Preprint 15/2000

August 21, 2000

Revised August 25, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Pekka Lahti

Sylvia Pulmannová

Coexistence vs. functional

coexistence of quantum

observables

PREPRINT SERIES

COEXISTENCE VS. FUNCTIONAL COEXISTENCE OF QUANTUM OBSERVABLES

PEKKA LAHTI AND SYLVIA PULMANNOVÁ

Abstract. We consider the question when coexistent observables are functionally coexistent and give partial answers for special classes of observables on effect algebras, in particular on the Hilbert space effects.

1. Introduction

Let H be a complex Hilbert space, and let L(H) denote the set of bounded operators, E (H) = {A ∈ L(H) | O ≤ A ≤ I} the set of effects, and P(H) = {P ∈ P(H) | P = P^2 = P^∗} the set of projections on H. Let Ω be a nonempty set and A a σ-algebra of subsets of Ω. Let E : A → L(H) be an operator measure, which is positive, that is, E(X) ≥ O for all X ∈ A, and normalized, that is, E(Ω) = I. We call such measures observables.

Observables E_1 : A_1 → L(H) and E_2 : A_2 → L(H) are coexistent if there is an observable F : A → L(H) such that ran (E_1) ∪ ran (E_2) ⊆ ran (F ), that is, for each X ∈ A_1, and Y ∈ A_2, E_1(X) = F (Z_X), and E_2(Y ) = F (Z_Y ) for some Z_X , Z_Y ∈ A. Observables E_1 : A_1 → L(H) and E_2 : A_2 → L(H) are functionally coexistent if there is an observable F : A → L(H) and (measurable) functions f_1 : Ω → Ω_1 and f_2 : Ω → Ω_2 such that for each X ∈ A_1, and Y ∈ A_2, E_1(X) = F (f^{−1}_1 (X)), and E_2(Y ) = F (f^{−1}_2 (Y )). Functionally coexistent observables are coexistent, but we do not know whether these notions coincide. On the other hand, functionally coexistent observables can be characterized in terms of biobservables and joint observables [1, 2].

In this paper we shall investigate the question under which conditions coexistent observables are functionally coexistent. Our results do not depend on the special properties of a Hilbert space. Therefore, we formulate and study this question in a more general frame of an effect algebra, treating, however, the important Hilbert space case separately in the final section of the paper.

A necessary and sufficient condition when for two real observables E, F on an effect algebra there is a measurable function f such that 1

E = F ∘ f^{−1} is given in [3, A.4.12 Theorem]. This condition is exactly what is needed to apply a procedure analogous to [4, Theorem 1.4]. This condition is, however, rather general and hard to be checked. In the present paper, we present some classes of observables, classified by properties of their ranges and the corresponding morphisms, which imply functional coexistence.

We start with a brief summary of the basic notions and definitions on effect algebras which shall be needed here. For more details and motivation, the reader is referred to [5, 6, 7, 8].

2. Basic definitions and notions

2.1. General. An effect algebra is a system (L, 0, 1, ⊕) where L is a nonempty set, 0, 1 are distinct elements of L and ⊕ is a partial binary operation on L that satisfies the following conditions (we write a ⊥ b if a ⊕ b is defined):

(E1) If a ⊥ b, then b ⊥ a and b ⊕ a = a ⊕ b.

(E2) If a ⊥ b and c ⊥ (a⊕b), then b ⊥ c, a ⊥ (b⊕c) and a⊕(b⊕c) = (a ⊕ b) ⊕ c. (E3) For every a ∈ L there exists a unique a^′ ∈ L such that a ⊥ a^′ and a ⊕ a^′ = 1.

(E4) If a ⊥ 1, then a = 0.

In the sequel, whenever we write a ⊕ b we are implicitly assuming that a ⊥ b, that is, the sum a ⊕ b of a and b is defined in L.

We define a ≤ b if there is a c ∈ L such that a ⊕ c = b. It can be shown that the element c is unique, and that (L, ≤,^′ ) is an ordered set with 0 ≤ a ≤ 1 for all a ∈ L, a^{′′} = a and a ≤ b implies b^′ ≤ a^′. This means, in particular, that de Morgan’s laws hold in (L, ≤,^′ ): for any a, b ∈ L, a ∧ b exists if and only if a^′ ∨ b^′ exists, in which case (a ∧ b)^′ = a^′ ∨ b^′. We note also that a ⊥ b if and only if a ≤ b^′. If a ≤ b, that is, b = a ⊕ c we also write c = b ⊖ a for the unique effect c ∈ L. We call the elements of L effects.

We say that an effect a ∈ L is sharp if the greatest lower bound of a and a^′ exists in L (with respect to the order ≤ defined by ⊕) and equals with the least element 0 of L, that is, a ∧ a^′ = 0. An effect a ∈ L is called regular if a = 0, 1 or if a ≰ a^′ and a^′ ≰ a. Clearly, a sharp effect is regular, but a regular effect need not be sharp.

A simple example of an effect algebra is the unit interval [0, 1] ⊆ R of the real line R. For a, b ∈ [0, 1] we define a ⊥ b if a + b ≤ 1 and in this case a ⊕ b = a + b. For a ∈ [0, 1] we have a^′ = 1 − a.

A σ-algebra A of subsets of a nonempty set Ω constitutes another example of an effect algebra when X ⊕Y is defined whenever X ∩Y = ∅ with X ⊕ Y = X ∪ Y . Clearly, X^′ = Ω \ X and the order defined by ⊕ on A coincides with the set inclusion. The order structure of the effect algebra (A, ⊕, ∅, Ω) is that of a Boolean σ-algebra.

The set E (H) of the Hilbert space effects is a third important example of an effect algebra: for any A, B ∈ E (H), if A + B ∈ E (H), we define A ⊕ B = A + B. Again, it is immediate that A^′ = I − A and that the order induced on E (H) is the usual order of self adjoint operators which was used to define the set E (H). The effect algebra (E (H), ⊕, O, I) does not form a lattice. An effect A ∈ E (H) is sharp exactly when it is a projection, and it is regular whenever its spectrum extends both below and above^1_2 .

A subeffect algebra of an effect algebra L is a subset K of L such that 0, 1 ∈ K, a ∈ K implies a^′ ∈ K and a, b ∈ K, a ⊥ b, implies a ⊕ b ∈ K. Notice that a subeffect algebra is an effect algebra in its own right. Moreover, the ordering in K is that inherited from L. Indeed, denote by ≤_K the ordering in K, that is, a ≤_K b if there is c ∈ K such that a ⊕ c = b. Clearly, if a ≤_K b then a ≤ b in L. Conversely, assume that for some a, b ∈ K we have a ≤ b. Then there is c ∈ L with a ⊕ c = b. Now since b^′ ⊕ a ⊕ c = 1, we get c = (b^′ ⊕ a)^′ ∈ K. Therefore a ≤_K b. The effect algebra (A, ⊕, ∅, Ω) is, in a natural way, a subeffect algebra of (2^Ω, ⊕, ∅, Ω) (with the same definition of ⊕). The set P(H) of all projection operators on a Hilbert space H is a subeffect algebra of E (H), the sharp elements of E (H). It is known to be a complete orthomodular lattice.

2.2. Morphisms and observables. If K and L are effect algebras, we say that ϕ : K → L is additive if a ⊥ b implies ϕ(a) ⊥ ϕ(b) and ϕ(a ⊕_K b) = ϕ(a) ⊕_L ϕ(b). If ϕ : K → L is additive and ϕ(1_K) = 1_L, then ϕ is a morphism. If ϕ : K → L is a morphism and ϕ(a) ⊥ ϕ(b) implies a ⊥ b, then ϕ is a monomorphism. A surjective monomorphism is an isomorphism. It is easy to see that ϕ is an isomorphism if and only is ϕ is bijective and ϕ^{−1} is a morphism. We note that a morphism ϕ : K → L preserves the order and the ‘complement’. Indeed, for any a ∈ K, ϕ(1_K ) = ϕ(a ⊕_K a^′) = ϕ(a) ⊕_L ϕ(a^′) = 1_L showing that ϕ(a^′) = ϕ(a)^′. Also, if a ≤_K b, then b = a ⊕_K c for a unique c ∈ K, so that ϕ(b) = ϕ(a) ⊕_L ϕ(c), which means that ϕ(a) ≤_L ϕ(b). For a, b ∈ K, if a ∧_K b exists in K, then also ϕ(a ∧_K b) ≤_L ϕ(a), ϕ(b), but ϕ(a ∧_K b) need not be the greatest lower bound of ϕ(a), ϕ(b) even if ϕ(a) ∧_L ϕ(b) would exist in L. A morphism ϕ is called a ∧-morphism if ϕ(a)∧_L ϕ(b) exists whenever a∧_K b exists, and ϕ(a∧_K b) = ϕ(a)∧_L ϕ(b). A ∨-morphism is defined dually. By de Morgan laws a ∧-morphism is also a ∨-morphism, and vice versa.

An effect algebra is called a σ-effect algebra if for any increasing sequence a_1 ≤ a_2 ≤ · · · of effects the supremum ⋁ a_i exists in L. Equivalently, L is a σ-effect algebra if for any summable sequence (a_i)_{i∈}N [which is a sequence such that ⨁ i≤n a_i := a_1 ⊕ a_2 ⊕ · · · ⊕ a_n exists for any n ∈ N], the element ⨁ i∈Na^i := ⋁ n ⨁ i≤n a_i exists in L. The above examples of effect algebras all are σ-effect algebras. A morphism ϕ : K → L, where K is a σ-effect algebra, is a σ-morphism if ϕ( ⨁ i∈Na^i) = ⨁ i∈Nϕ(a^i) for any summable sequence (a^i)^{i∈}N. Similarly,

one defines the notions of σ − ∨ and σ − ∧ -morphisms.

Let L be an effect algebra and (Ω, A) a measurable space. A σmorphism E : A → L is called an observable. In other words a map E : A → L is an observable if

(O1) E(Ω) = 1_L, (O2) E(∪_{i∈}NX_i) = ⨁ i∈NE(X^i) for any disjoint sequence (X^i) ⊂ A,

meaning that the σ-sum ⨁ i∈NE(X^i) exists in L and equals

with E(∪_{i∈}NX_i).

The following observations are immediate: Lemma 2.1. Let E : A → L be an observable. Then

(a) for any X ∈ A, E(X^′) = E(X)^′; in particular, E(∅) = 0_L; (b) if X, Y ∈ A, X ⊆ Y , then E(X) ≤ E(Y ); in fact, E(Y ) = E(X) ⊕ E(Y \ X), that is, E(Y \ X) = E(Y ) ⊖ E(X); (c) for each X, Y ∈ A, E(X ∪ Y ) = E(X \ (X ∩ Y )) ⊕ E(Y \ (X ∩ Y )) ⊕ E(X ∩ Y ), that is, E(X ∪ Y ) ⊖ E(X ∩ Y ) = (E(X) ⊖ E(X ∩ Y )) ⊕ (E(Y ) ⊖ E(X ∩ Y )). We stress that in the effect algebra A, if (X_i)_{i∈}N ⊂ A is a disjoint sequence, then ⨁ i∈NX^i = ∪^{i∈}NX^i = ⋁ i∈NX^i, whereas in L the existence of ⨁ i∈NE(X^i) does not imply the existence of ⋁ i∈NE(X^i) in L. There-

fore, an observable E : A → L need not be a σ − ∨ – homomorphism. Also, though E(X ∩ X^′) = 0_L, the quantity E(X) ∧_L E(X)^′ need not exists at all, and if it does, it need not be equal to the zero effect 0_L. Similarly, E(X ∩Y ) may or may not equal to E(X)∧_L E(Y ), even if the latter quantity exists, at all. We call the space (Ω, A) the value space of the observable. We consider the case when (Ω, A) ≡ (R^n, B(R^n)), and we say that E is a real observable if it is defined on the real Borel space (R, B(R)). Observables E_1 : A_1 → L and E_2 : A_2 → L are coexistent if there is an observable F : A → L such that

(C) ran (E_1) ∪ ran (E_2) ⊆ ran (F ), and they are functionally coexistent if there is an observable F and measurable functions f_1 : Ω → Ω_1 and f_2 : Ω → Ω_2 such that (FC) E_1 = F ∘ f^{−1}_1 , E_2 = F ∘ f^{−1}_2 .

3. Two-valued observables

We say that an observable E is two-valued if its range is of the form ran (E) = {0, a, a^′, 1} for some effect a ∈ L.

Proposition 3.1. Any two coexistent two-valued observables {0, a, a^′, 1} and {0, b, b^′, 1} are functionally coexistent.

Proof. To demonstrate this simple fact, let {α, α^′} and {β, β^′} be two point value sets of the observables {0, a, a^′, 1} and {0, b, b^′, 1}, respectively, and let F be an observable such that F (X) = a and F (Y ) = b. Consider the partition R = {X ∩Y, X^′ ∩Y, X ∩Y^′, X^′ ∩Y^′} of the value space Ω of F into disjoint A-sets, and let 1 → F (X∩Y ), 2 → F (X^′∩Y ), 3 → F (X ∩ Y^′), 4 → F (X^′ ∩ Y^′), constitute a corresponding coarsegrained observable F^R of F . The maps f_1 : 1, 3 → α; 2, 4 → α^′, and f_2 : 1, 2 → β; 3, 4 → β^′, allow one to write a = F^R(f^{−1}_1 (α)) = F (X ∩ Y ) ⊕ F (X ∩ Y^′) and b = F^R(f^{−1}_2 (β)) = F (X ∩ Y ) ⊕ F (X^′ ∩ Y ), showing that the two-valued observables are, indeed, functionally coexistent. �

4. Sharp and regular observables

An observable E is called sharp if its range ran (E) consists of sharp effects and it is called regular if its range ran (E) := {E(X) : X ∈ A} consists of regular effects. Evidently, a sharp observable is regular, but the converse is not true.

Theorem 4.1. Let E : A → L be a regular observable. Then ran (E) is a σ-subeffect algebra of L. Moreover, with respect to the partial order ≤ inherited from L, ran (E) is a Boolean algebra and E : A → ran (E) is a σ − ∨ (and σ − ∧) -morphism.

Proof. In the first part of the proof we follow [6]. Let a, b ∈ ran (E) and a ⊥ b. We have to prove that a ⊕ b ∈ ran (E). Assume a = E(X), b = E(Y ). Then X = X ∩Y ∪(X \(X ∩Y )), Y = X ∩Y ∪(Y \(X ∩Y )). Hence E(X ∩ Y ) ≤ E(X) = a, E(X ∩ Y ) ≤ E(Y ) = b. Since a ⊥ b, that is, b ≤ a^′, it follows that E(X ∩ Y ) ≤ E(X ∩ Y )^′, so that by the regularity assumption, E(X ∩ Y ) = 0_L. Therefore a = E(X_1) and b = E(Y_1), where X_1 := X \ (X ∩ Y ), Y_1 := Y \ (X ∩ Y ) are disjoint sets. So we get a ⊕ b = E(X_1) ⊕ E(Y_1) = E(X_1 ∪ Y_1) ∈ ran (E). We note also that X ∩ Y_1 = ∅ and a ⊕ b = E(X ∪ Y_1). This observation will be used in the next paragraph.

Now assume that (a_i)_{i∈}N is a summable sequence in ran (E). Using the above argument, we find disjoint sets X_1, X_2 such that a_1 = E(X_1), a_2 = E(X_2). Now we proceed by induction. Assume that we have already found disjoint sets X_1, . . . , X_{n−1} such that a_i = E(X_i), i = 1, . . . , n − 1. Then a_1 ⊕ · · · ⊕ a_{n−1} = E(X_1 ∪ X_2 ∪ . . . ∪ X_{n−1}). By the summability assumption (a_1 ⊕· · ·⊕a_{n−1}) ⊥ a_n. Therefore, there is a set X_n ∈ A such that (X_1 ∪. . .∪X_{n−1})∩X_n = ∅, and a_n = E(X_n). Thus we find a sequence X_i, i ∈ N, of disjoint sets such that a_i = E(X_i), i ∈ N. From the σ-additivity of E we obtain E( ⋃ i X_i) = ⨁ i E(X_i) = ⨁ i a_i, which shows that ran (E) is closed under sums of summable sequences. It follows that ran (E) is a σ-subeffect algebra of L.

Let E(X), E(Y ) ∈ ran (E). We will prove that E(X∩Y ) = E(X)∧_{ran (E)} E(Y ), that is, E : A → ran (E) is a ∧-morphism. Evidently, E(X ∩ Y ) ≤ E(X), E(Y ). Assume that for some Z ∈ A, E(Z) ≤ E(X), E(Y ). We can write Z = (Z ∩ X ∩ Y ) ∪ (Z ∩ (X ∩ Y )^′). Moreover,

E(Z ∩ (X ∩ Y )^′) = E(Z ∩ (X^′ ∪ Y^′)) = E((Z ∩ X^′ ∩ Y ) ∪ (Z ∩ X^′ ∩ Y^′) ∪ (Z ∩ X ∩ Y^′)) = E(Z ∩ X^′ ∩ Y ) ⊕ E((Z ∩ X^′ ∩ Y^′) ⊕ E((Z ∩ X ∩ Y^′)) ≤ E(Z) ≤ E(X), E(Y ). But we also have E(Z ∩ X^′ ∩ Y ) ≤ E(X^′),E(Z ∩ X ∩ Y^′) ≤ E(Y^′), E(Z ∩X^′ ∩Y^′) ≤ E(X^′), E(Y^′), so that the effects E(Z ∩X^′ ∩Y ), E(Z ∩ X^′ ∩ Y^′), and E(Z ∩ X ∩ Y^′) are irregular and thus equal 0_L. Therefore also E(Z ∩ (X ∩ Y )^′) = 0_L. Thus E(Z) = E(Z ∩ X ∩ Y ) ≤ E(X ∩ Y ). This concludes the proof that E(X ∩ Y ) = E(X) ∧_{ran (E)} E(Y ). By de Morgan laws one gets the dual result: for any X, Y ∈ A, X ∩ Y = ∅, E(X ∪ Y ) = E(X) ⊕ E(Y ) = E(X) ∨_{ran (E)} E(Y ). Also, if (X_i) ⊂ A is a disjoint sequence, then

E(∪^∞_{i=1}X_i) = ∞⨁ i=1 E(X_i) = ∞⋁ n=1 ( n⨁ i=1 E(X_i))

= ∞⋁ n=1 ( ∨_{ran (E)}{E(X_1), · · · , E(X_n)})

= ∨_{ran (E)}{E(X_i) | i ∈ N}.

To prove that ran (E) is a Boolean algebra, it remains to prove distributivity. This follows immediately from the fact that E is a ∧- morphism and a ∨-morphism from a Boolean set. �

Corollary 4.2. The range ran (E) of an observable E is a Boolean algebra (with the ordering inherited from L) if and only if E is regular.

Proof. We have to prove the ‘only if’ part. Hence, assume that ran (E) is Boolean, and let a = E(X) be an irregular element. Then a ⊥ a, that is, E(X) ≤ E(X)^′, which in a Boolean algebra implies that E(X) = a = 0. �

The classical results of Sikorski [9] and Varadarajan [4] lead now to the following conclusion.

Corollary 4.3. Any two observables whose ranges are contained in the range of a regular observable are functionally coexistent.

We close this section with a further characterization of regular observables. We note that it was shown in [3, Appendix A] that property (ii) in the next theorem implies V-property (see next section). Our result is stronger.

Theorem 4.4. Let E : A → L be an observable. The following properties are equivalent:

(i) E is regular.

(ii) For any X, Y ∈ A, E(X) ≤ E(Y ) implies E(Y ) = E(X ∪ Y ).

Proof. (i)⇒(ii). Assume that E is regular, and E(X) ≤ E(Y ). Then E(X ∪ Y ) = E(X) ∨_{ran (E)} E(Y ) = E(Y ). (ii)⇒(i). Assume next that E(X) ≤ E(X^′). Then, by (ii), E(X^′) = E(X ∪ X^′) = 1_L, so that E(X) = 0_L, which shows that E is regular. �

5. V-property and Strong observables

Let E : A → L be an observable and Q a subset of ran (E). Following Chovanec and Kôpka [3, Appendix A] we say that E has the V-property on Q if the following condition is satisfied:

(V) for any X, Y ∈ A, X ⊆ Y , and c ∈ Q, the inequalities E(X) ≤ c ≤ E(Y ) imply that there is a Z ∈ A such that X ⊆ Z ⊆ Y and c = E(Z).

The purpose of introducing this notion in [3] was the following theorem, which can be proved by a suitable adaptation of the well known theorem of Varadarajan [4, Theorem 1.4]. For completeness, we sketch here the proof.

Theorem 5.1. Let E, F be real observables on an effect algebra L such that ran (E) ⊆ ran (F ), and let F have the V-property on ran (E). Then there is a Borel function f : R → R such that E(X) = F ∘f^{−1}(X), X ∈ B(R). Proof. By property V, if X, Y ∈ B(R) , X ⊆ Y and F (X) ≤ c ≤ F (Y ) for some c ∈ ran (E), then there is a Z ∈ B(R) such that F (Z) = c and X ⊆ Z ⊆ Y . Let r_1, r_2, . . . be any distinct enumeration of rational numbers and let D_i := {t ∈ R | t ≤ r_i}. Evidently, E(D_i) ≤ E(D_j ) whenever r_i ≤ r_j. We shall now construct sets Z_1, Z_2, . . . in B(R) such that

(a) F (Z_i) = E(D_i), i = 1, 2, 3, . . .. (b) Z_i ⊆ Z_j whenever r_i ≤ r_j.

Let Z_1 ∈ B(R) be such that F (Z_1) = E(D_1). Suppose Z_1, Z_2, . . . , Z_n ∈ B(R) have been constructed such that (i) F (Z_i) = E(D_i) for i = 1, 2, . . . , n, (ii) Z_i ⊆ Z_j whenever r_i ≤ r_j, 1 ≤ i, j ≤ n. We shall construct Z_{n+1} as follows. Let (i_1, i_2, . . . , i_n) be the permutation of (1, 2, . . . , n) such that r_{i1} ≤ r_{i2} ≤ · · · ≤ r_{in} . Then there exists a unique k such that r_{ik} ≤ r_{n+1} ≤ r_{ik+1} (we define r_{i0} = −∞, r_{in+1} = +∞), and by property V, we can select Z_{n+1} such that Z_{ik} ⊆ Z_{n+1} ⊆ Z_{ik+1} . The collection (Z_1, Z_2, . . . , Z_{n+1}) then has the same properties relative to r_1, r_2, . . . , r_{n+1} as (Z_1, Z_2, . . . , Z_n) had relative to r_1, r_2, . . . , r_n. It follows by induction that there exists a sequence Z_1, Z_2, . . . in B(R) with properties (a) and (b). Since F ( ⋂ Z_i) ≤ E((−∞, r_i]) for all r_i, F ( ⋂ Z_i) = 0_L. Now replacing Z_k by Z_k \ ⋂ j Z_j if necessary, we may assume that ⋂ i Z_i = ∅.

Now the proof follows exactly the pattern of [4, Theorem 1.4]. �

For example, let E : {1, 2, 3, 4} → [0, 1] be an observable defined by E(i) = 1/4, i = 1, 2, 3, 4, and F : {1, 2, 3} → [0, 1] an observable defined by F (1) = 1/2, F (2) = F (3) = 1/4. Then ran (E) = ran (F ) as sets, and E has the V-property on the range ran (F ) of F , but F does not have the V-property on the range ran (E) of E. Indeed, {2} ⊆ {1, 2} and F (2) = 1/4 ≤ 1/2 ≤ 3/4 = F (1, 2), but there is no X, {2} ⊆ X ⊆ {1, 2} with F (X) = 1/2. Define f : {1, 2, 3, 4} → {1, 2, 3} by f(1) = 1 = f(2), f(3) = 3, f(4) = 4. Then F = E ∘ f^{−1}. There is no function g such that E = F ∘ g^{−1}.

We can give another characterization of V-property using congruences and strong morphisms of effect algebras as introduced in [10] and [11]. We start with recalling some definitions.

Let L be an effect algebra. A binary relation ∼ on L is called a congruence [10] if

(C1) ∼ is an equivalence relation;

(C2) a ∼ b, a_1 ∼ b_1, a ⊥ b, a_1 ⊥ b_1 imply a ⊕ b ∼ a_1 ⊕ b_1; (C3) a ⊥ b and b ∼ c imply that there is d ∈ L such that d ∼ a and d ⊥ c. If ∼ is a congruence we let [a] denote the equivalence class of a ∈ L.

Define [a] ⊥ [b] if there are a_1 ∈ [a], b_1 ∈ [b] such that a_1 ⊥ b_1, and then define [a] ⊕ [b] = [a_1 ⊕ b_1]. It has been proved in [11] that the quotient space P/∼ := {[a] | a ∈ P }, with the operation ⊕ defined above and with [0], [1] as zero and unit, is an effect algebra.

Let K and L be effect algebras. We say that a morphism h : K → L is strong if it has the following property:

(S) for a, b ∈ K, if h(a) ⊥ h(b), then there is a_1 ∈ K such that a_1 ⊥ b and h(a_1) = h(a).

For the proof of the following result, see [10, 11].

Lemma 5.2. Let K, L be effect algebras, h : K → L a morphism. The following are equivalent:

(i) h is a strong morphism;

(ii) the relation a ∼ b, defined by h(a) = h(b), is a congruence.

Theorem 5.3. For any observable E : A → L the following statements are equivalent:

(i) E has the V-property on its range ran (E); (ii) E is a strong morphism.

Proof. Let E be a strong morphism. Assume X, Y, Z ∈ A, X ⊆ Y and E(X) ≤ E(Z) ≤ E(Y ). Since E(Z) ≤ E(Y ), that is, E(Z) ⊥ E(Y^′), by the strong property of E, there is a Z_1 ⊥ Y^′, that is Z_1 ⊂ Y , with E(Z_1) = E(Z). It follows that

E(Y ) ⊖ E(Z) = E(Y \ Z_1) ∈ ran (E).

Moreover, E(Y \ Z_1) = E(Y ) ⊖ E(Z) ≤ E(Y ) ⊖ E(X) = E(Y \ X). Therefore, by the strong property, there is V_1 ⊆ Y \ X such that E(Y \ Z_1) = E(V_1). From E(Y ) ⊖ E(Z) = E(V_1) we get

E(Y \ V_1) = E(Y ) ⊖ E(V_1) = E(Z).

Now V_1 ⊆ Y \ X implies X ⊆ Y \ V_1 ⊆ Y . This proves the V-property on ran (E).

Conversely, assume that E has the V-property on ran (E). Let E(X) ≤ E(Y ), then E(∅) ≤ E(X) ≤ E(Y ) and ∅ ⊆ Y , and E(X) ∈ ran (E). By property V, there is X_1 ⊆ Y such that E(X_1) = E(X), and the strong property follows. �

We say that an observable E is strong if E is a strong morphism.

Corollary 5.4. Any two real observables whose ranges are contained in the range of a strong observable are functionally coexistent.

6. The Riesz decomposition property

Consider an effect algebra (L, ⊕, 0, 1). We say that L has the Riesz decomposition property [12] if the following is true in L:

(R) for any a_1, a_2, b_1, b_2 ∈ L, if a_1 ⊕ a_2 = b_1 ⊕ b_2, there are elements w_{ij}, i = 1, 2, in L such that a_1 = w_{11} ⊕ w_{12}, a_2 = w_{21} ⊕ w_{22}, b_1 = w_{11} ⊕ w_{21} and b_2 = w_{12} ⊕ w_{22}.

The Riesz decomposition property can be extended by induction to any m, n ∈ N, so that if a_i, i = 1, 2, . . . , m, and b_j, j = 1, 2, . . . , n, are such that a_1 ⊕ · · · ⊕ a_n = b_1 ⊕ · · · ⊕ b_n, then there are w_{ij}, i ≤ m, j ≤ n, such that a_i = ⊕_jw_{ij} , b_j = ⊕_iw_{ij}. Theorem 6.1. Let E be a strong observable on an effect algebra L (equivalently, E has the V-property on ran (E)). Then ran (E) is a subeffect algebra of L, which has the Riesz decomposition property.

Proof. To show that ran (E) is a subeffect algebra of L, let a, b ∈ ran (E) be such that a ⊕ b is defined in L. Since E is strong, we can find X, Y ∈ A such that X ∩ Y = ∅ and a = E(X), b = E(Y ). Then a ⊕ b = E(X ∪ Y ) ∈ ran (E). With lemma 2.1 this proves that ran (E) is a subeffect algebra of L.

Now we prove the Riesz decomposition property. Assume that the effects a_1, a_2, b_1, b_2 ∈ ran (E) are such that a_1 ⊕ a_2 = b_1 ⊕ b_2. Since E is strong, we find a disjoint pair Y_1, Y_2 in A such that b_1 = E(Y_1), b_2 = E(Y_2). Now a_1 ⊕a_2 = b_1 ⊕b_2 = E(Y_1 ∪Y_2). From a_1 ≤ E(Y_1 ∪Y_2), using once more the strong property, we can find X_1 such that a_1 = E(X_1) and X_1 ⊆ Y_1 ∪ Y_2. Put X_2 := (Y_1 ∪ Y_2) ⊖ X_1. Then we have X_1 ∪ X_2 = Y_1 ∪ Y_2, E(X_1) ⊕ E(X_2) = E(Y_1) ⊕ E(Y_2). Put w_{11} = E(X_1 ∩ Y_1), w_{12} = E(X_1 \ (X_1 ∩ Y_1)), w_{21} = E(Y_1 \ (X_1 ∩ Y_1)). Now we have

E(X_1) ⊕ w_{21} = E(X_1 ∪ (Y_1 \ (X_1 ∩ Y_1))) = E(Y_1 ∪ (X_1 \ (X_1 ∩ Y_1))) = E(Y_1) ⊕ w_{12}.

Since X_1 ⊆ X_1 ∪ X_2, Y_1 ⊆ Y_1 ∪ Y_2, and X_1 ∪ X_2 = Y_1 ∪ Y_2, we have X_1 ∪ Y_1 ⊆ Y_1 ∪ Y_2, so that E(X_1) ⊕ w_{21} = E(Y_1) ⊕ w_{12} ≤ E(Y_1 ∪ Y_2). Put w_{22} = E(Y_1 ∪ Y_2) ⊖ (E(X_1) ⊕ w_{21}) = E(Y_1 ∪ Y_2) ⊖ (E(Y_1) ⊕ w_{12}). Then E(X_1) ⊕ E(X_2) = w_{11} ⊕ w_{12} ⊕ w_{21} ⊕ w_{22} = E(Y_1) ⊕ E(Y_2), hence E(X_2) = w_{21} ⊕ w_{22}, E(Y_2) = w_{12} ⊕ w_{22}. �

We say that an observable E : A → L is simple if there is a finite subset Ω_0 of Ω such that E(Ω_0) = 1.

Proposition 6.2. Any two simple observables E, F on an effect algebra with the Riesz decomposition property are functionally coexistent.

Proof. Let {λ_1, . . . , λ_m}, {μ_1, . . . , μ_n} be finite sets such that E({λ_i}) = a_i, F ({μ_j}) = b_j, and ⊕_{i≤m}a_i = 1_L = ⊕_{j≤m}b_j. Then there are w_{ij} with a_i = ⊕_jw_{ij}, b_j = ⊕_iw_{ij}. Clearly, ⊕_{ij}w_{ij} = 1_L, and we may define a simple observable G with value space {ω_{ij}} such that G(ω_{ij} ) = w_{ij}. Now define functions e : {ω_{ij}} → {λ_i}, f : {ω_{ij}} → {μ_j } such that e(ω_{ij}) = λ_i, f(ω_{ij} ) = μ_j . Then E = G ∘ e^{−1}, F = G ∘ f^{−1}. �

Remark 6.3. In Sect. 2.5. of [1] we claimed that any two simple observables are functionally coexistent. In the above proposition this claim is proved under the additional assumption on the Riesz decomposition property. We do not have any counter example to disprove the more general statement of [1]. However, as pointed out by A. Dvurečenskij, the construction of the function f_1, resp. f_2, in [1] may fail since the involved sets X_i, resp. Y_j , need not be disjoint.

7. Regular vs. strong observables

A comparison between regular and strong observables can be derived from the following propositions.

Proposition 7.1. Let E : A → L be an observable. The following statements are equivalent: (i) E : A → L is regular, (ii) X ∼ Y if E(X) = E(Y ), X, Y ∈ A, coincides with the congruence on A generated by the ideal I_E := {X ∈ A | E(X) = 0}.

Proof. (i) ⇒ (ii). By Theorem 4.1, ran (E) is a subeffect algebra of L, which is a Boolean algebra with respect to ∨ and ∧ taken in ran (E). Moreover, the mapping E : A → ran (E) is a Boolean algebra (σ-) morphism. Therefore I_E is an ideal in A, and the quotient A/I_E is isomorphic with ran (E) as Boolean algebras. Indeed, we recall that the Boolean algebra congruences coincide with the effect algebra congruences (cf. [10]), and X ∼_{IE} Y iff (X \ X ∩ Y ) ∪ (Y \ X ∩ Y ) ∈ I_E. Now E(X) = E(Y ) implies (X \ X ∩ Y ) ∪ (Y \ X ∩ Y ) ∈ I_E, that is, X ∼_{IE} Y . Conversely, if X ∼_{IE} Y , then E(X) = E(X ∩ Y ) = E(Y ). Therefore ∼≡∼_{IE} .

(ii) ⇒ (i). (ii) implies that ran (E) is a Boolean algebra, hence by Corollary 4.2, E is regular. �

Corollary 7.2. Every regular observable is strong. The converse does not hold.

Proof. The statement that regular implies strong can be derived from Proposition 7.1 and Lemma 5.2. Alternatively, we can use Theorem 5.3 and show directly that condition (ii) of Theorem 4.4 implies the V-property.

As a counterexample, consider the observable E : {1, 2, 3, 4} → [0, 1] defined by E(i) = 1/4, i = 1, 2, 3, 4. It can be easily checked that E is a strong morphism. �

8. The Hilbert space case. Projection valued observables

We recall that in the Hilbert space frame an observable E : A → E (H) is regular if for each X ∈ A, such that O ≠ E(X) ≠ I, E(X) ≰ 1 2 I, 1 2 ≰ E(X). With this specification all the results from the preceding sections can be applied. The sharp elements of E (H) coincide with the projections and they form a subeffect algebra P(H) of E (H), which is an orthomodular lattice. Moreover, the infimum of any two projections exists in E (H), and is again a projection. Thus the lattice operations in P(H) coincide with those in E (H).

An observable E : A → E (H) is sharp if it is projection valued, that is, if E(X)^2 = E(X) for all X ∈ A. It is well known that this is the case exactly when E is multiplicative: E(X ∩ Y ) = E(X)E(Y ) for all X, Y ∈ A. For a Hilbert space observable E : A → E (H) Lemma 2.1 gets the familiar form:

• for any X ∈ A, E(X^′) = I − E(X), • if X, Y ∈ A, and X ⊂ Y , then E(Y \ X) = E(Y ) − E(X), • for all X, Y ∈ A, F (X ∪ Y ) + F (X ∩ Y ) = F (X) + F (Y ).

Moreover, for any A ∈ E (H), P ∈ P(H), if A ≤ P , then A = AP = P A. The just quoted results lead immediately to the following known result:

Lemma 8.1. For any observable E : A → E (H), if E(X)^2 = E(X) for some X ∈ A, then E(X)E(Y ) = E(Y )E(X) for all Y ∈ A.

Proof. Assume that E(X)^2 = E(X) for some X ∈ A. For any Y ∈ A, X ∩ Y ⊆ Y , so that E(Y ) = E(Y \ (X ∩ Y )) + E(X ∩ Y ), and E(X) + E(Y ) − E(X ∩ Y ) = E(X) + E(Y \ (X ∩ Y )) = E(X ∪ Y ) ≤ I.

Therefore, the effects E(X ∩ Y ) and E(Y \ (X ∩ Y )) are below the projections E(X) and I − E(X), respectively, so that E(X ∩ Y ) = E(X)E(X ∩ Y )E(X), E(Y \ (Y ∩ X)) = (I − E(X))E(Y \ (Y ∩ X))(I − E(X). Therefore, E(Y ) = E(Y \(X∩Y ))+E(X∩Y ) = E(X)E(X∩Y )E(X)+ (I −E(X))E(Y \(Y ∩X))(I −E(X), which gives through multiplication by E(X) that E(X)E(Y ) = E(Y )E(X). �

As an immediate corollary to this lemma one obtains the following:

Corollary 8.2. Let E_1 and E_2 be two coexistent observables. If one of them is projection valued, then they are functionally coexistent.

Proof. Assume that E_1 is projection valued. Since E_1 and E_2 are coexistent, Lemma 8.1 implies that E_1 and E_2 are commuting: E_1(X)E_2(Y ) = E_2(Y )E_1(X) for all X ∈ A_1, Y ∈ A_2. Thus the map A_1 × A_2 ∋ (X, Y ) → E_1(X)E_2(Y ) ∈ E (H) determines a biobservable of E_1 and E_2, which is to say that E_1 and E_2 are functionally coexistent. �

Corollary 8.3. Let E_1 : A_1 → E (H) and E_2 : A_2 → E (H) be coexistent projection valued observables and let F : A → E (H) be an observable such that ran (E_1) ∪ ran (E_2) ⊆ ran (F ), so that, for any X ∈ A_1, E_1(X) = F (Z_X ), for some Z_X ∈ A, and for any Y ∈ A_2, E_2(Y ) = F (Z_Y ) for some Z_Y ∈ A. Then

F (Z_X ∩ Z_Y ) = E_1(X) ∧_{E (H)} E_2(Y ) (1) = E_1(X) ∧_{P(H)} E_2(Y ) = E_1(X)E_2(Y ), F (Z_X ∪ Z_Y ) = E_1(X) ∨_{E (H)} E_2(Y ) (2) = E_1(X) ∨_{P(H)} E_2(Y ) = E_1(X) + E_2(Y ) − E_1(X)E_2(Y ), E_1(X^′) = F (Z_X 0 ) = F (Z^′_X), (3) E_2(Y^′) = F (Z_Y 0 ) = F (Z^′_Y ), (4) F (Z^′_X 0 ∪ Z^′_Y 0 ) = F (Z_X ∪ Z_Y ). (5) Proof. For any two projections P, R ∈ P(H) ⊂ E (H) their greatest lower bound in E (H) exists and equals with their greatest lower bound in P(H): P ∧_{E (H)} R = P ∧_{P(H)} R. Since E_1(X) and E_2(Y ) are commuting projections, one now has E_1(X)E_2(Y ) = E_1(X) ∧_{P(H)} E_2(Y ) = E_1(X) ∧_{E (H)} E_2(Y ), so that F (Z_X ∩ Z_Y ) ≤ E_1(X)E_2(Y ). But one also has F (Z^′_X ∩ Z_Y ) ≤ F (Z^′_X ) = F (Z_X )^⊥ = E_1(X)^⊥ = E_1(X^′) as well as F (Z^′_X ∩ Z_Y ) ≤ F (Z_Y ) = E_2(Y ), so that F (Z^′_X ∩ Z_Y ) ≤

E_1(X)^⊥E_2(Y ). Similarly, F (Z_X ∩ Z^′_Y ) ≤ E_1(X)E_2(Y )^⊥, and F (Z^′_X ∩ Z^′_Y ) ≤ E_1(X)^⊥E_2(Y )^⊥. But then I = F ((Z_X ∩ Z_Y ) ∪ (Z^′_X ∩ Z_Y ) ∪ (Z_X ∩ Z^′_Y ) ∪ (Z^′_X ∩ Z^′_Y )) = F (Z_X ∩ Z_Y ) + F (Z^′_X ∩ Z_Y ) + F (Z_X ∩ Z^′_Y ) + F (Z^′_X ∩ Z^′_Y ) ≤ E_1(X)E_2(Y ) + E_1(X)^⊥E_2(Y ) + E_1(X)E_2(Y )^⊥ + E_1(X)^⊥E_2(Y )^⊥ = I, which shows that Eq. (1) holds. In passing, we also saw that (3) and (4) are true. To demonstrate (2), we note that F (Z_X ∪ Z_Y ) = F (Z_X) + F (Z_Y ) − F (Z_X ∩ Z_Y ) = E_1(X) + E_2(Y ) − E_1(X)E_2(Y ) = E_1(X) ∨ E_2(Y ) = F (Z_X) ∨ F (Z_Y ). Finally, F (Z^′_X 0 ∪ Z^′_Y 0 ) = F ((Z_X 0 ∩ Z_Y 0 )^′) = F (Z_X 0 ∩ Z_Y 0 )^⊥ = (E_1(X^′) ∧ E_2(Y^′))^⊥ = E_1(X) ∨ E_2(Y ) = F (Z_X ∪ Z_Y ). �

Corollary 8.4. If E_1, E_2 are real observables satisfying the conditions of Corollary 8.3, the Boolean σ-algebra B generated by ran (E_1) ∪ ran (E_2) is contained in ran (F ), and there is a sharp observable G such that ran (G) = B (so that E_1 = G ∘ f^{−1}_1 and E_2 = G ∘ f^{−1}_2 for some measurable functions f_1, f_2).

Proof. According to Neumark’s theorem, there is a Hilbert space H̃ containing H as a subspace, a projection M : H̃ → H and a projection valued observable F̃ on H̃ such that for any Z ∈ A, F (Z) = MF̃ (Z)M. Now for any X ∈ A_1, Y ∈ A_2, E_1(X) = F (Z_X ) = MF̃ (Z_X )M, E_2(Y ) = F (Z_Y ) = MF̃ (Z_Y )M. For any projection Ã on H̃, MÃM is a projection iff ÃM = MÃ. So for any X, Y , F̃ (Z_X ), F̃ (Z_Y ) commute with M, and therefore also the projections from the Boolean sub-σ-algebra B̃ of P(H̃) commute with M. Moreover, B̃ is contained in the Boolean σ-algebra ran F̃ . Therefore MB̃M is a Boolean σ-algebra of projections on H, which contains ran (E_1) ∪ ran (E_2). The rest follows by [4]. �

8.1. Examples.

1. Consider a simple observable E : i → E_i ∈ E (H), i = 1, · · · , m, which is commutative, that is, E_iE_j = E_j E_i. According to [13] there is an n × m stochastic matrix (λ_{ij} ), that is 0 ≤ λ_{ij} ≤ 1 for all i, j and ∑_n j−1 λ_{ij} = 1 for each i = 1, . . . , n, and there are pairwise orthogonal projections P_1, . . . , P_n such that ∑_n i=1 P_i = I, and E is given by j → E_j := ∑_n i=1 λ_{ij}P_i. In [14] this representation was used to give an example of a non-regular observable.

Consider the case m = n = 2. It has been shown in [14], that E is non-regular iff λ_{11} ≤ λ_{21} and λ_{12} ≤ λ_{21}, in which case E_1 ≤ E_2 = I −E_1. We note that in this case, E is also not strong, unless the above inequalities are equalities, i.e., E_1 = E_2.

Consider next the case n = 2, m = 3. It has been shown in [14], that if E_1, E_2, E_3 are disjoint atoms in ran (E), the range of E cannot be

Boolean. It follows that E cannot be regular. Notice that if λ_{ij} = 1/3, i.e., E_1 = E_2 = E_3, then E is non-regular, but it is strong.

2. Let ϕ, ψ be a pair of unit vectors in C^2 . Consider the projection operators P [ϕ], P [ψ], and P_r := P [1/ √ 2(ψ + i^rϕ)], with r = 0, 1, 2, 3.

Let λ_i, i = 1, 2, 3, be any positive numbers which sum up to 1. Then i → E_i, with E_1 = λ_1P [ϕ], E_2 = λ_1P [ψ], E_3 = λ_2P_0, E_4 = λ_2P_2, E_5 = λ_3P_1, E_6 = λ_3P_3, defines an observable E, with a 64-element noncommutative range [14]. If all the λ_i’s are nonzero, this observable is non-regular and non-strong. Indeed, at least one of λ^′_is must be less than 1/3. Let λ_i ≤ 1/3, and i be such that the projections in E_i and E_j are orthogonal. Then E_i + E_{i,j} ≤ I, but there is no subset Δ of {1, 2, 3, 4, 5, 6}, Δ ∩ {i, j} = ∅ with E(Δ) = E_i. Nevertheless, it is easy to check that that any observable F with ran (F ) ⊆ ran (E) is a function of E.

9. Concluding remarks

There are following classes of observables (represented as positive normalized operator measures E : A → L(H)) which differ by properties of the corresponding σ-morphism from a Boolean σ-algebra A to the effect algebra of Hilbert space effects E (H):

1. Sharp observables. The range of such an observable consists of projections (sharp effects), and is a sub-σ-algebra of P(H), and a sub-effect algebra of E (H). The corresponding morphism preserves countable suprema and infima, and suprema and infima with respect to the range coincide with suprema and infima in E (H). Two coexistent observables one of which is sharp are always functionally coexistent. Also, any two observables whose ranges are contained in a range of a sharp observable, are functionally coexistent.

2. Regular observables. The range of a regular observable consists of regular effects, and is a sub-effect algebra of E (H). The corresponding morphism preserves countable suprema and infima with respect to the range, which may differ from suprema and infima in E (H), even when they would exist. Moreover, the range of an observable is a Boolean algebra with respect to the ordering inherited from E (H) iff the observable is regular. Any two observables whose ranges are contained in the range of a regular observable, are functionally coexistent.

3. Strong observables. The range of such an observable is a subeffect algebra of E (H). The corresponding morphism has the following property: if E(X)+E(Y ) ≤ I for some X, Y ∈ A then there is X_1 ∈ A such that X_1 ∩ Y = ∅ and E(X) = E(X_1). Suprema and infima may be not preserved, and the range need not be Boolean. But any two real observables contained in the range of a strong observable are functionally coexistent.

4. The Riesz decomposition property. The range of an observable E satisfies the Riesz decomposition property if property (R) from § 6 is satisfied with L replaced by ran (E). In this case, any two simple observables with ranges contained in ran (E) are functionally coexistent. In particular, the range of a strong observable satisfies the Riesz decomposition property.

Acknowledgments The paper was written during the stay of S. Pulmannová at the University in Turku. Work was support by Finish Academy of Sciences and grant VEGA 2/7193/2000 of the Slovak Academy of Sciences.

References

[1] P. Lahti, S. Pulmannová, Coexistent observables and effects in quantum mechanics, Reports on Mathematical Physics 39 (1997) 339-351.

[2] P. Lahti, S. Pulmannová, K. Ylinen, Coexistent observables and effects in convexity approach, Journal of Mathematical Physics 39 (1998) 6364-6371.

[3] B. Riečan, T. Neubrunn, Integral, Measure, and Ordering, Kluwer Academic Publishers, Dordrecht, Netherlands, 1997. Appendix A of the book is written by F. Chovanec and F. Kôpka.

[4] V.S. Varadarajan, Geometry of Quantum Theory Springer, Berlin 1985. First edition (in two volumes) by van Nostrand, Princeton, 1968, 1970.

[5] R. Giuntini, H. Greuling, Toward a formal language for unsharp properties, Foundations of Physics 20 (1989) 931-935.

[6] A. Dvurečenskij, S. Pulmannová, Difference posets, effects, and quantum measurements, International Journal of Theoretical Physics 33 (1994) 819-850.

[7] D.J. Foulis, M.K. Bennett, Effect algebras and unsharp quantum logics, Foundations of Physics 24 (1994) 1325-1346.

[8] F. Kôpka, F. Chovanec, D-posets, Mathematica Slovaca 44 (1994) 21- 34 [9] R. Sikorski, Boolean Algebras, Springer, Berlin, 1964. [10] S. Pulmannová, Congruences in partial abelian semigroups, Algebra Universalis 37 (1997) 119-140.

[11] S. Gudder, S. Pulmannová, Quotients of partial abelian monoids, Algebra Universalis 38 (1998) 395-421.

[12] K. Ravindran “On a structure theory of effect algebras”, PhD Dissertation, Kansas State University, Manhattan, Kansas, 1996.

[13] A.S. Holevo, Probabilistic and Statistival Aspects of Quantum Theory, North Holland, Amsterdam, 1982.

[14] P. Lahti, M. Ma̧czyński, Partial order of quantum effects, Journal of Mathematical Physics 36 (1995) 1673-1680.

Pekka Lahti, Department of Physics, University of Turku, FIN- 20014 Turku, Finland

E-mail address: pekka.lahti@utu.fi

Sylvia Pulmannová, Mathematical Institute, Slovak Academy of Sciences, SK–814 73 Bratislava, Slovakia E-mail address: pulmann@mau.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators

(continued on inside back cover)

12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability 8/1998 Roman Friè: Ring of maps: sequential convergence and completion