Preprint 21/1999

September 29, 1999

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Roman Friè

Łukasiewicz tribes are absolutely

sequentially closed bold algebras

PREPRINT SERIES

ŁUKASIEWICZ TRIBES ARE ABSOLUTELY SEQUENTIALLY CLOSED BOLD ALGEBRAS

Roman Frič, Košice

Dedicated to the memory of my teacher Professor Josef Novák.

Abstract. We show that each sequentially continuous (with respect to the pointwise convergence) normed measure on a bold algebra of fuzzy sets (Archimedean MV -algebra) can be uniquely extended to a sequentially continuous measure on the generated Łukasiewicz tribe and, in a natural way, the extension is maximal. We prove that for normed measures on Łukasiewics tribes monotone (sequential) continuity implies sequential continuity, hence the assumption of sequential continuity is not restrictive. This yields a characterization of the Łukasiewicz tribes as bold algebras absolutely sequentially closed with respect to the extension of probabilities. The result generalizes the relationship between fields of sets and the generated σ-fields discovered by J. Novák. We introduce the category of bold algebras and sequentially continuous homomorphisms and prove that Łukasiewicz tribes form an epireflective subcategory. The restriction to fields of sets yields the epireflective subcategory of σ-fields of sets.

In Section 1 we discuss continuity of measures on rings of sets. Since the usual sequential convergence of sets is determined by the monotone sequential convergence, the monotone sequential continuity (and hence the σ-additivity) of a bounded measure is equivalent to the sequential continuity. Analogous results hold for measures on bold algebras and lead to a measure extension theorem in Section 2. Finally, in Section 3 we give a categorical characterization of the Łukasiewicz tribes as absolutely sequentially closed bold algebras. 1. In measure theory and its applications, the monotone (sequential) continuity of a measure amounts to the σ-additivity. Indeed, let A be a ring of subsets of X and let m be an additive (finite) measure on A . Then the following are equivalent:

(i) m is σ-additive, i.e., if < A_n > is a mutually disjoint sequence in A such that ⋃_∞ n=1 A_n belongs to A , then m( ⋃_∞ n=1 A_n) = ∑_∞ n=1 m(A_n);

1991 Mathematics Subject Classification. Primary 28E10, 54C20, 60A10; Secondary 06B35, 18B99, 28E15.

Key words and phrases. MV -algebra, bold algebra, field of sets, Łukasiewicz tribe, sequential convergence, sequential continuity, measure, extension of measures, sequential envelope, absolute sequential closeness, epireflective subcategory.

Supported by the VEGA grant 2/6087/99.

Typeset by AMS-TEX

(ii) m is sequentially continuous from above, i.e., if A ∈ A and < A_n > is a decreasing sequence in A such that A = ⋂_∞ n=1 A_n, then m(A) = lim_{n→∞} m(A_n);

(iii) m is sequentially continuous from below, i.e., if A ∈ A and < A_n > is an increasing sequence in A such that A = ⋃_∞ n=1 A_n, then m(A) = lim_{n→∞} m(A_n).

Monotone (sequential) continuity appears in various generalizations of measures: states on quantum logics, tribes, D-posets, MV -algebras, etc., see PTÁK and PULMANNOVÁ [1991], RIEČAN and NEUBRUNN [1997], KLEMENT [1980], PIASECKI [1985], PAP [1995], MESIAR [1992], JUREČKOVÁ [1995], KÔPKA and CHOVANEC [1994], and the references therein.

Observe that, barred trivial cases, the monotone convergence on a ring of sets

A is too fine to match the natural algebraic and topological structures of A : if

< A_n > and < B_n > are convergent monotone sequences, then the sequence < A_n ÷ B_n > of the symmetric differences A_n ÷ B_n = (A_n \ B_n) ⋃ (B_n \ A_n), n ∈ N, need not be monotone and the monotone convergence is strictly finer than the initial (or weak) convergence with respect to all σ-additive {0, 1}-valued measures (there is a sequence < A_n > in A such that 0 = lim_{n→∞} m(A_n) for each σ-additive {0, 1}-valued measure m and < A_n > fails to be decreasing to ∅). Hence the monotone convergence is not suitable in case we employ topological and categorical methods. We shall show that the usual convergence (< A_n > converges to A in A iff A = lim sup A_n = lim inf A_n, where lim sup A_n = ⋂_∞ k=1 ⋃_∞ n=k A_n and lim inf A_n = ⋃_∞ k=1 ⋂_∞ n=k A_n; this is equivalent to the pointwise convergence of the sequence < χ_An > of characteristic functions to χ_A) is exactly what is needed. It turns rings of sets and their generalizations into continuous algebras (algebraic operations are sequentially continuous) and, what is more important, σ-additivity (and measurability, cf. FRIČ [1999]) can be characterized in terms of sequential continuity.

