Preprint 19/1999

August 27, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Beloslav Rieèan

On the probability theory

on MV algebras

PREPRINT SERIES

ON THE PROBABILITY THEORY ON MV ALGEBRAS

Beloslav Riečan

Abstract. The paper contains a review of some results concerning probability theory on MV algebras (laws of large numbers, central limit theorem, martingale convergence theorem). Also some algebraic and methodical aspects are discussed.

1. Introduction

Starting by von Neumann model some other possibilities have been developed, e.g., orthomodular posets ([55], [16], [36], [53]). The model we shall speak about is based on the fuzzy sets theory. Of course, the starting point was rather structural, not physical. Anyway, such an approach is quite usual in mathematics and sometimes it appears to be useful in applications, too.

Instead of a probability measure considered is the Kolmogorov model a state is considered in the von Neumann model. A state is a mapping m : L → ⟨0, 1⟩ defined on the family L of all closed subspaces of a given Hilbert space H satisfying the following two conditions:

(i) m(H) = 1.

(ii) If (A_n) ⊂ L and A_n are pairwise orthogonal, then

m (_∞⋁ n=1 A_n ) = ∞∑ n=1 m(A_n) .

(Here ⋁_∞ n=1 A_n is the closed subspace of H generated by ⋃_∞ n=1 A_n).

The Piasecki concept of P -measure ([34]) was one of the first concept in the fuzzy probability theory. Consider a family F of fuzzy subsets of a given set X, i.e., a family F of all functions f : C → ⟨0, 1⟩. Assume that F is closed under the operation f → 1 − f and under the countable supremums. A mapping m : F → ⟨0, 1⟩ is called a P -measure, if the following two conditions are satisfied:

(i) m ( f ∨ (1 − f) ) = 1 for any f ∈ F.

(ii) If (f_n) ⊂ F and f_n are pairwise orthogonal (i.e., f_n ≤ f^⊥_m = 1 − f_m for n ≠ m), then m ( ⋁_∞ n=1 f_n) = ∑_∞ n=1 m(f_n).

1991 Mathematics Subject Classification. 28E10, 60F05.

Key words and phrases. mathematical models of quantum mechanics, fuzzy measure theory, limit theorems of probability theory.

This paper has been supported by grants VEGA 95/5305/471 and 2/5124/98.

Typeset by AMS-TEX 1

It seems to be natural to use the fuzzy measure concept for the construction of a mathematical model of quantum mechanical systems. It was suggested in [39] (so-called F -quantum space) and it was realised in many papers, mainly of Slovak school (e.g., [5], [9], [19], [27], [28], [40], [41]) but also of some foreign authors (Le B a , N a v a r a , P i a s e c k i , P t á k , P y k a c z , see [25], [31], [32], [35], [37]). A more important is the fact that the model can be reduced by a quotient process to the Boolean algebra case ([8], [28], [35]).

Of course, there are many possibilities how to define fuzzy connectives and fuzzy operations, e.g. χ_{A∩B} = χ_A ∧ χ_B , χ_{A∪B} = χ_A ∨ χ_B χ_{A∩B} = χ_A · χ_B , χ_{A∪B} = χ_A + χ_B − χ_A · χ_B χ_{A∩B} = ( χ_A + χ_B = 1 ) ∨ 0 , χ_{A∪B} = ( χ_A + χ_B ) ∧ 1 and continuum other possibilities. In the model mentioned above we used the first pair – the Zadeh connectives (minimum, maximum). In the present paper we use the third pair – the Lukasiewicz connectives

f ⊙ g = (f + g − 1) ∨ 0 , f ⊕ g = (f + g) ∧ 1 . What the additivity of a state m : F → ⟨0, 1⟩ says. If f and g are disjoint events, then the value m of the union of f and g equals the sum of m(f) and m(g). Using Lukasiewicz connectives, we obtain m(f ⊕ g) = m(f) + m(g) provided f, g disjoint. The disjointness means that

f ⊙ g = (f + g − 1) ∨ 0 = 0 ,

hence f + g − 1 ≤ 0 or f ≤ 1 − g = g^∗ . Of course, under this assumption

f ⊕ g = (f + g) ∧ 1 = f + g .

Therefore the additivity of m means that the following implication hold: f + g ≤ 1 ⇒ m(f + g) = m(f) + m(g) . Another formulation: If f, g, h ∈ F and h = f + g, then m(h) = m(f) + m(g). The Lukasiewicz approach to quantum mechanical systems was suggested implicitly in [40] and explicitly in [4]. In the paper we give a review of results concerning the probability theory based on families of fuzzy sets with Lukasiewicz connectives and its natural algebraic generalizations, mainly MV algebras. Particularly we mention recent results and ideas appeared after publishing the book [53] which presents a basic reference.

2. Probability domains

Although our main attention will be concentrate in MV algebras, we shall consider also some more general structures. This Section contains a review of such structures. Of course, our starting example there will be an MV algebra of fuzzy sets.

The MV algebra of fuzzy sets is a prototype of a general MV algebra. Consider a family F of fuzzy sets f : X → ⟨0, 1⟩. We say that F is an MV algebra, if the following implications are satisfied:

(i) If f, g ∈ F, then f ⊕ g = min(f + g, 1) ∈ F. (ii) If f, g ∈ F, then f ⊙ g = max(f + g − 1, 0) ∈ F. (iii) If f ∈ F, then f^∗ = 1 − f ∈ F.

A motivating example for the operation ⊕ is the composition f ⊕ g of two grew pictures f : X → ⟨0, 1⟩, g : X → ⟨0, 1⟩. This composition cannot be more grew than the black colour 1, therefore f ⊕ g = min(f + g, 1). On the other hand, the operation ⊙ can be obtained by the de Morgan rule:

f ⊙ g = (f^∗ ⊕ g^∗)^∗ = 1 − ( (1 − f) ⊕ (1 − g) ) = 1 − min(1 − f + 1 − g , 1) = max(f + g − 1, 0) .

Evidently f ⊕ f^∗ = min(f + 1 − f, 1) = 1, hence 1_X ∈ F, and similarly 0_X = 1^∗_X ∈ F. A family F satisfying the above conditions is called (in a modern terminology [22]) a T_L-tribe (L on the honour of Lukasiewicz). One of the most interesting results concerning T_L-tribes is the following theorem by B u t n a r i u and K l e m e n t ([2], see also [53]). If F contains all constant functions c_X , c ∈ ⟨0, 1⟩, then F is exactly the set of all functions f : X → ⟨0, 1⟩ measurable with respect to a σ-algebra of subsets of X.

Generally an MV algebra ([3], [18], [30]) is an algebraic system (M, ⊕, ⊙, ∗, 1, 0), where M is a non-empty set, ⊕, ⊙ are binary operations, ∗ is a unary operation, 1 and 0 are fixed elements satisfying the following properties: (i) a ⊕ b = b ⊕ a (ii) a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c (iii) a ⊕ 0 = 1 (iv) a ⊕ 1 = 1 (v) (a^∗)^∗ = a (vi) 0^∗ = 1 (vii) a ⊕ a^∗ = 1 (viii) (a^∗ ⊕ b)^∗ ⊕ b = (a ⊕ b^∗)^∗ ⊕ a (ix) a ⊙ b = (a^∗ ⊕ b^∗)^∗.

If we define a ∨ b = (a^∗ ⊕ b)^∗ ⊕ b and a ≤ b if and only if a ∨ b = b, then (M, ≤) is a partially ordered set being a distributive lattice and a ∨ b is the least upper bound of a, b.

Of course, by the Mundici theorem [30] any MV algebra can be represented by a commutative l-group. Recall that a commutative l-group is an algebraic system

(G, +, ≤), where (G, +) is a commutative group, (G, ≤) is a partially ordered set being a lattice and a ≤ b implies a + c ≤ b + c. Let (G, +, ≤) be a commutative l-group, 0 be the neutral element of (G, +) and u ∈ G, u > 0. On the interval ⟨0, u⟩ define the following operations: a ⊕ b = (a + b) ∧ u , a ⊙ b = (a + b − u) ∨ 0 , a^∗ = u − a . Then M G ( ⟨0, u⟩, ⊕, ⊙, ∗, u, 0 ) becomes an MV algebra. The Mundici theorem states that to any MV algebra there exists a commutative l-group G with a strong unit u (i.e., to any a ∈ G there exists n ∈ N such that a ≤ nu) such that M ≃ M G . Some methods which has been originally used in MV algebras of fuzzy sets can be surprisely applied also in a very general case. The most general is probably the case of the structure (M, ≤, +, 0, 1), where

(i) (M, ≤) is a partially ordered set with the least element 0 and the greatest element 1, (ii) + is a partial, commutative binary operation on M.

We shall call such a structure (only for purposes of this paper) a Q-support. Let us mention some examples of Q-supports.

Evidently any MV algebra F of fuzzy sets is a Q-support. Here ≤ is the usual ordering of functions, 0_X is the least 1_X is the greatest element of F, + is the usual sum of functions. Of course, f + g is defined as an element of F, if and only if f + g ≤ 1_X , or equivalently, if f ≤ g^∗ = 1 − g. Therefore + is in F only a partial binary operation.

Also any MV algebra (M, ⊕, ⊙, ∗, 0, 1) is an example of Q-support. It is a partially ordered set, where 0 is the least element and 1 is the greatest element. Further define a + b if and only if a ≤ b^∗ by the formula a + b = a ⊕ b. If we consider the Mundici representation of M by a commutative l-group G, where a⊕b = (a+b)∧u, then + is the corresponding group operation. Of course, a + b ∈ M if and only if a + b ≤ u, i.e., a ≤ b^∗ and in this case a ⊕ b = (a + b) ∧ u = a + b.

The third example of Q-support, we mention here explicitly, is so-called D-poset. It was introduced by K ô p k a and C h o v a n e c ([24], see also [6]) and independently by G i u n t i n i and G r e u l i n g ([15]) and it is very close to orthoalgebras defined by F o u l i s , G r e e c h i e and R ü t t i m a n ([13]). A D-poset is an algebraic structure (D ≤, \, 0, 1), where

(i) (D, ≤, 0, 1) is a partially ordered set with the least element 0 and the greatest element 1.

(i) \ is a partial binary operation on D, where a\b is define if and only if b ≤ a. (iii) \ satisfies the following two implications: a ≤ b ⇒ b \ a ≤ b and b \ (b \ a) = a , a ≤ b ≤ c ⇒ c \ b ≤ c \ a and (c \ a) \ (c \ b) = b \ a .

In any D poset a partial binary operation + can be introduced defining a + b if and only if a ≤ 1 \ b (what is the same as b ≤ 1 \ a) by the formula

a + b = 1 \ [ (1 \ a) − b ] = 1 \ [ (1 \ b) \ a ] = b + a . Also any orthomodular poset (P, ≤, ⊥, 0, 1) is a Q-support, if we define a + b = a ∨ b, whenever a ≤ b^⊥.

Finally recall that any F -quantum space is a Q-support. Again f + g is defined if and only if f ≤ g^∗ = 1 − g and in this case f + g = f ∨ g.

3. States and observables As we have mentioned yet, the notion of a state is an analogy of the notion of a probability measure in the Kolmogorov model. The state can be defined also in the Q-support case.

Definition 3.1. If M = (M, ≤, +, 0, 1) is a Q-support, then a state is a mapping m : M → ⟨0, 1⟩ satisfying the following three conditions:

(i) m(1) = 1.

(ii) If a, b, c ∈ M and a = b + c (i.e., b + c exists and equals a), then m(a) = m(b) + m(c). (iii) If a_n ↗ a, then m(a_n) ↗ m(a).

Let us examine the second property – additivity on some examples. In any MV algebra M it means that

b + c defined ⇒ m(b + c) = m(b) + m(c) .

But b + c is defined, if b ≤ c^∗ = u − c. In this case b ⊕ c = (b + c) ∧ 1 = b + c. Hence we obtain the implication

(2.1) b ≤ c^∗ ⇒ m(b + c) = m(b) + m(c) .

In D-posets the additivity is usually defined by the implication (2.2) a ≤ b ⇒ m(b) = m(a) + m(b \ a) . We shall show that the implications (2.1) and (2.2) are equivalent.

Let (2.2) be satisfied and let b ≤ 1 \ c. Then b + c = 1 \ [ (1 \ b) \ c}, hence

m(b + c) = m(1) − m ( (1 \ b) \ c ) = m(1) − m(1 \ b) + m(c) = m(1) − m(1) + m(b) + m(c) .

