N(f ∗ b̂) and N(b̂ ∗ f) are meager sets, which entails by [MeJu, Lem II.1.5] X^′ is a BCK-algebra.

To show that X^′ is a BCK-tribe is necessary to verify that X^′ is closed under limits of non-decreasing sequences from X^′.

Let {f_n}_n be a sequence of non-decreasing elements from X^′ with f_n ≤ f (n ≥ 1) for some f ∈ X . Choose b_n ∈ X such that N(f_n − b̂_n) is a meager set. Without loss of generality we can assume that b_n ≤ b_{n+1}. Denote f = lim_n f_n, b = ⋁_∞ n=1 b_n, b_0 = lim_n b̂_n. Using the proof of theorem of [Dvu 5, Thm 4.10], we can show that N(f − b̂) is a meager set, so that X^′ = X .

We now show that X is closed under formation of the natural product of functions. Indeed, let f, g ∈ X and let a, b ∈ X be such elements that N(f − â) and N(g−b̂) are meager sets. Then in view of the inequalities |f ·g− ^a · b| = |f ·g−â·b̂| ≤ |f · g − f · b̂| + |f · b̂ − â · b̂| = |f| |g − b̂| + |f − â| |b̂| we have that N(f · g − ^a · b) is also a meager set.

Consequently, X is a product BCK-tribe, and the mapping h : f → b whenever N(f − b̂) is a meager set defines a BCK-σ-homomorphism from the product BCKtribe X onto X with h(1_Ω) = u. �

Because any MV-algebra can be considered as a bounded commutative BCKalgebra, as a corollary of Theorem 4.2 we obtain the Loomis–Sikorski theorem for product MV-algebras obtained originally by Mundici [Mun 1, Cor 6.3].

Theorem 4.3. Let M be a σ-complete MV-algebra such that 1 is product unity. Then there exists a tribe T of fuzzy sets on a compact Hausdorff space Ω ≠ ∅ which is closed under the natural product of functions and there exists an MV-σ-homo-morphism h from T onto M preserving product in T .

Proof. Let T be a tribe generated by M̂ = {â : a ∈ M}, where â(m) := m(a), m ∈ S_1(M). Then T is a BCK-tribe generated by M̂ , consequently, we can apply Theorem 4.2. �

An r-tribe is a g-tribe T such that fg ∈ T whenever f, g ∈ T . It is evident that r-tribe is a Dedekind σ-complete ℓ-ring with the natural product of functions with unity 1_Ω which is also a strong unit.

Theorem 4.4. Let (R; +, 0, ·, ≤) be a Dedekind σ-complete ℓ-ring with unity 1 which is a strong unit for R. Then there exists an r-tribe T of bounded functions on a compact Hausdorff space Ω ≠ ∅ and an ℓ-ring σ-homomorphism h from T onto R with h(1_Ω) = 1.

Proof. According to [Dvu 5, Thm 5.1], there exists a g-tribe T of bounded functions on the compact Hausdorff space Ω ≠ ∅ of all measures s on the product BCK-algebra (R^+; ∗_R, 0, ·) with s(1) = 1 and an ℓ-group σ-homomorphism h from T onto R with h(1_Ω) = 1. The construction of h is such one that h maps Γ(T , 1_Ω) onto the interval [0, 1] in R, in addition, Γ(T , 1_Ω) is a tribe generated by {x̂ : x ∈ [0, 1]}, when [0, 1] is understood as a product MV-algebra. Consequently, by the proof of Theorem 4.4, h preserves products in Γ(T , 1_Ω). Consequently, in view that 1_Ω is a strong unit for T , h preserves product in the whole T , which proves that T is an r-tribe. � Finally, we shall discuss a product on perfect MV-algebras. The following result has been proved in [DiDv, Thm 3.7].

Theorem 4.5. Let M be a perfect MV-algebra and define a binary operation · as follows. Let a, b ∈ Rad(M). Then a · b = 0, a · b^∗ = a, (4.1) a^∗ · b = b, a^∗ · b^∗ = (a + b)^∗.

Then · is a commutative product on M such that a·1 = a = 1·a for any a ∈ M. If M is Rad-Archimedean, then on M there is a unique product · such that a·1 = a = 1·a for any a ∈ M; this product is defined by (4.1).

Consequently, on non-trivial Rad-Archimedean perfect MV-algebras there is no commutative product with unity 1. Hence, a commutative and associative product with unit 1 on perfect algebras can be defined only on their radicals as it was done in [BDG]: A product on a perfect MV-algebra is a binary operation · : Rad(M) × Rad(M) → Rad(M) such that a·(b+c) = (a·b)+(a·b) and (b+c)·a = (b·a)+(c·a), a, b, c ∈ Rad(M), and M is said to be a product perfect MV-algebra. The following form of the Loomis–Sikorski theorem holds for perfect MV-algebras.

Theorem 4.6. Let M be a Rad-Dedekind σ-complete product perfect algebra with a fixed element u generating the radical as an ideal and let u be a unity for the product. Then there exists an r-tribe T of bounded functions on a compact Hausdorff space X and an MV-homomorphism h from the product perfect algebra M(T ) := Γ(Z×_{lex}T , (1, 0_X )), with principal radical with 1_X generating the radical of M(T ) as an ideal, onto M such that h preserves all existing countable joins and products in M(T ). In addition, h maps Rad(M(T )) onto Rad(M), and h(1_X ) = u.

Proof. In view of Theorem 4.5 we can suppose that M = Γ(Z×_{lex} R, (1, 0)), where R is an ℓ-group and let u be a fixed element in Rad(M) generating Rad(M) as an ideal. Hence u is a strong unit for R. Since M is Rad-Dedekind σ-complete, R is Dedekind σ-complete, and by the Loomis–Sikorski theorem, [Dvu 5, Thm 5.1], for the Dedekind σ-complete unital ℓ-group (R, u), there exists a g-tribe T of bounded real-valued functions defined on a compact Hausdorff space X equal to the set of all extremal states on (R, u) and there exists an ℓ-group-homomorphism h^′ from (T , 1_X ) onto (R, u) such that if sup_n f_n ∈ T , then h^′(sup_n f_n) = ⋁ n h^′(f_n), and h(1_X ) = u.

In other words, the mapping h^{′′} : Rad(M(T )) ∼= T^+ onto R^+ ∼= Rad(M) defined by h^{′′}((0, f)) := h^′(f) (f ∈ T^+) preserves preserves +, ∧ and ∨. Therefore on R^+ there is a product ·. Hence by Proposition 2.4 and Theorem 2.5, there exists a unique extension h of h^{′′} from the perfect MV-algebra M(T ) onto R which preserves countable supremas in Rad(M). Moreover h preserves the product on Rad(M) ∼= R^+, consequently R is an ℓ-ring with a unity u, i.e., 1_X is a unity for the natural product of functions in T , i.e., T is an r-tribe. �

References

[BDG] L.P. Belluce, A. Di Nola, G. Georgescu, Perfect MV-algebras and ℓ-rings (to appear). [Cha] C.C. Chang, Algebraic analysis of many-valued logics, Trans. Amer. Math. Soc. 88 (1958), 467–490.

[CDM] R. Cignoli, I.M.L. D’Ottaviano, D. Mundici, “Algebraic Foundations of Many-valued Reasoning”, Kluwer Academic Publ., Dordrecht (to appear).

[DiGe] A. Di Nola, G. Georgescu, Ideals, ℓ-rings and MV-algebras (to appear). [DiLe] A. Di Nola, A. Lettieri, Perfect MV-algebras are categorical equivalent to abelian ℓgroups, Studia Logica 53 (1994), 417–432.

[Dvu] A. Dvurečenskij, Commutative BCK-algebras and lattice ordered groups with universal property (submitted).

[Dvu 1] A. Dvurečenskij, On categorical equivalences of commutative BCK-algebras, Studia Logica (to appear).

[Dvu 2] A. Dvurečenskij, Ideals of commutative BCK-algebras, Ricerche Mat. (to appear). [Dvu 3] A. Dvurečenskij, Commutative BCK-algebras with product, Demonstratio Math.. [Dvu 4] A. Dvurečenskij, Measures on commutative BCK-algebras, Atti Sem. Mat. Fis. Univ.

Modena (to appear).

[Dvu 5] A. Dvurečenskij, Loomis–Sikorski theorem for σ-complete MV-algebras and ℓ-groups (to appear).

[DiDv] Di Nola, A. Dvurečenskij, A., Product MV-algebras (to appear). [DvGr] A. Dvurečenskij, M.G. Graziano, Remarks on representations of minimal clans, Tatra Mt. Math. Publ. 15 (1998), 31–53.

[DvGr 1] A. Dvurečenskij, M.G. Graziano, Commutative BCK-algebras and lattice ordered groups with universal property, Math. Japonica 49 (1999), 159–174.

[DvGr 2] A. Dvurečenskij, M.G. Graziano, Dedekind complete commutative BCK-algebras. [DvKi] A. Dvurečenskij, H.S. Kim, On connections between BCK-algebras and different posets, Studia Logica 60 (1998), 421–439.

[FRT] J.M. Font, A.J. Rodríguez, A. Torrens, Wajsberg algebras, Stochastica 8 (1984), 5–31. [Fuc] L. Fuchs, ”Partially Ordered Algebraic Systems”, Pergamon Press, Oxford-London-New York-Paris, 1963.

[GeLe] G. Georgescu, I. Leuştean, Convergences in perfect MV-algebras.

[Goo] K.R. Goodearl, “Partially Ordered Abelian Groups with Interpolation”, Math. Surveys and Monographs No. 20, Amer. Math. Soc., Providence, Rhode Island, 1986.

[ImIs] Y. Imai, K. Iséki, On axiom systems of propositional calculi, Proc. Japan Acad. 42 (1966), 19–22.

[MeJu] J. Meng, Y.B. Jun, ”BCK-algebras”, Kyung Moon Sa Co., Seoul, 1994. [Mun] D. Mundici, Interpretation of AF C�-algebras in Łukasiewicz sentential calculus, J.

Funct. Anal. 65 (1986), 15–63.

[Mun 1] D. Mundici, Tensor products and the Loomis–Sikorski theorem for MV-algebras, Advan.

Appl. Math. 22 (1999), 227–248.

[Sik] R. Sikorski, “Boolean Algebras”, Springer - Verlag, Berlin, Heidelberg, New York, 1964.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product

(continued on inside back cover)

20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras 6/1997 Sylvia Pulmannová, Karl Svozil: Ideals in ortholattices, Bell inequalities and simultaneously de˛nite properties 5/1997 Camille Debi„eve, Miloslav Duchoò, Beloslav Rieèan: Moment problem in some ordered vector spaces 4/1997 Miloslav Duchoò, Beloslav Rieèan: On the Kurzweil{Stieltjes integral in ordered spaces