J. Novák proposed to study the extension of probabilities from a field A of sets over the generated σ-field σ(A ) from the topological viewpoint. He developed the theory of sequential envelopes - a theory resembling the Čech-Stone compactification and the Hewitt realcompactification (all are epireflections in the categorical language) and showed that σ(A ) is the sequential envelope of A with respect to the extension of probabilities (cf. NOVÁK [1962], [1965], [1968]). The crucial point was to show that each probability (bounded σ-additive measure) on A is sequentially continuous with respect to the pointwise sequential convergence. A rather involved proof of this fact (attributed to M. Jiřina) appeared in NOVÁK [1958]. We provide a simple proof based on the relationships between the monotone and the pointwise convergence. As we shall show in Section 2, the same procedure applies to measures on bold algebras.

Proposition 1.1. Let X ≠ ∅ be a set and let A be a σ-ring of subsets of X. A sequence < B_n > of elements of A converges to B ∈ A iff in A there are sequences < A_n > and < C_n > such that

(c_1) < A_n > is nondecreasing and < C_n > is nonincreasing, (c_2) A_n ⊆ B_n ⊆ C_n, n ∈ N, (c_3) B = ⋃_∞ n=1 A_n = ⋂_∞ n=1 C_n.

Proof. Necessity. Assume that < B_n > converges in A to B. Put A_n = ⋂_∞ k=n B_k, C_n = ⋃_∞ k=n B_k. Since A is a σ-ring, < A_n > and < C_n > are sequences in A and it is easy to verify that conditions (c_1), (c_2), (c_3) are satisfied.

Sufficiency. Let B ∈ A and let < B_n > be a sequence in A . Assume that < A_n > and < C_n > are sequences in A satisfying conditions (c_1), (c_2), (c_3). Clearly, lim inf A_n ⊆ lim inf B_n ⊆ lim sup B_n ⊆ lim sup C_n. Since lim inf A_n = ⋃_∞ n=1 A_n and lim sup C_n = ⋂_∞ n=1 C_n, it follows that B = lim inf B_n = lim sup B_n. This completes the proof.

Corollary 1.2. Let X ≠ ∅ be a set and let A be a σ-ring of subsets of X. Then the usual sequential convergence in A is the finest of all sequential convergences K in

A such that each nondecreasing sequence < An > converges under K to^{⋃∞}_{n=1} An,

each nonicreasing sequence < C_n > converges under K to ⋂_∞ n=1 C_n and a sequence < B_n > converges under K to B whenever in A there are sequences < A_n > and < C_n > satisfying conditions (c_1), (c_2), (c_3) in Proposition 1.1.

Corollary 1.3. Let X ≠ ∅ be a set, let A be a ring of subsets of X, and let σ(A ) be the generated σ-ring. A sequence < B_n > converges to B in A iff in σ(A ) there are sequences < A_n > and < C_n > satisfying conditions (c_1), (c_2), (c_3) in Proposition 1.1.

Let X ≠ ∅ be a set, let A be a ring of subsets of X, and let m be a finite unbounded finitely additive measure on A . Then m fails to be sequentially continuous. Indeed (cf. NOVÁK [1958]), in A there is a mutually disjoint sequence < A_n > such that m(A_n) > 1, n ∈ N. But < A_n > converges in A to ∅ and hence m fails to be sequentially continuous. Thus only a bounded finite measure on A can be sequentially continuous.

Proposition 1.4. Let X ≠ ∅ be a set, let A be a ring of subsets of X, and let m be a bounded σ-additive measure on A . Then m is sequentially continuous.

Proof. 1. Assume that A is a σ-ring. Let < B_n > be a sequence converging in

A to B. According to Proposition 1.1, in A there are a nondecreasing sequence

< A_n > and a nonincreasing sequence < C_n > such that A_n ⊆ B_n ⊆ C_n, n ∈ N, B = ⋃_∞ n=1 A_n = ⋂_∞ n=1 C_n. Then m(A_n) ≤ m(B_n) ≤ m(C_n), n ∈ N, and since σ-additivity implies monotone continuity, necessarily m(B) = lim_{n→∞} m(B_n).

2. Let A be a ring and let σ(A ) be the generated σ-ring. Then there is a σadditive measure m_σ on σ(A ) which extends m. It is known that m_σ is bounded and it is uniquely determined. It follows from the previous case that m_σ is sequentially continuous on σ(A ). Since the convergence in A is the restriction of the convergence in σ(A ), m is sequentially continuous on A . This completes the proof

Corollary 1.5. Let X ≠ ∅ be a set, let A be a ring of subsets of X, and let m be a bounded finitely additive measure on A . If m is sequentially continuous from above (from below), then m is sequentially continuous. 2. Information about MV -algebras, bold algebras of fuzzy sets, T -norms and T - tribes ca be found in BELLUCE [1986], MESIAR [1992], RIEČAN and NEUBRUNN [1997], KLEMENT and NAVARA [1997], CIGNOLI, D’OTTAVIANO and MUNDICI

[19∞], DVUREČENSKIJ [19∞]. Sequential convergence on MV -algebras has been studied in JAKUBÍK [1995]. For the reader’s convenience we recall here some basic facts.

