Preprint 9/2000

June 26, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Beloslav Rieèan

On the Yager type entropy

of dynamical systems

PREPRINT SERIES

ON THE YAGER TYPE ENTROPY OF DYNAMICAL SYSTEMS

Beloslav Riečan

Abstract. The notion of the Kolmogorov-Sinaj entropy of a dynamical system (X, S, P, T ) is based on measurable set partitions A = {A1, . . . , An} and their entropy H(A) = −ΣP (Ai) log P (Ai). The notion was extended by many authors using partitions of unity, i.e., such collections (f1, . . . , fn) of non-negative measurable functions that Pni=1 fi = 1Ω. In this contribution we extend this approach considering such collections (f1, . . . , fn) of non-negative measurable functions that Pni=1 fki = 1Ω.

1. assumptions

There is given a dynamical system (X, S, P, T ), where (X, S, P ) is a probability space and T : X → X is a measure preserving transformation (i.e., A ∈ S implies T^{−1}(A) ∈ S and P (A) = P ( T^{−1}(A) ) ). By F we denote the family of all S-measurable functions from X to < 0, 1 >. Consider k ≥ 1. We define a mapping m : F →< 0, 1 > by the formula m(f) = ∫ X f^kdP . By a Yager partition (in the paper) we mean a finite collection f_1, . . . , f_n) of functions such that_n ∑ i=1 f^k_i = 1_X .

Denote by P the family of all Yager partitions. If A, B ∈ P, A = (f_1, . . . , f_n), B = (g_1, . . . , g_n), then we define A ∨ B = {f_i · g_j ; i = 1, . . . , n, j = 1, . . . n} . Since_n ∑ i=1 m∑ j=1 (f_i · g_j)^k = (_n∑ i=1 f^k_i ) (_m∑ j=1 g^k_j ) = 1_X ,

A ∨ B is a Yager partition again. Finally define φ : < 0, ∞) →< 0, ∞) by the prescription φ(x) = { −x log x , if x > 0 , 0 if x = 0 , and for A, B ∈ P the entropy H(A) = n∑ i=1 φ ( m(f_i) )

1991 Mathematics Subject Classification. 28E10.

Key words and phrases. entropy, dynamical systems, fuzzy partitions, Yager norm. VEGA 2/6087/99

Typeset by AMS-TEX 1

2 BELOSLAV RIEČAN

and the conditional entropy H(A|B) = ∑ i ∑ j m(g_j ) φ ( m(f_i · g_j ) m(g_j ) ) ,

where the summands with m(g_j ) = 0 are ommited.

2. Basic lemmas Lemma 1. H(A|B ∨ C) ≤ H(B|B) for any A, B, C ∈ P. Proof. Let A = (f_1, . . . , f_n), B = (g_1, . . . , g_p), C = (h_1, . . . , h_q). Then H(A|B ∨ C) = ∑ i ∑ j ∑ ℓ m(g_j · h_ℓ)φ (m(f_i · g_j · h_ℓ) m(g_j · h_ℓ) )

= ∑ i ∑ j m(g_j ) ∑ ℓ m (g_j · h_ℓ) m(g_j ) φ (m(f_i · g_j · h_ℓ) m(g_j · h_ℓ) ) .

For fixed i, j put α_ℓ = m(g_j · h_ℓ) m(g_j )

, x_ℓ = m(f_i · g_j · h_ℓ) m(g_j · h_ℓ) . Since_q ∑ ℓ=1 g^k_j · h^k_ℓ = g^k_j q∑ ℓ=1 h^k_ℓ = g^k_j · 1_X = g^k_j ,

we obtain

m(g_j ) = ∫ X g^k_j dP = q∑ ℓ=1 ∫ X g^k_j · h^k_ℓ dP = q∑ ℓ=1 m(g_j · h_ℓ) , hence ∑ ℓ=1 α_ℓ = 1 m(g_j ) q∑ ℓ=1 m(g_j · h_ℓ) = 1 .

Using Jensen inequality ∑_a ℓ=1 α_ℓφ(x_ℓ) ≤ φ ( ∑_q ℓ=1 α_ℓx_ℓ), we obtain

H(A|B ∨ C) ≤ ∑ i ∑ j m(g_j )φ ( ∑ ℓ m(f_i · g_j · h_ℓ) m(g_j ) ) .

Again ∑ ℓ m(f_i · g_j · h_ℓ) = ∑ ℓ ∫ X f^k_i · g^k_j · h^k_ℓ dP = ∫ X f^k_i dP = m(f_i · g_j ) ,

hence H(A|B ∨ C) ≤ ∑ i ∑ j m(g_j )φ ( m(f_i · g_j ) m(g_j ) ) = H(A|B) .

ON THE YAGER TYPE ENTROPY OF DYNAMICAL SYSTEMS 3 Lemma 2. H(A ∨ B|C) = H(A|C) + H(B|A ∨ C). Proof. H(A ∨ B|C) = ∑ i ∑ j ∑ ℓ m(h_ℓ) φ ) m(f_i · g_j · h_ℓ) m(h_ℓ) )

= ∑ i ∑ j ∑ ℓ m(h_ℓ) φ ( m(f_i · g_j · h_ℓ) m(f_i · h_ℓ) · m(f_i · h_ℓ) m(h_ℓ) )

= − ∑ i ∑ j ∑ ℓ m(f_i · g_j · h_ℓ) log m(f_i · g_j · h_ℓ) m(f_i · h_ℓ) − ∑ i ∑ j ∑ ℓ m(f_i · h_ℓ) log m(f_i · h_ℓ) m(h_ℓ) = ∑ i ∑ j ∑ ℓ m(f_i · h_ℓ) φ ( m(f_i · g_j · h_ℓ) m(f_i · h_ℓ) )

− ∑ i ∑ ℓ ( log m(f_i · h_ℓ) m(h_ℓ) ) ( ∑ j m(f_i · g_j · h_ℓ) )

= H(B|A ∨ C) + ∑ i ∑ ℓ m(h_ℓ) φ ( m(f_i · h_ℓ) m(h_ℓ) )

= H(B|A ∨ C) + H(A|C) . Lemma 3. Put E = {1_X} ∈ P. Then A ∨ E = A and H(A|E) = H(A) for any A ∈ P. Proof. By the definition A ∨ E = {f_i · 1_X ; i = 1, . . . , n} = {f_i; i = 1, . . . , n} = A , H(A|E) = ∑ i m(1_X ) φ

( m(f_i · 1_X) m(1_X ) ) = ∑ i φ ( m(f_i) ) = H(A) .

Lemma 4. Define U(A) = (f_i ∘ T, . . . , f_n ∘ T ) for any A ∈ P. Then U(A) ∈ P and U(A ∨ B) = U(A) ∨ U(B) , U(E) = E , H ( U(A)|U(B) ) = H(A|B) . for any A, B ∈ P.

Proof. Evidently ∑_n i=1(f_i ∘ T )^k(x) = ∑_n i=1 ( f_i ( T (x) ))_k = 1_X ( T (x) ) = 1 for any x ∈ X, hence U(A) ∈ P. Further U(A ∨ B) = { f_i · g_j ) ∘ T ; i, j } = { (f_i ∘ T ) · (g_j ∘ T ); i, j } = U(A) ∨ U(B) , U(E) = {1_X ∘ T } = {1_X } = E

4 BELOSLAV RIEČAN and H ( U(A)|U(B) ) = ∑ i ∑ j m(g_j ∘ T ) φ ( m((f_i ∘ T ) · (g_j ∘ T )) m(g_j ∘ T ) ) . Of course m ( (f_i ∘ T ) · (g_j ∘ T ) ) = ∫ X ( (f_i · g_j) ∘ T )_k dP = ∫ X (f_i · g_j )^kdP = m(f_i · g_j )

since T is P -measure preserving. Similarly m(g_j ∘ T ) = m(g_j ). Therefore H ( U(A)|(B) ) = H(A|B) .

3. General construction In this section we shall assume that there is given a structure (P, ∨, H, U, E), where P is a set, ∨ is a commutative, associative operation on P, U : P → P, H : P × P →< 0, ∞), E ∈ P is a fixed element such that H(A|B ∨ C) ≤ H(A|B) for any A, B, C ∈ P, H(A ∨ B|E) = H(A|C) + H(B|A ∨ C) for any A, B, C ∈ P, H(E) = E, A ∨ E = A for any A ∈ P, U(A ∨ B) = U(A) ∨ U(A) ∨ U(B) for any A, B ∈ P. We have seen that if P is the set of all Yager partitions (with fixed power k), then all the assumptions are satisfied.

Define in our general scheme H(A) = H(A|E) and U^i(A) by iteration, i.e., U^0(A) = A, U^{i+1}(A) = U ( U^i(A) ) . Instead of A_1 ∨ A_2 ∨ · · · ∨ A_n we shall use the notation ⋁_n i=1 A_i.

Theorem 1. Put a_n = H (⋁_{n−1} i=0 U^i(A) ) . Then there exists lim_{n→∞}^1_n a_n.

Proof. It follows by the inequality a_{n+m} ≤ a_n + a_m. Indeed,

a_{n+m} = H (_{n+m−1}⋁ i=o U^i(A) ) = H ((_{n−1} ⋁ i=0 U^i(A) ) ∨ U^n (_{m−1}⋁ j=0 U^j (A) ))

≤ H (_{n−1}⋁ i=0 U^i(A) ) + H ( U^n (_{n−1}⋁ j=0 (A) )) = a_n + a_m .

Definition. For A ∈ P define h(A, U) = lim_{n→∞} 1 n H (_{n−1}⋁ i=0 U^i(A) ) .

ON THE YAGER TYPE ENTROPY OF DYNAMICAL SYSTEMS 5

Theorem 2. For any A, B ∈ P we have h(A, U) ≤ h(B, U) + H(A|B) . Proof. We have H (_{n−1}⋁ i=o U^i(A) ) ≤ H (_{n−1}⋁ i=0 U^i(A) ∨ n−1⋁ j=0 U^j (B) )

= H (_{n−1}⋁ i=0 U^i(B) ) + H (_{n−1}⋁ i=0 U^i(A) | | | n−1⋁ j=0 U^j (B) ) .

Of course H (_{n−1}⋁ i=0 U^i(A) | | | n−1⋁ j=0 U^j (B) ) ≤ n−1∑ i=0 H ( U^i(A) | | | n−1⋁ j=0 U^j (B) )

≤ n−1∑ i=0 H ( U^i(A) | |U_iB)) =^{n−1}∑ i=o H(A|B) = nH(A|B) .

Theorem 3. h(B, U) = h (⋁_t j=0 U^j (B), U ) for any B ∈ P and any t ∈ N.

Proof. We obtain immediately lim_{n→∞} 1 n (_{n−1} ⋁ i=0 U^i (_t⋁ j=0 U^j (B) )) = lim_{n→∞} 1 n H (_{n+t−1}⋁ s=0 U^s(B) )

lim_{p→∞} p p − t 1 p ( p−1⋁ s=0 U^s(B) ) = h(u, B) .

4. Hudetz correction

Let us return to the original assumptions about (X, S, P, T ) and F. To obtain the Kolmogorov-Sinaj entropy one can define

h(T ) = sup { h(A, U); A ∈ K } , where K is the family of all partitions of the form ( χ_{A1} , χ_{A2} , . . . , χ_{An} ) . It could be possible to define analogously the (Yager) generalized entropy as the supremum sup { h(A, U) A ∈ Q } , where Q ∈ F. Of course, if Q obtains all constant functions, then the supremum is ∞. Therefore Hudetz suggested the following correction coefficient: for A = (f_1, . . . , f_q) ∈ P put

Φ(A) = q∑ i=1 ∫ X φ(f^k_i )dP, H^b(A) = H(A) − Φ(A) .

6 BELOSLAV RIEČAN

Proposition 1. Φ (⋁_{n−1} i=0 U^i(A) ) = nΦ(A).

Proof. Let A = (f_1, . . . , f_q). Put g^{(i)}_j = (f_j ∘ T^i)^k. Then

Φ (_{n−1}⋁ i=1 u^i(A) ) = q∑ p0=1 q∑ p1=1 · · · q∑ pn�1=1 ∫ X φ ( g^{(0)}_{p1} g^{(1)}_{p1} · · · g^{(n−1)}_{pn}�_1 ) dP .

We have ∑ p0 ∑ p1 · · · ∑ pn�1 φ ( g^{(0)}_{p0} g^{(1)}_{p1} · · · g^{(n−1)}_{pn}�_1 )

= − ∑ p0 ∑ p1 · · · ∑ pn�1 g^{(0)}_{p0} g^{(1)}_{p1} · · · g^{(n−1)}_{pn}�_1 ( log g^{(0)}_{p0} + log g^{(1)}_{p1} + · · · + log g^{(n−1)}_{pn}�_1 )

= ∑ p0 φ ( g^{(0)}_{p0} ) ∑ p1 · · · ∑ pn�1 g^{(1)}_{p1} · · · g^{(n−1)}_{pn}�_1 + ∑ p1 φ ( g^{(1)}_{p1} ) ∑ p0 ∑ p2 · · · ∑ pn�1 g^{(0)}_{p0} g^{(2)}_{p2} · · · g^{(n−1)}_{pn}�_1 · · · + ∑ pn�1 φ ( g^{(n−1)} pn�1 ) ∑ p0 · · · ∑ pn�2 g^{(0)}_{p0} · · · g^{(n−2)}_{pn}�_2 .

Of course_q ∑ pi=1 g^{(i)}_{pi} = q∑ pi=1 ( f_{pi} ∘ T^i )_k = 1_X ,

hence the last sum equals_{n−1} ∑ i=0 q∑ pi=1 φ ( g^{(i)}_{pi} ) , and therefore Φ (_{n−1}⋁ i=0 U^i(A) ) = n−1∑ i=0 q∑ pi=1 ∫ X φ ( g^{(i)}_{pi} ) dP . On the other hand, because T is measure preserving, we have ∫ X φ ( g^{(i)}_{pi} ) dP = ∑ X φ ( (f_{pi} ∘ T^i)^k ) dP = ∫ X φ(f^k_{pi} )dP , hence Φ (_{n−1}⋁ i=0 u^i(A) ) = n−1∑ i=0 q∑ pi=1 ∫ X φ(f^k_j )dP

= n q∑ j=1 ∫ X φ(f_j )dP = nΦ(A) .

ON THE YAGER TYPE ENTROPY OF DYNAMICAL SYSTEMS 7

Proposition 2. For any Yager partition A = (f_1, . . . , f_q) there exists

lim_{n→∞} 1 n H^b (_{n−1}⋁ i=0 u^i(A) ) = h(A, U) − q∑ j=1 ∫ X φ(f^k_j )dP .

Proof. By Proposition 1 1 n H^b (_{n−1}⋁ i=0 U^i(A) ) = 1 n H (_{n−1}⋁ i=0 u^i(A) ) − q∑ j=1 ∫ X φ(f^k_j )dP .

Definition. For any A ∈ P define

h^b(A, U) = lim_{n→∞} 1 n H^b (_{n−1}⋁ i=0 U^i(A) ) .

Proposition 3. If A = (χ_{A1} , . . . χ_{Aq} ), then h^b(A, U) = h(A, U) . Proof. Since φ(χ^k_{Aj} ) = φ(χ_{Aj} ) = 0 for any j, we obtain the equality by Proposition 2. 5. Conditional expectation Let us consider a partition B = {χ_{B1} , . . . , χ_{B2} } and an integrable function g : X → R. Recall that the conditional expectation of g with respect to the σ-algebra σ(B) generated by B can be constructed by the formula

E ( g|σ(B) ) = ∑ j ( 1 P (B_j ) ∫ Bj g dP ) χ_{Bj} .

Proposition 4. If B = ( χ_{B1} , . . . χ_{Bq} ) , A = (f_1, . . . , f_p), then

H(A|B) = p∑ i=1 ∫ X ( E(f^k_i |σ(B)) ) dP .

Proof. By the definition H(A|B) = p∑ i=1 q∑ j=1 m(χ_{Bj} )φ ( m(f_i · χ_{Bj} ) m(χ_{Bj} ) ) .

Of course, m(f_kχ_{Bj} ) = ∫ X f^k_i χ^k_{Bj} dP = ∫ Bj f^k_i dP ,

8 BELOSLAV RIEČAN

hence H(A|B) = p∑ i=1 q∑ j=1 P (B_j )φ ( 1 P (B_j ) ∫ Bj f^k_i dP )

= p∑ i=1 ∫ X q∑ j=1 ( φ ( 1 p(B_j ) ∫ Bj f^k_i dP )) χ_{Bj} dP

= p∑ i=1 ∫ X φ (_q∑ j=1 ( 1 P (B_j ) ∫ Bj f^k_i dP ) χ_{Bj} ) dP

= p∑ i=1 ∫ X φ ( E(f^k_i |σ(B)) ) dP .

Theorem 4. If A = (f_1, . . . , f_p) and B = (χ_{B1} , . . . , χ_{Bq} ) is such that σ (⋃_∞ i=0 U^i(B) ) = S, then

h(A, U) ≤ h(B, U) + p∑ i=1 ∫ X φ(f^k_i ) dP .

Proof. Put B_n = ⋁_{n−1} i=0 U^i(B). By Theorem 2 we obtain h(A, U) ≤ h(B_n, U) + H(A|B_n) . By Theorem 3 h(B_n, U) = h(B, U) , hence by Proposition 4 h(A, U) ≤ h(B, U) + p∑ i=1 ∫ X φ ( E(f^k_i |σ(B_n)) ) dP .

Since σ (⋃_∞ n=1 B_n ) = S, we have by the martingale convergence theorem (n → ∞). E ( f^q_i |σ(B_n) ) ↗ E(f^k_i |S) = f^k_i . Since φ is a continuous function, we obtain φ ( E(f^k_i |σ(B_n)) ) → φ(f^k_i )

(n → ∞) P -almost everywhere. Finally by the Lebesgue dominance convergence theorem lim_{n→∞} ∫ X φ ( E(f^k_i |σ(B_n)) ) dP = ∫ X φ(f^k_i )dP and therefore h(A, U) ≤ h(B, U) + p∑ i=1 ∫ X φ(f^k_i ) dP .

ON THE YAGER TYPE ENTROPY OF DYNAMICAL SYSTEMS 9

6. Kolmogorov theorem on generators

The Kolmogorov theorem states that if B = {χ_{b1} , . . . χ_{Bp?}} is a generator (i.e., σ (⋃_∞ i=0 U^i(B) = S ) , then

h(B, U) = sup { h(A, U); A ∈ K } . We shall prove the theorem for the general entropy with the Hudetz correction.

Theorem 5. Let B = {χ_{B1} , . . . , χ_{Bq} } be a generator, i.e., σ (⋃_∞ i=1 U^i(B) ) = S.

Then for any A = (f_1, . . . , f_p) ∈ P h^b(A, U) ≤ h^b(B, U) = h(B, U) , hence sup { h^b(A, U); A ∈ P } = h^b(B, U) = h(B, U) . Proof. By Proposition 2 we have h^b(A, U) = h(A, U) − p∑ j=1 ∫ X φ(f^k_j ) dP ,

hence by Theorem 4 h^b(A, U) ≤ h(B, U) . Of course, h(B, U) = h^b(B, U) by Proposition 3.

References

1. Hudetz, T., Quantum topological entropy: first step of a pedestrian approach, Quantum Probability and Related Topics VIII (L. Accardi et al., eds.), World Scientific, Singapore, 1993, pp. 237–261.

2. Kolmogorov, A. N., A new metric invariant of transitive dynamical systems, Dokl. AN SSSR 119 (1958), 861–864. (In Russian) 3. Maličký, P.; Riečan, B., On the entropy of dynamical systems, Proc. Conf. Ergodic Theory and Related Topics II (H. Michel, ed.), Teubner, Leipzig, 1987, pp. 135–138.

4. Riečan, B.; Neubrunn, T., Integral, Measure and Ordering, Kluwer, Dordrecht, Ister, Bratislava, 1997.

Mathematical Institute; Slovak Academy of Sciences; Štefánikova 49; 814 73 Bratislava; SLOVAKIA

E-mail address: riecan@mau.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices

(continued on inside back cover)

7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion 7/1998 Roman Friè, Ján Jakubík: Sequential convergences on Boolean algebras de˛ned by systems of maximal ˛lters 6/1998 Roman Friè: Categorical re‚ections on ˛elds of events and probability 5/1998 Beloslav Rieèan: On the probability theory and fuzzy sets 4/1998 Ivan Korec: De˛nability of arithmetical operations from binary quadratic forms