Preprint 3/2000

January 27, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anna Jenèová

Geometry of quantum states:

dual connections and divergence

functions

PREPRINT SERIES

Geometry of quantum states: dual connections and divergence functions

Anna Jenèová

August 13, 2008

Abstract. In a ˛nite quantum state space D with a monotone metric, a family of torsion-free a‹ne connections is introduced, in analogy with the classical α-connections de˛ned by Amari [1]. The dual connections with respect to the metric are found and it is shown that these are, in general, not torsion-free. In D, curvature and some statistical interpretations are treated. Finaly, as in [11], geodesics are used to de˛ne a divergence function.

1 The classical case

Let S = {p(x, θ) | θ ∈ ^ ⊆ R^m} be a smooth family of classical probability distributions on a sample space X . Then S can naturally be viewed as a di¸erentiable manifold. The di¸erential-geometrical aspects of a statistical manifold and their statistical implications were studied by many authors. The Riemannian structure is given by the Fisher information metric tensor

g_{ij}(θ) = E_θ[∂_i log p(x, θ)∂_j log p(x, θ)]

where ∂_i denotes^∂_{∂θi} . In 1972, Chentsov in [5] introduced a family of a‹ne connections in S and proved that the Fisher information and these connections were unique (up to a constant factor) in the manifold of distributions on a ˛nite number of atoms, in the sense that these are invariant with respect to transformations of the sample space. In [1], Amari de˛ned a one-parameter family of α-connections in S, which turned out to be the same as de˛ned by Chentsov. These may be introduced using the following α-representations of the tangent space:

Let g_α be a one-parameter family of functions, given by

g_α(x) =

{_2 1−α x^{1−α}2 α ≠ 1 log x α = 1 Let l_α(x, θ) = g_α(p(x, θ)). The vector space spanned by the functions ∂_il_α(x, θ), i = 1, . . . , p is called the α-representation of the tangent space. The metric tensor g_{ij} is then g_{ij} = ∫ ∂_il_α(x, θ)∂_jl_{−α}(x, θ)dP and the coe‹cients of the α-connections are given by

`^α_{ijk}(θ) = ∫ ∂_i∂_jl_α(x, θ)∂_kl_{−α}(x, θ)dP This shows that the α- and −α-representations are dually coupled.

Let now ∇ and ∇^∗ be two covariant derivatives on S, then we say that the covariant derivatives (the a‹ne connections) are dual with respect to the metric if Xg(Y, Z) = g(∇_XY, Z) + g(Y, ∇^∗_XZ) or, in coe‹cients, ∂_ig_{jk} = `_{ijk} + `^∗_{ikj} It is easy to see that the α and −α connections are mutually dual.

Further, let η be another coordinate system in S. The natural basis of the tangent space T_P at P ∈ S is {∂_i}, ∂_i =^∂_{∂θi} for the coordinate system θ and {∂^i}, ∂^i =^∂_{∂ηi} for η. We say that θ and η are mutually dual if their natural bases are biorthogonal, i.e. if g(∂_i, ∂^j) = δ^j_i The metric tensor in the basis {∂^i} is given by g(∂^i, ∂^j) = g^{ij}, (g^{ij}) = (g_{ij})^{−1} The next Theorem (the Theorem 3.4 in [1]) gives the necessary and su‹cient condition for existence of such coordinate system.

Theorem 1.1 If a Riemannian manifold S has a pair of dual coordinate systems (θ, η), then there exist potential functions ψ(θ) and ϕ(η) such that

g_{ij} = ∂_i∂_jψ(θ), g^{ij} = ∂^i∂^jϕ(η) (1)

Conversely, if either potential function ψ or ϕ exist such that (1) holds, there exists a pair of dual coordinate systems. The dual coordinate systems are related by the Legendre transformations θ_i = ∂^iϕ(η) η_i = ∂_iψ(θ) and the two potential functions satisfy the identity ψ(θ) + ϕ(η) − ∑ i θ_iη_j = 0 (2)

The most interesting results of [1] concern the case that the manifold S is α-‚at. i.e. the Riemannian curvature tensor of the α-connection vanishes. Such manifolds have the following dualistic structure: if S is α-‚at then it is also −α-‚at and a pair of dual coordinate systems (θ, η) exist such that θ is α-a‹ne and η is −α-a‹ne (i.e. the coe‹cients of the connection vanish). These results can be directly applied to the exponential and mixture families p(x, θ) = exp{ ∑ i θ_ic_i(x) − ψ(θ)} and p(x, θ) = ∑ i θ_ic_i(x) + (1 − ∑ i θ_i)c_{n+1}(x) which are ±1-‚at, and the extended α-families l_α(x, θ) = n+1∑ i θ_ic_i(x) which are ±α-‚at (note that the extended α-families are not normed to 1).

Let us consider an α-‚at family S with the dual coordinate systems (θ, η) and let ψ(θ) and ϕ(η) be the potential functions. In [1], a divergence is introduced in S. It is called the α-divergence and it is given by D_α(θ, θ^′) = ψ(θ) + ϕ(η^′) − ∑ i θ_iη^′_i The divergence is not a usual distance, but it has some important properties:

(i) it is strictly positive, D_α(θ, θ^′) ≥ 0 with D_α(θ, θ^′) = 0 i¸ θ = θ^′ (ii) it is jointly convex in θ and θ^′

(iii) D_α(θ, θ^′) = D_α(θ^′, θ)

(iv) it satis˛es the relation D_α(θ, θ + dθ) = D(θ + dθ, θ) = 1 2 ∑ ij g_{ij} (θ)dθ_idθ_j hence it induces the Riemannian distance, given by the Fisher information.

Moreover, the divergences are shown to satisfy a generalized Pythagorean relation.

There were some attempts to introduce a similar family of a‹ne structures in the di¸erentiable manifold of states of an n-level quantum system with a monotone metric. The main di‹culty here is that, as was ˛rst shown in [6], there is no unique quantum analogue of the Fisher information metric and the connections are, in general, not torsion-free. Hasegawa in [8] studied the case of quantum exponential and mixture families with the Kubo- Mori metric. In [11], the exponential and mixture connections (i.e. the case α = ±1) were de˛ned also for arbitrary monotone metric and a divergence function was introduced. The aim of this paper is to use a similar method as in [11] to de˛ne the connections and divergence functions for each α and to investigate the dualistic properties of the manifold.

2 The state space

Let M denote the di¸erentiable manifold of all n-dimensional self-adjoint complex matrices and let ~T_A be its tangent space at A. We introduce a Riemannian structure in M, de˛ning an inner product in ~T_A by

λ_A(X, Y ) = Tr XJ_A(Y )

where J_A is a superoperator on matrices. Moreover, we suppose that λ is monotone, in the sense that if T is a stochastic map, then λ_{T (A)}(T (X), T (Y )) ≤ λ_A(X, Y ), ∀A, X, Y ∈ M As it was proved in [12], this is true i¸ J_A is of the form

J_A = (R^{12}_Af(L_AR^{−1}_A )R^{12}_A)^{−1} (3) where f : R^+ → R is an operator monotone function such that f(t) = tf(t^{−1}) for every t > 0 and L_A(B) = AB and R_A(B) = BA, B ∈ M. We also adopt a normalization condition f(1) = 1. Notice that we have J_A(A) = I.

The state space of an n-level quantum system can be identi˛ed with the submanifold D = {D ∈ M | D > 0, Tr D = 1} The tangent space T_D is the real vector space of all self-adjoint traceless matrices. Let T^∗_D be the cotangent space, then T^∗_D is the vector space of all observables with zero mean at D (i.e. Tr DA = 0). It is easy to see that

T^∗_D = {J_D(H) | H ∈ T_D} (4)

The metric λ induces an inner product in T^∗_D, namely,

φ(A_1, A_2) = λ(J^{−1}_D (A_1), J^{−1}_D (A_2)) = Tr A_1J^{−1}_D (A_2)

It can be interpreted as a generalized covariance of the observables A_1 and A_2.

Example 2.1 Let the metric be determined by J_D(H) = G, where GD + DG = 2H, then it is called the metric of the symmetric logarithmic derivative, see [4, 10, 13].

Example 2.2 Another important example of a monotone metric is the wellknown Kubo-Mori metric determined by J_D(H) =^d_{dt} log(D + tH)|_{t=0}. The monotone metric is given by

λ_D(H, K) = Tr HJ_D(K) =

∂^2 ∂t∂s Tr (D + tH) log(D + sK)|_{t,s=0}

Note that this metric is induced by the relative entropy D(ρ, σ) = Tr ρ(log ρ− log σ) when the density matrices ρ and σ are in˛nitesimally distant from each other.

Example 2.3 [14] Let J_D(H) =^1_2 (D^{−1}H + HD^{−1}). The corresponding metric is monotone with f(t) =^{2t}_{t+1} and it is called the metric of the right logarithmic derivative.

For more examples of monotone metrics and their use see [13, 14, 9].

3 The g-representation

Let g : R → R be a smooth (strictly) monotone function. We de˛ne an operator L_g[A] : ~T_A → ~T_{g(A)} by

L_g[A](H) = d ds g(A + sH)|_{s=0} The following Lemma was proved in [15]. As it is frequently used in the sequel, we repeat the proof here. Lemma 3.1 (i) L_g[A] is a linear map.

(ii) L_{f ∘g}[A] = L_f [g(A)]L_g[A]. In particular, if g is invertible then L_g[A] is invertible and L_g[A]^{−1} = L_g−1 [g(A)].

(iii) L_g[A] is self-adjoint. (iv) L_g[A](A) = g^′(A)A.

(v) L_g[A]^{−1}(I) = (g^′(A))^{−1}, I is the identity matrix.

Proof. It is convenient to use the orthogonal (with respect to the inner product ⟨A, B⟩ = Tr AB) decomposition of the tangent space introduced in [8], ~T_A = C(A) ⊕ C(A)^⊥, where C(A) = {X ∈ M : XA = AX} and C(A)^⊥ = {i[A, X] : X ∈ M}. Let H ∈ ~T_A be decomposed as H = H^c + i[A, X], then, according to [3] (p. 124),^d_{ds} g(A + sH)|_{s=0} = g^′(A)H^c + i[g(A), X]. The statements (i) and (ii) follow easily from this equality. Let K ∈ ~T_A, K = K^c + i[A, Y ], then Tr KL_g[A](H) = Tr K^cg^′(A)H^c − Tr [A, Y ][g(A), X] = = Tr g^′(A)K^cH^c − Tr [g(A), Y ][A, X] = Tr L_g[A](K)H which proves (iii). Further, (iv) L_g[A](A) =^d_{ds} g((1 + s)A)|_{s=0} = g^′(A)A (v) From (ii),

L_g[A]^{−1}(I) = L_g−1 [g(A)](I) = d ds g^{−1}(g(A) + sI)|_{s=0} = (g^′(A))^{−1}

In what follows, we omit the indication of the point in square brackets if no confusion is possible. The vector space T^g_D = {L_g(H) | H ∈ T_D} will be called the g-representation of the tangent space T_D. The corresponding inner product in T^g_D is λ^g_D(G_1, G_2) = λ_D(L^{−1}_g (G_1), L^{−1}_g (G_2)) = Tr G_1K_g(G_2) where K_g = J^{−1}_g J_DJ^{−1}_g . Similarly as before, the g-representation of the cotangent space is the space of all linear functionals on T^g_D and it is given by T^{g∗}_D = {K_g(G) |G ∈ T^g_D} = {L_g−1 (A) | A ∈ T^∗_D} The inner product

φ^g_D(B_1, B_2) = λ^g_D(K^{−1}_g (B_1), K^{−1}_g (B_2)) = Tr B_1K^{−1}_g (B_2) will be called the generalized g-covariance of B_1 and B_2.

Clearly, if g is the identity function, we obtain the usual tangent and cotangent spaces T_D and T^∗_D. Lemma 3.2 G ∈ T^g_D ⇐⇒ Tr (g^′(D))^{−1}G = 0 B ∈ T^{g∗}_D ⇐⇒ Tr g^′(D)DB = 0 Proof. Both statements follow easily from Tr H = 0, H ∈ T_D and Lemma 3.1 (v) and (iv), respectively.

Example 3.1 An important family of representations was introduced (for the classical case) by Amari and is obtained if we put g(x) = g_α(x). In the sequel, we use the letter α to indicate the function g_α, e.g. αrepresentation, T^α_D, etc. For α ≠ ±1, (g^′_α(D))^{−1} =^{1+α}_2 g_{−α}(D) and g^′_α(D)D = 1−α 2 g_α(D) and thus G ∈ T^α_D ⇐⇒ Tr g_{−α}(D)G = 0 B ∈ T^{α∗}_D ⇐⇒ Tr g_α(D)B = 0,

An application of Lemma 3.2 also for α = ±1 shows that T^{α∗}_D = T^{−α}_D for each α, so that K_α = L^{−1}_α J_DL^{−1}_α is an isomorphism K_α : T^α_D → T^{−α}_D . This shows that the α- and −α-representations are in some sense dual, as in the classical case. In particular, if we put J_D = J_α = L_{−α}L_α, then K_α = L_{−α}L^{−1}_α and we see that in this case K^{−1}_α = K_{−α}. The corresponding family of metrics was studied in [9] and it was shown that the metric is monotone for α ∈ (−3, 3). It is easy to see that for α = 1 we obtain the Kubo-Mori metric.

4 The affine connections and curvatures

Let g : R → R be a smooth strictly monotone function and let M, M^′ ∈ M. Clearly, the vector spaces T^g_M and T^{g∗}_M for each M can be identi˛ed with the space of self-adjoint complex matrices, so that there is a natural isomorphism ~T^g_M → ~T^g_{M ′} given by the identity mapping. This isomorphism induces an a‹ne connection on M. Let us denote the corresponding covariant derivative by ~∇^g.

Let x_1, . . . , x_{N +1} be a coordinate system in M. Let us denote ∂_i =^∂_{∂xi} and let ~H_i = ∂_iM(x), ~G_i = L_g( ~H_i) = ∂_ig(M(x)), i = 1, . . . , N + 1. Then

L_g( ~∇^g_{H̃j} ~H_i) = ∂_i∂_jg(M(x))

Hence, the coe‹cients of the a‹ne connection are

~`^g_{ijk}(x) = λ_x( ~∇^g_{H̃i} ~H_j, ~H_k) = Tr ∂_i∂_jg(M(x))K_g( ~G_k)

i, j, k = 1, . . . , N +1. From this, it follows that this connection is torsion-free.

If we use Amari’s family of functions g_α, we obtain a one-parameter family of torsion-free connections, analogical to Amari’s α-connections. It is easy to see that, unlike the classical case, the connections ∇^α and ∇^{−α} are not dual in general.

To obtain the dual connection, consider the a‹ne connection on M induced by the identi˛cation ~T^{g∗}_M → ~T^{g∗}_M ′. The covariant derivative will be denoted by ~∇^{g∗}, this notation will be justi˛ed below. We have

L^{−1}_g J_M ( ~∇^{g∗}_{H̃i} ~H_j) = ∂_iK_g( ~G_j (x))

The coe‹cients of this connection are

~`^{g∗}_{ijk} = λ( ~∇^{g∗}_{H̃i} ~H_j , ~H_k) = φ^g(L^{−1}_g J_M ( ~∇^{g∗}_{H̃i} ~H_j ), K_g( ~G_k)) = Tr ∂_iK_g( ~G_j) ~G_k (5)

Proposition 4.1 ~∇^g and ~∇^{g∗} are dual. Proof. For i, j, k = 1, . . . , N + 1, we have

∂_iλ( ~H_j , ~H_k) = ∂_iλ^g( ~G_j , ~G_k) = ∂_iTr ~G_jK_g( ~G_k) = = Tr ∂_i ~G_j K_g( ~G_k) + Tr ~G_j ∂_iK_g( ~G_k) = ~`^g_{ijk} + ~`^{g∗}_{ikj} .

Remark 4.1 Notice that for g = id, we obtain the mixture and exponential ∇^{(m)} and ∇^{(e)} connections de˛ned by Nagaoka [11].

The components of the torsion tensor are

~S^{g∗}_{ijk} = ~`^{g∗}_{ijk} − ~`^{g∗}_{jik} = Tr {∂_iK_g( ~G_j(x)) − ∂_jK_g( ~G_i(x))} ~G_k so that this connection is torsion-free i¸ ∂_iK_g( ~G_j ) = ∂_jK_g( ~G_i), ∀i, j = 1, . . . , N + 1 Obviously, this is not always the case.

Example 4.1 Let us consider the connection ~∇^{α∗}, i.e. the dual connection to the α-connection, α ∈ (−3, 3) and let the metric tensor be determined by J_α. Then we have K_α( ~G_j (x)) = L_{−α}( ~H_j (x)) = ∂_jg_{−α}(M(x)), so that the connection is torsion-free. Moreover, L^{−1}_α J_α = L_{−α} and thus L_{−α}( ~∇^{α∗}_{H̃i} ~H_j ) = ∂_i∂_jg_{−α}(M(x)) From this, it follows that with this choice of the metric tensor, ~∇^{α∗} = ~∇^{−α} as in the classical case. In particular, the exponential connection ~∇^{−1∗} is torsion-free with the Kubo-Mori metric.

Consider now D as an N-dimensional submanifold in M and let t_1, . . . , t_N be a coordinate system in D. As there is no danger of confusion, we use the symbol ∂_i also for^∂_{∂ti} . Let H_i = ∂_iD(t), G_i = ∂_ig(D(t)), i = 1, . . . , N. The a‹ne structure in D is obtained by projecting the above a‹ne connections orthogonaly onto D. Clearly, each density matrix D is orthogonal to the tangent space T_D in ~T_D. Indeed, if H ∈ T_D, λ_D(H, D) = Tr HJ_D(D) = Tr H = 0

Moreover, λ_D(D, D) = 1. Using (iv) and (v) of Lemma 3.1, it follows that the covariant derivative is given by

L_g(∇^g_{Hj} H_i) = ∂_i∂_jg(D_t) − g^′(D_t)D_tTr (g^′(D_t))^{−1}∂_i∂_jg(D_t) L^{−1}_g J_D(∇^{g∗}_{Hi} H_j) = ∂_iK_g(G_j(t)) − (g^′(D_t))^{−1}Tr g^′(D_t)D_t∂_iK_g(G_j (t)) and the coe‹cients are `^g_{ijk}(t) = Tr K_g(G_k)∂_i∂_jg(D_t) `^{g∗}_{ijk}(t) = Tr G_k∂_iK_g(G_j (t)) And now, some di¸erential geometry [1, 2]. Let ~R be the Riemannian curvature tensor of an a‹ne connection ~∇ on an N-dimensional manifold M and let ~R^∗ be the curvature tensor of the dual connection. Let X, Y , Z, W be vector ˛elds. Then we have (see Lauritzen in [2]) ~R(X, Y, Z, W ) = − ~R^∗(X, Y, W, Z) (6) In particular, ~R = 0 i¸ ~R^∗ = 0. Further, let N be a p-dimensional submanifold in M with a coordinate system x. Let X_1, . . . , X_p be the natural basis of the tangent space, associated with x and let Y_1, . . . , Y_{N −p} be orthonormal vector ˛elds on M normal to N . Recall that the Euler-Shouten imbedding curvature is given by H_{ijl} = λ( ~∇_{Xi} X_j , Y_l), i, j = 1, . . . , p, l = 1, . . . , N − p Let us denote H^∗_{ijl} = λ( ~∇^∗_{Xi} X_j , Y_l), i, j = 1, . . . , p, l = 1, . . . , N − p The submanifold N is called autoparallel if its imbedding curvature vanishes, i.e. the parallel shift of a vector in T_{x0} (N ) along a curve ρ(s) in N stays in T_{ρ(s)}(N ). Let ∇ be the orthogonal projection of ~∇ onto N . Proposition 4.2 Let ~∇ be a torsion-free connection in N . Let R be the Riemannian curvature tensor of ∇ and ~R the curvature tensor of ~∇. Then ~R_{ijkl} = R_{ijkl} +^∑ α (H_{ikα}H^∗_{jlα} − H_{jkα}H^∗_{ilα}) (7) for i, j, k, l = 1, . . . , p.

Let us now return to the submanifold D in M. The Euler-Shouten imbedding curvature is H^g_{ij1} = Tr (g^′(D))^{−1}∂_i∂_jg(D), i, j = 1, . . . , N and H^{g∗}_{ij1} = Tr g^′(D)D∂_iK_g(G_j ), i, j = 1, . . . , N Proposition 4.3 Let g = g_α. Then H^α_{ij1} = − 1 + α 2 Tr H_j J_α(H_i) H^{α∗}_{ij1} = − 1 − α 2 Tr H_iJ_D(H_j ) Proof. Let α ≠ ±1. Compute H^α_{ij1} =

1 + α 2 Tr g_{−α}(D)∂_i∂_jg_α(D) = 1 + α 2 {∂_jTr g_{−α}(D)∂_ig_α(D) − Tr ∂_jg_{−α}(D)∂_ig_α(D)} = − 1 + α 2 Tr L_{−α}(H_j)L_α(H_i) Here we used Lemma 3.1 (iv). Moreover H^{α∗}_{ij1} = 1 − α 2 Tr g_α(D)∂_iK_α(G_j ) = 1 − α 2 {∂_iTr g_α(D)L^{−1}_α J_D(H_j ) − Tr ∂_ig_α(D)L^{−1}_α J_D(H_j )} = − 1 − α 2 Tr H_j J_D(H_i) The proof in case α = ±1 is nearly the same.

Let ~R^g be the Riemannian curvature tensor of ~∇^g in M. Clearly, M can be parametrized in such a way that g(M(x)) = N +1∑ i=1 x_iG_i (8) In this case, we will say that M is parametrized as an extended g-family. We have ∂_i∂_jg(M(x)) = 0, hence ~`^g_{ijk}(x) = 0, for i, j, k = 1, . . . , N + 1 and for each x. It means that this parametrization is a‹ne and therefore ~R^g = 0. Thus also ~R^{g∗} = 0. From the identity (7), the curvature tensor R^g in D is equal to R^g_{ijkl} = H^g_{jk1}H^{g∗}_{il1} − H^g_{ik1}H^{g∗}_{jl1} If g = g_α, R^α_{ijkl}(D) = 1 − α^2 4 {Tr H_j J_α(H_k)Tr H_iJ_D(H_l) − Tr H_iJ_α(H_k)Tr H_j J_D(H_l)}

We see that R^α = 0 i¸ α = ±1. It is also clear that R^α = R^{−α}. Statistical manifolds with this property are called conjugate symmetric and were studied by Lauritzen (see [2]). Here we have to be aware that R^{−α} ≠ R^{α∗}. The curvature tensor R^{α∗} can be computed using the identity (6).

5 Statistical interpretation

In this paragraph, we investigate the statistical interpretation of the αrepresentations of the tangent and cotangent space and the α-connections.

Let D^′ ⊆ D be a smooth p-dimensional submanifold and let θ_1, . . . , θ_p be the coordinate system in D^′. Let T^′_θ be the tangent space of D^′ at θ, H^′_i =^∂_{∂θi} D(θ), G^′_i = L_g(H^′_i) and let ∇^{′g} and ∇^{′g∗} denote the orthogonal projections of the a‹ne connections onto D^′. In [15], locally unbiased estimators were de˛ned and a generalized Cram„er-Rao inequality was proved for the generalized covariance. We give an analogical de˛nition of the αexpectation and α-unbiasedness.

Definition 5.1 Let B = (B_1, . . . , B_p) be a collection of observables. We will say that B is a locally α-unbiased estimator of θ at θ_0 if

(i) Tr g_α(D_{θ0} )B_i = θ_{0i} for i = 1, . . . , p

(ii)^∂_{∂θj} Tr g_α(D_θ)B_i|_{θ0} = Tr G^′_j B_i = δ_{ij}, i, j, = 1, . . . , p

The value Tr g_α(D)A will be called the α-expectation of the observable A.

As follows from Example 3.1, the α-representation of the cotangent space T^{α∗}_D can be interpreted as the space of all observables with zero α-expectation at D with the generalized α-covariance φ^α. The following Lemma is obvious.

Lemma 5.1 Let A = (A_1, . . . , A_p) be a locally unbiased estimator of θ at θ_0. Then B = L^{−1}_α (A) = (L^{−1}_α (A_1), . . . , L^{−1}_α (A_p)) is a locally α-unbiased estimator of θ at θ_0. Moreover, φ(A_i, A_j) = φ^α(B_i, B_j) and Tr H^′_iA_j = Tr G^′_iB_j, i, j = 1, . . . , p. The generalized Cramér-Rao inequality from [15] can now be rewritten in the following form.

Theorem 5.1 Let λ_{ij} = λ(H^′_i , H^′_j) = λ^α(G^′_i, G^′_j ) and let B = (B_1, . . . , B_p) be a locally α-unbiased estimator of θ at 0. Then

φ^α_D(B) ≥ (λ_{ij} )^{−1}

in the sense of the order on positive definite matrices. Moreover, equality is attained iff B is the biorthogonal basis of T^{′α∗}_0 .

An estimator B which is (α-)unbiased (at each point) and such that its variance attains the Cram„er-Rao bound is called (α-)e‹cient. Clearly, such estimator does not always exist. The following necessary and su‹cient condition is analogical to Theorem 4 in [11].

Theorem 5.2 The α-efficient estimator exists iff D^′ is a ∇^{α∗}-autoparallel submanifold and the coordinate system θ_1, . . . , θ_p is ∇^{′α}-affine.

Proof. Let D^′ be ∇^{α∗}-autoparallel and let the coordinate system be ∇^{′α}- a‹ne, i.e. ∇^{′α}_H′_i H^′_j = 0, i, j = 1, . . . , p. Let us choose a point in the parameter space (θ = 0) and let B = (B_1, . . . , B_p) be the biorthogonal basis of T^{′α∗}_0 . We prove that B is an α-e‹cient estimator.

Let X_i(θ) be a ∇^{α∗}-parallel vector ˛eld such that L^{−1}_α J_0(X_i(0)) = B_i, i = 1, . . . , p, i.e. X_i = J^{−1}_θ L_α{B_i − g_{−α}(D(θ))Tr g_α(D(θ))B_i}. As D^′ is ∇^{α∗}-autoparallel, X_j (θ) ∈ T^′_θ, ∀θ. Compute

∂_iTr g_α(D(θ))B_j = Tr G^′_i(θ)B_j = Tr G^′_i(θ)L^{−1}_α J_θ(X_j (θ)) = λ(H^′_i, X_j)

here we have used the identity Tr G^′_i(θ)g_{−α}(D(θ)) = 0. Further,

∂_kλ(H^′_i , X_j) = λ(∇^{′α}_H′_k H^′_i, X_j) + λ(H^′_i , ∇^{′α∗}_H′_k X_j) (9)

Since the parametrization is ∇^{′α}-a‹ne, we have ∇^{′α}_H′_k H^′_i = 0, ∀i, k. Moreover, X_j (θ) ∈ T^′_θ and X_j is ∇^{α∗}-parallel, hence X_j is ∇^{′α∗}-parallel, so that

∇^{′α∗}_H′_i X_j = 0. It follows that ∂_kTr G^′_i(θ)B_j = 0 for all θ. Since Tr G^′_i(0)B_j = δ_{ij}, we have Tr G^′_i(θ)B_j = δ_{ij} for each θ. We see that Tr g_α(D(0))B_j = 0 and ∂_iTr g_α(D(θ))B_j = δ_{ij} for each θ, it follows that B is α-unbiased at each point θ. From Theorem 5.1, it now su‹ces to prove that B_j − θ_jg_{−α}(D(θ)) ∈ T^{′α∗}_θ . But this follows easily from the fact that X_j (θ) ∈ T^′_θ and Tr g_α(D(θ))B_j = θ_j.

Conversely, let B be the α-e‹cient estimator, then B is α-unbiased and the matrices B_i − θ_ig_{−α}(D(θ)), i = 1, . . . , p form the biorthogonal basis of T^{′α∗}_θ ∀θ. Let X_i = J^{−1}_θ L^{−1}_α (B_i −θ_ig_{−α}(D(θ))), then X_i is a ∇^{α∗}-parallel vector ˛eld and X_i ∈ T^′_θ ∀θ, hence X_i is ∇^{′α∗}-parallel. Moreover,

λ(H^′_i , X_j) = Tr G^′_iB_j = δ_{ij}

From (9) it now follows that λ(∇^{′α}_H′_k H^′_i, X_j ) = 0. But the matrices X_j(θ), j = 1, . . . , p form a basis of T^′_θ. We may conclude that ∇^{′α}_H′_k H^′_i = 0, i, k = 1, . . . , p, so that the parametrization is ∇^{′α}-a‹ne.

To see that D^′ is ∇^{α∗}-autoparallel, it su‹ces to observe that the parallel vector ˛elds X_i(θ), i = 1, . . . , p form a basis of the tangent space T^′_θ for each θ. 6 Geodesics and divergence measures

Let us consider a ∇^α-autoparallel submanifold in D for α = ±1. Then it is ∇^α-‚at and torsion-free, hence there is an a‹ne coordinate system θ. Examples of such parametrized families are the exponential family

D(θ) = exp{ ∑ θ_iA_i − ψ(θ)} for α = 1 and the mixture family

D(θ) = D_0 + ∑ i θ_iH_i, Tr H_i = 0

for α = −1. If α ≠ ±1, we will consider the autoparallel submanifolds in M, e.g. the extended α-family. In contrast to the classical case, the dual connection ∇^{α∗} ( ~∇^{α∗}) is not torsion-free, so in general, there is no hope for a dual ∇^{α∗}-a‹ne ( ~∇^{α∗}-a‹ne) coordinate system to exist. It means that we cannot use Amari’s theory to de˛ne a divergence. As suggested in [11], we investigate the ∇^{±1∗} and ~∇^{α∗}-geodesics, which are ‚at and torsion-free submanifolds, so that the results in [1] can be applied.

Clearly, for each α, a ~∇^{α∗}-geodesic is a solution of L^{−1}_α J_{ρt} ( _ρ_t) = A, A ∈ M (10) The ∇^{α∗}-geodesic is given by (i) J_{ρt} ( _ρ_t) = A − Tr ρ_tA for α = −1 (ii) L^{−1}_1 J_{ρt} ( _ρ_t) = A − ρ_tTr A for α = 1 (iii) L^{−1}_α J_{ρt} ( _ρ_t) = A −^{1−α2}_4 g_{−α}(ρ_t)Tr g_α(ρ_t)A for α ≠ ±1 Note that A can be replaced by A+c_t in (i), A+c_tρ_t in (ii) and A+c_tg_{−α}(ρ_t) in (iii), c_t ∈ R, so that we may always suppose that A ∈ T^{α∗}_t .

The relation between ∇^{α∗}- and ~∇^{α∗}-geodesics is clari˛ed in the following proposition.

Proposition 6.1 Let ~ρ_t be a solution of L^{−1}_α J_{ρt} ( _ρ_t) = A. Then ρ_t =^{ρ̃t}_{Tr ρ̃t} is a ∇^{α∗} geodesic. Proof.

From 3, J_{ρt} = Tr ~ρ_tJ_{ρ̃t} . Compute

J_{ρt} ( _ρ_t) = J_{ρ̃t} (_~ρ_t) −

Tr _~ρ_t Tr ~ρ_t

= J_{ρ̃t} (_~ρ_t) − Tr ρ_tJ_{ρ̃t} (_~ρ_t)

here we used the fact that J_D(D) = I (twice) and that J_D is self-adjoint. Further,

L^{−1}_α J_{ρt} ( _ρ_t) = A − L^{−1}_α (I)Tr L_α(ρ_t)A We use Lemma 3.1 (iv) and (v) to complete the proof.

Remark 6.1 Let ρ_t be as in (i). For each t, the coe‹cient of the a‹ne connection is equal to

`^{−1∗}(t) = λ(∇^{−1∗}_{ρ̇t} _ρ_t, _ρ_t) = Tr d dt {J_{ρt} ( _ρ_t)} _ρ_t = Tr d dt {A − Tr ρ_tA} _ρ_t = 0

It follows that the parameter t is ∇^{−1∗}-a‹ne. Similarly, for ρ_t as in (ii), t is ∇^{1∗}-a‹ne. In the case α ≠ ±1, the ∇^{α∗}-geodesic is not ‚at, hence we consider (as in the classical case) geodesics in M, without normalization. If ρ_t is the solution of (10), t is ~∇^{α∗}-a‹ne. Moreover, all a‹ne coordinate systems are connected via a‹ne transformations t → at + b. This coordinate transformation changes the initial point and rescales the observable A as^1_a A.

Lemma 6.1 Let α = −1 and let ρ_t and ~ρ_t be as above. Then ψ(t) = log Tr ~ρ_t is a potential function for ρ_t.

Proof. We have to prove that^{d2}_{dt2} ψ(t) = λ( _ρ_t, _ρ_t). Compute d dt ψ(t) = Tr _~ρ_t Tr ~ρ_t

= Tr ρ_tA

Moreover, λ( _ρ_t, _ρ_t) = Tr _ρ_tJ_{ρt} ( _ρ_t) = Tr _ρ_tA = d^2 dt^2 ψ(t) Lemma 6.2 Let α = 1, then ψ(t) = Tr ρ_t log ρ_t is a potential function for ρ_t.

Proof. We may assume that A ∈ T^{1∗}_{ρ0} , i.e. Tr A = 0. We have L^{−1}_1 (log ρ_t) = ρ_t log ρ_t, hence

ψ(t) = Tr L^{−1}_1 (log ρ_t) = Tr ρ_tJ_{ρt} L^{−1}_1 (log ρ_t) and d dt ψ(t) = Tr _ρ_tJ_{ρt} L^{−1}_1 (log ρ_t) + Tr ρ_t d dt J_{ρt} L^{−1}_1 (log ρ_t) = = Tr A log ρ_t + Tr ρ_tL_1( _ρ_t) = Tr A log ρ_t

here we have used the fact that J_D(A) = D^{−1}A whenever A commutes with D, thus J_{ρt} (ρ_t log ρ_t) = log ρ_t, and L_1(ρ_t) = I. The rest of the proof is the same as above.

Lemma 6.3 Let α ≠ ±1 and let ρ_t = ~ρ_t. Then ψ(t) =^2_{1−α}Tr ρ_t is the potential function .

Proof. d dt Tr ρ_t = Tr _ρ_tJ_{ρt} (ρ_t) = Tr ρ_tL_α(A) = 1 − α 2 Tr g_α(ρ_t)A and d^2 dt^2 Tr ρ_t = 1 − α 2 Tr L_α( _ρ_t)A = 1 − α 2 λ( _ρ_t, _ρ_t).

According to [1], ρ_t is also ∇^α ( ~∇^α)-‚at and there is a dual ∇^α ( ~∇^α) - a‹ne coordinate s. Hence there is a divergence function D^ρ_α and a dual divergence function D^{ρ∗}_α , such that D^ρ_α(s_1, s_2) = D^{ρ∗}_α (t_2, t_1), s_i = s(t_i), i = 1, 2.

A divergence measure in D (M) can then be de˛ned as follows. Let ρ_0, ρ_1 ∈ D. Let ~ρ_t be the unique ~∇^{α∗}-geodesic connecting these two states. If α ≠ ±1, the α-divergence is D_α(ρ_0, ρ_1) = D^{ρ̃}_α(0, 1). If α = ±1, we use the ∇^{α∗}-geodesic ρ_t = (Tr ~ρ_t)^{−1} ~ρ_t.

Proposition 6.2 (i) Let α = −1 and let ρ_0, ρ_1 ∈ D. Let ρ_t be as above and let A be the unique operator determining ρ_t. Then

D_α(ρ_0, ρ_1) = Tr ρ_1A

(ii) If α = 1, then

D_α(ρ_0, ρ_1) = Tr ρ_0 log ρ_0 + Tr (ρ_1 − A) log ρ_1

(iii) Let α ≠ ±1, ρ_0, ρ_1 ∈ M. Then

D_α(ρ_0, ρ_1) = 2 1 − α (Tr ρ_0 − Tr ρ_1) + Tr g_α(ρ_1)A

Proof. As we have seen in the proofs of the above lemmas, the dual coordinate is given by s(t) =^d_{dt} ψ(t) = Tr g_α(ρ_t)A for each α. From the de˛nition of the divergence function and the identity (2), we obtain

D^ρ_α(s_1, s_2) = D^{ρ∗}_α (t_2, t_1) = ψ(t_2) − ψ(t_1) + (t_1 − t_2)s_1

The rest of the proof is easy.

Let now ρ_t be a geodesic connecting two states ρ_0 and ρ_1 and let ρ_{t1} , ρ_{t2} be two states lying on ρ_t. Using Remark 6.1, it i seasy to see that D_α(ρ_{t1} , ρ_{t2} ) = D^ρ_α(t_1, t_2). It also follows that for each ρ we may put D_α(ρ, ρ) = 0. There are some properties of the divergence D_α which follow from the properties of D^ρ_α:

(i) Positivity: D_α(ρ, σ) ≥ 0 and D_α(ρ, σ) = 0 i¸ ρ = σ

(ii) Let σ = ρ + dtH. Let A = L^{−1}_α J_D(H) and let ρ_t be the geodesic determined by A such that ρ_{t0} = ρ. Then D_α(ρ, ρ + dtH) = D^ρ_α(t_0, t_0 + dt) = dt^2λ(H, H) and D_α(ρ + dtH, ρ) = D^ρ_α(t_0 + dt, t_0) = D^ρ_α(t_0, t_0 + dt) It means that the α-divergence induces the metric.

Example 6.1 Let λ be determined by J_α = L_{−α}L_α for some α ∈ (−3, 3). As we have seen, in this case ∇^{α∗} = ∇^{−α} and this connection is torsion-free. Hence we have the same situation as in the classical case. Let α = ±1 and let us consider the exponential family ρ(θ) = exp{ m∑ i=1 θ_iA_i − ψ(θ)} Then it is ±1-‚at and ψ(θ) = log Tr exp(θ_iA_i) is the potential function. Hence the coordinate systems (θ, {η_i = ∂_iψ(θ)} are mutually dual, θ is ∇^αa‹ne and η is ∇^{−α}-a‹ne. The divergence is given by D_1(ρ_0, ρ_1) = Tr ρ_1(log ρ_1 − log ρ_0) which is the relative entropy. Similarly, for the mixture family ρ(η) = ρ_0 + m∑ i=1 η_iA_i, Tr A_i = 0

the function ψ(η) = Tr ρ(η) log ρ(η) is the potential function, so that there is a pair of dual a‹ne coordinate systems (η, θ), see also [8]. The divergence is D_{−1}(ρ_0, ρ_1) = D_1(ρ_1, ρ_0) For α ≠ ±1, we consider the extended α-family ρ(θ) = g^{−1}_α ( m∑ i+1 θ_iA_i)

Let ψ(θ) =^2_{1−α} Tr ρ(θ). Then ∂ ∂θ_i ψ(θ) = ∂ ∂θ_i 2 1 − α Tr g^{−1}_α (^∑_k θ_kA_k) = 2 1 − α Tr L^{−1}_α A_i = Tr g_{−α}(ρ(θ))A_i and ∂ ∂θ_j Tr g_{−α}(ρ(θ))A_i = ∂ ∂θ_j Tr g_{−α}(g^{−1}_α (^∑_k θ_iA_k))A_i =

= Tr L_{−α}L^{−1}_α (A_j)A_k = λ^α(A_i, A_j) hence ψ(θ) is the potential function. Thus there is a pair of dual a‹ne coordinate systems and a divergence D_α(ρ_0, ρ_1) = Tr g_α(ρ_1)(g_{−α}(ρ_1) − g_{−α}(ρ_0)) This α-divergence was de˛ned also in [7] It is easy to see that the above divergence functions are the same as those from Proposition 6.2. Example 6.2 ([4, 11]) Let α = −1 and let λ be the metric of the symmetric logarithmic derivative. Then it is easy to see that

ρ_t = exp{ 1 2 (tA − ψ(t))}ρ_0 exp{ 1 2 (tA − ψ(t))} where ψ(t) = log Tr ρ_0 exp tA, is a solution of (i). Hence it is a ∇^{−1∗}-geodesic and the coordinate t is ∇^{α∗}-a‹ne. It follows that ρ_t is also ∇^{−1}-‚at and there is a ∇^{−1}-a‹ne coordinate system s(t) = Tr ρ_tA. Further, the divergence is

D_{−1}(ρ_1, ρ_0) = 2Tr ρ_1 log ρ^{− 12}_0 (ρ^{12}_0 ρ_1ρ^{12}_0 )^{12} ρ^{− 12}_0 Clearly, this divergence coincides with the relative entropy if ρ_0 and ρ_1 commute. Moreover, ρ_t has the Gibbs state exp(tA − ψ(t)) as a special case. Example 6.3 Let α = −1 and let λ be the metric of the right logarithmic derivative. Then it is easy to see that ~ρ_t = F^{12} exp{tQ_F (A)}F^{12} where Q_F is a linear operator given by Q^{−1}_F (A) =^1_2 (F^{− 1}2 AF^12 + F^12 AF^{− 1}2 ) is a solution of (10). If ρ_0 and ρ_1 are two states,

ρ_t = ρ^{12}_1 exp{(t − 1)Q_{ρ1} (A) − ψ(t)}ρ^{12}_1 with ψ(t) = log Tr ρ_1 exp{(t − 1)Q_{ρ1} (A)} is a ∇^{−1∗}-geodesic. Choose A so that ρ^{12}_1 exp{−Q_{ρ1} (A)}ρ^{12}_1 = ρ_0 ρ_t is then the ∇^{−1∗}-geodesic connecting these two states. We see that the divergence is given by

D^{−1}(ρ_1, ρ_0) = Tr ρ_1A = Tr ρ_1 log ρ^{12}_1 ρ^{−1}_0 ρ^{12}_1

This version of the relative entropy appeared also in [].

References

[1] Amari, S. Differential-geometrical methods in statistic, Lecture Notes in Statistics 28(1985)

[2] S. Amari, O.E. Barndor¸-Nielsen, R.E. Kass, S.L. Lauritzen, C.R.

Rao Differential geometry in statistical inference. IMS Lecture notes- Monograph series 10(1987)

[3] Bhatia, R. Matrix analysis, Springer, New York, 1997

[4] Braunstein, S.L. and Caves, C.M. Geometry of quantum states, in Quantum Communication, Computing and Measurement, eds. Hirota et al., Plenum Press, New York (1994)

[5] Chentsov, N.N. Statistical decision rules and optimal inferences, Translation of Math. Monog. 53 (Amer. Math. Society, Providence 1982)

[6] Chentsov, N.N. and Morozova, Markov invariant geometry on state manifolds (in Russian), Itogi Nauki i Tekhniki 36 (1990), 69{102

[7] Hasegawa, H. α-divergence of the non-commutative information geometry, Rep. Math. Phys. 33 (1993) 87{93

[8] Hasegawa, H. Exponential and mixture families in quantum statistics:

Dual structure and unbiased parameter estimation, Rep. Math. Phys. 39 (1997) 49{68

[9] Hasegawa, H. and Petz, D. Non-commutative extension of information geometry II, Quantum Communication, Computing and Measurement, Eds. Hirota et al., Plenum Press, New York, (1997)

[10] Holevo, A.S., Probabilistic and statistical aspects of quantum theory, North-Holland, Amsterdam, 1982

[11] Nagaoka, H. Di¸erential geometrical aspects of quantum state estimation and relative entropy, in Quantum Communication, Computing and Measurement, eds. Hirota et al., Plenum Press, New York (1994)

[12] Petz, D. and Sudár, Cs., Geometries of quantum states, J. Math. Phys.

37(1996), 2662{2673

[13] Petz, D. Information geometry of quantum states, in Quantum Probability Communications, vol. 10, ed. R.L. Hudson et al, World Scienti˛c, 135{158

[14] Petz, D. Monotone metrics on matrix spaces, Linear Algebra Appl.

244(1996),81{96

[15] Petz, D. and Jenèová, A. On quantum Fisher information, to appear

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem

(continued on inside back cover)

1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms 3/1998 Beloslav Rieèan: On the conditional expectation of observables in MV algebras of fuzzy sets 2/1998 Beloslav Rieèan: On the conditional probability on MV algebras 1/1998 Paula B. Cohen, Robin L. Hudson, K. R. Parthasarathy, S. Pulmannová:

Hall’s transformation via quantum stochastic calculus 13/1997 Ivan Korec: Real-time generation of primes by a one-dimensional cellular automaton with 9 states 12/1997 Ivan Korec: Arithmetical operations strongest with respect to the ˛rst order de˛nability 11/1997 Otokar Groźek, Karol Nemoga, Marcel Zanechal: Why use bijective S-boxes in GOST-algorithm 10/1997 Beloslav Rieèan: On the L^p space of observables