Let I be the closed unit interval [0, 1] carrying the usual MV -algebra operations and order and the usual convergence of sequences: x ⊕ y = min{1, x + y}, x^∗ = 1 − x, x ⊙ y = max{0, x + y − 1} = (x^∗ ⊕ y^∗)^∗, x ∨ y = max{x, y} = (x^∗ ⊕ y)^∗ ⊕ y, x ∧ y = min{x, y} = (x^∗ ∨ y^∗)^∗, lim_{n→∞} x_n = x.

Observe that both ⊕ and ⊙ are commutative and associative.

Further, let X be a set and let I^X be the set [0, 1]^X of all functions on X into I carrying the pointwise MV -algebra operations and order and the pointwise convergence of sequences, i.e., for each x ∈ X put: (f ⊕ g)(x) = f(x) ⊕ g(x), f^∗(x) = (f(x))^∗ , (f ⊙ g)(x) = f(x) ⊙ g(x), (f ∨ g)(x) = f(x) ∨ g(x), (f ∧ g)(x) = f(x) ∧ g(x), and Lim_{n→∞}f_n = f iff lim_{n→∞} f_n(x) = f(x) for each x ∈ X.

If A is a subalgebra of I^X (A contains the constant functions 1_X and 0_X and it is closed with respect to all operations and order and carries the pointwise convergence of sequences), then A is said to be a bold algebra. A bold algebra A such that for each sequence < f_n > in A also min{1_X, ∑_∞ n=1 f_n} belongs to A is said to be a Łukasiewicz tribe or, simply, a tribe. We shall additionally utilize operations ⊖ and △ defined as follows: (f ⊖ g)(x) = max{0, f(x) − g(x)} = (f ⊙ g^∗)(x), (f△g)(x) = max{(f ⊖ g)(x), (g ⊖ f)(x)}. It is known that each σ-complete MV -algebra is Archimedean (or semisimple) and each Archimedean MV -algebra can be represented by a bold algebra (the elements of which are fuzzy subsets of the underlying set of the bold algebra). If for each element f in a bold algebra A ⊆ I^X we have f(x) ∈ {0, 1}, x ∈ X, then A becomes a field of subsets of X (via characteristic functions).

Let A ⊆ I^X be a bold algebra. A map m : A −→ [0, 1] is said to be a measure if it is normed and subtractive, i.e., m(1_X ) = 1 and m(g⊖f) = m(g)−m(f) whenever f, g ∈ A, f ≤ g. This definition is not quite standard, but suites our purpose.

The main result of Section 2 is the following

Proposition 2.1. Let A ⊆ I^X be a bold algebra, let σ(A ) ⊆ I^X be the generated Łukasiewicz tribe, and let m : A −→ [0, 1] be a sequentially continuous measure. Then m can be extended to a sequentially continuous measure m_σ : σ(A) −→ [0, 1] and the extension is uniquely determined.

Remark 2.2. The proof of Proposition 2.1 is based on Theorem 1 in JUREČKOVÁ [1995]. It is a general measure extension theorem for MV -algebras. Let F be an MV -σ-algebra (i.e. a σ-complete MV -algebra). Symbol a_n ↗ a means that < a_n > is an increasing sequence in F and a = ⋁_∞ n=1 a_n and, similarly, b_n ↘ b means that < b_n > is a decreasing sequence in F and b = ⋀_∞ n=1 b_n. Let A be a MV -subalgebra of F and let m be a map of A into [0, 1]. We say that m is a measure if

(m_1) m(1_A) = 1, (m_2) if a, b ∈ A, a ≤ b, then m(a) ≤ m(b) and m(b⊖a) = m(b⊙a^∗) = m(b)−m(a). If, in addition, m satisfies

(m_3) if < a_n > is an increasing sequence in A such that a_n ↗ a and a ∈ A, then lim_{n→∞} m(a_n) = m(a), then m is said to be sequentially continuous from below. Recall that F is σcontinuous if a_n ↗ a and b_n ↘ b implies (a_n ∨ b_n) ↗ (a ∨ b), and a_n ↗ a and b_n ↘ b implies (b_n ⊖ a_n) ↘ (b ⊖ a), (a_n ⊖ b_n) ↗ (a ⊖ b). Finally, consider the following condition

(*) if < a_n > and < b_n > are sequences in A such that a_n ↘ a, b_n ↗ b, and a ≤ b, then lim_{n→∞} m(b_n ⊖ a_n) = lim_{n→∞} m(b_n) − lim_{n→∞} m(a_n).

MEASURE EXTENSION THEOREM (M. Jurečková). Let F be a σcontinuous MV -σ-algebra, let A be an MV -subalgebra of F, and let m : A −→ [0, 1] be a measure sequentially continuous from below. Let S(A) be the generated MV -σ-algebra. If m satisfies (*), then m can be uniquely extended to a measure m_σ : S(A) −→ [0, 1] sequentially continuous from below.

Remark 2.3. Since I^X is a MV -σ-algebra, to prove Proposition 2.1 it suffices to show that:

(a) I^X is σ-continuous, (b) σ(A) = S(A), (c) m satisfies (*), (d) m_σ : σ(A) −→ [0, 1] is sequentially continuous.

Remark 2.4. We shall prove that on a Łukasiewicz tribe each measure sequentially continuous from below is sequentially continuous (with respect to the pointwise convergence). Hence the restriction to the generating bold algebra is sequentially continuous, too. Consequently, the assumption that m : A −→ [0, 1] is sequentially continuous is not restrictive.

Before the proof of Proposition 2.1, we present a series of lemmas, some of them interesting on their own.

Lemma 2.5. Let A ⊆ I^X be a bold algebra.Then the following are equivalent:

(i) A is a Łukasiewicz tribe;

(ii) If < f_n > is a nondecreasing (nonincreasing) sequence in A and f = Lim_{n→∞}f_n, then f ∈ A.

Proof. (i) implies (ii). The assertion follows from Proposition 8.13 in RIEČAN and NEUBRUNN [1997].

(ii) iplies (i). Assume (ii) and let < g_n > be a sequence in A. Put f_1 = g_1 and, inductively, f_{n+1} = f_n ⊕ g_{n+1}, n ≥ 1. Then < f_n > is a nondecreasing sequence in A. Since min{ ∑_∞ n=1 g_n, 1} = ⋁_∞ n=1 f_n, it follows that A is a Łukasiewicz tribe.

Lemma 2.6. Let A ⊆ I^X be a Łukasiewicz tribe. Let < g_n > be a sequence in A and let g ∈ A. Then Lim_{n−→∞}g_n = g iff in A there are sequences < f_n > and < h_n > such that

(C_1) < f_n > is nondecreasing and < h_n > is nonincreasing, (C_2) f_n ≤ g_n ≤ h_n, n ∈ N, (C_3) g = ⋁_∞ n=1 f_n = ⋀_∞ n=1 h_n.

Proof. Necessity. Assume that < g_n > converges to g in A. Put f_n = ⋀_∞ k=n g_k, h_n = ⋁_∞ k=n g_k. Since A is closed with respect to monotone limits, < f_n > and < h_n > are sequences in A and it is easy to see that conditions (C_1), (C_2), (C_3) are satisfied.

Sufficiency. Assume that (C_1), (C_2), (C_3) hold true. It is easy to verify that lim_{n→∞} g_n(x) = g(x) for each x ∈ X. Hence Lim_{n→∞}g_n = g and the proof is complete.

Corollary 2.7. Let A ⊆ I^X be a Łukasiewicz tribe. Then the pointwise convergence Lim in A is the finest of all sequential convergences K in A such that each nondecreasing sequence < f_n > converges under K to ⋁_∞ n=1 f_n, each nonicreasing sequence < h_n > converges under K to ⋀_∞ n=1 h_n and a sequence < g_n > converges under K to g whenever in A there are sequences < f_n > and < h_n > satisfying conditions (C_1), (C_2), (C_3) in Lemma 2.6.

Corollary 2.8. Let A ⊆ I^X be a bold algebra. Then A is a Łukasiewicz tribe iff A is a sequentially closed subset of I^X (with respect to the pointwise convergence).

Corollary 2.9. Let A ⊆ I^X be a Łukasiewicz tribe and let m : A −→ [0, 1] be a measure sequentially continuous from below. Then m is sequentially continuous (with respect to the pointwise convergence).

Proof. Let Lim_{n−→∞}g_n = g in A. According to Lemma 2.6, in A there are sequences < f_n > and < h_n > satisfying conditions (C_1), (C_2), (C_3). Clearly, f_n ≤ g_n ≤ h_n implies m(f_n) ≤ m(g_n) ≤ m(h_n), n ∈ N. Since m is sequentially continuous both from below and from above, lim_{n→∞} m(f_n) = lim_{n→∞} m(h_n) = m(g) implies lim_{n→∞} m(g_n) = m(g).

Lemma 2.10. Let A ⊆ I^X be a bold algebra, let S(A) be the generated MV -σalgebra and let m : A −→ [0, 1] be a sequentially continuous measure.

(i) Let < v_n > and < w_n > be sequences in A such that Lim_{n→∞}(v_n△w_n) = 0. Then lim_{n→∞} |m(v_n) − m(w_n)| = 0.

(ii) Let < v_n > be a sequence in A such that for each two subsequences < v^′_n >, < v^{′′}_n > of < v_n > we have Lim_{n→∞}(v^′_n△v^{′′}_n) = 0_X. Then < m(v_n) > is a Cauchy sequence.

(iii) Let < a_n >, < b_n > be sequences in A such that < a_n > is decreasing, < b_n > is increasing, and ⋀_∞ n=1 a_n ≤ ⋁_∞ n=1 b_n in S(A). Then lim_{n→∞} m(b_n ⊖ a_n) = lim_{n→∞} m(b_n) − lim_{n→∞} m(a_n).

Proof. (i) From v_n ⊖w_n ≤ (v_n ⊖w_n)^∗ we get m(v_n△w_n) = m((v_n ⊖w_n)⊕(w_n ⊖v_n)) = m(v_n ⊖ w_n) + m(w_n ⊖ v_n). From the sequential continuity of m it follows that lim_{n→∞} m(v_n ⊖ w_n) = 0, lim_{n→∞} m(w_n ⊖ v_n) = 0. Observe that if v, w ∈ A, then v = (v ⊖w)⊖min{v, w} and v ⊖w ≤ (min{v, w})^∗. Hence lim_{n→∞} |m(v_n)−m(w_n)| = lim_{n→∞} |m(v_n ⊖ w_n) + m(min{v_n, w_n}) − m(w_n ⊖ v_n) + m(min{v_n, w_n})| = 0.

(ii) Clearly, (ii) is a straightforward consequence of (i).

(iii) It follows from (ii) that < m(a_n) > and < m(b_n) > are Cauchy sequences. Clearly, Lim_{n→∞}(a_n ⊖ b_n) = 0_X and hence Lim_{n→∞}(max{b_n, a_n}⊖ b_n) = 0_X . Then lim_{n→∞} m(max{b_n, a_n}) = lim_{n→∞}(m(max{b_n, a_n}) − m(b_n)) = 0 and hence lim_{n→∞} m(max{b_n, a_n}) = lim_{n→∞} m(b_n). Further, m(max{b_n, a_n} ⊖ a_n) = m(max{b_n, a_n})−m(a_n) and hence lim_{n→∞} m(max{b_n, a_n}⊖a_n) = lim_{n→∞} m(b_n)− lim_{n→∞} m(a_n). Finally, Lim_{n→∞}((max{b_n, a_n} ⊖ a_n)△(b_n ⊖ a_n)) = 0_X and hence lim_{n→∞} m(b_n ⊖ a_n) = lim_{n→∞} m(b_n) − lim_{n→∞} m(a_n). This completes the proof.

Proof (of Proposition 2.1). We shall proceed according to Remark 2.2 and Remark 2.3.

(a) Since all usual pointwise operations and the order on R^X are sequentially continuous with respect to the pointwise convergence, also the MV -algebra operations and the order on a bold algebra A ⊆ I^X are sequentially continuous. In particular, I^X is σ-continuous.

(b) Let A ⊆ I^X be a bold algebra. Then σ(A) is the intersection of all Łukasiewicz tribes containing A and S(A) is the intersection of all MV -σ-algebras containing A. It follows from Lemma 2.5 that σ(A) = S(A).

(c) According to Lemma 2.10 (iii), each sequentially continuous measure on a bold algebra satisfies condition (*).

(d) It follows from the previous points that m : A −→ [0, 1] can be extended to a measure m_σ on σ(A) and since m_σ is sequentially continuous from below, according to Corollary 2.9, m_σ is sequentially continuous. This completes the proof.

Remark 2.11. Since it is natural to define a probability on bold algebras in such a way that each probability on a bold algebra A ⊆ I^X can be uniquely extended to the generated Łukasiewicz tribe σ(A) and each restriction of a probability on σ(A) to A should be a probability on A, we propose the following

Definition 2.12. Let A ⊆ I^X be a bold algebra. A probability on A is a map p : A −→ [0, 1] such that

(p_1) p(1_X ) = 1, (p_2) if f, g ∈ A, f ≤ g, then p(g ⊖ f) = p(g) − p(f), (p_3) p is sequentially continuous (with respect to the pointwise convergence on A). Symbol prob(A) will denote the set of all probabilities on A.

Remark 2.13. If I and A ⊆ I^X are considered as D-posets, then probabilities on bold algebras are exactly sequentially continuous D-morphisms of A into I.

We end this section with a useful characterization of the generated Łukasiewicz tribe σ(A) ⊆ I^X.

Proposition 2.14. Let A ⊆ I^X be a bold algebra and let σ(A) be the generated Łukasiewicz tribe. Then σ(A) is the smallest sequentialy closed (with respect to the pointwise sequential convergence) subset of I^X which contains A.

Proof. For B ⊆ I^X , let clB be the set of all f ∈ I^X such that in B there exists a sequence < f_n > converging to f (in the pointwise sequential convergence). For each ordinal number α define cl^αB as follows: cl^0B = B, cl^αB = cl(cl^{α−1}B) if α is an isolated ordinal number and cl^αB = cl( ⋃ β<α cl^βB) if α is a limit ordinal number. It is known (cf. NOVÁK [1965]) that each cl^α is a closure operator, cl(cl^{ω1}B) = cl^{ω1} B, cl^{ω1} is a topological (idempotent) closure operator, and cl^{ω1}B is the smallest sequentially closed subset of I^X which contains B. We know (cf. (a) in the proof of Proposition 2.1) that the MV -algebra operations and the order in I^X are sequentially continuous. It follows that clA ⊆ I^X is a bold algebra, too. Since ⋃ β<β cl^αA is always a bold algebra, it follows from Corollary 2.8 that cl^{ω1}A is the smallest Łukasiewicz tribe in I^X which contains A. This completes the proof. Remark 2.15. If A is a field of subsets of X, then the generated σ-field σ(A ) is the smallest sequentially closed subset in the field of all subsets of X which contains A or, in terms of characteristic functions, the smallest sequentially closed subset (with respect to the pointwise convergence) in {0, 1}^X which contains the characteristic functions of sets in A (cf. NOVÁK [1968]). 3. In this section we describe the relationship between bold algebras and Łukasiewicz tribes. We will try to avoid the categorical formalism as much as possible but, at the same time, we will utilize the categorical machinery which makes the relationship transparent. Standard references on MV -algebras and category theory are CIG- NOLI, D’OTTAVIANO and MUNDICI [19∞] and HERRLICH and SRECKER [1976], respectively.

Let BD be the category whose objects are bold algebras carrying the pointwise sequential convergence and whose morphisms are sequentially continuous MV - homomorphisms. If A and B are bold algebras, then hom(A, B) will denote the set of all morphisms of A into B. Clearly, if X is a singleton, then I^X is isomorphic to I. In general, a bold algebra A ⊆ I^X is a subobject of the product of the family {I_x; I_x = I, x ∈ X}, and each x ∈ X defines a morphism x : A −→ I by putting x(f) = f(x), f ∈ A; hom(A) will denote the set of all morphisms of A into I and fix(A) will denote its subset defined by the points of X (”fixing” A). Definition 3.1. Let A ⊆ I^X, B ⊆ I^X be bold algebras. Let C ⊆ B be a bold subalgebra and let φ be an isomorphism of A onto C in BD. We say that φ is a (i) fix(A)-embedding if for each h ∈ fix(A) there exists h ∈ hom(B) such that h = h ∘ φ; (ii) hom(A)-embedding if for each h ∈ hom(A) there exists h ∈ hom(B) such that h = h ∘ φ;

(iii) prob(A)-embedding if for each p ∈ prob(A) there exists p ∈ prob(B) such that h = p ∘ φ;

in such case we say that A is fix(A)-embedded, hom(A)-embedded, prob(A)-embedded, respectively, in B. If C = φ(A) is sequentially closed in B for each fix(A)- embedding, hom(A)-embedding, prob(A)-embedding, respectively, φ : A −→ B, then A is said to be absolutely sequentially closed with respect to the extension of fix(A), hom(A), prob(A), respectively. Lemma 3.2. Let A ⊆ I^X be a bold algebra and let h ∈ hom(A). Then there exists a unique h_σ ∈ hom(σ(A)) such that h_σ ¯ A = h.

Proof. Since h is a sequentially continuous measure on A, according to Proposition 2.1 there exists a unique sequentially continuous measure h_σ : σ(A) −→ [0, 1] such that h_σ ¯ A = h. It suffices to prove that h_σ is an MV -homomorphism into I. By Proposition 2.14, σ(A) = cl^{ω1}A. Assume that α is an ordinal number, 1 ≤ α ≤ ω_1, and h_σ ¯ cl^βA is an MV -homomorphism for each β < α. Let α be isolated. If f, g ∈ cl^αA, then in cl^{α−1}A there are sequences < f_n >, < g_n > such that Lim_{n→∞}f_n = f and Lim_{n→∞}g_n = g. Since h_σ is sequentially continuous, we have lim_{n→∞} h_σ(f_n) = h_σ(f), lim_{n→∞} h_σ(g_n) = h_σ(g) and h_σ(f ⊕g) = lim_{n→∞} h_σ(f_n ⊕ g_n) = lim_{n→∞}(h_σ(f_n) ⊕ h_σ(g_n). Hence, in I, lim_{n→∞}(h_σ(f_n) ⊕ h_σ(g_n) = lim_{n→∞} h_σ(f_n) ⊕ lim_{n→∞} h_σ(g_n) = h_σ(f) ⊕ h_σ(g). Clearly, h_σ ¯ cl^αA is an MV -homomorphism. If α is a limit ordinal number, we proceed analogously. The details are left out. Since h_σ ¯ cl^0A = h is an MV -homomorphism, it follows that h_σ is an MV -homomorphism of cl^{ω1} A = σ(A) into I.

Proposition 3.3. Let A ⊆ I^X be a bold algebra. Then the following are equivalent:

(i) A is a Łukasiewicz tribe;

(ii) A is absolutely sequentially closed with respect to the extension of fix(A); (iii) A is absolutely sequentially closed with respect to the extension of hom(A); (iv) A is absolutely sequentially closed with respect to the extension of prob(A).

Proof. (i) implies(ii). Assume that A = σ(A). Let φ : A −→ B be a fix(A)- embedding. Let < f_n > be a sequence in A such that the sequence < φ(f_n) > converges in B. Then for each h ∈ fix(A) there exists h ∈ hom(B) such that h(f_n) = h(φ(f_n)), n ∈ N, and the sequence < h(f_n) > converges in I. Since fix(A) can be identified with X, the sequence < f_n(x) > converges in I for each x ∈ X. But A = σ(A) ⊆ I^X means that there exists f ∈ A such that Lim_{n→∞}f_n = f. Thus Lim_{n→∞}φ(f_n) = φ(f) in φ(A) = C and C is sequentially closed in B. Hence (ii) holds true.

(ii) implies (iii). Assume (ii). Let φ : A −→ B be a hom(A)-embedding. From fix(A) ⊆ hom(A) it follows that φ is a fix(A)-embedding, too. Thus φ(A) = C is sequentially closed in B and (iii) holds true.

(iii) implies (iv). Assume (iii). Let φ : A −→ B be a prob(A)-embedding. Put B^′ = σ(φ(A)) ⊆ I^X . Let h ∈ hom(A). Then there exists h ∈ prob(B) such that h = h ∘ φ and clearly h ∈ hom(φ(A)). According to Lemma 3.2, h can be uniquely extended to h_σ ∈ hom(B^′). Thus φ is a hom(A)-embedding of A into B^′ and hence C = φ(A) is sequentially closed in B^′. Finally, since C is sequentially closed in I^X, it is also sequentially closed in B.

(iv) implies (i). Assume (iv). Since each probability p ∈ prob(A) can be uniquely extended to a probability p_σ ∈ prob(σ(A)), the identity id : A −→ σ(A) is a prob(A)-embedding. Thus A is sequentially closed in σ(A) and hence A = σ(A). This completes the proof.

Remark 3.4. Let A ⊆ I^X be a bold algebra. Then σ(A) is, in a natural way, a maximal bold algebra in which A is prob(A)-embedded in the following sense.

On the one hand, A is topologically dense in σ(A) = cl^{ω1}A ⊆ I^X and, due to the sequential continuity of probabilities, the values on A determine the values on σ(A). Further, each p ∈ prob(A) has a unique extension p_σ ∈ prob(σ(A)) and if φ : σ(A) −→ B, B ⊆ I^X is a prob(σ(A))-embedding, then the value of p_σ, p_σ = p_σ ∘ φ, at f ∈ φ(σ(A)) is determined by the values of p on A. On the other hand, let f ∈ I^Y \ φ(σ(A)). Then f is sequentially remote from φ(σ(A)), i.e., f is not a limit of any sequence in φ(σ(A)) or any multisequence (cf. KRATOCHVÍL [1977]) in φ(A). Hence for each sequence in φ(σ(A)), or a multisequence in φ(A), there exists y ∈ Y at which the sequence, or the multisequence, fails to converge to f. Consider the point probability p_y ∈ fix(B), p_y(g) = g(y). Its restriction to φ(A) defines a probability p ∈ prob(A) by putting p(g) = p_y(φ(y)), g ∈ A. Then, for p and its extension p_y, the “topologically remote” element f is also “p_y-remote” (relative to the sequence, or the multisequence, in question).

Remark 3.5. Let {A_t; t ∈ T } be a family of bold algebras. Then the product bold algebra A in BD is the usual product, i.e., the set of all families {a_t ∈ A_t; t ∈ T }, considered as mappings a = {a_t ∈ A_t; t ∈ T } of the disjoint union X = ⊎ t∈T X_t into I defined by a(x) = a_t(x), x ∈ X_t, t ∈ T , carrying the pointwise MV -operations and the pointwise sequential convergence, together with the family {pr_t : A −→ A_t; t ∈ T } of projections, where pr_s({a_t ∈ A_t; t ∈ T }) = a_s, s ∈ T . In particular, if A_x = I, for each x ∈ X, then I^X is the product bold algebra. Recall that each projection is a sequentially continuous MV -homomorphism and A has the following characteristic property. If A^′ is a bold algebra and for each t ∈ T there exists (in BD) a morphism φ_t : A^′ −→ A_t, then there exists a unique morphism φ : A^′ −→ A such that pr_t ∘ φ = φ_t for each t ∈ T .

Proposition 3.6. Let A be a bold algebra and let φ be a sequentially continuous MV -homomorphism of A into a Łukasiewicz tribe B. Then φ can be uniquely extended to a sequentially continuous MV -homomorphism φ_σ : σ(A) −→ B.

Proof. Clearly, the natural evaluation ev : B −→ I^{hom(B)} defined by ev(b) = {h(b); h ∈ hom(B)} is a hom(B)-embedding. To simplify the notation, we identify B with its isomorphic image ev(B) ⊆ I^{hom(B)}. Then B is a sequentially closed subset of I^{hom(B)}, φ can be considered as a sequentially continuous MV -homomorphism into I^{hom(B)}, and each projection pr_h : I^{hom(B)} −→ I, h ∈ hom(B), yields a sequentially continuous MV -homomorphism pr_h ∘ φ : A −→ I. According to Lemma 3.2, pr_h ∘ φ can be uniquely extended to a sequentially continuous MV - homomorphism (pr_h ∘ φ)_σ : σ(A) −→ I. Since I^{hom(B)} is a product, there exists a unique sequentially continuous MV -homomorphism φ_σ : σ(A) −→ I^{hom(B)} such that pr_h ∘ φ_σ = (pr_h ∘ φ)_σ for each h ∈ hom(B). Since A is sequentially dense in σ(A), in fact σ(A) = cl^{ω1}A, it follows that the restriction of φ_σ to A is equal to φ. Finally, B = clB in I^{hom(B)} implies that φ_σ(σ(A)) ⊆ B. This completes the proof.

Let ABD be the subcategory of BD consisting of absolutely sequentially closed bold algebras, i.e., Łukasiewicz tribes. Lemma 2.5, Corollary 2.8 and Proposition 3.2 provide characterizations of Łukasiewicz tribes. It follows from Proposition 3.6 that the embedding A → σ(A) yields a functor σ from BD to ABD. Since the pointwise convergence has unique limits and A is sequentially dense in σ(A) = cl^{ω1}A, if φ, φ^′ : σ(A) −→ σ(B) are two morphisms such that φ(f) = φ^′(f) for each f ∈ A, then φ = φ^′ (cf. NOVÁK [1965]).

Corollary 3.7. σ : BD −→ ABD is an epireflector.

Remark 3.8. Fields of sets are special bold algebras. Indeed, if A is a field of subsets of X, then A ⊆ {0, 1}^X can be identified with the corresponding bold algebra

A ⊆ I^X and the generated σ-field σ(A ), as the smallest sequentially closed subset of {0, 1}^X containing A , can be identified with the generated Łukasiewicz tribe

σ(A ), as the smallest sequentially closed subset of I^X containing A. It is known

(cf. FRIČ [19∞]) that a field of sets A is a σ-field iff A is absolutely sequentially closed and the embedding A → σ(A ) yields an epireflection. The embedding of the category F S of fields of sets and sequentially continuous (Boolean) homomorphisms into BD preserves the embedding of σ-fields into Łukasiewicz tribes, i.e., Corollary 3.7 generalizes the epireflection of F S into AF S, the subcategory of absolutely sequentially closed fields of sets.

References BELLUCE, L. P.

[1986] Semisimple algebras of infinite valued logics. Canadian J. Math. 38, 1356- 1379.

CIGNOLI, R., D’OTTAVIANO, I. M. L. and D. MUNDICI [19∞] Algebraic Foundations of Many-Valued Reasoning. Kluwer Academic Publ., Dordrecht. (To appear.)

DVUREČENSKIJ, A.

[19∞] Loomis-Sikorski theorem for σ-complete MV -algebras and l-groups. (To appear.)

FRIČ, R.

[1999] A Stone-type duality and its applications to probability. Topology Proceedings, Vol. 22, Summer 1997 (Proceedings of the 12th Summer Conference on General Topology and its Applications, North Bay, August 1997), 125-137.

[19∞] Boolean algebras: convergence and measure. Topology Appl. (To appear.) HERRLICH, H. and G. E. STRECKER [1976] Category theory. (Second edition.) Heldermann Verlag, Berlin. JAKUBÍK, J.

[1995] Sequential convergences on MV -algebras. Czechoslovak Math. J. 45, 709- 726.

JUREČKOVÁ, M.

[1995] The measure extension theorem on MV -algebras. Tatra Mountains Math.

Publ. 6, 55-61. KLEMENT, E. P.

[1980] Characterization of finite fuzzy measures using Markoff-kernels. J. Math.

Anal. Appl. 75, 330-339.

KLEMENT, E. P. and M. NAVARA [1997] A characterization of tribes with respect to the Łukasiewicz t-norm. Czechoslovak Math. J. 47, 689-700.

KÔPKA, F. and F. Chovanec [1994] D-posets. Math. Slovaca 44, 21-34.

KRATOCHVÍL, P.

[1977] Multisequences and measure. In: General Topology and its Relations to Modern Analysis and Algebra, IV (Proc. Fourth Prague Topological Sympos., 1976), Part B Contributed Papers, Society of Czechoslovak Mathematicians and Physicists, Praha, 237-244, MESIAR, R.

[1992] Fuzzy sets and probability theory. Tatra Mountains Math. Publ. 1, 105- 123.

NOVÁK, J.

[1958] Ueber die eindeutigen stetigen Erweiterungen stetiger Funktionen. Czechoslovak Math. J. 8, 344-355.

[1962] On the sequential envelope. In: General Topology and its Relation to Modern Analysis and Algebra (I) (Proc. (First) Prague Topological Sympos., 1961), Publishing House of the Czechoslovak Academy of Sciences, Praha, 292-294.

[1965] On convergence spaces and their seqeuntial envelopes. Czechoslovak Math.

J. 15, 74-100.

[1968] On sequential envelopes defined by means of certain classes of functions.

Czechoslovak Math. J. 18, 450-456. PAP, E.

[1995] Null-Additive Set Functions. Kluwer Acad. Publ., Dordrecht, Ister Science, Bratislava.

PIASECKI, K.

[1985] Probability fuzzy events defined as denumerable additive measure. Fuzzy Sets and Systems 17, 271-284.

PTÁK, P. and S. PULMANNOVÁ [1991] Orthomodular Structures as Quantum Logics. Kluwer Acad. Publ., Dordrecht.

RIEČAN, B. and T. NEUBRUNN [1997] Integral, Measure, and Ordering. Kluwer Acad. Publ., Dordrecht - Boston - London.

Matematický ústav SAV, Grešákova 6, 040 01 Košice, Slovakia E-mail address: fric@mail.saske.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups

(continued on inside back cover)

27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences