Preprint 20/1999

September 7, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miroslav Repický

Spaces not distinguishing

convergences

PREPRINT SERIES

SPACES NOT DISTINGUISHING CONVERGENCES

MIROSLAV REPICKÝ

Abstract. In the present paper we introduce a convergence condition (˚^0) and continue the study of \not distinguish" for various kinds of convergence of sequences of real functions on a topological space started in [2] and [3]. We compute cardinal invariants associated with introduced properties of spaces.

0. Introduction

In [3] the authors classified spaces according to which of the convergences P, QN, Σ, Σ^∗ (defined below) do not distinguish, or according to the property that “every” sequence of functions convergent in some sense has a subsequence convergent in the other sense. This investigation began in [2] for pointwise and quasi-normal convergences. In the present paper we introduce another convergence condition (Σ^′) which is between (Σ) and (Σ^∗) and we enlarge the study of “not distinguish” for all five convergences.

a) Let us recall some definitions from [3]. Let F be a class of real-valued functions such that

(i) all constant functions are in F, (ii) (∀f, g ∈ F) f − g ∈ F, (iii) (∀f ∈ F) |f| ∈ F, (iv) (∀f ∈ F)(∀n > 0) f/n ∈ F. For a space X we set F(X) = F ∩^X R. For functions f, f_n : X → R for n ∈ ω we consider the following four kinds of convergence of the sequence {f_n}^∞_{n=0} to f: (P) pointwise convergence, (QN) quasi-normal convergence, i.e. for some sequence of positive reals {ε_n}^∞_{n=0} with lim_{n→∞} ε_n = 0 we have (∀x)(∀^∞n) |f_n(x) − f(x)| ≤ ε_n, (Σ) ∑_∞ n=0 |f_n(x) − f(x)| < ∞, (Σ^∗) pseudo-normal convergence, i.e. for some sequence of positive reals {ε_n}^∞_{n=0} with ∑_∞ n=0 ε_n < ∞ we have (∀x)(∀^∞n) |f_n(x) − f(x)| ≤ ε_n.

The sequence of functions in the above conditions may satisfy any of the following hypotheses (F is a given class of functions): (F) f_n ∈ F(X) for n ∈ ω, f = 0, (F) f_n ∈ F(X) for n ∈ ω (f is arbitrary), (F^↓) f_{n+1} ≤ f_n, f_n ∈ F(X) for n ∈ ω, f = 0, (F^↓) f_{n+1} ≤ f_n, f_n ∈ F(X) for n ∈ ω (f is arbitrary).

Definition 0.1. Let α be any of the hypotheses F, F, F^↓, F^↓ and let β, γ be any of the convergences P, QN, Σ, Σ^∗.

Key words and phrases. P-, QN-, ˚-, ˚0-, ˚�-, ˚c-convergence, a space not distinguishing convergences.

The work was supported by Slovak grant agency VEGA 1/4034/97. 1

(1) A space X is an αβγ-space if whenever functions f_n, f : X → R, n ∈ ω satisfy condition α, and the sequence {f_n}^∞_{n=0} β-converges to f, then the sequence {f_n}^∞_{n=0} γ-converges to f.

(2) A space X is a weak αβγ-space (shortly wαβγ-space) if whenever functions f_n, f : X → R, n ∈ ω satisfy condition α, and the sequence {f_n}^∞_{n=0} βconverges to f, then some subsequence {f_{nk} }^∞_{k=0} γ-converges to f.

From all the properties introduced by this definition only these are non-trivial: FPQN FΣQN FΣΣ^∗ wFPQN wFPΣ wFPΣ^∗ wFΣQN wFΣΣ^∗ FPQN FΣQN FΣΣ^∗ wFPQN wFPΣ wFPΣ^∗ wFΣQN wFΣΣ^∗ F^↓PQN F^↓ΣΣ^∗ wF^↓PQN wF^↓PΣ wF^↓PΣ^∗ F^↓PQN F^↓ΣΣ^∗ wF^↓PQN wF^↓PΣ wF^↓PΣ^∗

b) Now we introduce convergence condition (Σ^′).

(Σ^′) There is a monotone unbounded sequence of integers {k_n}^∞_{n=0} such that ∑_∞ n=0 k_n|f_n(x) − f(x)| < ∞. Notice that f_n QN-converge to f if and only if there is a monotone unbounded sequence of integers {k_n}^∞_{n=0} such that lim_{n→∞} k_n|f_n(x) − f(x)| = 0 for all x. It is easy to see that f_n Σ^′-converge to f if and only if there is an increasing sequence of integers {n_i}^∞_{i=0} such that the sequence { ∑_{ni+1−1} n=n_i |fn(x) − f(x)|} ∞ i=0 Σ^∗-converge to 0. Clearly (Σ^∗) → (Σ^′) → (Σ) & (QN). Replacing Σ^∗ or Σ by Σ^′ in some of the above cases we obtain further 5 × 4 possibilities αΣΣ^′, αΣ^′Σ^∗, αPΣ^′, wαΣΣ^′, wαΣ^′Σ^∗ for α = F, F, F^↓, F^↓. But we can easily see that wαPΣ^′ ≡ wαPQN, wαΣΣ^′ ≡ wαΣQN, and every space is a wαΣ^′Σ^∗-space. So we can consider the additional 8 properties of spaces:

FΣΣ^′ FΣΣ^′ F^↓ΣΣ^′ F^↓ΣΣ^′ FΣ^′Σ^∗ FΣ^′Σ^∗ F^↓Σ^′Σ^∗ F^↓Σ^′Σ^∗

To simplify the notation we omit the letter P since it never occurs at the end of any prefix (αγ-space and wαγ-space mean αPγ-space and wαPγ-space, respectively).

The result of Section 1 is Diagram 1 and the next equalities describe the known relationship between the classes of spaces with particular properties: F^↓QN = wF^↓QN = wF^↓Σ^∗ = wF^↓Σ (Lemma 1.1(i)), F^↓QN = wF^↓QN = wF^↓Σ^∗ = wF^↓Σ = FΣΣ^′ = FΣΣ^′ = F^↓ΣΣ^′ (Lemma 1.2 and Lemma 1.4(1)), FΣ^′Σ^∗ = FΣ^′Σ^∗ (Lemma 1.4(2)), FΣΣ^∗ = FΣΣ^∗ (Lemma 1.4(3)), wFQN = wFΣ^∗, wFQN = wFΣ^∗ = wFΣ ([3]), wFΣQN = wFΣΣ^∗, wFΣQN = wFΣΣ^∗, FΣΣ^∗ = F^↓QN ∩ FΣ^′Σ^∗ (Lemma 1.6), F^↓ΣΣ^∗ = F^↓QN ∩ F^↓Σ^′Σ^∗ (Lemma 1.6), F^↓ΣΣ^∗ = F^↓ΣΣ^′ ∩ F^↓Σ^′Σ^∗, wFQN = wFΣ ∩ wFΣQN . Section 2 deals with the case F = M, the class of Borel measurable functions.

The result of Section 3 is a picture of relationship between the properties from Definition 0.1 for all classes F with C ⊆ F ⊆ M where C is the class of continuous real-valued functions and in Section 4 we give some cardinal characterizations for all these properties.

We will use these standard families of real-valued functions defined on X: C(X) = {f ∈^X R : f is continuous}, M_1(X) = {f ∈^X R : f is F_σ measurable}, M(X) = {f ∈^X R : f is Borel measurable}.

1. Classification in general

Every monotone Σ-convergent sequence of functions is QN-convergent ([3], Lemma 1.2). The next lemma generalizes this fact and gives a comparison of Σ^∗- convergence and Σ^′-convergence for monotone series. We set K(n) = ∑_n i=0 k_i. The assumption that {k_n}^∞_{n=0} is monotone is not used here.

Lemma 1.1.

(i) If 0 ≤ f_{n+1}(x) ≤ f_n(x) and ∑_∞ k=0 k_nf_n(x) < ∞ for x ∈ X, then for every x ∈ X, f_n(x) < 1/K(n) for all but finitely many n ∈ ω.

(ii) If ∑_∞ n=0 1/K(n) = ∞ and ∑_∞ n=0 ε_n < ∞, then there is a sequence of positive reals {ξ_n}^∞_{n=0} such that ξ_{n+1} ≤ ξ_n for all n ∈ ω, ∑_∞ n=0 k_nξ_n < ∞, and ξ_n ≥ ε_n for infinitely many n ∈ ω.

Proof. (i) If the conclusion is not correct then we get an infinite increasing sequence of integers {n_k}^∞_{k=0} such that for some x ∈ X we have f_{nk} (x) ≥ 1/K(n_k) for all k ∈ ω. Define ξ ∈^ωRby ξ(n) = 1/K(n_k) for n_{k−1} < n ≤ n_k and ξ(n) = 1/K(n_0) for n ≤ n_0. Clearly, ξ(n) = 1/K(n_k) ≤ f_{nk} (x) ≤ f_n(x) for all n ∈ ω and so ∑_∞ n=0 k_nξ(n) ≤ ∑_∞ n=0 k_nf_n(x) < ∞. On the other hand (we can assume that K(n_k) − K(n_{k−1}) ≥ K(n_k)/2) ∑ n>n_0 k_nξ_n = ∞∑ k=1 n_k∑

n=n_k�_1+1 k_n/K(n_k) = ∞∑ k=1 (K(n_k) − K(n_{k−1}))/K(n_k) = ∞ because lim_{n→∞} K(n) = ∞. This is a contradiction.

(ii) Then lim inf_{n→∞} K(n)ε_n = 0 and there is an increasing sequence of integers {n_k}^∞_{k=0} such that ∑_∞ k=0 K(n_k)ε_{nk} < ∞ and ε_{nk+1} ≤ ε_{nk} . Define ξ_n = ε_{nk} for n_{k−1} < n ≤ n_k and ξ_n = ε_{n0} for n ≤ n_0. Then ∑ n>n_0 k_nξ_n = ∞∑ k=1 n_k∑

n=n_k�_1+1 k_nε_{nk} ≤ ∞∑ k=1 K(n_k)ε_{nk} < ∞. Clearly, ξ_{nk} ≥ ε_{nk} for every k ∈ ω. �

Let X = {x ∈^ωω : ∑_∞ n=0 log(n)/x(n) < ∞ & (∀n) x(n) < x(n + 1)}. By Lemma 1.1(ii) X is not an F^↓Σ^′Σ^∗-space whenever F contains the functions f_n :

X → R defined by fn(x) = 1/x(n).

Lemma 1.2. FΣΣ^′ = F^↓QN .

Proof. FΣΣ^′ ⊆ F^↓QN . Let f_{n+1} ≤ f_n, lim_{n→∞} f_n(x) = f(x) for x ∈ X, and let X be an FΣΣ^′-space. Since ∑_∞ n=0(f_n(x) − f_{n+1}(x)) = f_0(x) − f(x) < ∞, there is a monotone sequence of integers {k_n}^∞_{n=0} such that ∑_∞ n=0 k_n(f_n(x)−f_{n+1}(x)) < ∞.

Let {n_i}^∞_{i=0} be the increasing enumeration of all n > 0 such that k_n − k_{n−1} > 0. Then_∞ ∑ i=0 (f_{ni} (x) − f(x)) = ∞∑ i=0 ∞∑ n=n_i (f_n(x) − f_{n+1}(x)) ≤ ∞∑ n=n_0 k_n(f_n(x) − f_{n+1}(x)) < ∞. Since wF^↓Σ = F^↓QN X is an F^↓QN-space.

F^↓QN ⊆ FΣΣ^′. Let ∑_∞ n=0 |f_n(x)| < ∞ for x ∈ X, and let X be an F^↓QNspace. Set g(x) = ∑_∞ m=0 |f_m(x)|, g_n(x) = ∑_{n−1} m=0 |f_m(x)|. There is an increasing sequence of integers {n_i}^∞_{i=0} such that (∀x ∈ X)(∀^∞i) g(x) − g_{ni} (x) ≤ 2^{−i}. Let k_n = |{i : n_i ≤ n}|. Then ∑_∞ n=0 k_n|f_n(x)| = ∑_∞ i=0(g(x) − g_{ni} (x)) < ∞. � Lemma 1.3. F^↓QN ⊆ F ΣQN .

Proof. See [3], Lemma 1.6. �

Lemma 1.4.

(1) FΣΣ^′ = FΣΣ^′ = F^↓ΣΣ^′ ⊆ F^↓ΣΣ^′. (2) FΣ^′Σ^∗ = FΣ^′Σ^∗ ⊆ F^↓Σ^′Σ^∗ ⊆ F^↓Σ^′Σ^∗. (3) FΣΣ^∗ = F ΣΣ^∗ ⊆ F^↓ΣΣ^∗ ⊆ F^↓ΣΣ^∗. Proof. (1) The inclusion FΣΣ^′ ⊆ FΣΣ^′. Let ∑_∞ n=0 |f_n(x) − f(x)| < ∞ for all x ∈ X and let X be an FΣΣ^′-space. By Lemma 1.2 and Lemma 1.3 there is a sequence of positive reals {ε_n}^∞_{n=0} tending to 0 such that (∀x ∈ X)(∀^∞n) |f_n(x)− f(x)| < ε_n. Let φ ∈^ωω be such that ∑_∞ n=0 ε_{φ(n)} < ∞. Then ∑_∞ n=0 |f_n(x) − f_{φ(n)}(x)| ≤ ∑_∞ n=0 |f_n(x) − f(x)| + ∑_∞ n=0 |f_{φ(n)}(x) − f(x)| < ∞. Since X is an FΣΣ^′-space, there is a sequence of integers {k^′_n}^∞_{n=0} such that ∑_∞ n=0 k^′_n|f_n(x) − f_{φ(n)}(x)| < ∞. There is a monotone unbounded sequence of integers {k^{′′}_n}^∞_{n=0} such that ∑_∞ n=0 k^{′′}_nε_{φ(n)} < ∞. Set k_n = min{k^′_n, k^{′′}_n}. Then ∑_∞ n=0 k_n|f_n(x) − f(x)| ≤ ∑_∞ n=0 k^{′′}_n|f_{φ(n)}(x)−f(x)|+ ∑_∞ n=0 k^′_n|f_n(x)−f_{φ(n)}(x)| < ∞ and X is an FΣΣ^′-space.

The inclusion F^↓ΣΣ^′ ⊆ FΣΣ^′. Let ∑_∞ n=0 |f_n(x)| < ∞ for x ∈ X and let X be an F^↓ΣΣ^′-space. Let us set g(x) = ∞∑ m=0 |f_m(x)|/(m + 1), g_n(x) = n−1∑ m=0 |f_m(x)|/(m + 1). Clearly g_n ≤ g_{n+1} and we have ∞∑ n=0 (g(x) − g_n(x)) = ∞∑ n=0 ∞∑ m=n |f_m(x)|/(m + 1) = ∞∑ m=0 |f_m(x)| < ∞. Therefore there is a sequence of integers {k^′_n}^∞_{n=0} such that ∑_∞ n=0 k^′_n(g(x)−g_n(x)) < ∞ for x ∈ X. Let {k_n}^∞_{n=0} be another monotone unbounded sequence of integers such that k_n ≤ ∑_n m=0 k^′_m/(n + 1). Then for all x ∈ X we have ∞∑ n=0 k_n|f_n(x)| ≤ ∞∑ n=0 n∑ m=0 k^′_m|f_n(x)|/(n + 1) = ∞∑ m=0 k^′_m(g(x) − g_m(x)) < ∞. Hence X is an FΣΣ^′-space.

(2) The inclusion FΣ^′Σ^∗ ⊆ FΣ^′Σ^∗. Let ∑_∞ n=0 k_n|f_n(x) − f(x)| < ∞ for x ∈ X and let X be an FΣ^′Σ^∗-space. Let φ ∈^ωω be increasing such that ∑_∞ n=0 1/k_{φ(n)} < ∞. Since ∞∑ n=0 k_n|f_n(x) − f_{φ(n)}(x)| ≤ ∞∑ n=0 k_n|f_n(x) − f(x)| + ∞∑ n=0 k_{φ(n)}|f_{φ(n)}(x) − f(x)| < ∞, there is a sequence of positive reals {ε_n}^∞_{n=0} such that ∑_∞ n=0 ε_n < ∞ and (∀x ∈ X) (∀^∞n) |f_n(x) − f_{φ(n)}(x)| < ε_n. Now for all x ∈ X for all but finitely many n ∈ ω we have |f_n(x) − f(x)| ≤ |f_n(x) − f_{φ(n)}(x)| + |f_{φ(n)}(x) − f(x)| < ε_n + 1/k_{φ(n)}.

(3) These inclusions are proved in [3], Lemma 1.7 and they are trivial consequences of inclusions (1) and (2) because αΣΣ^∗ = αΣΣ^′ ∩ αΣ^′Σ^∗ for α = F, F^↓, F, F^↓. �

FΣΣ^∗

FΣ^′Σ^∗ F^↓ΣΣ^∗

F^↓Σ^′Σ^∗ F^↓ΣΣ^∗

F^↓Σ^′Σ^∗ F QN wFQN F^↓QN F^↓ΣΣ^′

FQN FΣQN wFQN FΣQN wFΣQN wFΣ wFΣQN

F^↓QN

- - -^{1.2} 6 6 6 6

61.3 6 6

61.4 6 6 61.4 6

¸¸¸¸¸

¸¸¸:

¸¸¸¸¸

¸¸¸: ææ æ¿

ææ æ¿ ææ æ¿ ææ æ¿ JJ JJ JJ J] JJ JJ JJ JJ JJ JJ JJ J]

JJ JJ JJ JJ JJ JJ JJ J] 1.5

JJ JJ JJ J] 1.2 1.4

ZZ Z̋

Diagram 1. This diagram shows all inclusions between the classes of spaces with introduced properties. The numbers at the arrows refer for the proofs of the inclusions. The other inclusions are easy consequences of de˛nitions.

Lemma 1.5. F^↓Σ^′Σ^∗ ⊆ wFΣQN and if a class of functions G is closed on limits of sequences of functions from F, then G^↓Σ^′Σ^∗ ⊆ wFΣQN .

Proof. We prove the first part only, the second part is the same. Let X be an F^↓Σ^′Σ^∗-space and let ∑_∞ n=0 |f_n(x)| < ∞ for x ∈ X. Let us choose a monotone unbounded sequence of integers {k_n}^∞_{n=0}, and let us set K(n) = ∑_n i=0 k_i, so that ∑_∞ n=0 1/K(n) = ∞ (e.g. k_n = log n, K(n) ≤ n log n). Set g(x) = ∑_∞ m=1 |f_m(x)|/K(m) and g_n(x) = ∑_{n−1} m=1 |f_m(x)|/K(m). Then ∞∑ n=0 k_n(g(x) − g_n(x)) = ∞∑ m=0 m∑ n=0 k_n|f_m(x)|/K(m) = ∞∑ m=0 |f_m(x)| < ∞. Therefore there is a sequence of positive reals {ε_n}^∞_{n=0} such that ∑_∞ n=0 ε_n < ∞ and (∀x ∈ X)(∀^∞n) |f_n(x)|/K_n ≤ g(x) − g_n(x) < ε_n. There is an increasing sequence of integers {n_k}^∞_{k=0} such that lim_{k→∞} K(n_k)ε_{nk} = 0, and hence the sequence {K(n_k)ε_{nk} }^∞_{k=0} witnesses the QN-convergence of {f_{nk} }^∞_{k=0} to 0. �

Lemma 1.6. (1) FΣΣ^∗ = F^↓QN ∩ FΣ^′Σ^∗. (2) F^↓ΣΣ^∗ = F^↓QN ∩ F^↓Σ^′Σ^∗. (3) F^↓ΣΣ^∗ = F^↓ΣΣ^′ ∩ F^↓Σ^′Σ^∗.

Proof. (1) and (2) are easy consequences of Lemma 1.2 and (3) is trivial. �

2. Borel measurable functions

For the class F = M, the class of Borel measurable real-valued functions, all the defined properties are hereditary for Borel subsets.

Theorem 2.1. (1) MQN = M^↓QN , (5) wMΣQN = wMΣQN , (2) M^↓ΣΣ^∗ = M^↓ΣΣ^∗, (6) M^↓QN = M^↓ΣΣ^′, (3) MΣ^′Σ^∗ = M^↓Σ^′Σ^∗, (7) MΣΣ^∗ = M^↓ΣΣ^∗. (4) MΣQN = MΣQN , Proof. The equalities (1)–(5) are easy and (6) is consequence of Lemma 1.2 since in Lemma 1.4(1) all families are equal. We prove (7). It is enough to prove the inclusion M^↓ΣΣ^∗ ⊆ MΣΣ^∗. Let X ∈ M^↓ΣΣ^∗, f_n > 0, n ∈ ω be Borel functions on X and let ∑_∞ n=0 f_n(x) < ∞. The function φ : X →^ωω defined by φ(x)(n) = min{m ∈ ω : f_{n+1}(x)/m ≤ f_n(x)} is Borel. As X is an MQN-space the image φ(X) is a bounded subset of^ωω in the eventual ordering (see [3], Theorem 2.1). Let α ∈^ωω eventually dominates φ(X). Let us set m_n = ∏ i<n α(n). Then f_{n+1}(x)/m_{n+1} = f_{n+1}(x)/(α(n)m_n) ≤ f_n(x)/m_n for all but finitely many n. The set X_k = {x ∈ X : (∀n ≥ k) f_{n+1}(x)/m_{n+1} ≤ f_n/m_n} is Borel for all k and X = ⋃_∞ k=0 X_k. As X_k is an M^↓ΣΣ^∗-space the monotone series ∑_∞ n=k ∑_{mn} i=1 f_n(x)/m_n Σ^∗-converge on X_k. Therefore the sequence {f_n}^∞_{n=0} Σ^∗-converge on X_k for all k and hence also on their union X. �

MΣΣ^∗ MQN MΣQN

MΣ^′Σ^∗ M^↓Σ^′Σ^∗ wMΣQN - - - - 6 6 Diagram 2

By Theorem 2.1 in the case F = M every class of Diagram 1 is equal to one of the six classes of Diagram 2.

In the case F = C, the class of continuous real-valued functions, the next definition introduces a shorter notation. The first seven items of this definition were introduced in [3], Definition 2.2.

Definition 2.2.

(1) An mQN-space ( mQN-space) is a C^↓QN-space ( C^↓QN-space). (2) A QN-space ( wQN-space) is a CQN-space ( w CQN-space). (3) A ΣQN-space ( wΣQN-space) is a CΣQN-space ( w CΣQN-space).

(4) A QN-space is a CQN-space.

(5) A ΣQN-space ( wΣQN-space) is a CΣQN-space ( w CΣQN-space). (6) A Σ-space is a w CΣ-space.

(7) A ΣΣ^∗-space ( mΣΣ^∗-space, mΣΣ^∗-space) is a CΣΣ^∗-space ( C^↓ΣΣ^∗-space, C^↓ΣΣ^∗-space).

(8) A Σ^′Σ^∗-space ( mΣ^′Σ^∗-space, mΣ^′Σ^∗-space) is a CΣ^′Σ^∗-space ( C^↓Σ^′Σ^∗- space, C^↓Σ^′Σ^∗-space).

(9) A ΣΣ^′-space ( mΣΣ^′-space, mΣΣ^′-space) is a CΣΣ^′-space ( C^↓ΣΣ^′-space, C^↓ΣΣ^′-space).

In [3] the following theorem is proved for the first seven items in Definition 2.2 but the same arguments work also for the additional two.

Theorem 2.3. Every of the properties in Definition 2.2 is σ-additive, and for perfectly normal spaces, it is hereditary for F_σ subsets, and it is preserved by D_1 images.

3. Classification with use of topology

Theorem 3.1. Let X be a perfectly normal space. (1) X is an mΣΣ^∗-space if and only if X is an mΣΣ^∗-space. (2) X is an mΣ^′Σ^∗-space if and only if X is an mΣ^′Σ^∗-space. (3) X is an mΣΣ^′-space if and only if X is an mΣΣ^′-space. (4) X is a ΣQN-space if and only if X is a wΣQN-space and a ΣQN-space. Proof. The assertions (1) and (4) are proved in [3], Theorem 2.4. The proof of all cases is based on Theorem 2.3. We prove only assertion (3), the other are similar. Let X be an mΣΣ^′-space and let f_{n+1} ≤ f_n for n ∈ ω be continuous functions, f(x) = lim_{n→∞} f_n(x) for x ∈ X and let ∑_∞ n=0 (f_n(x) − f(x)) < ∞ for x ∈ X.

By Lemma 1.1(i) these functions quasi-normally converge and so X = ⋃_∞ k=0 F_k with F_k closed such that the convergence is uniform on each set F_k. Therefore (f_n − f)¯F_k are continuous and as all closed subsets of X are mΣΣ^′-spaces the sequence of functions {f_n−f}^∞_{n=0} Σ^′-converges on each set F_k. Each Σ^′-convergence is witnessed by a monotone unbounded sequence of integers. As for every countable family of monotone unbounded sequences of integers there is a monotone unbounded sequence of integers majorized by all sequences from the family we easily obtain Σ^′-convergence of the sequence of functions on the whole space X. �

Theorem 3.2. Let F be any class of Borel functions containing all continuous functions. The following equivalences between the properties hold true for perfectly normal spaces:

(i) QN ≡ FQN ≡ wFQN ≡ F^↓QN, (ii) ΣΣ^∗ ≡ FΣΣ^∗ ≡ F^↓ΣΣ^∗ ≡ FΣΣ^∗ ≡ F^↓ΣΣ^∗, (iii) MΣQN ≡ M_1ΣQN, (iv) QN ≡ FΣΣ^′ ≡ F^↓ΣΣ^′ ≡ FΣΣ^′ ≡ F^↓ΣΣ^′.

Proof. Assertions (i)–(iii) are proved in [3], Theorem 6.2. We prove (iv). By (i) and Lemma 1.2 ΣΣ^′ ≡ mQN ≡ F^↓QN ≡ FΣΣ^′, by Lemma 1.4(1) and Theorem 3.1(3) FΣΣ^′ ≡ FΣΣ^′ ≡ F^↓ΣΣ^′ → F^↓ΣΣ^′ → mΣΣ^′ ≡ mΣΣ^′ ≡ ΣΣ^′. �

Let us recall that a space X is nestled (see [3]) if for every sequence of strictly positive functions f_n ∈ C(X) there is a sequence of integers k_n such that (∀x ∈ X) (∀^∞n)(∀i ≤ n) f_i(x) > 1/k_n. We will need the following characterization.

Lemma 3.3. Let X be arbitrary space. The following conditions are equivalent.

(1) X is a nestled space.

(2) Every continuous image of X into^ωR is eventually bounded. (3) For every sequence of strictly positive functions f_n ∈ C(X) for n ∈ ω there are integers m_n such that (∀x ∈ X)(∀^∞n) f_{n+1}(x)/m_{n+1} < f_n(x)/m_n.

Proof. See [3], Lemma 3.1. �

Theorem 3.4. Let X be a perfectly normal space.

(1) X is a ΣΣ^∗-space if and only if X is a QN-space and an mΣ^′Σ^∗-space. (2) X is an mΣΣ^∗-space if and only if X is a ΣΣ^∗-space. (3) If X is a nestled space and an mΣ^′Σ^∗-space, then X is a Σ^′Σ^∗-space.

Proof. (1) By Theorem 3.2 ΣΣ^∗ ≡ mΣΣ^∗ and QN ≡ mQN. By Lemma 3.1(2) mΣ^′Σ^∗ ≡ mΣ^′Σ^∗. Lemma 1.6(2) in this case says mΣΣ^∗ ≡ mQN & mΣ^′Σ^∗. Condition (2) is proved in [3], Theorem 6.1 and it can be obtain from the next part by taking k_n = 1.

(3) Let X be a nestled mΣ^′Σ^∗-space. Let ∑_∞ n=0 k_n|f_n(x)| < ∞ for x ∈ X where {k_n}^∞_{n=0} is monotone unbounded sequence of integers. We want to obtain the Σ^∗- convergence. Without loss of generality we can assume that f_n(x) > 0 (otherwise take f^′_n(x) = max{f_n(x), 2^{−n}} and k^′_n = min{k_n, n}). By Lemma 3.3 there are integers m_n such that (∀x ∈ X)(∀^∞n) f_{n+1}(x)/m_{n+1} < f_n(x)/m_n. The sets F_k = {x ∈ X : (∀n ≥ k) f_{n+1}(x)/m_{n+1} < f_n(x)/m_n}. are closed, by Theorem 2.3 they are mΣΣ^∗-spaces (resp. mΣ^′Σ^∗-spaces), and X = ⋃_∞ k=0 F_k. The series ∑_∞ n=k ∑_{mn} i=1 k_nf_n/m_n converges on F_k and hence the series ∑_∞ n=k ∑_{mn} i=1 f_n/m_n Σ^∗-converges on F_k. It follows that the series ∑_∞ n=0 f_n(x) Σ^∗- converges on F_k for every k ∈ ω and hence the series Σ^∗-converges on the whole X (since every countable sequence of convergent series can be majorized by a single convergent series). �

With connection to Diagram 3 let us remark that every b-Sierpiński set is a QNset, γ-set is a wQN-set, σ-compact space is an mQN-space, separable metric Σ-space or wΣQN-space is perfectly meager, and all properties below ΣQN are hereditary for subspaces of perfectly normal spaces (see [2] and [3]).

4. Cardinal invariants

We shall summarize characterizations of minimal cardinalities of spaces which do not have a property of a Diagram 3 and show that each of them is equal to one of five cardinals. It is a simple observation that non(QN) = non(mQN) = b and non(ΣΣ^∗) = add(N ). In [3], Theorem 7.11 it is proved that non(wMΣQN) = non(wΣQN) = μ, where μ = min{|F| : F ⊆^ωω & (∀h ∈^ωω)(∃g ∈ F)(∃^∞n) h(n) ∈ {g(m) : m < n}}. We prove non(MΣ^′Σ^∗) = non(Σ^′Σ^∗) = k and non(M^↓Σ^′Σ^∗) = non(mΣ^′Σ^∗) = κ (k and κ are defined below).

ΣΣ^∗ QN

MΣQN

MΣ^′Σ^∗ M^↓Σ^′Σ^∗ wMΣQN ΣQN QN

M_1Σ^′Σ^∗ M^↓_1Σ^′Σ^∗ wΣQN ΣQN wQN

Σ^′Σ^∗ mΣ^′Σ^∗ wΣQN Σ mQN

6[3] � � �` �` -` ` ` ` ` ` �` 6 -� �` �` �` �` -

- [3] 6 3.2 6 1.5-

6 �`

1.5-

6^{[3]} � � � �` @@I 3.1-^{1.5} 6

Diagram 3. The implications in the diagram hold true for perfectly normal spaces. Thick arrows are for the implications we know they are proper. Some equivalences:

wQN ȷ ˚ & w˚QN, ˚QN ȷ ˚QN & w˚QN (Theorem 3.1), ˚˚^� ȷ QN & m˚^0˚^�

(Theorem 3.4).

Let us recall that for any function h ∈^ωω with lim_{n→∞} h(n) = ∞, k is the following cardinal invariant.

k = min{|F| : F ⊆^ωω is bounded and (∀φ with |φ(n)| ≤ n)(∃g ∈ F)(∃^∞n) g(n) /∈ φ(n)} = min{|F| : F ⊆^ωω is bounded and (∀φ with |φ(n)| ≤ h(n))(∃g ∈ F)(∃^∞n) g(n) /∈ φ(n)}. Theorem 4.1. non(MΣ^′Σ^∗) = non(Σ^′Σ^∗) = k.

Proof. The proof is a literal transcription of Bartoszyński’s characterization [1] of convergence of series via localizations of functions.

k ≤ non(MΣ^′Σ^∗). Let |X| < k and let f_n : X → R be Borel functions such that ∑_∞ n=0 k_nf_n(x) < ∞ for all x ∈ X for some monotone unbounded sequence {k_n}^∞_{n=0}. Without loss of generality we can assume that 2^{−n} ≤ f_n(x) < 1, otherwise take f^′_n = max{2^{−n}, min{f_n, 1/2}} and k^′_n = min{n, k_n}. Let us define φ_x ∈^ωω for x ∈ X so that 1/(φ_x(n) + 1) ≤ f_n(x) < 1/φ_x(n). Clearly, 0 < φ_x(n) < 2^n and ∑_∞ n=0 k_nf_n(x) ≤ ∑_∞ n=0 k_n/φ_x(n) < ∞. Let X_m = {x ∈ X : ∑_∞ n=0 k_n/φ_x(n) < m}. To prove the Σ^∗-convergence on the set X it is enough to prove the Σ^∗-convergence on each set X_m and since we can pass to coefficients k^′_n = k_n/m, without loss of generality we can assume that X = X_1, i.e. ∑_∞ n=0 k_n/φ_x(n) < 1 for x ∈ X. Let h ∈^ωω be a strictly increasing function such that k_{h(m)} > 2^m. Then ∑ n≥h(m) 1/φx(n) < 2 −m for all m. Let g_x(n) = φ_x¯h(n + 1) ∈ H(n) = ∏ i<h(n+1) 2 i. There is φ with |φ(m)| ≤ m such that

(∀x ∈ X)(∀^∞m) g_x(m) ∈ φ(m). Let us define

ε_n = max { 1 s(n) : s ∈ φ(m) & h(m+1)−1 ∑ i=h(m) 1 s(i) < 2^{−m} } , for h(m) ≤ n < h(m + 1). Then ∑_∞ n=0 ε_n < ∞ and for every x ∈ X for all but finitely many n, f_n(x) ≤ 1/φ_x(n) ≤ ε_n.

non(Σ^′Σ^∗) ≤ k. Let F ⊆^ωω be a bounded family of functions and let h ∈^ωω be a strictly increasing function bounding F. We set k_n = i for h(i) ≤ n < h(i + 1). For g ∈ F let x_g ∈^ωω be defined by

x_g(n) = { min{i : n = g(i)}, if n ∈ rng(g), n, if n /∈ rng(g). Since |F| < non(Σ^′Σ^∗), the set X = {x_g : g ∈ F} is a Σ^′Σ^∗-space. Let f_n ∈ C(X) be defined by f_n(x) = 2^{−x(n)}. Let a_g = {i : (∀k < i) g(i) ≠ g(k)}. Then ∑_∞ n=0 k_nf_n(x) ≤ ∑_∞ n=0 n2^{−n} + ∑ i∈a_g kg(i)2 −i < ∞ because g(i) ≤ h(i) and hence k_{g(i)} ≤ i for all but finitely many i. There exists a convergent series of positive reals ∑_∞ n=0 ε_n < 1 such that for every x ∈ X, f_n(x) ≤ ε_n for all but finitely many n. Let φ(k) = {n : 2^{−k} ≤ ε_n}. Clearly |φ(k)| < 2^k. For g ∈ F there is n_0 such that 2^{−xg(n)} = f_n(x_g ) ≤ ε_n for all n ≥ n_0. Then for all but finitely many k ∈ ω either g(k) ≥ n_0, and then 2^{−k} ≤ 2^{−xg(g(k))} ≤ ε_{g(k)}, or g(k) < n_0 and 2^{−k} ≤ min{ε_n : n < n_0}, and hence g(k) ∈ φ(k). �

Every perfectly normal ΣQN-space is a hereditary mQN-space since it is a σspace (see [3], Theorem 5.7). A wΣQN-space need not be a σ-space because the property wQN is not hereditary.

Corollary 4.2. The implications MΣ^′Σ^∗ → mQN, MΣ^′Σ^∗ → σ, QN → mΣ^′Σ^∗ are not provable.

Proof. (a) If t = b, then there exists a wQN-set X ⊆ R of size b which is bconcentrated on a countable subset A (see [3] and [9]). X is an mQN-set but as mQN-subsets of X which are disjoint from A have size less than b ([3], Theorem 4.1) the set X is not a hereditary mQN-set. Therefore X is not a σ-set ([3], Theorem 3.12). M. Kada and S. Kamo [6] have proved the consistency of ω_1 = b < k. In the model let X_1 be a set of reals of size b which is not an mQN-set. Since t = b = ω_1 there is an mQN-set X_2 of size b which is not a σ-set. Since b < k, X_1, X_2 are MΣ^′Σ^∗-sets.

(b) By Theorem 3.4(1) non(ΣΣ^∗) = min{non(QN), non(mΣ^′Σ^∗)}. By consistency of add(N ) < b and equalities non(ΣΣ^∗) = add(N ), non(QN) = b, also non(mΣ^′Σ^∗) < non(QN) is consistent. �

Let us denote B = {f ∈^ωω : lim_{n→∞} f(n) = ∞}, X_f = {x ∈^ωω : (∀n ∈ ω) x(n) ≤ x(n + 1) & ∑_∞ n=0 f(n)2^{−x(n)} < ∞}, f ∈ B, K = {g ∈^ωω : ∑_∞ n=0 2^{−g(n)} < ∞}, κ = min{|X| : (∃f ∈ B) X ⊆ X_f & (∀g ∈ K)(∃x ∈ X)(∃^∞n) x(n) < g(n)}. Theorem 4.3. non(M^↓Σ^′Σ^∗) = non(mΣ^′Σ^∗) = κ.

Proof. Let f ∈ B and X ⊆ X_f be such that X is a witness for κ = |X|. The functions f_n : X → R defined by f_n(x) = 2^{−x(n)} are continuous, f_{n+1} ≤ f_n, and by the choice of X the sequence {f_n}^∞_{n=0} Σ^′-converge to 0 but does not Σ^∗-converge. Therefore non(M^↓Σ^′Σ^∗) ≤ non(mΣ^′Σ^∗) ≤ κ. Conversely, let X be a space of minimal size which is not an M^↓Σ^′Σ^∗-space and let a monotone sequence of Borel functions {f_n}^∞_{n=0} and a sequence of integers {k_n}^∞_{n=0} witness this fact. For x ∈ X let x ∈^ωω be such that 2^{−x(n)} ≤ f_n(x) < 2^{−x(n)+1}, X = {x : x ∈ X}, and let f ∈ B be defined by f(n) = k_n. Then X ⊆ X_f , |X| ≤ |X|, and X witnesses the inequality κ ≤ |X|. �

For non(mΣ^′Σ^∗) we have yet another upper bound. By induction let us define a sequence of integers d_0 = 1, d_{n+1} ≥ d_n2^{dn} and let us denote Y = {x ∈^ωω : (∀n) x(n) < 2^{dn} }, L = {g ∈^ω([ω]^{<ω}) : (∀k)(∀^∞n) |g(n)| ≥ 2^{dn (1−1/k)} & (∀n) g(n) ⊆ 2^{dn} }, ν = min{|X| : X ⊆ Y & (∀g ∈ L)(∃x ∈ X)(∃^∞n) x(n) ∈ g(n)}. Theorem 4.4. non(mΣ^′Σ^∗) ≤ ν.

Proof. Let a_0 = 0, a_{n+1} = a_n + 2^{dn} , I_n = [a_n, a_{n+1}). For k < 2^{dn} we define s_{n,k} ∈^{In} R by

s_{n,k}(m) = 1 d_n(k + 1)

, for a_n ≤ m ≤ a_n + k, 1 d_{n+1} , for a_n + k < m < a_{n+1}.

Since d_n(k + 1) ≤ d_{n+1} for k < 2^{dn} we have s_{n,k}(m) ≥ s_{n,k}(m^′) for m ≤ m^′ in I_n. Therefore the sequence of functions f_m : Y → R defined by

f_m(x) = s_{n,x(n)}(m), for m ∈ I_n,

is a monotone sequence of continuous functions. Since ∑ i∈I_n s_{n,k}(i) ≤ (k + 1) 1 d_n(k + 1)

+ (2^{dn} − k − 1) 1 d_{n+1} ≤ 2 d_n ,

we have ∑ m∈I_n fm(x) ≤ 2/dn, and the series ∑_∞ n=0 2/d_n < ∞ witnesses the Σ^′- convergence of f_m.

Let X ⊆ Y , |X| < non(mΣ^′Σ^∗). Since X is an mΣ^′Σ^∗-space, there exists a convergent series of positive reals ∑_∞ m=0 ε_m such that (∀x ∈ X)(∀^∞m) f_m(x) ≤ ε_m.

We can assume that ε_{m+1} ≤ ε_m for all m ∈ ω. Let us set g(n) = {k < 2^{dn} : s_{n,k}(d_n + k) > ε_{dn +k}}. Since s_{n,x(n)}(d_n + x(n)) = f_{dn +x(n)}(x) ≤ ε_{dn +x(n)}, x(n) /∈ g(n) for all but finitely many n ∈ ω. We prove that g ∈ L. Assume that for some n and for some k > 0, |g(n)| < 2^{dn(1−1/k)} and let l_i, i = 1, 2, . . . , 2^{dn} − 2^{dn(1−1/k)} be an increasing sequence of integers such that s_{n,li} (d_n + l_i) ≤ ε_{dn +li} . We set l_0 = −1 and notice that (i + 1)/j ≥ 1/(j − i) for j > i. ∑ m∈I_n ε_m ≥ ∑ i l_i − l_{i−1} d_n(l_i + 1) + 2^{dn} − l_{max} − 1 d_{n+1} ≥ 1 d_n ∑ i 1 l_{i−1} + 2 ≥ 1 d_n 2^{dn}∑

i=2^{dn(1}�^{1/k)} +1 1 i ≥ 1 d_n d_n −1∑

j=d_n (1−1/k) 1 2 = 1 2k . This is possible only for finitely many n since ∑_∞ m=0 ε_m < ∞. Therefore |g(n)| ≥ 2^{dn(1−1/k)} for all but finitely many n ∈ ω. �

Corollary 4.5. k ≤ κ ≤ min{μ, ν}.

References

[1] T. Bartoszy«nski, Additivity of measure implies additivity of category, Trans. Amer. Math.

Soc. 281 (1984), 209{213.

[2] L. Bukovský, I. Reclaw and M. Repický, Spaces not distinguishing pointwise and quasinormal convergence of real functions, Topology Appl. 41 (1991), 25{40.

[3] L. Bukovský, I. Reclaw and M. Repický, Spaces not distinguishing convergences of real-valued functions, Topology Appl., (to appear), preprint 1998.

[4] E. K. van Douwen, The integers and topology, Handbook of Set-TheoreticTopology (K. Kunen and J. E. Vaughan, eds.), North Holland, Amsterdam, 1984, pp. 111{167.

[5] R. Engelking, General topology, Pa«nstwowe Wydawnictwo Naukowe, Warszawa, 1977. [6] M. Kada and S. Kamo, New cardinal invariants related to pseudo-Dirichlet sets, preprint 1996. [7] K. Kuratowski, Topologie I, PWN, Warsaw, 1958.

[8] A. W. Miller, Special subsets of the real line, Handbook of Set-Theoretic Topology (K. Kunen and J. E. Vaughan, eds.), North Holland, Amsterdam, 1984, pp. 201{233.

[9] I. Reclaw, Metric spaces not distinguishing pointwise and quasinormal convergence of real functions, Bull. Polish Acad. Sci. Math. 45 (1997), no. 3, 287{289.

Mathematical Institute, Slovak Academy of Sciences, Jesenná 5, 041 54 Koźice, Slovakia E-mail address: repicky@kosice.upjs.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets

(continued on inside back cover)

25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences 8/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: Commutative BCKalgebras and lattice ordered groups 7/1997 Anatolij Dvureèenskij, Maria Gabriella Graziano: On representations of commutative BCK-algebras