An the other hand, let (2.1) be satisfied and let a ≤ b = b\(b\a) ≤ 1\(b\a) = (b\a)^∗. Then by (2.1) m ( a + (b \ a) ) = m(a) + m(b \ a) .

But a + (b \ a) = 1 \ [ (1 \ a) \ (b \ a) ] = 1 \ (1 \ b) = b.

In orthomodular posets, the additivity means a ≤ b^⊥ ⇒ m(a ∨ b) = m(a) + m(b) and analogous implication holds in F -quantum spaces.

Let us mention an excellent result by B u t n a r i u and K l e m e n t ([2]) stating that any state m : F → ⟨0, 1⟩ defined on the MV algebra (i.e., T_L-tribe) of all measurable functions can by represented by an integral, i.e., m(f) = ∫ f dP , f ∈ F, where P is a probability measure on the considered σ-algebra.

We have seen that the notion of a state on a Q-support is a generalization of the notion of a state on many studied quantum mechanical models. A similar situation is also in the case of an observable.

Recall that the notion of an observable is a generalization of the notion of a random variable. If (Ω, S, P ) is a probability space, then a random variable is an S-measurable mapping ξ : Ω → R. If follows that ξ^{−1}(E) ∈ S for any E ∈ B(R). Therefore we obtain a mapping x : B(R) → S defined by the formula x(E) = ξ^{−1}(E) .

Definition 3.2. Let M be a Q-support. A weak observable (on M with respect to a state m on M) is a mapping x : B(R) → M satisfying the following conditions:

(i) m ( x(R) ) = 1.

(ii) If A ∩ B = ∅, ten x(A ∪ B) = x(A) + x(B). (iii) If A_n ↗ A, then x(A_n) ↗ x(A).

A weak observable is observable, if x(R) = 1.

Theorem 3.1. If M is a Q-support, m : M → ⟨0, 1⟩ is a state and x : B(R) → M is a weak observable, then the composite mapping m_x = m ∘ x : B(R) → ⟨0, 1⟩ is a probability measure.

Proof. Evidently m_x(R) = m ( x(R) ) = 1. If A ∩ B = ∅, then m_x(A ∪ B) = m ( x(A ∪ B) ) = m ( x(A) + x(B) ) = m_x(A) + m_x(B). We see that m_x is additive and monotone. Since m_x is also lower continuous, m_x is σ-additive, too.

The probability measure m_x corresponds to the notion of the probability distribution of a random variable in the Kolmogorov theory. Indeed, if ξ : Ω → R is a random variable, then its probability distribution is the mapping P_ξ : B(R) → ⟨0, 1⟩ defined by the formula P_ξ(A) = P ( ξ^{−1}(A) ) . By the help of P_ξ all important probability characterizations of ξ can be described, e.g., the mean value is E(ξ) = ∫ Ω ξ dP = ∫ R tdP_ξ(t) , the dispersion is

σ^2(ξ) = ∫ R ( ξ − E(ξ) )_2 dP = ∫ R ( t − E(ξ) )_2 dP_ξ(t) = ∫ R t^2 dP_ξ(t) − E(ξ)^2

etc.

Definition 3.3. A weak observable x : B(R) → M belongs to L^1 (by other words, it is integrable), if there exists E(x) = ∫ R tdm_x(t). It belongs to L^2, if there exists ∫ R t^2 dm_x(t).

Proposition 3.1. L^2 ⊂ L^1.

Proof. It follows by the Cauchy inequality: | | | | ∫ R t · 1dm_x(r) | | | | ≤ √∫ R t^2 dm_x(t) √∫ R 1dm_x(t) .

Definition 3.4. If x : B(R) → M is a weak observable belonging to L^1, then we define E(x) = ∫ R tdm_x(t) . If, moreover, x belongs to L^2, then we define

σ^2(x) = ∫ R ( t − E(x) )_2 dm_x(t) .

4. Weak independence

Limit theorems of probability theory deals with sequences of observables (random variables). Also in our general case we need to define independence of observables.

Let us return to the Kolmogorov model. Consider two random variables ξ, η. They induce a random vector T = (ξ, η) : Ω → R^2, the corresponding σ-homo-morphism h : B(R^2) → S, A → T^{−1}(A) and the probability distribution P_T : B(R^2) → ⟨0, 1⟩ of the random vector T defined by P_T (A) = P ( T^{−1}(A) ) = P ( h(A) ) . Random variables ξ, η are independent, if P ( ξ^{−1}(A) ∩ η^{−1}(B) ) = P ( ξ^{−1}(A) ) P ( η^{−1}(B) ) for any A, B ∈ B(R). Since ξ^{−1}(A) ∩ η^{−1}(B) = T^{−1}(A × B), the last equality is equivalent with the equality

P_T (A × B) = P_ξ(A) · P_η(B) = P_ξ × P_η(A × B) , where P_ξ × P_η is the product of measures P_ξ, P_η. Since P_T , P_ξ × P_η coincide on measurable rectangles, they coincide on B(R^2), hence P_T = P_ξ × P_η. Since P_T = P ∘h, we obtain the following characterization of independency of ξ, η. Two random variables ξ, η : Ω → R are independent if and only if there exists a σ-homomorphism h : B(R^2) → S such that P ∘ h = P_ξ × P_η . This formulation can be successfully applied in the very general case of Q-support.

Definition 4.1. Let M be a Q-support, x_1, . . . , x_n : B(R) → M be weak observables. We say that they are strongly independent, if there exists a mapping h_n : B(R^n) → M satisfying the following properties:

(i) m ( h_n(R^n) ) = 1.

(ii) If A, B ∈ B(R^n), A ∩ B = ∅, then h_n(A ∪ B) = h_n(A) + b_n(B). (iii) If A_i ∈ B(R^n) (i = 1, 2, . . . ), A_i ↗ A, then h_n(A) ↗ h_n(A) (i → ∞). (iv) m ∘ h_n = m_{x1} × m_{x2} × · · · × M_{xn} .

Of course, the probability distribution gives also a possibility to built a calculus with observables. Namely, if T = (ξ, η) is a random vector, then ξ + η = g(ξ, η) = g ∘ T , where g : R^2 → R, g(u, v) = u + v. Then (ξ + η)^{−1}(A) = T^{−1} ( g^{−1}(A) ) . Therefore the probability distribution of ξ + η is given by the formula P_{ξ+η} = P_T ∘ g^{−1}, hence, if ξ, η are independent (i.e., P_T = P_ξ × P_η), then P_{ξ+η} = P ∘ (ξ + η)^{−1} = P_T ∘ g^{−1} = (P_ξ × P η) ∘ g^{−1}.

This property justifies the following definition.

Definition 4.2. Weak observables x_1, . . . , x_n : B(R) → M are weakly independent, if there exists a weak observable y_n : B(R) → M such that m ∘ y_n = ( m_{x1} × · · · × m_{xn} ) ∘ g^{−1}_n , where g_n : R^n → R is defined by g_n(u_1, . . . , u_n) = u_1 + · · · + u_n.

Evidently, if x_1, . . . , x_n are strongly independent, then they are weakly independent, too. Indeed, put y_n = h_n ∘ g^{−1}_n . Then m ∘ y_n = m ∘ h_n ∘ g^{−1}_n = m_{x1} × · · · × m_{xn} ∘ g^{−1}_n . It is surprising that under weak independency on a Q-support the weak law of large numbers and the central limit theorem can be proved. Of course, they work with expressions of the form 1 n n∑ i=1 x_i − a . The sum ∑_n i=1 x_i can be identify with the observable y_n from the definition of weak independency. Of course, it need not be determine uniquely, but if we have two such observables, they have the same probability distribution and this fact is satisfactory from the point of view of probability theory. Further definitions are clear: ( 1 n y_n ) (B) = y_n (nB) , where nB = {nb; b ∈ B} and (z − a)(B) = z(a + B) , where a + B = {a + b; b ∈ B}.

Theorem 4.1. (Law of large numbers). Let (x_n) be a weakly independent sequence of weak observables of L^1 with the same probability distribution m_{xn} = μ (n = 1, 2, . . . ). Denote E(x_n) = a (n = 1, 2, . . . ). Then for every ε > 0 there holds

lim_{n→∞} m (( 1 n n∑ i=1 x_i − a ) (−ε, ε) ) = 1 .

Theorem 4.2. (Central limit theorem). Let (x_n) be a weakly independent sequence of weak observables of L^2 with the same probability distribution m_{xn} = μ (n = 1, 2, . . . ), E(x_n) = a, σ^2(x_n) = σ^2 > 0 (n = 1, 2, . . . ). Then

lim_{n→∞} m (√ n σ ( 1 n n∑ i=1 x_i − a )( (−∞, t) ) ) = 1 √ 2π ∫_t −∞ e^{− u22} du .

We shall not to prove the theorems stated above, because the details have been published in [46]. Of course, we shall mention here the main idea: local representation of observables by random variables. Let (x_n) be a sequence of weakly independent observables. To the concrete sequence we construct a probability space (Ω, S, P ) by the following way:

Ω = R^n, S = σ(C), where C is the family of all sets of the form {t ∈ R^N ; h ∈ A_1, . . . , t_n ∈ A_n}, where n ∈ N, A_i ∈ B(R), and P = ∏_∞ i=1 m_{xi} is the product measure characterized by the equalities P ( {t ∈ R^N ; t_1 ∈ A_1, . . . , t_n ∈ A_n} ) = m_{x1}(A_1) · . . . · m_{xn} (A_n) .

If we define ξ_n : R^N → R as the coordinate random variable ξ_n(t) = t_n, then (ξ_n) is a sequence of independent random variables, P_{ξn} = m_{xn} (n = 1, 2, . . . ) and moreover, the probability distribution of the random variable

(_1 n ∑_n i=1 ξ_i − a ) and the observable

(_1 n ∑_n i=1 x_i − a ) coincide. This fact guarantees the convergence in measure as well as the convergence in distribution.

Something another is the situation with respect to the convergence almost everywhere. For this type of convergence we need the strong independency.

5. Strong independence

If x_1, . . . , x_n are strongly independent, then we have also their so-called joint distribution h_n : B(R^n) → M. Recall that m ∘ h_n = m_{x1} × · · · × m_{xn} . By the help of h_n we are able to construct not only the sum ∑_n i=1 x_i, but also the value of any function g(x_1, . . . , x_n). It can be defined by the help of the equality g(x_1, . . . , x_n)(A) = h_n ( g^{−1}(A) ) . Namely, if T = (ξ_1, . . . , ξ_n) is a random vector, then g(ξ_1, . . . , ξ_n) = g ∘ T , hence (g ∘ T )^{−1} = T^{−1} ∘ g^{−1} ,

and the joint observable h_n in our case corresponds to the random vector T . So^1_n ∑_n i=1 x_i−a = g_n(x_1, . . . , x_n), where g_n : R^n → R is defined by g_n(u_1, . . . , u_n) = 1 n ∑_n i=1 u_i − a. A more important is the problem of almost everywhere convergence. If (η_n) is a sequence of random variables, then η_n converges P -almost everywhere to 0, if

P (_∞⋂ p=1 ∞⋃ k=1 ∞⋂ n=k η^{−1}_n (( − 1 p , 1 p ))) = 1 ,

or equivalently

lim_{p→∞} lim_{k→∞} lim_{i→∞} P (_{k+i}⋂ i=1 η^{−1}_n (( − 1 p , 1 p )) = 1 .

Definition 5.1. Let a Q-support (M, ≤, +) be a lattice. A sequence (y_n) of observables converges m-a.e., to 0, if

lim_{p→∞} lim_{k→∞} lim_{i→∞} P (_{k+i}⋀ n=k y_n (( − 1 p , 1 p ))) = 1 .

Theorem 5.1. Let (M, ≤, +) be a Q-support being a lattice. Let (x_n) be a strongly independent sequence of weak observables from L^2. Let ∑_∞ n=1 σ2(x_n)

n2 < ∞. Then ( 1 n n∑ i=1 ( x_i − E(x_i) ) )_∞ n=1 converges m-a.e., to 0.

Again we shall not to discuss the details, they are contained in [52]. We shall mention only the key point. If η_n = g_n(ξ_1, . . . , ξ_n) and y_n = g_n(x_1, . . . , x_n), then

(5.1) P (_{k+i}⋂ n=k η^{−1}_n (( − 1 p , 1 p ))) ≤ m (_{k+i}⋀ n=k y_n (( − 1 p , 1 p ))) .

Therefore, if the left side of the inequality (5.1) converges to 1, then the right side converges to 1, too.

Let us return to the case of MV algebra F of fuzzy sets. In this case the joint observable exists for any observables x, y ([29]). This result can be easily adapted for the case of weak observables. It was realised in [44], of course, the proof will be repeated in the paper:

Theorem 5.2. ([44], Theorem 2). Let F be an MV algebra of fuzzy sets. Let x, y : B(R) → F be weak observables. Then there exists a mapping h : B(R^2) → F satisfying the following conditions:

(i) m ( h(R^2) ) = 1.

(ii) If A, B ∈ B(R^2). A ∩ B = ∅, then h(A ∪ B) = h(A) + h(B). (iii) If (A_n) ⊂ B(R^2), A_n ↗ A, then h(A_n) ↗ h(A). (iv) h(C × D) = x(C) · y(D) for any C, D ∈ B(R).

Proof. Fix ω ∈ Ω and define μ_ω, ν_ω : B(R) → ⟨0, 1⟩ by the formulas

μ_ω(A) = x(A)(ω) , ν_ω(A) = y(A)(ω) .

Since μ_ω, ν_ω are finite measures, there exists their product μ_ω ×ν_ω : B(R^2) → ⟨0, 1⟩. Define h : B(R^2) → F by the formula h(A)(ω) = μ_ω × ν_ω(A) . It is not difficult to prove the conditions (ii) – (iv). We prove (i). First m(f) = 1 implies m(f · g) = m(g). Indeed, m(f) = 1 implies m(f^∗) = 1 − m(f) = 0, hence also m(f^∗ · g) = 0 and therefore m(g) = m(g · f) + m(g · f^∗) = m(g · f). Since m ( x(R) ) = 1, we obtain m ( h(R^2) ) = m ( x(R) · y(R) ) = m ( y(R) ) . In an MV algebra F of fuzzy sets the independency has been introduced as the p-independency (product independency): m ( h(C × D) ) = m ( x(C) ) · m ( y(D) ) . We see that in this case p-independency in equivalent to the strong independency, so that all results of Sections 4 and 4 holds.

6. Sum of observables

We have been that if we have joint observable (i.e., such a σ-morphism h defined on B(R^2) that h(C × D) = x(C) · y(D) ) , then it is easy to construct the sum x + y:

(x + y)(A) = h ( g^{−1}(A) ) , where g(u, v) = u + v. Of course, we can use this formula also in a very general case of Q-support, but only with a hypothetic assumption that there exists h with m ∘ h ∘ g^{−1} = m_x × m_y . But only in the case of MV algebra of fuzzy sets (= T_L-tribe) we are able to prove that the joint observable h exists. The reason is the following. Any T_L-tribe F is closed under the product ([22], [53]): f, g ∈ F ⇒ f · g ∈ F. Moreover, if f + g ∈ F, k ∈ F, then k · (f + g) = k · f + k · g.

In a general MV algebra we have not the product of elements, only the Lukasiewicz product ⊙. Unfortunately, ⊕ and ⊙ do not satisfy the distributive law. We have only the semidistributive law: (a + b) ⊙ c ≥ a ⊙ c + b ⊙ c . On the other hand, also in a general MV algebra the sum of two observables has been constructed ([53], [45]), The idea of the construction is simple, because it is based on the following equality: { (u, v, ) ∈ R^2 ; u + v < t } = ∞⋃ n=1 ⋃ (i,j)∈α_n A^n_i × A^n_j ,

where A^n_i = ⟨_{i−1} 2^n , 1 2^n ) , α_n = { (i, j) ; i + j < 2^nt } . Of course, the realisation is quite complicated because of the absence of a good distributive law. We shall not mention here details (they have been published in the book [53]). We shall only present here two conditions guaranting the existence of the sum x + y:

Definition 6.1. The weak observables x, y are ⊙-independent, if m ( x(A) ⊙ y(B) ) = m ( x(A) ) m ( y(B) ) for any A, B ∈ B(R) .

Definition 6.2. The MV algebra M is weakly σ-distributive, if it is σ-complete (any subset of M has the supremum) and for any bounded double sequence (a_{ij} ) ⊂ M such that a_{ij} ↘ 0 (j → ∞, i = 1, 2, . . . ) we have ⋀ φ∈N^N ∞⋁ i=1 a_{iφ(i)} = 0 .

Recall that the weak σ-distributivity is a necessary and sufficient condition for any G-valued measure could be extended from an algebra of sets to the generated σ-algebra, of course, in the case that M is a Riesz space.

Anyway, the mentioned sum of observables (we shall denote it by x ⊕ y) satisfies the following equality: m ( (x ⊕ y) (−∞, t) ) = m_x × m_y ( {(u, v); u + v < t} ) . By this formula and the results of Section 4 the Weak Law of Large Numbers and the Central Limit Theorem follows (for sequences of ⊙-independent observables). Moreover, the Strong Law of Large Numbers holds ([45]):

Theorem 6.1. Let M be a weakly σ-distributive MV algebra. Let (x_n) be ⊙-independent sequence of weak observables of L^2. Put E(x_n) = a_n. Let ∑_∞ n=1 σ2(x_n) n2 < ∞. Then 1 n n⨁ i=1 x_i − 1 n n∑ i=1 a_i → 0

m-almost everywhere.

Recall that in a general MV algebra M we have obtained two versions of the strong law of large numbers. The first holds in an arbitraty MV algebra M (Theorem 5.1), but with a strong independency of considered sequence of observables. In the second case only ⊙-independency is assumed (not the existence of a convenient morphism h : B(R^2) → M), but we have some more restrictive conditions on M (weak σ-distributivity).

Let us return to the case of an MV algebra of fuzzy sets. In this case we have introduced two definitions of the sum of observables. The first has been defined by the help of the joint observable h: x + y = h ∘ g^{−1}, where g(u, v) = u + v, hence (x + y) (−∞, t) = h ( {(u, v); u + v < t} ) . The second definition hase been defined for ⊕-independent observables x, y, but again m ( (x ⊕ y) (−∞, t) ) = m_x × m_y ( {(u, v, ); u + v < t} ) . On the other hand, if x, y are p-independent (i.e., m ( x(A)·y(B) ) = m_x(A)·m_y (B)), then m ( (x + y) (−∞, t) ) = m ( h ( {u, v); u + v < t} )) = m_x × m_y ({ (u, v); u + v < t }) . We see that x+y and x⊕y have the same probability distribution provided x and y are ⊙-independent as well as ⊙-independent. Moreover, if x, y are ⊙-independent, then they are p-independent, too ([44], theorem 5).

7. Conditioning

All results presented above were concerned in sequences of independent observables. Now we would like to say a few words about conditional probability.

If (Ω, S, P ) is a probability space, A ∈ S and S_0 ⊂ S is a sub-σ-algebra of S, then the conditional probability is any function P (A|S_0) : Ω → R that is S_0-measurable and satisfies the equality ∫ C P (A|S_0)dP = P (A ∩ C) for any C ∈ S_0. Of course, if S_0 is generated by a random variable η (we shall write P (A|S_0) = P (A|η) in this case), i.e.,

S_0 = η^{−1} ( B(R) ) = { C ∈ S ; ∃B ∈ B(R) , C = η^{−1}(B) } , there exists also another concept. A conditional probability can be taken as a Borel function p(A|η) : R → R satisfying the equaligy ∫ B p(A|η)dP_η = P ( A ∩ η^{−1}(B) )

for any B ∈ B(R). Of course, P -almost everywhere P (A|η) = p(A|η) ∘ η. We shall use the second concept in our fuzzy case.

Assume that F is an MV algebra of fuzzy sets. Let y : B(R) → F be an observable, a ∈ F. Then the conditional probability of a with respect to y is a Borel function p(a|y) : R → R such that ∫ B p(a|y)dm_y = m(a · y(B) for any B ∈ B(R). (Here · is the usual product of functions). Such a function exists by Radon-Nikodym theorem. Namely, if we define μ : B(R) → ⟨0, 1⟩ by the formula μ(B) = m ( a·y(B) ) , then μ is a measure and μ ≪ m_y (i.e., m_y(B) = 0 ⇒ μ(B) = 0).

It is easy to see that m_y-almost everywhere p(0|y) = 0, p(1|y) = 1 and 0 ≤ p(a|y) ≤ 1. Moreover, if ∑ i a_i ≤ 1, then p (∑ i a_i |y ) = ∑ i(a_i |y). A more interesting is a representation process.

Theorem 7.1. ([47], Prop. 3). To every a ∈ F and every observable y : B(R) → F there exists a probability space (Ω, S, P ), a random event A ∈ S and a random variable η : Ω → R such that P_η = m_y and p(a|y) = p(A|η) m_y-almost everywhere.

The construction of A and η is simple. Put Ω = R^2, S = B(R^2) and P = m ∘ h, where h is the joint observable of Q_a and y with

Q_a(B) = 0 , if 0 /∈ B , 1 /∈ B , a , if 0 /∈ B , 1 ∈ B , a^′ , if 0 ∈ B , 1 /∈ B , 1 , if 0 ∈ B , 1 ∈ B ,

Then it suffices to put A = {1} × R and η : R^2 → R, (u, v) → v.

Let us define now the conditional expectation E(x|y). In the Kolmogorovian model, E(ξ |η) can be defined as a Borel function such that ∫ B E(ξ |η)dP = ∫ η�1_{(B)} ξdP for any B ∈ B(R). Hence we could define E(x|y) (for given observables x, y ) as a Borel measurable function such that ∫ B E(x|y)dm_y = ∫ y(B) xdm . Of course, we must first define ∫ a xdm. Namely we still defined only ∫ xdm = ∫ 1 xdm by the formula ∫ xdm = E(x) = ∫ R tdm_x(t). Let us inspire by the classical case, where ∫ C ξ dP = ∫ Ω ξχ_CdP . Since (ξ χ_C )^{−1}(B) = { C ∩ ξ^{−1} , if 0 /∈ B , ( C ∩ ξ^{−1}(B) ) ∪ C^′, if 0 ∈ B , we can define a mapping x_c : B(R) → F by the formulas

x_C (B) = { c · x(B) , if 0 /∈ B , c · x(B) + c^′, if 0 ∈ B and then define ∫ c xdm = ∫ x_cdm = ∫ R tdm_{xc} (t) . Actually, x_c is an observable and it is integrable whenever x is integrable. If we define μ : B(R) → R by the formula μ(B) = ∫ y(B) xdm , then μ is a measure and μ ≪ m_y .

Therefore by the Radon-Nikodym theorem there exists a Borel measurable function (denote it by E(x|y)) such that ∫ y(B) xdm = ∫ B V E(x|y)dm_y for any B ∈ B(R). Recall that all details are contained in [47] and [48].

Similarly as in the case of a conditional probability a representation formula can be realised: E(x|y) = E(ξ |η) . This formula is also a key for provind a variant of the martingal convergence theorem. Of course, the sequence (y_n) of conditioning sybalgebras (i.e., observables) is generated by a fixed observable y and a sequence (g_n) of Borel measurable functions g_n : R → R. Theorem 7.2. ([48], Theorem 2). Let g_n : R → R be Borel measurable functions g^{−1}_n ( B(R) ) ⊂ g^1_{n+1} ( B(R) ) (n = 1, 2, . . . ), ⋃_∞ n=1 g^{−1}_n ( B(R) ) = B(R). Let y : B(R) → F be an observable, y_n = y ∘ g^{−1}_n , m_y ≪ m_{yn} (n = 1, 2, . . . ). Let x : B(R) → F be an integrable observable. Then m_y-a.e., E(x|y_n) → E(x|y).

8. Structures with product

We have seen some advatages of the existence of the joint observable h of observables x and y. First, by the help of the joint observable, the sum x + y can be defined x + y = h ∘ g^{−1}, where g(u, v) = u + v. (Of course, also some other operations can be defined by this way.) The translation formula (5.1) is the second important application of h. To see the role of the joint observable in (5.1) we shall prove this formula.

For the sake of simplicity we consider n = 2: P ( η^{−1}_1 (A) ∩ η^{−1}_2 (A) ) = P ( (g_1 ∘ ξ_1)^{−1}(A) ∩ ( g_2 ∘ (ξ_1, ξ_2) )_{−1} (A) )

= P ( ξ^{−1}_1 ( g^{−1}_1 (A) ) ∩ ( ξ_1, ξ_2)^{−1} ( g^{−1}_2 (A) )) = m ( h_2 ( {u, v); u ∈ g^{−1}_1 (A) , (u, v) ∈ g^{−1}_2 (A)} )) = ( h_2 ( (g^{−1}_1 (A) × R ) ∩ g^{−1}_2 (A) )) . Here is the crucial point of the proof. The joint observable h_2 is monotone. Therefore m ( h_2 ( (g^{−1}_1 (A) × R ) ∩ g^{−1}_2 (A) )) ≤ m ( h_2 ( (g^{−1}_1 (A) × R ) ∧ h_2 ( g^{−1}_2 (A) )) = m ( h_1 ( g^{−1}_1 (A) ) ∧ h_2 ( g^{−1}_2 (A) )) . Now (5.1) followe, since y_1 = h_1 ∘ g^{−1}_1 , y_2 = h_2 ∘ g^{−1}_1 by the definition.

In both cases when the joint observable could be applied, we used the fact that the MV algebra F ⊂ ⟨0, 1⟩^X was closed under the product of functions. The third application of the joint observable and the operation of product is in the definition of the conditional probability and its set representation.

How to substitute the methods described above without the product operation? One of possibilities is to introduce a product axiomatically.

The first has been the concept of l-ring of K a c i a n [21]. Since any MV algebra can be represented by an l-group, this concept seems to be very natural.

Of course, more general are the concepts of the author ([50], [51]) and D v u r e - č e n s k i j and D i N o l a ([10], [12]). Since the terminology has not been fixed yet, we shall use some terminology ad hoc, only for this paper.

Definition 8.1. We shall say that (M, +, ·, ≤, 0, 1) is a P Q-support, if the following properties are satisfied:

(i) (M, ≤, 0, 1) is a partially ordered set with the least element 0 and the greatest 1.

(ii) + is a partial binary operation, · is a binary operation, + and · are commutative and associative (iii) If a, b, c ∈ M and b + c exists in M, then a · (b + c) = a · b + a · c. (iv) If a_n ↓ 0, b_n ↓ 0, then a_n · b_n ↓ 0.

In [10] the commutativity of · is substituted by two distributive laws: a · (b + c) = a · b + a · c , (b + c) · a = b · a + c · a . All considerations in [50] and [51] are correct also under these weaker assumptions. Definition 8.2. Let M be a P Q-support. A weak state is a mapping m : M → ⟨0, 1⟩ satisfying the following conditions:

(i) If a = b + c, then m(a) = m(b) + m()c). (ii) If a_n ↗ a, then m(a_n) ↗ m(a).

(iii) If m(a) = 1, then m(a · b) = m(b) for any b ∈ M.

Theorem 8.1. ([51], Theorem 2.2). Let M be a P Q-support, x, y : B(R) → M be weak observables. Then there exists a probability measure μ : B(R^2) → ⟨0, 1⟩ such that μ(C × D) = m ( x(C) · y(D) ) for any C, D ∈ B(R).

The measure μ is usually called the joint distribution of x and y. As possible applications, the definition of the conditional probability is suggested in [51]. Similarly, a definition of the sum of two observables is suggested, of course, only in the case of weakly σ-distributive MV algebra.

If given P Q-support M is simultaneously an MV algebra, then we say that M is a product MV algebra.

Definition 8.3. A product MV algebra is an algebraic system (M, ⊕, ⊙, ·, ∗, u, 0), where (M, ⊕, ⊙, ∗, u, 0) is an MV algebra and · is a binary operation satisfying the following conditions:

(i) u · u = u.

(ii) The operation · is commutative and associative. (iii) If a + b ≤ u, then c · (a + b) = c · a + c · b for any c ∈ M. (iv) If a_n ↓ 0, b_n ↓ 0, then a_n · b_n ↓ 0.

Theorem 8.2. ([50], Theorem 2). Let M be a weakly σ-distributive product MV algebra (see Definition 6.2). Then to any weak observables x, y there exists their joint observable, i.e. a mapping h : B(R^2) → M satisfying the following conditions:

(i) h(R^2) = 1.

(ii) If A ∩ B = ∅, then h(A ∪ B) = h(A) + h(B). (iii) If A_n ↗ A, then h(A_n) ↗ h(A).

(iv) h(C × D) = x(C) · y(D) for any C, D ∈ B(R).

References

1. Belluce, L. P., Semisimple algebras of infinite valued logic and bold fuzzy set theory, Canad.

J. Math. 38 (1986), 1356–1379.

2. Butnariu, D.; Klement, E. P., Triangular norm-based measures and their Markov kernel representation, J. Math. Anal. Appl. 162 (1991), 111–143.

3. Chang, C. C., Algebraic analysis of many-valued logics, Trans. Amer. Math. Soc. 88 (1958), 467–490.

4. Chovanec, F., States and observables on MV algebras, Tatra Mt. Math. Publ. 3 (1993), 55–65. 5. Chovanec, F.; Jurečková, M., Law of large numbers in D-posets of fuzzy sets, tatra Mt. Math.

Publ. 1 (1992), 15–18.

6. Chovanec, F.; Kôpka, F., On a representation of observables in D-posets of fuzzy sets, Tatra Mt. Math. Publ. 1 (1992), 19–24.

7. Dumitrescu, D., Entropy of fuzzy dynamical systems, Fuzzy Sets and Systems 70 (1995), 45–57.

8. Dvurečenskij, A., On a representation of observables in fuzzy measurable spaces, J. Math.

Anal. Appl. 197 (1996), 579–585.

9. Dvurečenskij, A.; Chovanec, F., Fuzzy quantum spaces and compatibility, Int. J. Theor. Phys.

27 (1988), 1069–1082.

10. Dvurečenskij, A.; Di Nola, A., Product MV-algebras.

11. Dvurečenskij, A.; Riečan, B., Fuzzy quantum models, Int. J. Gen. Systems 20 (1991), 39–54. 12. Dvurečenskij, A.; Riečan, B., Weakly divisible MV-algebras and product, J. Math. Anal. Appl.

(to appear).

13. Foulis, D. J.; Greechie, R. J.; Ruttiman, G. T., Filters and supports in orthoalgebras, Int. J.

Theor. Phys. 31 (1992), 789–807.

14. Fremlin, D. H., Topological Riesz Spaces and Measure Theory, Cambridge Univ. Press, 1974. 15. Giuntini, R.; Greuling, H., Toward a formal language for unsharp properties, Found Phys. 19 (1989), 031–945.

16. Gudder, S. P., Stochastic Methods in Quantum Mechanics, Elsevier, Amsterdam, 1979. 17. Hudetz, T., Space-time dynamical entropy for quantum systems, Lett. Math. Phys. 16 (1988), 151–161.

18. Jakubík, J., Direct decomposition of MV algebras, Czech. Math. J. 44 (1994), 725–739. 19. Jurečková, M., On the strong law of large numbers in D-posets, Int. J. Theor. Phys. 34 (1995), 1495–1500.

20. Jurečková, M., A weak law of large numbers on MV algebras, Tatra Mt. Math. Publ. (to appear).

21. Kacian, A., Construction of joint observable for l-ring valued measures, Tatra Mt. Math.

Publ. (to appear).

22. Klement, E. P.; Mesiar, R.; Pap, E., Triangular Norms (to appear).

23. Kolesárová, A., Triangular norm-based addition of linear numbers, Tatra Mt. Math. Publ. 6 (1995), 45–82.

24. Kôpka, F.; Chovanec, F., D-posets, Math. Slovaca 44 (1944), 21–34.

25. Le Ba, L., Fuzzy quantum posets and their states, Acta Math. Univ. Comen. 58-59 (1990), 231–237.

26. Maličký, P.; Riečan, B., On the entropy of dynamical systems, Proc. Conf. Ergodic theory and related Topics II (Georgenthal 1986, H. Michel ed.), Teubner, Lepizig, 1987, pp. 135–138.

27. Markechová, D., The entropy of F-quantum spaces, Math. Slovaca 40 (1990), 177–190. 28. Mesiar, R., Fuzzy observables, J. Math. Anal. Apl. 174 (1993), 178–193. 29. Mesiar, R.; Riečan, B., On the joint observable in some quantum structures, Tatra Mt. Math.

Publ. 3 (1993), 183–190.

30. Mundici, D., Interpretation of AFC*-algebras in Lukasiewicz sentential calculus, J. Funct. Anal. 65 (1986), 15–63.

31. Navara, M.; Pták, P., States on soft fuzzy algebras – finite and countable additivity, Tatra Mt.

Math. Publ. 1 (1992), 125–134.

32. Navara, M.; Pták, P., Difference posets and orthoalgebras, Busefal. 33. von Neumann, J., Grundlagen der Quantummechanik, Berlin, 1932.

34. Piasecki, K., Note to On the Bayes formula for fuzzy probability measures, Fuzzy Sets and Systems 18 (1986), 183–185.

35. Piasecki, K., Extension of fuzzy P-measure generated by usual measure, Fuzzy Math. 7 (1987), 117–124.

36. Pták, P.; Pulmannová, S., Orthomodular Structures as Quantum Logics, Kluwer, Dordrecht, 1991.

37. Pykacz, J., Quantum logics as families of fuzzy subsets of the set of physical states, Second IFSA Congress (Tokyo 1987), Vol. 2, 437–440.

38. Pykacz, J., Fuzzy quantum logics I, Int. J. Theor. Phys. 32 (1993), 1691–1708. 39. Riečan, B., A new approach to some notions of statistical quantum mechanics, Busefal 35 (1988), 4–6.

40. Riečan, B., Fuzzy connectives and quantum models, Cybernetics and system research 92 (R.Trappl ed.), Vol. 1, World Scientific, Singapore 1992, pp. 335–338.

41. Riečan, B., On limit theorems in fuzzy quantum spaces, Fuzzy Sets and Systems (to appear). 42. Riečan, B., Weak observables in MV algebras, Int. J. Theor. Phys. 37 (1998), 183–189. 43. Riečan, B., On the Lp space of observables, Fuzzy Sets and Systems (to appear). 44. Riečan, B., On the sum of observables in MV algebras of fuzzy sets, Tatra Mt. Math. Publ.

14 (1998), 225-232.

45. Riečan, B., On the strong law of large numbers for weak observables in MV algebras, Tatra Mt. Math. Publ. 15 (1998), 13–21.

46. Riečan, B., Probability theory on some ordered structures, Atti Sem. Mat. Fis. Univ. Modena (to appear).

47. Riečan, B., On the conditional probability on MV algebras, Prague Stochastic’98 (M. Hušková, P. Lachout, J. Á. Víšek, ed.), Union of Czech Math. and Phys. 1998, pp. 483–486.

48. Riečan, B., On the conditional expectation of observables in MV algebras of fuzzy sets, Fuzzy Sets and Systems (to appear).

49. Riečan, B., On the Lp space of observables on product MV algebras, Int. J. Theor. Phys. (to appear).

50. Riečan, B., On the product MV algebras, Tatra Mt. Math. Publ. 16 (to appear). 51. Riečan, B., On the joint distribution of observables, Soft Computing (to appear). 52. Riečan, B., On the strong law of large numbers on some ordered structures, Atti Sem. Mat.

Fis. Univ. Modena (to appear).

53. Riečan, B.; Neubrunn, T., Integral, Measure, and Ordering, Kluwer, Dordrecht, 1997. 54. Rybárik, J., The entropy based on pseudo-arithmetical operations, Tatra Mt. Math. Publ. 6 (1995), 157–164.

55. Varadarajan, V. S., Geometry of Quantum States, Van Nostrand, Priceton, 1968. 56. Vrábel, P., Lower integral on MV-algebras, Acta mathematica 2 (1995), 51–58. 57. Vrábelová, M., The operator extension theorem on MV-algebras, Acta Mathematica 2 (1995), 59–65.

58. Wright, J. D. M., The measure extension problem for vector lattices, Annales de l’Institut Fourier Grenoble 21 (1971), 65–85.

Mathematical Institute; Slovak Academy of Sciences; Štefánikova 49; SK–814 73 Bratislava; SLOVAKIA

E-mail address: riecan@mau.savba.sk

Department of Mathematics; Faculty of Natural Sciences; Matej Bel University; Tajovského 40; SK–974 01 Banská Bystrica; SLOVAKIA

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets

(continued on inside back cover)

25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups