Preprint 1/2000

January 5, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Michal Feèkan

Transversal bounded solutions

for difference equations

PREPRINT SERIES

TRANSVERSAL BOUNDED SOLUTIONS FOR DIFFERENCE EQUATIONS

Michal Fečkan

Department of Mathematical Analysis, Comenius University Mlynská dolina, 842 15 Bratislava, Slovakia, and Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, 814 73 Bratislava, Slovakia

Abstract. Higher dimensional Melnikov mappings are introduced for detecting the existence of transversal bounded solutions of autonomous difference equations with nonautonomous perturbations.

1. Introduction

In this note, we consider difference equations of the form

(1.1) x_{k+1} = f(x_k ) + h(x_k, μ, k)

with x_k ∈ R^n, μ ∈ R^m. We make the following assumptions about (1.1):

(i) f, h are C^3-smooth in all non-discrete arguments.

(ii) f(0) = 0 and h(·, 0, ·) = 0.

(iii) The eigenvalues of Df(0) are non-zero and all lie off the unit circle.

(iv) The unperturbed equation x_{k+1} = f(x_k ) has a homoclinic solution. That is, there exists a nonzero sequence γ = {γ_k}_{k∈Z} such that lim_{k→±∞} γ_k = 0 and γ_{k+1} = f(γ_k ). Moreover, Df(γ_k ), k ∈ Zare nonsingular.

The purpose of this paper is to find a set of parameters μ for which (1.1) has a transversal bounded solution {x̄_k}_{k∈Z} near {γ_k}_{k∈Z} , i.e. the linearization of (1.1) along {x̄_k}_{k∈Z} given by

v_{k+1} = ( Df(x̄_k ) + D_xh(x̄_k, μ, k) ) v_k, k ∈ Z has the only bounded solution v_k = 0, ∀ k ∈ Z. When h is independent of k, i.e. (1.1) is a mapping, then the existence of such a bounded solution means the existence of a transversal homoclinic orbit and so chaos [10]. In general, (1.1) can be associated to quasiperiodically perturbed systems [9], [11], [12]. To derive these

E-mail address: Michal.Feckan@ fmph.uniba.sk 1991 Mathematics Subject Classification. 58 F14, 58 F30. Key words and phrases. bounded orbits, Melnikov mappings, bifurcations. This work supported by Grant GA-SAV 2/5133/98

Typeset by AMS-TEX 1

2 MICHAL FEČKAN

sets, higher dimensional Melnikov mappings are introduced. Simple zero points of those mappings give wedge-shaped regions in R^m for μ representing the desired sets.

Results of this paper are based on [2-6], where ordinary differential equations are investigated. We establish a complete analogy between the Melnikov theories for difference equations and ordinary differential equations. Discrete cases of twodimensional mappings are considered in [7] and [11]. Mappings in arbitrary finite dimensions are considered in [1] and [4] but the dimension is 1 in [4], which is released in this paper, for the intersection of tangent spaces to stable and unstable manifolds along a homoclinic solution to a hyperbolic fixed point of the unperturbed mapping, and while the transversality is not proved in [1]. In this paper, no restriction is given on the dimension of the phase space or on the dimension of intersection of stable and unstable manifolds. At the end of the paper, an application is given to a 4-dimensional Hamiltonian system with small impulsive perturbations.

2. The Variational Equation

In this section, we modify Section 2 of [5] to (1.1). The norm and scalar product

on R^n are denoted by | · |, ⟨·, ·⟩, respectively.

Let us consider the unperturbed equation

(2.1) x_{k+1} = f(x_k ) .

For (2.1) we adopt the standard notation W^s, W^u for the local stable and local unstable manifolds, respectively, of the origin and d_s = dim(W^s), d_u = dim(W^u). Since x = 0 is a hyperbolic equilibrium, {γ_k}_{k∈Z} must approach the origin along W^s as k → +∞ and along W^u as k → −∞.

By the variational equation of (2.1) along {γ_k}_{k∈Z} we mean the linear difference equation

(2.2) u_{k+1} = Df(γ_k )u_k .

We note that as k → ±∞, Df(γ_k ) → Df(0), a hyperbolic matrix. Thus, the following result yields two solutions for (2.2) – one solution for k ∈ Z_+ and one for

k ∈ Z−, where Z+ = N ∪ {0} and Z− = −Z+.

Lemma 2.1. Let k → A(k) be a matrix valued function on Z_+ and suppose there exists a constant nonsingular matrix, A_0, and a scalar a > 0 such that sup_{k∈Z+} |A(k) − A_0|e^{4ak} < ∞. Then there exists a fundamental solution, X(k) for k large, to the difference equation x_{k+1} = A(k)x_k such that lim_{k→∞} X(k)A^{−k}_0 = I.

Proof. The proof is very similar to [5, 1. Lemma], but we give it for the reader convenience. Let P be a matrix such that P^{−1}A_0P = J, where J is the Jordan form with the block-diagonal form J = diag (J_1, J_2, . . . , J_r). Let k_i be the order of J_i and λ_i is the eigenvalue corresponding to J_i. We arrange the Jordan blocks such that |λ_i| ≤ |λ_{i+1}|. By putting y = P^{−1}x and B(k) = P^{−1}A(k)P , the equation x_{k+1} = A(k)x_k has the form

(2.3) y_{k+1} = B(k)y_k = Jy_k + (B(k) − J)y_k .

TRANSVERSAL BOUNDED SOLUTIONS 3

We fix one block J_i and define p_i = k_1 + k_2 + · · · + k_{i−1}. Similarly we define q_i satisfying |λ_{qi}�_1 | < |λ_i| and |λ_{qi} | = |λ_i|. We split the matrix J^k into U_1(k), U_2(k), where U_1(k) = (J^k_1 , J^k_2 , . . . , J^k_{qi}�_1 , 0, . . . , 0), U_2(k) = (0, 0, . . . , 0, J^k_{qi} , . . . , J^k_r ) . Since the spectrum σ(U_1(1)) is contained inside the circle with the radius |λ_{qi}�_1 |, we can assume by [8, 3.126 Lemma] |U_1(1)| ≤ |λ_{qi}�_1 | + b ≤ |λ_i| − b for b > 0 sufficiently small. Consequently, we obtain for k ≥ 0 that |U_1(k)| ≤ |U_1(1)|^k ≤ (|λ_i| − b)^k. Since σ(U_2(−1)) = ( σ(U_2(1)) )_{−1} , we similarly have |U_2(k)| ≤ (|λ_i| − b)^k, ∀ k ∈ Z_− again for b > 0 sufficiently small. Let e_k be the k-th column of the n × n identity matrix.

By fixing k_0 ∈ N sufficiently large, let us define a mapping T_j for k = k_0, k_0+1, . . . and for j ∈ {1, 2, . . . , k_i} as follows

T_j (y)_k = J^ke_{pi+j} + k−1∑ j=k0 U_1(k − 1 − j)(B(j) − J)y_j (2.4)

− ∞∑ j=k U_2(k − 1 − j)(B(j) − J)y_j . We consider this mapping on the Banach space Y = { {y_j }^∞_{j=k0} : y_j ∈ R^n, sup_{j≥k0} |y_j | (|λ_i| + b)^{−j} < ∞ }

with the norm |||y||| = sup_{k≥k0} |y_k|(|λ_i| + b)^{−k} for y = {y_j }^∞_{j=k0} . To show that T_j is well-defined, we compute sup_k |J^ke_{pi+j}|(|λ_i| + b)^{−k} < ∞ , since |J^k_i | < c_1(|λ_i| + d)^k for a 0 < d < b and c_1 > 0. By taking b > 0 satisfying |λ_i| + b |λ_i| − b < e^{4a} ,

we have for a constant c > 0

sup_k k−1∑ j=k0 |U_1(k − 1 − j)(B(j) − J)y_j | (|λ_i| + b)^{−k}

≤c(|λ_i| − b)^{−1}|||y||| sup_k ( |λ_i| − b |λ_i| + b )_k^{k−1}∑ j=k0 ( |λ_i| + b |λ_i| − b e^{−4a} )_j < ∞

4 MICHAL FEČKAN and sup_k ∞∑ j=k |U_2(k − 1 − j)(B(j) − J)y_j | (|λ_i| + b)^{−k} ≤

≤ c sup_k ∞∑ j=k (|λ_i| − b)^{k−1−j} |||y|||(|λ_i| + b)^j e^{−4aj} (|λ_i| + b)^{−k}

≤ c(|λ_i| − b)^{−1}|||y||| sup_k ( |λ_i| − b |λ_i| + b )_k^∞∑ j=k ( |λ_i| + b |λ_i| − b e^{−4a} )_j < ∞ .

Consequently, we arrive at |||T_j(y)||| < ∞ and so T_j : Y → Y . Furthermore, we have ∀ ε > 0 ∃ n_0 > k_0 : ( |λ_i| − b |λ_i| + b )_k < ε ∀ k > n_0 . By using this property, the contraction of T_j follows by the same arguments as the well-definition of T_j . Consequently, T_j has a fixed point y(j) satisfying by (2.4) |y(j)_k − J^ke_{pi+j} | ≤ K_0(|λ_i| − b)^k for a constant K_0 > 0. By defining the matrix Y_i(k) of the order n × k_i with y(j)_k in column j, we obtain |Y_i(k) − F_i(k)|(|λ_i| − b)^{−k} ≤ K_0 , where F_i(k) is the n × k_i-matrix with J^k_i in rows p_i + 1 through p_i + k_i and all other rows zero. Let G_i be the identity matrix of order k_i × k_i. Then lim_{k→∞} Y_i(k)J^{−k}_i = G_i and G_i is the matrix of order n × k_i with G_i in rows p_i + 1 through p_i + k_i and all other rows zero. This construction is done for the block J_i. To get the result, we take the n × n matrix Y (k) with Y_i(k) in columns p_i + 1 through p_i + k_i for i = 1, 2, . . . , r. So lim_{k→∞} Y (k)J^{−k} = I. Finally, by putting X(k) = P Y (k)P^{−1} we arrive at X(k + 1) = A(k)X(k) satisfying X(k)A^{−k}_0 → I as k → ∞ . The proof is finished. �

Our next result matches at k = 0 the two solutions of (2.2) provided by the preceding lemma. The following theorem and its proof is a slight extension of [5, 2. Theorem] so we omit the proof.

Theorem 2.2. Let d_s = dim(W^s), d_u = dim(W^u) for (2.2) and let I_s, I_u denote the identity matrices of order d_s, d_u respectively. There exists a fundamental solution U(k), k ∈ Zfor (2.2) along with a nonsingular matrix S, constants M > 1, K_0 > 0 and four projections P_{ss}, P_{su}, P_{us}, P_{uu} such that P_{ss} + P_{su} + P_{us} + P_{uu} = I and such that the following hold:

(i) |U(t)(P_{ss} + P_{us})U(s)^{−1}| ≤ K_0M^{(s−t)} for 0 ≤ s ≤ t,

(ii) |U(t)(P_{su} + P_{uu})U(s)^{−1}| ≤ K_0M^{(t−s)} for 0 ≤ t ≤ s,

TRANSVERSAL BOUNDED SOLUTIONS 5

(iii) |U(t)(P_{ss} + P_{su})U(s)^{−1}| ≤ K_0M^{(t−s)} for t ≤ s ≤ 0,

(iv) |U(t)(P_{us} + P_{uu})U(s)^{−1}| ≤ K_0M^{(s−t)} for s ≤ t ≤ 0,

(v) sup_{t≥0} | |U(t)(P_{ss} + P_{us})U(t)−1 − S ( I_s 0 0 0 ) S^{−1} | | M t < ∞,

(vi) sup_{t≥0} | |U(t)(P_{su} + P_{uu})U(t)−1 − S ( 0 0 0 I_u ) S^{−1} | | M t < ∞,

(vii) sup_{t≤0} | |U(t)(P_{ss} + P_{su})U(t)−1 − S ( 0 0 0 I_u ) S^{−1} | | M −t < ∞,

(viii) sup_{t≤0} | |U(t)(P_{us} + P_{uu})U(t)−1 − S ( I_s 0 0 0 ) S^{−1} | | M −t < ∞. Also, rank P_{ss} = rank P_{uu} = d for some positive integer d.

In the language of dichotomies [10] we see that Theorem 2.2 provides a twosided exponential dichotomy. For k → −∞ an exponential dichotomy is given by the fundamental solution U(k) and the projection P_{us} + P_{uu} while for k → +∞ such is given by U(k) and P_{ss} + P_{us}.

Let u_j denote column j of U and assume these are numbered so that

P_{uu} = I_d 0_d 0 0_d 0_d 0 0 0 0 , P_{ss} = 0_d 0_d 0 0_d I_d 0 0 0 0 .

Here, I_d denotes the d × d identity matrix and 0_d denotes the d × d zero matrix.

For each i = 1, . . . , n we define u^⊥_i (k) by ⟨ u^⊥_i (k), u_j (k + 1) ⟩ = δ_{ij} . The vectors u^⊥_i can be computed from the formula U(k)^{⊥∗} = U(k + 1)^{−1} where U^⊥ denotes the matrix with u^⊥_j as column j. By using the identity U(k + 1)U(k)^{⊥∗} = I we obtain that U(k + 1)^⊥ = ( Df(γ_{k+1})^∗ )_{−1} U(k)^⊥. Thus, U^⊥ is the adjoint of U (see [4, pp.

103-104]).

We take the Banach space Z = { {y_j }_{j∈Z} : y_j ∈ R^n, sup_{j∈Z} |y_j | < ∞ }

with the norm ||y|| = sup_{k∈Z} |y_k| for y = {y_j }_{j∈Z} .

Summation of the inequalities in Theorem 2.2 yields the following result.

Theorem 2.3. Let U be the fundamental solution to (2.2) along with the projections P_{ss}, P_{su}, P_{us}, P_{uu} as in Theorem 2.2. Then there exists a constant K > 0 such that for any z ∈ Z the following hold: (i) ∑_j k=0 |U(j)(P_{ss} + P_{us})U(k)^{−1}z_k| ≤ K‖z‖ for j ≥ 0 , (ii) ∑_∞ k=j |U(j)(P_{su} + P_{uu})U(k)^{−1}z_k| ≤ K‖z‖ for j ≥ 0 , (iii)

∑_0 k=j |U(j)(P_{ss} + P_{su})U(k)^{−1}z_k| ≤ K‖z‖ for j ≤ 0 , (iv) ∑_j k=−∞ |U(j)(Pus + Puu)U(k) −1z_k| ≤ K‖z‖ for j ≤ 0 .

6 MICHAL FEČKAN

Let us define a closed linear subspace of Z given by

Z_0 = { z ∈ Z : ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}z_k = 0 } . We consider the difference equation (2.5) z_{k+1} = Df(γ_k )z_k + w_k, {w_k}_{k∈Z} ∈ Z .

The following result, which is an extension of [4, Theorem 2.3] and [5, p. 9], is a Fredholm-like condition for (2.5).

Theorem 2.4. Necessary and sufficient condition for the existence of a solution {x_k}_{k∈Z} ∈ Z of (2.5) is that {w_k}_{k∈Z} ∈ Z_0. Proof. =⇒

Let z = {z_k}_{k∈Z} be a solution of (2.5). Denote A(k) = Df(γ_k ) and compute P_{uu}U(k + 1)^{−1}z_{k+1} = P_{uu}U(k + 1)^{−1}A(k)z_k + P_{uu}U(k + 1)^{−1}w_k .

Since U(k + 1) = A(k)U(k) then U(k + 1)^{−1} = U(k)^{−1}A(k)^{−1}, and hence ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}z_{k+1} = ∞∑ k=−∞ P_{uu}U(k)^{−1}z_k + ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}w_k

0 = ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}w_k .

We note that Theorem 2.3 gives the convergence of these series. ⇐= Let w = {w_k}^∞_{k=−∞} ∈ Z_0. We define the mapping K as follows

K(w)_k = U(k) [ −1∑ j=−∞ P_{us}U(j + 1)^{−1}w_j+ k−1∑ j=0 (P_{ss} + P_{us})U(j + 1)^{−1}w_j

− ∞∑ j=k (P_{su} + P_{uu})U(j + 1)^{−1}w_j ] , for k ≥ 0,

K(w)_k = U(k) [ − ∞∑ j=0 P_{su}U(j + 1)^{−1}w_j+ k−1∑ j=−∞ (P_{us} + P_{uu})U(j + 1)^{−1}w_j

− −1∑ j=k (P_{ss} + P_{su})U(j + 1)^{−1}w_j ] , for k ≤ 0. Here we define ∑_{−1} j=0 = 0.

Theorem 2.3 implies the well-definition and continuity of K : Z_0 → Z and by putting z_k = K(w)_k, ∀ k ∈ Zin (2.5), we easily verify that it is a solution. We note that the general solution of (2.5) has the form z = d∑ j=1 β_j u_{j+d} + K(w), β_j ∈ R . The proof is finished. � The next result provides an appropriate projection.

TRANSVERSAL BOUNDED SOLUTIONS 7

Theorem 2.5. Let U be as in Theorem 2.2 and let Z_0 be as in Theorem 2.4. There exists a bounded projection Π : Z → Z such that Im Π = Z_0. Proof. We take Π in the form I − P , where P is defined by

P (w)_k =

U(k + 1) a_{k+1} P_{uu} ∞∑ j=−∞ U(j + 1)^{−1}w_j ,

and the sequence {a_k}_{k∈Z} satisfies

a_k > 0, ∀ k ∈ Z, ∞∑ k=−∞ 1 a_{k+1} = 1, sup_{k∈Z}

U(k + 1) a_{k+1} < ∞ .

We verify that this P is a projection, i.e. P^2 = P .

P (P (w))_k = P ({ U(s + 1) a_{s+1} P_{uu} ∞∑ j=−∞ U(j + 1)^{−1}w_j } s∈Z ) =

= U(k + 1) a_{k+1} P_{uu} ∞∑ l=−∞ U(l + 1)^{−1}

( U(l + 1) a_{l+1} P_{uu} ∞∑ j=−∞ U(j + 1)^{−1}w_j ) = P (w)_k .

Hence P is a projection. Now we verify that Π = I − P is such that Πw ∈ Z_0. ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}Π(w)_k = ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}(I − P )(w)_k

= ∞∑ k=−∞ P_{uu}U(k + 1)^{−1} ( w_k − U(k + 1) a_{k+1} P_{uu} ∞∑ j=−∞ U(j + 1)^{−1}w_j )

= ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}w_k − ∞∑ k=−∞ P_{uu}U(k + 1)^{−1}

( U(k + 1) a_{k+1} P_{uu} ∞∑ j=−∞ U(j + 1)^{−1}w_j ) = 0 .

Consequently, Π has the desired properties. �

3. Perturbation Theory We study the equation F_{μ,ϵ,y}(x)_k = x_{k+1}−f(x_k ) − h(x_k, μ, k) − ϵ|μ|L(x − y − γ) = 0 F_{μ,ϵ,y} : Z → Z , (3.1)

where L : Z → Z is a linear continuous mapping such that ||L|| ≤ 1, y ∈ Z, and

ϵ ∈ R is small. It is clear that solutions of (3.1) with ϵ = 0 are bounded solutions

of (1.1).

8 MICHAL FEČKAN

We define mappings L : Z → Z and G : Z × R^m × R × Z → Z as follows L(z)_k = z_{k+1} − Df(γ_k )z_k G(z, μ, ϵ, y)_k = f(z_k + γ_k) − f(γ_k) − Df(γ_k )z_k + h(z_k + γ_k, μ, k) + ϵ|μ|L(z − y) . By putting x = z + γ in (3.1), this equation has the form (3.2) L(z) = G(z, μ, ϵ, y) . We decompose (3.2) in the following way L(z) = ΠG(z, μ, ϵ, y) 0 = (I − Π)G(z, μ, ϵ, y) . By using Theorem 2.4, the above pair of equations is equivalent to z = d∑ j=1 β_j u_{j+d} + K ( ΠG(z, μ, ϵ, y) ) , β_j ∈ R (3.3a) 0 = (I − Π)G(z, μ, ϵ, y) . (3.3b) Moreover by using the Lyapunov-Schmidt procedure like in [5, Theorem 8], the study of the equations (3.3a-b) can be expressed in the following theorem for z, μ, ϵ, β = (β_1, β_2, · · · , β_d), y sufficiently small.

Theorem 3.1. Let U and d be as in Theorem 2.2. Then there exist small neighborhoods 0 ∈ Q ⊂ Z, 0 ∈ O ⊂ R^d, 0 ∈ W ⊂ R^m, 0 ∈ V ⊂ R and a C^3-function H : Q × O × W × V → R^d denoted by (y, β, μ, ϵ) → H(y, β, μ, ϵ) with the following properties:

(i) The equation H(y, β, μ, ϵ) = 0 holds if and only if (3.1) has a solution near γ and moreover, each such (y, β, μ, ϵ) determines only one solution of (3.1), (ii) H(0, 0, 0, 0) = 0, (iii)^{∂Hi}_{∂μj} (0, 0, , 0, 0) = − ∑ k∈Z ⟨ u^⊥_i (k),^{∂h}_{∂μj} (γ_k, 0, k) ⟩ , (iv)^{∂Hi}_{∂βj} (0, 0, 0, 0) = 0, (v)^{∂2Hi}_{∂βk∂βj} (0, 0, 0, 0) = − ∑ l∈Z ⟨ u^⊥_i (l), D^2f(γ_l)(u_{d+j} (l), u_{d+k}(l)) ⟩ . Proof. Since the proof is the same as of [5, Theorem 8], we omit it. � We introduce the following notations: a_{ij} = − ∑ l∈Z ⟨ u^⊥_i (l), ∂h ∂μ_j (γ_l, 0, l) ⟩

b_{ijk} = − ∑ l∈Z ⟨ u^⊥_i (l), D^2f(γ_l)(u_{d+j} (l), u_{d+k}(l)) ⟩ . Finally, we take the mapping M_μ : R^d → R^d defined by ( M_μ(β) ) i = m∑ j=1 a_{ij} μ_j + 1 2 d∑ j,k=1 b_{ijk}β_j β_k . Now we can state the main result of this note.

TRANSVERSAL BOUNDED SOLUTIONS 9

Theorem 3.2. If M_{μ0} has a simple zero point β_0, i.e. β_0 satisfies M_{μ0} (β_0) = 0 and D_βM_{μ0} (β_0) is a regular matrix, then there is a wedge-shaped region in R^m for μ of the form R = { s^2μ̃ : s, respectively μ̃, is from a small open

neighborhood of 0 ∈ R, respectively of μ_0 ∈ R^m }

such that for any μ ∈ R \ {0}, the equation (1.1) possesses a transversal bounded solution.

Proof. Let us consider the mapping defined by Φ(y, β̃, μ̃, ϵ̃, s) = {_1 s2 H(y, sβ̃, s^2μ̃, s^3ϵ̃) for s ≠ 0

M_{μ̃}(β̃) for s = 0 .

According to (ii)-(v) of Theorem 3.1, the mapping Φ is C^1-smooth near (y, β̃, μ̃, ϵ̃, s) = (0, β_0, μ_0, 0, 0) with respect to the variable β̃. Since

M_{μ0} (β_0) = 0 and D_βM_{μ0} (β_0) is a regular matrix ,

we can apply the implicit function theorem to solve locally and uniquely the equation Φ = 0 in the variable β̃. This gives for ϵ = 0, by (i) of Theorem 3.1, the existence of R on which (1.1) has a bounded solution.

To prove the transversality of these bounded solutions, we fix μ ∈ R \ {0} and take y = γ̃ − γ , where γ̃ is the solution of (3.1) for which the transversality should be proved. Then we vary ϵ = s^3ϵ̃ small. Note that s ≠ 0 is also fixed due to μ = s^2μ̃. Since the local uniqueness of solutions of (3.1) near γ̃ is satisfied for any ϵ̃ sufficiently small according to the above application of the implicit function theorem, such equation (3.1) (with the fixed μ ∈ R \ {0}, ϵ = s^3ϵ̃ where s ≠ 0 is also fixed and the special y = γ̃ − γ) has the only solution x = γ̃ near γ̃ for any ϵ̃ sufficiently small.

Now we apply the following theorem of [2].

Theorem. Let V, W be Banach spaces and let || · ||_{L(V,W )} be the norm of the space L(V, W ) of all linear, bounded mappings from V to W . Consider a C^2-smooth mapping F : V → W satisfying F (0) = 0 and assume that DF (0) is Fredholm with index 0.

If there exist a neighbourhood U ⊂ V of 0 and a number δ > 0 such that for any linear bounded mapping B : V → W, ||B||_{L(V,W )} ≤ 1 the perturbation ϵB + F, 0 ≤ ϵ ≤ δ has the only zero point 0 in U, then DF (0) is invertible.

Hence the above theorem of [2] gives the invertibility of DF_{μ,0,γ̃−γ} (γ̃) and so the only bounded solution on Zof the equation

v_{k+1} = Df(γ̃_k )v_k + D_xh(γ̃_k, μ, k)v_k

is v_k = 0, ∀ k ∈ Z. The proof is finished. �

10 MICHAL FEČKAN

4. Bifurcation from a Manifold of Homoclinic Solutions In many cases, (2.1) has a manifold of homoclinic solutions. Hence we suppose that

(v) There is an open non-empty subset O ⊂ R^d and C^3-smooth mappings γ_k : O → R^n, ω : O → R^n, ∀ k ∈ Zsatisfying γ_{k+1}(θ) = f(γ_k(θ)) ∀ k ∈ Z, ∀ θ ∈ O ω(θ) = f(ω(θ)) ∀ θ ∈ O lim k→±∞ γ_k(θ) = ω(θ) ∀ θ ∈ O . (vi) The eigenvalues of Df(ω(θ)) ∀ θ ∈ O are non-zero and all lie off the unit circle. Moreover, Df(γ_k (θ)) ∀ k ∈ Z, ∀ θ ∈ O are nonsingular.

(vii)^{∂γk}_{∂θi} are uniformly bounded on O with respect to k ∈ Zwhen θ = (θ_1, θ_2, · · · , θ_d). (viii) {_{∂γ0} ∂θi (θ) }_d i=1 are linearly independent for any θ ∈ O.

From the identity γ_{k+1}(θ) = f(γ_k (θ)), we obtain ∂γ_{k+1} ∂θ_i (θ) = Df(γ_k (θ)) ∂γ_k ∂θ_i (θ) .

Consequently, {_{∂γk} ∂θi (θ) }_d i=1, k∈Z is a family of bounded solutions of the difference equation

(4.1) v_{k+1} = Df(γ_k (θ))v_k .

We use the approach of Section 3 by considering θ as a parameter. The difference is only that now {_{∂γk} ∂θi (θ) }_d i=1, k∈Z provides a natural family of solutions of (4.1) corresponding to the projections P_{ss}. Hence we suppose that Theorem 2.2 holds parametrically by θ ∈ O, i.e. U = U(θ, t) is smooth in (θ, t) and columns of U(θ, t) are numbered so that P_{uu} = I_d 0_d 0 0_d 0_d 0 0 0 0 , P_{ss} = 0_d 0_d 0 0_d I_d 0 0 0 0 .

Now we take x = z +γ(θ), γ(θ) = {γ_k(θ)}_{k∈Z} in (3.1). The corresponding operators of (3.2) then depend on θ as well: L(z, θ)_k = z_{k+1} − Df(γ_k (θ))z_k G(z, θ, μ, ϵ, y)_k = f(z_k + γ_k(θ)) − f(γ_k(θ)) − Df(γ_k (θ))z_k + h(z_k + γ_k(θ), μ, k) + ϵ|μ|L(z − y) . Consequently, (3.1) has the form (4.2) L(z, θ) = G(z, θ, μ, ϵ, y) ,

TRANSVERSAL BOUNDED SOLUTIONS 11

and (3.3a-b) are replaced by z = K(θ) ( Π(θ)G(z, θ, μ, ϵ, y) ) (4.3a) 0 = (I − Π(θ))G(z, θ, μ, ϵ, y) , (4.3b)

where K(θ) and Π(θ) are corresponding mappings to K, Π, respectively. We consider in (4.3a-b) the variable θ as a bifurcation parameter.

We take the mapping N_μ : R^d → R^d defined by ( N_μ(θ) ) i = m∑ j=1 a_{ij} (θ)μ_j ,

where a_{ij} (θ) = − ∑ l∈Z ⟨ u^⊥_i (θ, l), ∂h ∂μ_j (γ_l(θ), 0, l) ⟩ . The vectors u^⊥_i (θ, l) are defined by ⟨u^⊥_i (θ, l), u_j (θ, l + 1)⟩ = δ_{ij} . By repeating the proof of Theorem 3.2 (see also [5, p. 18]), we can state the main result of this section.

Theorem 4.1. If N_{μ0} has a simple zero point θ_0, i.e. θ_0 satisfies N_{μ0} (θ_0) = 0 and D_θN_{μ0} (θ_0) is a regular matrix, then there is a wedge-shaped region in R^m for μ of the form R = { sμ̃ : s, respectively μ̃, is from a small open

neighborhood of 0 ∈ R, respectively of μ_0 ∈ R^m }

such that for any μ ∈ R \ {0}, the equation (1.1) possesses a transversal bounded solution.

5. An Example

We consider a 4-dimensional impulsive differential equation given by

ż = g_1(z), ẏ = g_2(y) z(i+) = z(i−) + μh_1(z(i−), y(i−), μ) (5.1) y(i+) = y(i−) + μh_2(z(i−), y(i−), μ), i ∈ Z, where g_{1,2} ∈ C^3(R^2, R^2), h_{1,2} ∈ C^3(R^2 × R^2 × R, R^2), μ ∈ R

and ż = g_1(z), ẏ = g_2(y) are Hamiltonian systems. Let Ψ_1, Ψ_2 be the 1-time Poincaré mappings of ż = g_1(z), ẏ = g_2(y), respectively. Here z(i±) = lim_{s→i} � z(s). We consider the mapping F (z, y, μ) = (5.2) ( Ψ_1(z) + μh_1 ( Ψ_1(z), Ψ_2(y), μ ) , Ψ_2(y) + μh_2 ( Ψ_1(z), Ψ_2(y), μ )) .

12 MICHAL FEČKAN

Clearly the dynamics of (5.2) determines the behaviour of (5.1). In the notation of

(1.1), we have

x = (z, y) ∈ R^2 × R^2, f(x) = ( Ψ_1(z), Ψ_2(y) ) (5.3) h(x, μ, k) = ( μh_1 ( Ψ_1(z), Ψ_2(y), μ ) , μh_2 ( Ψ_1(z), Ψ_2(y), μ )) . We suppose

a) g_{1,2}(0) = 0 and the eigenvalues of Dg_{1,2}(0) lie off the imaginary axis.

b) There are homoclinic solutions γ_1, γ_2 of ż = g_1(z), ẏ = g_2(y), respectively,

to 0.

The conditions a) and b) imply that

γ_k(θ) = ( γ_1(θ_1 + k), γ_2(θ_2 + k) ) , k ∈ Z ω(θ) = (0, 0), θ = (θ_1, θ_2) ∈ O = R^2

satisfy (v)-(viii) of Section 4 for (5.3). Now (4.1) has the form

v_{k+1} = DΨ_1 ( γ_1(θ_1 + k) ) v_k (5.4)

w_{k+1} = DΨ_2 ( γ_2(θ_2 + k) ) w_k . Hence (4.1) is now decomposed into two difference equations. We note that Ψ_{1,2}

are area-preserving. We can take

u_3(θ, k) = ( γ̇_1(θ_1 + k), 0 ) u_4(θ, k) = ( 0, γ̇_2(θ_2 + k) ) . According to the computations in [4, pp. 104-105], we can take

u^⊥_1 (θ, k) = ( ˙γ̄_1(θ_1 + k + 1), 0 ) , u^⊥_2 (θ, k) = ( 0, ˙γ̄_2(θ_2 + k + 1) ) , where z̄ = (z_2, −z_1), ∀ z = (z_1, z_2) ∈ R^2, and u_1(θ, k), u_2(θ, k) are not required to

be known.

Consequently, the mapping N_μ of Section 4 has now the form ( N_μ(θ) ) 1 = −μ ∑ k∈Z h_1 ( Ψ_1(γ_1(θ_1 + k)), Ψ_2(γ_2(θ_2 + k)), 0 ) ∧ γ̇_1(θ_1 + k + 1) = μ ∑ k∈Z γ̇_1(θ_1 + k) ∧ h_1 ( γ_1(θ_1 + k), γ_2(θ_2 + k), 0 ) (5.5) ( N_μ(θ) ) 2 = −μ ∑ k∈Z h_2 ( Ψ_1(γ_1(θ_1 + k)), Ψ_2(γ_2(θ_2 + k)), 0 ) ∧ γ̇_2(θ_2 + k + 1) = μ ∑ k∈Z γ̇_2(θ_2 + k) ∧ h_2 ( γ_1(θ_1 + k), γ_2(θ_2 + k), 0 ) ,

where ∧ is the wedge product defined by z ∧ y = z_1y_2 − z_2y_1, z, y ∈ R^2. Theorem

4.1 gives the following result.

TRANSVERSAL BOUNDED SOLUTIONS 13

Theorem 5.1. If there is a simple zero point of N_1(θ) given by (5.5), then (5.1) has a transversal homoclinic solution and so it exhibits chaos for any μ ≠ 0 sufficiently small.

Of course, there are h_1, h_2 satisfying the assumptions of Theorem 5.1. For simplicity, we assume

g = g_1 = g_2, h_1(z, y, μ) = (1 + μ)y + α

(5.6)

h_2(z, y, μ) = (1 + μ^2)z + α ,

where α ∈ R^2 is a constant vector. Then we have γ_1 = γ_2 = γ and (5.5) possesses the form ( N_μ(θ) ) 1 = μ ∑ k∈Z γ̇(θ_1 + k) ∧ γ(θ_2 + k) + μ ( ∑ k∈Z γ̇(θ_1 + k) ) ∧ α (5.7) ( N_μ(θ) ) 2 = μ ∑ k∈Z γ̇(θ_2 + k) ∧ γ(θ_1 + k) + μ ( ∑ k∈Z γ̇(θ_2 + k) ) ∧ α . We put Ω(τ ) = ∑ k∈Z γ̇(τ + k) ∧ γ(τ + k) + ( ∑ k∈Z γ̇(τ + k) ) ∧ α . We note that Ω is 1-periodic. We clearly for θ = (τ, τ ) have ( N_μ(θ) ) 1 = ( N_μ(θ) ) 2 = μΩ(τ ) ( DN_μ(θ) ) 1 = μ ( Ω^′(τ ), 0 ) , ( DN_μ(θ) ) 2 = μ ( 0, Ω^′(τ ) ) . Simple computations give the following result.

Theorem 5.2. Consider (5.1) with (5.6). If τ_0 is a simple root of Ω(τ ) then θ_0 = (τ_0, τ_0) is a simple zero point of N_1(θ) given by (5.7).

To be more concrete, we take in (5.6)

g(x_1, x_2) = ( x_2, x_1 − 2x^3_1 ) , α = (β, β) . Hence (5.1) has the form

z̈ = x − 2x^3, ÿ = y − 2y^3

(5.8) x(i+) = x(i−) + μ ( (1 + μ)y(i−) + β ) ẋ(i+) = ẋ(i−) + μ ( (1 + μ)ẏ(i−) + β ) y(i+) = y(i−) + μ ( (1 + μ^2)x(i−) + β ) ẏ(i+) = ẏ(i−) + μ ( (1 + μ^2)ẋ(i−) + β ) , i ∈ Z. (5.8) are two Duffing equations coupled by impulsive effects. We now take γ(t) = ( sech t, ṡech t ) and Ω has the form

Ω(τ ) = ∑ k∈Z sech^4 (τ + k) + β ∑ k∈Z 3 − e^{2(τ+k)} 2 sech^3 (τ + k) .

14 MICHAL FEČKAN

Consequently, we have Ω(τ ) = Ω_1(τ ) − βΩ_2(τ ) ,

where

Ω_1(τ ) = ∑ k∈Z sech^4 (τ + k), Ω_2(τ ) = ∑ k∈Z e^{2(τ+k)} − 3 2 sech^3 (τ + k) .

The functions Ω_{1,2} are again 1-periodic. Moreover, they are analytic and Ω_1 is positive. Clearly, Ω_2/Ω_1 is non-constant. So the image of R by Ω_2/Ω_1 is an interval [a_1, a_2], −∞ < a_1 < a_2 < ∞ and there is only a finite number of β_1, · · · , β_{j0} ∈ [a_1, a_2] such that Ω = Ω_1 − βΩ_2 does have a simple root for any β ≠ 0 satisfying 1/β ∈ [a_1, a_2] \ {β_1, · · · , β_{j0} }. Summarizing, we arrive at the following result.

Theorem 5.3. There are constants −∞ < a_1 < a_2 < ∞ and a_1 = β_1 < · · · < β_{j0} = a_2 such that for any β ≠ 0 satisfying 1/β ∈ [a_1, a_2] \ {β_1, · · · , β_{j0} }, the impulsive system (5.8) has a chaotic behaviour for any μ ≠ 0 sufficiently small.

We note that according to computations of [7, Appendix B], the functions Ω_{1,2} could be expressed in terms of elliptic and elementary functions. We do not follow this line since formulas seem to be very awkward. On the other hand, numerical derivation of the graph of Ω_2(τ )/Ω_1(τ ) shows that it should be

a_1 ≃ −0.0199198, a_2 ≃ 0.0190729, j_0 = 2 .

Consequently, Theorem 5.3 should hold for any β ≠ 0 satisfying

1/β ∈ (−0.019919, 0.019072) .

6. Conclusions and Future Directions

Melnikov mappings are derived for detecting transversal bounded solutions of nonautonomous difference equations. No restriction is given on the dimension of the phase space or on the dimension of intersection of stable and unstable manifolds. A complete analogy is established to the know theory for ordinary differential equations (see [3-6]). A connection between our results and similar ones for quasiperiodically perturbed systems is given via Poincaré mappings (see [1]). Finally we note that a coupled two McMillan mappings of [7] can be similarly studied. In general after applying our results, the main difficulty is to find an appropriate form of the Melnikov mapping derived in the above way so that one could be able to detect its simple zero point. The Poisson summation formula like in [7] could help to overcome this difficulty.

References

1. F. BATTELLI, Perturbing diffeomorphisms which have heteroclinic orbits with semi-hyper-bolic fixed points, Dyn. Sys. Appl. 3 (1994), 305-332.

2. M. FEČKAN, Note on a local invertibility, Math. Slovaca 46 (1996), 285-289. 3. M. FEČKAN, Higher dimensional Melnikov mappings, Math. Slovaca 49 (1999), 75-83. 4. M. FEČKAN, On the existence of chaotic behaviour of diffeomorphisms, Appl. Math. 38 (1993), 101-122.

TRANSVERSAL BOUNDED SOLUTIONS 15

5. J. GRUENDLER, Homoclinic solutions for autonomous ordinary differential equations with nonautonomous perturbations, J. Differential Equations 122 (1995), 1-26.

6. J. GRUENDLER, The existence of transverse homoclinic solutions for higher order equations, J. Differential Equations 130 (1996), 307-320.

7. M.L. GLASSER, V.G. PAPAGEORGIOU & T.C. BOUNTIS, Mel’nikov’s function for twodimensional mappings, SIAM J. Appl. Math. 49 (1989), 692-703.

8. M. MEDVEĎ, “Fundamentals of Dynamical Systems and Bifurcation Theory”, Adam Hilger, Bristol, 1992.

9. K.R. MEYER & G.R. SELL, Melnikov transforms, Bernoulli bundles, and almost periodic perturbations, Trans. Amer. Math. Soc. 314 (1989), 63-105.

10. K.J. PALMER, Exponential dichotomies, the shadowing lemma and transversal homoclinic points, Dynamics Reported 1 (1988), 265-306.

11. D. STOFFER, Transversal homoclinic points and hyperbolic sets for non-autonomous maps I, II, J. Appl. Math. Phys. (ZAMP) 39 (1988), 518-549, 783-812.

12. S. WIGGINS, “Chaotic Transport in Dynamical Systems”, Springer-Verlag, New York, 1992.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups

(continued on inside back cover)

27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables 9/1997 Ladislav Miźík Jr., Tibor őáèik: A formula for calculation of metric dimension of converging sequences