Preprint 16/2000

August 21, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Gejza Jenèa

Sylvia Pulmannová

Quotients of partial abelian

monoids and the Riesz decomposition

property

PREPRINT SERIES

QUOTIENTS OF PARTIAL ABELIAN MONOIDS AND THE RIESZ DECOMPOSITION PROPERTY

GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Abstract. Partial abelian monoids (PAMs) are structures (P, �, 0), where

� is a partially de˛ned binary operation which is commutative and asso-

ciative in a restricted sense, and 0 is the neutral element. PAMs with the Riesz decomposition properties and binary relations with special properties on PAMs are studied. Relations with abelian groups, dimension equivalence and K0 for AF C*-algebras are discussed.

1. Introduction

The basic algebraic structure that is studied in this paper is a partial abelian monoid (PAM). A PAM (or a partial abelian semigroup, PAS, cf [53]) is a structure (P, 0, ⊕) where ⊕ is a partial binary operation, which is commutative and associative in a restricted sense, and with a neutral element 0. Similar structures have already appeared in literature and found applications in several ˛elds.

A general theory of universal (partial) algebras can be found in [8], [21], a special case of algebras with partially de˛ned binary operation has been studied in [34].

Beginning with a PAM on the lowest level, there is a hierarchy of partial algebraic structures. On higher levels we get, successively, a cancellative PAM (c-PAM), a positive and cancellative PAM (cp-PAM), unital cp-PAM. We note that cp-PAMs coincide with generalised e¸ect algebras (GEA), or generalised di¸erence posets (GDP) [26], and also with abelian RI-sets [32]. As subclasses we obtain here generalised orthomodular posets [37] and generalised orthomodular lattices [28], which play an important role as models of the sets of projections in (non-unital) rings [4], and in quantum mechanical applications.

The class of unital cp-PAMs coincides with e¸ect algebras (or D-posets). Effect algebras [17], [18], [22] and D-posets [33] have been introduced as abstract models for studying quantum e¸ects, that is, self-adjoint operators between 0 and I on a Hilbert space, and unsharp quantum measurements. These structures are more general than previous models considered in the quantum logic approach to the foundations of quantum theory, namely orthomodular lattices and posets and orthoalgebras [3], [2], [31], [9], [43], [23].

2000 Mathematics Subject Classi˛cation. Primary 06F05; Secondary 03G25,81P10. Key words and phrases. partial abelian monoid, e¸ect algebra, congruence, ordered abelian group, Riesz decomposition property.

This research is supported by grant G-1/4297/97 of the Mľ SR, Slovakia, and by grant G-2/4033/97 of VEGA, Slovakia. 1

2 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

A special branch of PAMs consists of PAMs with Riesz decomposition properties, which on higher levels contain some commutative clans [54] and commutative, positive minimal clans [51], introduced as a common abstraction of boolean rings and lattice ordered groups. Some commutative BCK-algebras, and on a higher level, MV-algebras are also included into this hierarchy. Notice that BCK-algebras originated from both set theory and propositional calculi, classical and non-classical [27], [48]. MV-algebras have been introduced by Chang [12] as an algebraic model in many-valued logic. They have been extensively studied by many authors, and found applications in di¸erent branches of mathematical logic, functional analysis, probability theory, group theory and fuzzy-set theory.

Relations among some above mentioned partial algebraic structures can be found in [45], [10].

Relations between MV-algebras and K_0 theory of certain AF C*-algebras have been shown in [40], where also categorical equivalence between MV-algebras and unit intervals in lattice ordered groups with strong unit has been shown.

E¸ect algebras with Riesz decomposition properties have been studied in [47], where their equivalence with unit intervals in abelian interpolation groups with strong unit has been shown, which extends the result obtained in [40] for MV-algebras and l-groups. Categorical equivalence between a certain class of e¸ect algebras with Riesz decomposition properties and unital AF C*-algebras has been shown in [46], extending the results of [40].

In the present paper, we study equivalence relations with some special properties on PAMs. In particular, we study weak congruences (in the sense of [25]) with additional properties which make the quotient satisfy the Riesz decomposition properties. We show that these additional properties are related to a dimension equivalence. We also consider direct limits in a category of cp-PAMs endowed with weak congruences, and ˛nd conditions under which the direct limit can be endowed with a weak congruence with the same properties as the members of the corresponding directed system.

We also study relations between cp-PAMs with Riesz decomposition properties and interpolation groups as their universal groups. We show that an upper directed cp-PAM with the Riesz decomposition property is lattice ordered if and only if its universal group is lattice ordered, which extends the result of [42]. We also show that there is a one-to-one correspondence between cp-PAMs with the Riesz decomposition property which are lower semilattices and commutative BCK-algebras with a relative cancellation property [10].

We introduce some elements of a dimension theory for e¸ect algebras, based on the results of [35], [38], [39], [50] and [30].

In the last section, some applications to K_0 theory of AF C*-algebras and dimension posets are mentioned.

2. Basic properties of PAMs

Definition 2.1. A partial abelian monoid (PAM, for short) is a nonempty set P endowed with a partially de˛ned binary relation ⊕ with a domain ⊥⊆ P × P satisfying the following conditions.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 3

(PM1) (Commutativity). If a ⊥ b then b ⊥ a and a ⊕ b = b ⊕ a. (PM2) (Associativity)] If a ⊥ b and (a ⊕ b) ⊥ c then b ⊥ c and a ⊥ (b ⊕ c), and (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c). (PM3) (Neutral element). There is an element 0 ∈ P such that 0 ⊥ a for any a ∈ P and a ⊕ 0 = a.

Observe that the neutral element 0 is uniquely de˛ned. For, if 0_1 is another neutral element, then 0 = 0 ⊕ 0_1 = 0_1 ⊕ 0 = 0_1.

We say that a and b are orthogonal if a ⊥ b. In what follows, when we write a ⊕ b we mean that a ⊕ b is de˛ned (i.e., a ⊥ b). Owing to associativity (PM2), we may omit parentheses in a_1 ⊕ a_2 ⊕ a_3 and a_1 ⊕ a_2 ⊕ · · ·⊕ a_n, the latter term being de˛ned by induction. We will say that the elements a_1, . . . , a_n are summable if the element a_1 ⊕ · · ·⊕ a_n exists in L. More generally, we say that {a_α}_α is a summable family if every ˛nite subfamily is summable. We de˛ne ⨁ α a_α := ⋁ F ⨁ α∈F a_α, where the supremum goes over all ˛nite subfamilies F of α’s, if the supremum on the right hand side exists. We say that P is complete (σ-complete) if the ⊕-sum exists for any summable family (any countable summable family).

For a ∈ P and n ∈ N, de˛ne na = a ⊕ a ⊕ · · · ⊕ a (n-times) if the right-hand side exists, and de˛ne ι(a) = max{n : ∃na}, the isotropic index of a. We say that a has an infinite isotropic index if na exists for every n ∈ N.

Definition 2.2. Let (P ; ⊥, ⊕, 0) be a PAM. We say that P is: (1) Cancellative if a ⊕ b = a ⊕ c implies b = c. (2) Positive if a ⊕ b = 0 implies a = b = 0.

(3) Unital if it contains a unit, i.e. an element u ∈ P such that for any a ∈ P there is b ∈ P such that a ⊕ b = u.

The element b such that a ⊕ b = u for a distinguished unit u in a cancellative PAM is unique and is called the u-supplement of a, denoted by a^′.

Observe that if P is cancellative and positive, it contains at most one unit. Indeed, if u and v are units, then there are u_1, v_1 such that u⊕u_1 = v, v⊕v_1 = u, so that u ⊕ u_1 ⊕ v_1 = u = u ⊕ 0, and by cancellativity and positivity, u_1 ⊕ v_1 = 0 and u_1 = v_1 = 0, whence u = v. In this case we denote the unit by 1.

In what follows, we write c-PAM for a cancellative and cp-PAM for a positive and cancellative PAM.

Notice that the class of unital cp-PAMs coincides with the class of e¸ect algebras [53]. Recall that an e¸ect algebra P becomes an orthoalgebra if and only if a ⊥ a implies a = 0, and P becomes and orthomodular poset if and only if ⊕ coincides with the supremum for orthogonal elements, equivalently, if and only if any three pairwise orthogonal elements are summable.

On every PAM (P ; ⊥, ⊕, 0) we can introduce a binary relation ≤ in the following way a ≤ b if there is c ∈ P with a ⊕ c = b.

Owing to a ⊕ 0 = 0 ⊕ a = a and associativity, 0 ≤ a, and ≤ is re‚exive and transitive, hence a preorder. If ≤ is a partial order then P is positive. Indeed, if a ⊕ b = 0, then 0 = 0 ⊕ (a ⊕ b) = (0 ⊕ a) ⊕ b, hence 0 ≤ 0 ⊕ a ≤ 0 and hence a = 0.

4 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Lemma 2.3. If P is a positive PAM and for any a and x in P , a ⊕ x = a implies x = 0, then ≤ is a partial order.

In particular, if P is a PAM on which for any a ≠ 0 the isotropic index ι(a) is ˛nite, then ≤ is a partial order.

Proof. If a ≤ b and b ≤ a, then there are x and y such that a ⊕ x = b and b ⊕ y = a, hence a ⊕ (x ⊕ y) = a. By hypothesis, x ⊕ y = 0 and by positivity, x = y = 0, therefore a = b.

If every nonzero element in P has a ˛nite isotropic index, then x ⊕ y = 0 implies that n(x ⊕ y) = nx ⊕ ny (by associativity) is de˛ned, hence nx exists for all n. By assumptions, x = 0. So P is positive. If a ⊕ x = a then a = a ⊕ x = (a ⊕ x) ⊕ x and by induction, a = a ⊕ nx, so nx is de˛ned for all n, hence x = 0.

The following theorem gives a su‹cient and necessary condition under which ≤ is a partial order.

Lemma 2.4. Let P be a PAM. The relation ≤ is a partial order if and only if, for any a, x, y ∈ P , a ⊕ x ⊕ y = a implies a ⊕ x = a.

Proof. Assume a ≤ b, b ≤ a. For some x, y we have a ⊕ x = b, b ⊕ y = a. Then a ⊕ x ⊕ y = a, hence by assumptions, a ⊕ x = a = b.

Conversely, assume that ≤ is a partial order. Then a ≤ a ⊕ x ≤ a ⊕ x ⊕ y = a implies a = a ⊕ x = a ⊕ x ⊕ y.

Definition 2.5. Let P and Q be PAMs. A mapping h : P → Q is a morphism if (M1) h(0) = 0.

(M2) h(a ⊕ b) = h(a) ⊕ h(b) (in the sense that if a ⊕ b exists, then h(a) ⊕ h(b) exists, and the above equality holds).

If P and Q are unital with distinguished units u_P and u_Q we also require (M3) h(u_P ) = u_Q.

A morphism h is called a monomorphism if h(a) ⊥ h(b) implies a ⊥ b (a, b ∈ P ). A bijective morphism is an isomorphism if h^{−1} is also a morphism.

Observe that an isomorphism is the same thing as a bijective monomorphism. If h : P → Q is a morphism, then h(a) ≤ h(b) whenever a ≤ b. Indeed, the latter relation holds if and only if there is x ∈ P with a ⊕ x = b, and then h(a ⊕ x) = h(a) ⊕ h(x) = h(b). Definition 2.6. A morphism h : P → Q is full if h(a)⊕h(b) ∈ h(P ) := {h(a) : a ∈ P } implies that there are a_1, b_1 ∈ P such that a_1 ⊥ b_1 and h(a) = h(a_1), h(b) = h(b_1). Then h(a) ⊕ h(b) = h(a_1 ⊕ b_1).

A morphism h : P → Q is strong (cf. [25]), if whenever h(a) ⊥ h(b), there exists a_1 ∈ P with a_1 ⊥ b and h(a) = h(a_1).

Observe that if h : P → Q is a strong morphism then h(P ) with the operation ⊕ inherited from Q is a PAM, which is cancellative (positive) if Q is cancellative (positive).

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 5

3. Congruences and quotients of cp-PAMs

Throughout this section, we assume that (P ; ⊥, ⊕, 0) is a positive, cancellative PAM.

Consider a binary relation ∼ on P and the following properties. (C1) ∼ is an equivalence relation.

(C2) a ∼ a_1, b ∼ b_1 and a ⊥ b, a_1 ⊥ b_1 implies a ⊕ b ∼ a_1 ⊕ b_1. (C3) a ∼ b and b ⊥ c implies that there is a d ∈ P with c ∼ d and a ⊥ d. (C4) a ∼ b and a ⊕ c ∼ b ⊕ d implies c ∼ d.

(C5) a ∼ b ⊕ c implies that there are a_1, a_2 with a = a_1 ⊕ a_2 and a_1 ∼ b, a_2 ∼ c. (C6) (in an e¸ect algebra=unital cp-PAM): a ∼ b implies a^′ ∼ b^′ (where a^′ and b^′ are orthosupplements of a and b, respectively).

In accordance with [25], the relation ∼ is called a weak congruence if it satis˛es (C1) and (C2). We denote by [a] the equivalence class containing a (a ∈ P ), and we denote by P/∼ the set of all equivalence classes. Owing to (C1) and (C2), P/∼ can be endowed with a relation ⊥ and a partially de˛ned binary operation ⊕ as follows. We say the [a] ⊥ [b] if there are a_1 ∼ a, b_1 ∼ b such that a_1 ⊥ b_1, and then de˛ne [a] ⊕ [b] := [a_1 ⊕ b_1]. The operation ⊕ is well de˛ned and commutative, but not necessarily associative [25].

Again in accordance with [25] and [44], we say that ∼ is a congruence if (C1), (C2) and (C3) are satis˛ed.

In the next theorem, we collect some basic known properties of weak congruences.

Theorem 3.1. Let ∼ be a weak congruence on a cp-PAM P .

(i) If ∼ is a congruence, then P/∼ is a PAM. Moreover, P/∼ is cancellative if and only if (C4) holds.

(ii) If ∼ satis˛es (C5), then P/∼ is a PAM. Moreover, P/∼ is positive and it is cancellative if and only if (C4) holds.

(iii) If P is an e¸ect algebra and ∼ is a congruence, then P/∼ is an e¸ect algebra. In particular, every congruence on an e¸ect algebra is cancellative.

(iv) Let ∼ be a weak congruence on an e¸ect algebra P . Then (C4) and (C6) are equivalent. Moreover, (C3) is equivalent to (C5) & (C6) or equivalently, to (C5) & (C4).

Proof. (i) has been proved in [25]. (ii) To prove positivity, assume 0 ∼ y ⊕z. By (C5), 0 = x_1 ⊕ x_2 for some x_1 ∼ y and x_2 ∼ z. By positivity of P , x_1 = 0 = x_2, hence y ∼ 0, z ∼ 0. For the rest see [25]. (iii) See [25]. (iv) (C4) implies (C6): a ∼ b, a ⊕ a^′ = b ⊕ b^′ = 1 implies a^′ ∼ b^′. (C6) implies (C4): Assume a ∼ b and a ⊕ a_1 ∼ b ⊕ b_1. There are v, w such that a ⊕ a_1 ⊕ v = b ⊕ b_1 ⊕ w = 1. By (C6), v ∼ w. By (C2), a ⊕ v ∼ b ⊕ w, and by (C6), a_1 ∼ b_1. For the rest, see [13].

4. The Riesz decomposition properties

Recall that for a partially ordered abelian group (G, G^+) the following conditions are equivalent:

(RDP1) If 0 ≤ a ≤ b + c then there are a_1 ≤ b, a_2 ≤ c such that a = a_1 + a_2.

6 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

(RDP2) For a_1, a_2, b_1, b_2 ∈ G^+, there are w_{ij} ∈ G^+, i, j = 1, 2 such that a_i = w_{i1} + w_{i2}, i = 1, 2, b_j = w_{1j} + w_{2j}, j = 1, 2.

Properties (RDP1) and (RDP2) are called the Riesz decomposition properties. On any partially ordered set Q, the Riesz interpolation property is de˛ned as follows.

(RIP) If a_1, a_2 ≤ b_1, b_2, then there is c ∈ Q such that a_1, a_2 ≤ c ≤ b_1, b_2. We recall that property (RIP) on G, where (G, G^+) is a partially ordered abelian group, is equivalent to any of (RDP1) and (RDP2). If (G, G^+) satis˛es the interpolation property, or equivalently any of the Riesz decomposition properties, it is called an interpolation group [19].

In analogy with that, we introduce the following de˛nition. Definition 4.1. Let P be a PAM. We say that P satis˛es properties (WRDP1) or (WRDP2) if

(WRDP1) Whenever a ≤ b ⊕ c, there are a_1, a_2 ∈ P such that a_1 ≤ b, a_2 ≤ c and a = a_1 ⊕ a_2.

(WRDP2) Whenever a_1 ⊕ a_2 = b_1 ⊕ b_2, there are w_{ij}, i, j = 1, 2 such that a_i = w_{i1} ⊕ w_{i2} (i = 1, 2) and b_j = w_{1j} ⊕ w_{2j} (j = 1, 2).

We will call properties (WRDP1) and (WRDP2) the weak Riesz decomposition properties.

Lemma 4.2. Let P be a PAM. (i) (WRDP2) implies (WRDP1). (ii) If P is cancellative, then (WRDP1) and (WRDP2) are equivalent.

Proof. (i) Assume (WRDP2) and let a ≤ b ⊕ c. Then there is d ∈ P such that a ⊕ d = b ⊕ c. By (WRDP2), there are w_{ij} such that a = w_{11} ⊕ w_{12} and b = w_{11} ⊕ w_{21}, c = w_{12} ⊕ w_{22}. Hence w_{11} ≤ b, w_{12} ≤ c.

(ii) It remains to prove that (WRDP1) implies (WRDP2). Let a_1 ⊕ a_2 = b_1 ⊕ b_2. From a_1 ≤ b_1 ⊕ b_2 it follows by (WRDP1) that there are w_{11}, w_{12} such that w_{11} ≤ b_1, w_{12} ≤ b_2 and a_1 = w_{11} ⊕ w_{12}. From the above inequalities it follows that there are w_{21} and w_{22} such that b_1 = w_{11}⊕w_{21}, b_2 = w_{12}⊕w_{22}. Now w_{11} ⊕ w_{12} ⊕ a_2 = w_{11} ⊕ w_{21} ⊕ w_{12} ⊕ w_{22}. By cancellativity, a_2 = w_{21} ⊕ w_{22}.

If a cp-PAM P satis˛es (WRDP1) or, equivalently, (WRDP2), we will say that P satis˛es the Riesz decomposition property ((RDP) for short).

Example. It is straightforward to show that the set E(H) of the Hilbert space e¸ects (that is self-adjoint operators on a Hilbert space H between 0 and I) does not satisfy the interpolation property. Indeed, take arbitrary a, b ∈ E(H) and let L(a, b) denote the set of all lower bounds of a, b. Assume that the interpolation property is satis˛ed. Then L(a, b) is upper directed, so that by the monotone convergence of self-adjoint operators (see e.g. [52, Lemma 1]), L(a, b) has a supremum, which is the in˛mum of a, b. But the non-lattice structure of E(H) is well known (see e.g. [24]) (see also [11] for a more explicite proof). Since by [47], the Riesz property in e¸ect algebras implies the interpolation property, it follows that the Riesz property is not satis˛ed either.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 7

Proposition 4.3. Let P be a PAM satisfying (WRDP1) [(WRDP2)]. If ∼ is a weak congruence satisfying (C5), then P/∼ also satis˛es (WRDP1) [(WRDP2)].

Proof. Let (WRDP1) hold. Assume that [a] ≤ [b]⊕[c]. Without loss of generality, we may assume that b ⊥ c. Let d ∈ P be such that [a]⊕[d] = [b]⊕[c] = [b⊕c]. There are a_1 ∼ a, d_1 ∼ d with a_1 ⊥ d_1, and a_1 ⊕ d_1 ∼ b ⊕ c. By (C5), a_1 ⊕ d_1 = b_1 ⊕ c_1, b_1 ∼ b, c_1 ∼ c. By (WRDP1) in P , a_1 = b_2 ⊕ c_2, where b_2 ≤ b_1, c_2 ≤ c_1. This entails that [a] = [b_2] ⊕ [c_2], [b_2] ≤ [b], [c_2] ≤ [c].

Let (WRDP2) hold. Assume that [a] ⊕ [b] = [c] ⊕ [d]. Without loss of generality we may assume that a ⊥ b and c ⊥ d, that is, a ⊕ b ∼ c ⊕ d. By (C5), there are c_1, d_1 such that c_1 ∼ c, d_1 ∼ d, and a ⊕ b = c_1 ⊕ d_1. The desired result is now easily obtained by application of (WRDP2) in P .

Let P be a PAM and let ∼ be a binary relation. We will consider the following properties:

(S1) a ≤ b ⊕ c implies that there are a_1, a_2 such that a = a_1 ⊕ a_2, and a_1 ∼ b_1, a_2 ∼ c_1 for some b_1 ≤ b, c_1 ≤ c.

(S2) If a ⊕ b = c ⊕ d, then there are elements e, f, E, F in P such that a = e ⊕ E, b = f ⊕ F and c ∼ e ⊕ f, d ∼ E ⊕ F . Theorem 4.4. Let P be a cp-PAM and let ∼ be a weak congruence satisfying (C5). (i) [a] ≤ [b] if and only if there is b_1 ≤ b, b_1 ∼ a. (ii) P/∼ satis- ˛es (WRDP1) if and only if ∼ satis˛es (S1). (iii) P/∼ satis˛es (WRDP2) if and only if ∼ satis˛es (S2). (iv) If ∼ satis˛es (C4), then (S1) and (S2) are equivalent.

Proof. (i) If a ∼ b_1 and b_1 ≤ b, then there is c with b_1 ⊕ c = b. Therefore, [a] ⊕ [c] = [b_1 ⊕ c] = [b], so that [a] ≤ [b].

Conversely, assume that [a] ≤ [b]. Then there is a c with [a] ⊕ [c] = [b]. It follows that there are a_1 ∼ a, c_1 ∼ c, a_1 ⊥ c_1 such that b ∼ a_1 ⊕ c_1. By (C5), there are b_1, b_2 such that b = b_1 ⊕ b_2 and b_1 ∼ a_1, b_2 ∼ c_1. It follows that b_1 ≤ b, and b_1 ∼ a.

(ii) Let ∼ be a weak congruence satisfying (C5) and (S1). Assume that [a] ≤ [b]⊕[c]. Then there are b_1 ∼ b, c_1 ∼ c, b_1 ⊥ c_1 such that [b]⊕[c] = [b_1 ⊕c_1]. Moreover, there is d ≤ b_1 ⊕ c_1 such that a ∼ d. By (S1)), d ∼ b_2 ⊕ c_2, b_2 ≤ b_1, c_2 ≤ c_1. Therefore [a] = [d] = [b_2 ⊕ c_2] = [b_2] ⊕ [c_2], [b_2] ≤ [b], [c_2] ≤ [c], which proves (WRDP1).

Conversely, if P/∼ satis˛es (WRDP1), and a ≤ b ⊕ c, then [a] ≤ [b] ⊕ [c]. By (WRDP1) and (C5), [a] = [a_1 ⊕ a_2], [a_1] ≤ [b], [a_2] ≤ [c]. By (i) there are b_1 ≤ b, c_1 ≤ c with a_1 ∼ b_1, a_2 ∼ c_1, and a ∼ a_1 ⊕ a_2 ∼ b_1 ⊕ c_1. This proves (S1).

(iii) Let (S2) be satis˛ed. Assume [a] ⊕ [b] = [c] ⊕ [d]. Without loss of generality, we may assume that a ⊕ b ∼ c ⊕ d. By (C5), a ⊕ b = c_1 ⊕ d_1, c_1 ∼ c, d_1 ∼ d. By (S2), there are e, f, E, F such that a = e ⊕ E, b = f ⊕ F and c ∼ c_1 ∼ e ⊕ f, d ∼ d_1 ∼ E ⊕ F . It follows [a] = [e] ⊕ [E], [b] = [f] ⊕ [F ], [c] = [e] ⊕ [f], [d] = [E] ⊕ [F ], so (WRDP2) is satis˛ed.

8 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Conversely, assume that P/∼ satis˛es (WRDP2) and assume a ⊕ b = c ⊕ d. Then [a] ⊕ [b] = [c] ⊕ [d], and there are [e], [E], [f], [F ] such that [a] = [e] ⊕ [E], [b] = [f] ⊕ [F ], [c] = [e] ⊕ [f] and [d] = [E] ⊕ [F ]. Using (C5) and properties of ∼, we get that a = e_1 ⊕ E_1, e_1 ∼ e, E_1 ∼ E, b = f_1 ⊕ F_1, f_1 ∼ f, F_1 ∼ F , and c = e_2 ⊕ f_2, e_2 ∼ e, f_2 ∼ f, d = E_2 ⊕ F_2, E_2 ∼ E, F_2 ∼ F . From this we can deduce that c ∼ e_1 ⊕ f_1, d ∼ E_1 ⊕ F_1, where the existence of the sums follows by a ⊥ b. This proves (S2).

(iv) It follows by cancellativity of P/∼.

Sherstnev [50] introduced a dimension OMP as an OMP P with an equivalence relation ∼ satisfying the following axioms.

(D1) a ∼ 0 implies a = 0.

(D2) If {a_i : i ∈ I}, {b_i : i ∈ I} are summable families and a_i ∼ b_i for all i ∈ I, then a = ⨁ a_i, b = ⨁ b_i exist in P and a ∼ b.

(D3) If a ⊕ b ∼ c ⊕ d, then there are e, f, E, F ∈ P such that a = e ⊕ E, b = f ⊕ F , c ∼ e ⊕ f, d ∼ E ⊕ F . (D4) If a, b ∈ P and a ⊥̸ b then there are nonzero c, d ∈ P such that a ≥ c ∼ d ≤ b. We may conclude from (D2) and (D3) that ∼ is a weak congruence satisfying (C5). In fact, (D2) is much stronger than (C2), and expresses complete additivity of ∼. It also implies completeness of P . It can be easily seen that for a weak congruence, (D3) implies (C5).

A dimension lattice in the sense of Loomis [35] is an OML satisfying axioms (D1), (D2) and (B) If x ∼ y ⊕ Y , then there are z, Z ∈ P with x = z ⊕ Z, z ∼ y, Z ∼ Y . (D’) If x, y have a common complement in P then x ∼ y. Notice that in [35], also the weaker condition (C2) has been considered.

It has been shown that a dimension lattice in the sense of Loomis is always a dimension poset in the sense of Sherstnev (cg. [35, Lemma 43], but there are OMLs which are dimension posets in the sense of Sherstnev, but they are not dimension lattices in the sense of Loomis [30], [3, Chap. VIII].

We will extend Sherstnev’s de˛nition as follows.

Definition 4.5. We will say that a cp-PAM P is a dimension cp-PAM if it is endowed with an equivalence relation ∼ that satis˛es (D1), (C2), (D3) and (D4). The relation ∼ is called dimension equivalence.

We will sometimes make use of the stronger form (D2) of (C2).

Theorem 4.6. (a) Let P be a dimension cp-PAM with dimension equivalence ∼. Then P/∼ is a positive PAM satisfying (WRDP 2). (b) (The Schröder- Bernstein property). If, in addition, (P, ∼) satis˛es (the countable version of) (D2), then P/∼ is partially ordered.

Proof. (a) It follows by Theorem 4.4. (b) The proof is in essential similar to that in [39, p. 77]. See [29, Proposition 3] for more details.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 9

Lemma 4.7. Let P be a cp-PAM endowed with an equivalence relation ∼ satisfying (D1), (C2) and (D4). If L/∼ happens to be a lattice ordered cp-PAM, then also (D3) is satis˛ed.

Proof. By [45], in a lattice ordered cp-PAM, condition (a ∧ b = 0 implies a ⊥ b) is equivalent to RDP. Now condition (D4) implies that whenever c ≤ a, d ≤ b and c ∼ d, then c = d = 0. It follows that [a] ∧ [b] = [0] implies a ⊥ b, hence [a] ⊥ [b].

It is worth noticing that the equality relation on any cp-PAM E with the Riesz decomposition properties satis˛es (D1), (C2) and (D3). To prove (D4), we need to suppose that E is upper directed. If it is the case, then observe that (D4) means that a ∧ b = 0 implies a ⊥ b. Indeed, assume that a, b ≤ d and a ∧ b = 0. Then from a ≤ b ⊕ (d ⊖ b) it follows by (RDP) that a = a_1 ⊕ a_2, where a_1 ≤ b, a_2 ≤ d ⊖ b. It follows that a_1 = 0, and so a = a_2 ≤ d ⊖ b, hence a ⊥ b. We will also observe that if (D2) holds then E is closed under in˛ma. We will show it under a more general condition.

We will say that a cp-PAM is Dedekind complete if every upper bounded chain has a supremum. Using a standard proof by trans˛nite induction (see e.g. [49, Theorem 1], it can be proved that (D2) implies Dedekind completeness. Indeed, let {a_α} be any upper bounded chain. For any ˛nite index subset F = {1, 2, . . . , n} the supremum ∨{a_α : α ∈ F } = a_1 ⊕(a_2 ⊖a_1)⊕· · ·⊕(a_n ⊖a_{n−1}) = a_n. Similarly, if M = {a_n : n = 1, 2, . . .} is a countable chain, put c_1 = a_1, c_n = a_n ⊖ a_{n−1} for n ≥ 2. Then {c_n} is a summable family, and so c := ⊕c_n exists. By de˛nition, c = ∨_n ⊕^n_{i=1} c_i = ∨_na_n.

Now assume that the supremum exists for any chain with cardinality less then τ, and assume that M is a chain of cardinality τ. Denote by α_0 the ˛rst ordinal corresponding to tau, and enumerate all elements in M into a trans˛nite sequence {a_α}_{α<α0} . Put b_α = ∨_{β<α}a_β for all α < α_0. By induction hypothesis, the element b_α exists and b_β ≤ b_γ if β < γ. Put c_α = b_{α+1} ⊖ b_α. Then {c_α} is a summable family. Therefore a := ⊕c_α exists by (D2). We will show that a_1 ⊕ a = ∨M. If c ≥ c_α for all α < α_0, then c ≥ c_α, and hence c ≥ a_1 ⊕a. From the construction of the elements c_α it follows that b_2 = a_1 ⊕c_1, b_3 = b_2 ⊕ c_2 = a_1 ⊕ c_1 ⊕ c_2, b_n = a_1 ⊕ (⊕^{n−1}_{i=1} c_i), that is, b_n ≤ a_1 ⊕ a for all n = 1, 2, . . .. Let b_α ≤ a_1 ⊕ a for all ordinals α < α_1 < α_0. If α is not a limit ordinal, then α_1 − 1 is de˛ned and b_{α1} = b_{α1−1} ⊕ c_{α1−1} ≤ a_1 ⊕ a. Let α_1 be a limit ordinal. Then b_{α1} = ∨_{β<α1} a_β = ∨_{β<α1} b_β ≤ a_1 ⊕ a. It follows that b_α ≤ a_1 ⊕ a for all α < α_0. Therefore, there exists ∨M = ∨_{α≤α0} a_α = a_1 ⊕ a.

Theorem 4.8. Let L be a Dedekind complete cp-PAM with the (RDP). Then for any a, b ∈ L, the in˛mum a ∧ b exists in L.

Proof. If L has (RDP), it has the interpolation property. The proof is the same as the proof of [11, Proposition 3]. For the convenience of readers we include it here.

Assume that a, b ≤ c, d, i.e., any of a, b is smaller then any of c, d. Then there is an a_1 ∈ L such that a ⊕ a_1 = c and from b ≤ a ⊕ a_1 it follows by (RDP1) that there are e ≤ a and —b ≤ a_1 such that b = e ⊕ —b. Moreover, for some —a ∈ L we have a = e ⊕ —a, and since e ≤ a, b, for some —c, —d also c = e ⊕ —c, d = e ⊕ —d.

10 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

By cancellation, we get —a, —b ≤ —c, —d, and from e ⊕ —a ⊕ —b ≤ a ⊕ a_1 = c = e ⊕ —c it follows that —a ⊕ —b ≤ —c. Now choose b_1 ∈ L such that b_1 ⊕ —b = —d, and since —a ≤ b_1 ⊕ —b, there are —a ≤ b_1 and f ≤ —b such that —a = —a ⊕ f. Choose —b ∈ L such that —b = —b ⊕ f. Let —x = —a ⊕ —b ⊕ f. Then —a, —b ≤ —x ≤ —a ⊕ —b ≤ —c as well as —x ≤ b_1 ⊕ —b = —d. So x = e ⊕ —x is the required interpolant to show that (RIP) holds.

Now assume that L is Dedekind complete, and let L(a, b) be the set of all lower bounds of a, b. Let {c_i} be a maximal chain in L(a, b). By Dedekind property, the supremum c = ∨c_i exists in L, and c ≤ a, b. If d is any lower bound of a, b such that d ≰ c, then by the interpolation property there is x such that c, d ≤ x ≤ a, b. But this contradicts the maximality of {c_i}. Hence c is the in˛mum of a, b in L.

5. Direct limits of cp-PAMs with binary relations

Let P denote the category with cp-PAMs as objects and monomorphisms as morphisms.

Definition 5.1. A directed system (DS) in the category P is a pair (P_i; {ϕ^i_j }_{i≤j})_{j∈D} satisfying the following conditions:

(DS1) (D, ≤) is a directed set; (DS2) P_i is a cp-PAM for every i ∈ D;

(DS3) If i, j ∈ D, i ≤ j, then ϕ^i_j : P_i → P_j is a monomorphism (of PAMs); (DS4) ϕ^j_kϕ^i_j = ϕ^i_k whenever i ≤ j ≤ k; (DS5) ϕ^i_i = id_{Pi} for all i ∈ D.

Definition 5.2. A direct limit (DL) for a directed system is a pair (P ; {ϕ^i}_i) ∈ P, where P is a cp-PAM and each ϕ^i : P_i → P is an injective monomorphism such that

(DL1) ϕ^jϕ^i_j = ϕ^i for i ≤ j;

(DL2) If ψ_i : P_i → Q, where Q is a cp-PAM and ψ_i is an injective monomorphism such that ψ_jϕ^i_j = ψ_i for i ≤ j, then there exists a unique injective monomorphism ψ : P → Q such that ψ_i = ψϕ^i for all i ∈ D.

Theorem 5.3. A direct limit in the category P exists. Moreover, if every P_i, i ∈ D satis˛es one of the (weak) Riesz decomposition properties (WRDP1) or (WRDP2), then the direct limit satis˛es the same Riesz decomposition property.

Proof. Let (P_i; {ϕ^i_j}_{i≤j})_{i∈D} be a DS in the category P. Assume P_i ∩ P_j = ∅ if i ≠ j, and put X := ⋃ i∈D P_i. De˛ne a binary relation ≡ on X by x ≡ y, x ∈ P_i, y ∈ P_j if there is k ∈ D, k ≥ i, j with ϕ^i_k(x) = ϕ^j_k(y). It can be veri˛ed that if x ≡ y, x ∈ P_i, y ∈ P_j , then for any r ≥ i, j, ϕ^i_r(x) = ϕ^j_r(y). Indeed, let s ≥ k, r. Then ϕ^i_k(x) = ϕ^j_k(y) implies ϕ^k_sϕ^i_k(x) = ϕ^k_sϕ^j_k(y),

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 11

but ϕ^k_sϕ^i_k = ϕ^i_s = ϕ^r_sϕ^i_r. Therefore ϕ^r_sϕ^i_r(x) = ϕ^r_sϕ^j_r(y), and since ϕ^r_s is injective, it follows ϕ^i_r(x) = ϕ^j_r(y).

Put —x := {y ∈ X : y ≡ x}, and P := {—x : x ∈ X}. De˛ne ϕ^i : P_i → P by ϕ^i(x) = —x. Clearly, ϕ^i(0) = —0 and ϕ^j ϕ^i_j(x) = ϕ^i_j (x) = —x = ϕ^i(x), for any x ∈ P_i. Further, de˛ne on P a partial binary operation ⊕ as follows. —x ⊕ —y is de˛ned if there is i ∈ D such that x_i ∈ —x ∩ P_i, y_i ∈ —y ∩ P_i and x_i ⊥ y_i. In this case put —x ⊕ —y = x_i ⊕ y_i.

Now it is clear that ϕ^i is a monomorphism. If ϕ^i(x) = ϕ^i(y), x, y ∈ P_i, then there is j ≥ i such that ϕ^i_j(x) = ϕ^i_j(y), whence x = y, since ϕ^i_j is injective. So ϕ^i is injective.

Next we will prove that (P ; ⊕) is a PAM. Commutativity of ⊕ is clear. To prove associativity, assume —x ⊥ —y, and —x ⊕ —y ⊥ —z. Then there is i ∈ D and x_i ∈ —x ∩ P_i, y_i ∈ —y ∩ P_i with x_i ⊥ y_i, and —x ⊕ —y = x_i ⊕ y_i. Moreover, there is j ∈ D and z_j ∈ —z ∩ P_j with ϕ^i_j (x_i ⊕ y_i) ⊥ z_j . It then follows that (ϕ^i_j(x_i ⊕_i y_i)) ⊕_j z_j = (ϕ^i_j(x_i) ⊕_j ϕ_i^j(y_i)) ⊕_j z_j = ϕ^i_j(x_i) ⊕_j (ϕ^i_j(y_i) ⊕_j z_j) (where we denoted by ⊕_i, ⊕_j the operation in P_i, P_j), respectively, and this implies that (—x ⊕ —y) ⊕ —z = —x ⊕ (—y ⊕ —z).

It remains to prove cancellativity and positivity.

If —x ⊕ —y = —x ⊕ —z, then for a suitable i ∈ D, there are x_i ∈ —x ∩ P_i, y_i ∈ —y ∩ P_i, z_i ∈ —z ∩ P_i, and x_i ⊕ y_i = x_i ⊕ z_i, hence y_i = z_i, and therefore —y = —z.

If —x ⊕ —y = —0, and x_i ∈ —x ∩ P_i, y_j ∈ —y ∩ P_j, then for k ≥ i, j we have ϕ^i_k(x_i) ⊥ ϕ^j_k(y_j) and ϕ^i_k(x_i) ⊕_k ϕ^j_k(y_j) = 0_k, and hence —x_i = —y_i = —0_k = —0.

Now assume that Q is a cp-PAM and ψ_i : P_i → Q is an injective monomorphism for any i ∈ D such that ψ_jϕ^i_j = ψ_i. De˛ne ψ : P → Q by ψ( —x_i) = ψ_i(x_i) for x_i ∈ P_i. If y ∈ —x_i ∩ P_i, then ϕ^i_i(y) = x_i, hence y = x_i. This shows that ψ is well de˛ned. It is straightforward that ψ is an injective morphism. If ψ( —x_i) ⊥ ψ( —y_j), then ψ_i(x_i) ⊥ ψ_j(x_j), and for k ≥ i, j, ψ_i(x_i) = ψ_kϕ^i_k(x_i), ψ_j(x_j) = ψ_kϕ^j_k(x_j), hence ψ_kϕ^i_k(x_i) ⊥ ψ_kϕ^j_k(x_j), and since ψ_k is a monomorphism, ϕ^i_k(x_i) ⊥ ϕ^j_k(x_j). Hence —x_i ⊥ —x_j, and

ψ( —x_i) ⊕ ψ( —x_j) = ψ_i(x_i) ⊕ ψ_j(x_j) = ψ_kϕ^i_k(x_i) ⊕ ψ_kϕ^j_k(x_j) = ψ_k(ϕ^i_k(x_i) ⊕ ϕ^j_k(x_j)) = ψ( —x_i ⊕ —x_j ).

Therefore ψ is a monomorphism. It is straightforward to prove that ψ is unique.

Assume that in every P_i, i ∈ D, (WRDP2) is satis˛ed. Let —x ⊕ —y = —u ⊕ —v. Then for a suitable k ∈ D, there are x_k ∈ —x ∩ P_k, y_k ∈ —y ∩ P_k, u_k ∈ —u ∩ P_k and v_k ∈ —v ∩ P_k with x_k ⊕ y_k = u_k ⊕ v_k, and using (WRDP2) in P_k, we ˛nd appropriate elements —w_{ij}, i, j = 1, 2 as required by (WRDP2). The proof of (WRDP1) is analogous. In fact, owing to cancellativity, (WRDP1) and (WRDP2) are equivalent (Lemma 4.2).

In the next theorem, we consider a directed system of PAMs in the category P with a binary relation, and ˛nd a su‹cient condition under which the direct limit can also be endowed with a similar binary relation.

12 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Theorem 5.4. Let (P_i; {ϕ^i_j}_{i≤j})_{i∈D} be a directed system in the category P. Assume that every P_i is equipped with a binary relation ∼_i. Let (P ; {ϕ_i}_{i∈D}) be its direct limit. Further, let the following condition be satis˛ed.

(CDL) If a, b ∈ P_i and a ∼_i b, then for any j ≥ i, ϕ^i_j(a) ∼_j ϕ^i_j(b). Then P can be endowed with a binary relation ∼, extending all ∼_i. Moreover, if ∼_i satisfy any of conditions (C1) - (C5), (S1), (S2), then ∼ satis˛es the same condition.

Proof. De˛ne a binary relation ∼ on P by

—x ∼ —y if there is i ∈ D and x_i ∈ —x ∩ P_i, y_i ∈ —y ∩ P_i such that x_i ∼_i y_i. Then ∼ is well de˛ned. Indeed, if x_j ∈ —x ∩ P_j, then for any k ≥ i, j,

ϕ^j_k(x_j) = ϕ^i_k(x_i) ∼_k ϕ^i_k(y_i)

by the de˛nition of —x and (CDL), and hence —x_j ∼ —y_i. Observe that if —x_i ∼ —y_j then for any k ≥ i, j, ϕ^j_k(y_j ) ∼_k ϕ^i_k(x_i).

Now assume that ∼_i is a weak congruence for any i ∈ D. We will prove that ∼ is also a weak congruence, i.e., conditions (C1) and (C2) are satis˛ed.

(C1) Let —x ∼ —y and —y ∼ —z. Then there are i, j ∈ D and x_i ∈ —x ∩ P_i, y_i ∈ —y ∩ P_i with x_i ∼_i y_i, and y_j ∈ —y ∩ P_j , z_j ∈ —z ∩ P_j with y_j ∼_j z_j. Then for any k ≥ i, j we have ϕ^i_k(x_i) ∼_k ϕ^i_k(y_i) and ϕ^j_k(y_j ) ∼_k ϕ^j_k(z_j). As y_i ≡ y_j and k ≥ i, j, ϕ^i_k(y_i) = ϕ^j_k(y_j), so that by transitivity of ∼_k, we get ϕ^i_k(x_i) ∼_k ϕ^j_k(z_j), and hence —x ∼ —z.

(C2) Assume —x ⊥ —y, —x_1 ⊥ —y_1 and —x ∼ —x_1, —y ∼ —y_1. Then for suitable i, j ∈ D there exists x_i ∈ —x ∩ P_i, x_{1i} ∈ —x_1 ∩ P_i with x_i ∼_i x_{1i}, and there exist y_j ∈ —y ∩ P_j , y_{1j} ∩ P_j with y_j ∼_j y_{1j}. Since —x ⊥ —y, —x_1 ⊥ —y_1 and (CDL) holds, we get for k ≥ i, j, ϕ^i_j(x_i) ⊥ ϕ^j_k(y_j), ϕ^i_k(x_{1i}) ⊥ ϕ^j_k(y_{1j}), and ϕ^i_k(x_i) ∼_k ϕ^i_k(x_{1i}), ϕ^j_k(y_j) ∼_k ϕ^j_k(y_{1j}). Therefore, by (C2) for ∼_k, we have ϕ^i_k(x_i) ⊕ ϕ^i_k(y_j) ∼_k ϕ^i_k(x_{1i}) ⊕ ϕ^j_k(y_{1j}) and hence —x ⊕ —y ∼ —x_1 ⊕ —y_1.

The proofs of other properties are analogous and we left them to the readers.

In the following theorem, we ˛nd a su‹cient condition under which, roughly speaking, the quotient of a direct limit is a direct limit of quotients. Since the quotient of a cp-PAM with respect to a weak congruence satisfying (C5) is always positive, but not necessary cancellative, we introduce a category P_0, where the objects are positive PAMs and morphisms are injective morphisms of PAMs.

Theorem 5.5. Let (P_i; {ϕ^i_j}_{i≤j} )_{i∈D}) be a directed system satisfying conditions of Theorem 5.4.

Let —P_i := P_i/∼_i, i ∈ D, and de˛ne, for i ≤ j, —ϕ^i_j : —P_i → —P_j by —ϕ^i_j[x_i] = [ϕ^i_j(x_i)]_j, where [x]_i is the class in —P_i containing x, x ∈ P_i. Then ( —P_i; { —ϕ^i_j}_{i≤j}) is a DS in the category P_0. Moreover, if (P ; {ϕ^i}_{i∈D}) is a DL for (P_i; {ϕ^i_j}_{i≤j}) in the category P, then ( —P ; { —ϕ^i}_{i∈D}), where —P := P/∼, and —ϕ^i : —P^i → —P is de˛ned by —ϕ^i[x_i] = [ —x_i], is the DL for ( —P_i; { —ϕ^i_j}_{i≤j} ) in the category P_0.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 13

Proof. Owing to (CDL), —ϕ^i_j is well de˛ned, and it is an injective morphism.

Clearly, for any i ∈ D, —ϕi_i[x]_i = [ϕi_i(x)]_i = [x]_i,

and for i ≤ j ≤ k, —ϕj_k —ϕi_j [x]_i = —ϕj_k[ϕi_j(x)]_j

= [ϕ^j_kϕ^i_j(x)]_k = [ϕ^i_k(x)]_k

= —ϕ^i_k[x]_k.

De˛ne —ϕ^i : —P_i → —P by —ϕ^i[x]_i = [—x], where [—x] denotes the class containing x in P/∼ = —P . Since x ∼_i y, x, y ∈ P_i implies —x ∼ —y, —ϕ^i is well de˛ned. As a composition of morphisms, —ϕ^i is a morphism, and it can be easily seen that it is injective.

The remaining part of the proof is similar to that of Theorem 5.3.

6. cp-PAMs with RDP and interpolation groups

Let P be a cp-PAM, (G, G^+) an abelian partially ordered group. We shall say that G is a universal group for P if:

1. There is a monomorphism γ : P → G^+ such that for any partially ordered abelian group (H, H^+) and any morphism α : P → H^+ there is a homomorphism α^∗ : G → H of partially ordered groups such that α = α^∗ ∘ γ.

2. Every element g in G^+ is of the form g = ∑n i−1 γ(x_i) for some x_1, · · · , x_n ∈ P . 3. G = G^+ − G^+.

Clearly, if such a universal group exists, it is unique up to isomorphism. Using a technique similar to Baer [1], Wyler ([54] and Ravindran ([47]), we obtain the following theorem (cf. [10]).

Theorem 6.1. Let P be an upper directed cp-PAM with RDP. Then P has a universal group (G, γ). Moreover, G is an interpolation group.

The following theorem extends the result of [42].

Theorem 6.2. Let X be a cp-PAM such that X ⊆ G^+, (G, G^+) is a directed abelian group, and X is a convex generating subset of G^+ (in the sense that every element g ∈ G^+ is a ˛nite sum of elements from X). The X is linearly ordered if and only if (G, G^+) is linearly ordered.

Proof. If (G, G^+) is linearly ordered then X is linearly ordered.

Assume that X is linearly ordered. Let g ∈ G, then g = g^+ − g^−. Let x_1 ≤ x_2 ≤ . . . ≤ x_n, y_1 ≤ y_2 ≤ . . . ≤ y_m be such that g^+ = x_1 + . . . + x_n, g^− = y_1 + . . . y_m. Without loss of generality we may assume that m = n. We will proceed by induction with respect to n. If n = 1, we get either g ≤ 0 or g ≥ 0. If n = 2 then g^+ = x_1 + x_2, g^− = y_1 + y_2 and g = g^+ − g^− = x_1 + x_2 − (y_1 + y_2) = x_1 − y_1 + x_2 − y_2. Now one of ±(x_1 − y_1) and one of ±(x_2 − y_2) belong to X, and linearity of X implies that g ≥ 0 or g ≤ 0. Consequently, if g ∈ 2X − 2X then g ≥ 0 or g ≤ 0, in particular, 2X is linearly ordered. Now let g = x_1 + x_2 + x_3 + x_4 − (y_1 + y_2 + y_3 + y_4) =

14 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

x_1 + x_2 − (y_1 + y_2) + x_3 + x_4 − (y_3 + y_4). According the previous step, one of ±(x_1 + x_2 − (y_1 + y_2)) and one of ±(x_3 + x_4 − (y_3 + y_4)) belong to 2X, and hence g ≥ 0 or g ≤ 0. So 4X is linearly ordered. By induction we get 2^nX, n = 1, 2, . . . is linearly ordered. Since G^= = ∪^∞_{n=1}nX, we get that G^+ is linearly ordered, and hence G is linearly ordered.

Theorem 6.3. An upper directed cp-PAM P with RDP is lattice ordered if and only if its universal group is lattice ordered.

Proof. By [16], every directed interpolation group G is a subdirect product of anti-lattice ordered interpolation groups G_i (i.e., a ∧ b in G_i exists i¸ a ≤ b or b ≤ a). Clearly, an anti-lattice ordered group is lattice ordered i¸ it is linearly ordered. Assume that P is a lattice ordered upper directed cp-PAM and let (G, γ) be its unigroup. Then G ⊆ ∏ i G_i, each G_i being an anti-lattice ordered interpolation group. Put X := γ(P ) ⊆ G^+, X_i := π_i ∘ γ(P ) ⊆ G^+_i , where π_i is the projection to G_i. Then X_i satis˛es the assumptions of Theorem 6.2. If P is lattice ordered, then X is also lattice ordered, since γ : P → X is an isomorphism. Then also X_i is lattice ordered, and hence linearly ordered for any i, and so the subgroup of G_i generated by X_i is linearly ordered. Since G is generated by X, we may assume that each G_i is generated by X_i, which yields the desired result.

Remark. An example of a not necessarily upper directed cp-PAM which is not a lattice but has a lattice ordered universal group can be obtained taking the unigroup for a commutative BCK-algebra with the relative cancellation property.

Recall that a commutative BCK-algebra A [55] is a structure (A, ∗, 0) with a binary operation ∗ and a constant 0 such that the following properties hold for any x, y, z ∈ A [10]: (i) x ∗ (x ∗ y) = y ∗ (y ∗ x), (ii) x ∗ (y ∗ z) = (x ∗ z) ∗ y, (iii) x ∗ x = 0, (iv) x ∗ 0 = x We note that A is partially ordered by x ≤ y i¸ x ∗ y = 0, and for any x, y ∈ A, the in˛mum exists, namely x ∧ y = x ∗ (x ∗ y). A BCK-algebra A has the relative cancellation property [10] if (v) for any a ≤ x, y, x ∗ a = y ∗ a implies x = y.

A commutative BCK-algebra A can be endowed with a partially de˛ned binary operation + with the domain S := {(a, b) ∈ A×A : there exists a c ∈ A with c ≥ b and a = c ∗ b}, and for (a, b) ∈ S, we put c = a + b, c ≥ b, a = c ∗ b. Due to (v), a + b is well de˛ned. From [10, Theorem 5.2.6], it can be derived that (A, +) is a cp-PAM, and from [10, Theorem 5.2.8], that it satis˛es the RDP. In the following proposition we prove a converse statement.

Proposition 6.4. Every cp-PAM with RDP which is a lower semilattice can be endowed with a structure of a commutative BCK-algebra with the relative cancellation property.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 15

Proof. According to [48, Theorem 2.1 (ii)], it su‹ces to prove that for any a ∈ A there is an operation ∗ on the set [0, a] such that ([0, a], ∗, 0) is a commutative BCK-algebra consistent with ([0, a], ∧, 0).

Assume that A is a cp-PAM with RDP which is a lower semilattice. For x, y ∈ A, de˛ne x ∗ y := x ⊖ (x ∧ y). Owing to cancellativity and positivity, the operation ∗ is well de˛ned. We have x ∗ y = 0 i¸ x ⊖ x ∧ y = 0 i¸ x = x ∧ y i¸ x ≤ y, so that the order induced by ∗ coincides with the operation ∧.

Observe that x ∗ (x ∗ y) = x ∗ (x ⊖ (x ∧ y)) = x ⊖ (x ∧ (x ⊖ (x ∧ y))) = x ⊖ (x ⊖ (x ∧ y)) = x ∧ y. Similarly we get that also y ∗ (y ∗ x) = y ∧ x = x ∧ y.

Any interval [0, z], z ∈ A, bears a structure of an e¸ect algebra with unit z and partial binary operation ⊕_z de˛ned as follows: x ⊥_z y if x ⊥ y and x ⊕ y ≤ z, and then x ⊕_z y = x ⊕ y. Now x ≤ y ≤ z i¸ there is v ∈ A such that x ⊕ v = y, and since necessarily v ≤ z, it happens if and only if x ⊕_z v = y. Hence the order induced by ⊕_z coincides with the operation ∧ in A. Moreover, [0, z] can be endowed with the relative complement x^′ = z ⊖ x. Observe that for x, y ≤ z, (y ⊖ x ∧ y) ⊕ (z ⊖ y) ⊕ x ∧ y = z, so that (y ∗ x)^′ = y^′ ⊕ x ∧ y.

Now for every x, y, z ∈ A, if x, y ≤ z, then (z ⊖ x) ∧ (z ⊖ y) ≤ z, and z ⊖ ((z ⊖ x) ∧ (z ⊖ y)) = x ∨ y. Indeed, z ⊖ ((z ⊖ x) ∧ (z ⊖ y)) ≥ x, y, and if d ≤ z is such that x, y ≤ d, then z ⊖ d ≤ z ⊖ x, z ⊖ y, hence z ⊖ d ≤ ((z ⊖ x) ∧ (z ⊖ y)). Consequently, z ⊖ ((z ⊖ x) ∧ (z ⊖ y)) ≤ d. Therefore, the interval [0, z] is a lattice, and [0, z] inherits the RDP. It follows that [0, z] is an MV-algebra [44], and hence a bounded commutative BCK-algebra [41]. Applying the result [48, Theorem 2.1], we get that A is a commutative BCK-algebra. The relative cancellation property (v) is straightforward.

The unigroup of a commutative BCK-algebra with the relative cancellation property A is a lattice ordered abelian group. Notice that to every A there is a lattice ordered BCK-algebra ~A, called the BCK-hull of A, with the same universal group [10].

From Theorem 4.8 we obtain the following result.

Corollary 6.5. A Dedekind complete cp-PAM with the RDP is a commutative BCK-algebra with the relative cancellation property.

Recall that an abelian partially ordered group (G, G^+) is unperforated (or has an isolated order) if whenever ng ≥ 0 for some g ∈ G and n ∈ N, then g ≥ 0. An unperforated interpolation group is called a dimension group. According to [5, Corollary 4.6.5], an abelian ordered group G is isomorphic, as an ordered group, with a subgroup of a lattice ordered group if and only if G is unperforated.

16 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Theorem 6.6. Let X be a cp-PAM with the Riesz decomposition property. Then its universal group (G, G^+) is unperforated if and only if X can be embedded into the positive cone of an abelian l-group H.

Proof. By [5], G is unperforated i¸ it is a subgroup of an abelian l-group. Assume ˛rst that there is a monomorphism h : X → H^+, where H is an abelian l-group. Let γ : X → G^+ be the universal embedding. Then there is a unique order-preserving group homomorphism h^∗ : G → H such that h = h^∗ ∘γ. Since h is a monomorphism and X generates G, h^∗ is injective. Hence G, as a subgroup of an l-group H, is unperforated.

Conversely, if G is unperforated, then G is isomorphic, as an ordered group with a subgroup of an l-group H, hence X can be embedded into H^+, which is lattice ordered.

Corollary 6.7. The universal group of an interval e¸ect algebra E is unperforated if and only if E can be embedded into an MV-algebra as a sub-e¸ect algebra. In particular, an interval e¸ect algebra E with RDP has a dimension group as a universal group i¸ E can be embedded into an MV-algebra M as a sub-e¸ect algebra.

Proof. Assume that E can be embedded into an MV-algebra M. The universal group G(M) of M is lattice-ordered and M is isomorphic with an interval [0, u] of its positive cone G(M)^+. By the properties of the universal groups, G(E) is isomorphic (as an ordered group) with a subgroup of G(M). According to Theorem 6.6, the universal group G(E) of E is unperforated.

Conversely, if G(E) is unperforated, then there is a lattice ordered group H such that G(E) is isomorphic as an ordered group with a subgroup H_1 of H. Let u be the image of the unit element 1 of E in H_1, then E is embedded into the interval [0, u] ∩ H_1 of H^+_1 ⊆ H^+. Now u ∈ H^+, and the interval [0, u] in H^+ is an MV-algebra, and E is isomorphic with a sub-e¸ect algebra of it.

7. Elements of a dimension theory for dimension effect algebras

In what follows, we will consider an e¸ect algebra L endowed with a dimension relation ∼ satisfying (D1)- D(4). We already know that these conditions imply (C5).

Recall that a nonzero element a in L is called sharp if it is disjoint with its orthosupplement, i.e., a ∧ a^′ = 0. In an orthomodular poset (or even in an orthoalgebra) every nonzero element is sharp, but it is not the case in a general e¸ect algebra.

Two elements a, b ∈ L will be called related (aρb) if there exist nonzero elements a_1 ≤ a and b_1 ≤ b such that a_1 ∼ b_1. If a, b are not related, we say that they are unrelated and write a—ρb. Observe that by (D4), if the elements a, b are unrelated, then they are orthogonal and disjoint (i.e., a ∧ b = 0). We will write a ⪯ b if a ∼ b_1 ≤ b. According to the Schröder-Bernstein property, ⪯ is a partial order. An element a ∈ L is called finite if a ∼ a_1 ≤ a implies a_1 = a. An element a is simple if for any b ≤ a, b—ρa ⊖ b.

We will say that L is a factor if any two nonzero elements in L are related. We will say that a factor L is of type I if there is an atom in L; if there are

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 17

no atoms in L but there is a ˛nite element, we will say that L is of type II, in remaining cases we say that L is of type III.

The following statements can be proved similarly as in [35], using only (D1) and (C5).

Lemma 7.1. (i) If a is ˛nite and b ≤ a, then b is ˛nite.

(ii) If a is ˛nite and b ∼ a, then b is ˛nite. (iii) If a is simple, then a is ˛nite. (iv) If a is simple and b ≤ a, then b is simple. (v) If a is simple and b ∼ a, then b is simple.

(vi) If a = ⊕^∞_{n=1}a_n, where a_n are summable, equivalent and nonzero, then a is not ˛nite. (Indeed, a = ⊕^∞_{n=1}a_n ∼ ⊕^∞_{n=2}a_n = a ⊖ a_1).

Lemma 7.2. [35, Lemma 14] Given elements a and b in L, there exist subelements a_0 ≤ a and b_0 ≤ b such that a_0 ∼ b_0 and a ⊖ a_0 is unrelated to b ⊖ b_0.

Proof. Let {a_α, b_α} be a maximal collection of pairs such that {a_α} and {b_α} are summable families, and ⊕a_α ≤ a, ⊕b_α ≤ b, a_α ∼ b_α. Set a_0 := ⊕a_α, b_0 := ⊕b_α. Then a_0 ∼ b_0 by (D2). Moreover, a ⊖ a_0 —ρb ⊖ b_0, otherwise the maximal family {a_α, b_α} could be enlarged by adding a pair of subelements from a ⊖ a_0 and b ⊖ b_0, respectively.

Directly from Lemma 7.2 we obtain the following.

Corollary 7.3. If L is a factor and a, b ∈ L, then either a ⪯ b or b ⪯ a.

Lemma 7.4. If a ∼ b, a_1 ∼ b_1, a_1 ≤ a, b_1 ≤ b and all four elements are ˛nite, then a ⊖ a_1 ∼ b ⊖ b_1.

Proof. Since L is a factor, we have either a ⊖ a_1 ⪯ b ⊖ b_1, or b ⊖ b_1 ⪯ a ⊖ a_1. If the ˛rst inequivalence were proper, then adding the equivalence a_1 ∼ b_1 and using (D2), a would be equivalent to a subelement of b, and since a ∼ b, this would contradict the ˛niteness of b. The second case is symmetric.

Lemma 7.5. If a is ˛nite and b ≠ 0, then there exists a unique integer n such that any maximal family of summable elements equivalent to b with the sum included in a contains n elements.

Proof. Since a is ˛nite, Lemma 7.1 implies that every family of summable images of b, b_i ∼ b such that ⊕b_i ≤ a must be ˛nite. Let b_1, . . . , b_n and c_1, . . . , c_m be any two such maximal families, and suppose, e.g., that n < m. Then the complement a⊖(⊕^n_{i=1}b_i) includes no images of b (by maximality of the set {b_j}), whereas a ⊖ (⊕^n_{j=1}c_j) includes the image of c_m, and this contradicts the fact that these two complements are equivalent by Lemma 7.4. Thus all maximal sets contain the same number of elements.

Now assume that there exists an atom p, that is, a nonzero element having no proper subelements except 0. Since p is related to any other element, it follows that for every nonzero ˛nite element a there exists a unique integer m such that a is exactly a sum of m summable images of p. If a and b are ˛nite and orthogonal, then if a = ⊕^n_{i=1}a_i, b = ⊕^m_{j=1}b_j, with a_i ∼ b_j ∼ p, then by

18 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

(C2), a ⊕ b ∼ (⊕a_i) ⊕ (⊕b_j). It follows that a ⊕ b can be decomposed into m + n replicas of p.

If we de˛ne α(a) to be this unique integer then two ˛nite elements a and b are equivalent if and only if α(a) = α(b). If 1 is ˛nite, with α(1) = N, we normalize α dividing through N. Values of the normalized α are the fractions m N , 0 ≤ m ≤ N. In this case L is said to be a factor of type I_N .

We will call a real-valued function D de˛ned on the set L_k of all ˛nite elements of L a dimension function if the following properties are satis˛ed:

1. D(0) = 0, if 1 is ˛nite then D(1) = 1. 2. If ⊕a_i ∈ L_k, then D(⊕a_i) = ∑ D(a_i).

3. a ∼ b i¸ D(a) = D(b).

If L is a factor of type I_N , put D≡ α/N. It is easy to see that properties (1) -(3) above are satis˛ed.

Lemma 7.6. (see [35, Lemma 12]). If a is in˛nite then a includes a sequence of orthogonal nonzero equivalent elements.

Proof. If a is not ˛nite, then there exists a_1 < a such that a_1 ∼ a. We set c_1 = a ⊖ a_1, then c_1 is not zero. From a_1 ∼ a = a_1 ⊕ c we get by (C5) that a_1 = a_2 ⊕ c_2 with a_2 ∼ a_1 and c_2 ∼ c_1. Continuing inductively, we obtain sequences {a_n} and {c_n} such that for every n, a_n ⊥ c_n, a_n ⊕ c_n = a_{n−1}, a_n ∼ a_1 ∼ a and c_n ∼ c_1. The sequence {c_n} has the desired properties.

Now we are able to prove the following statement.

Theorem 7.7. Let L be a factor of type I. Then there exists a dimension function D on L such that for any a, b ∈ L_k, a ⊥ b implies D(a ⊕ b) = D(a) + D(b). If L is of type I_N , then D admits values in {1/N, 2/N, . . . , N − 1/N, 1}. If 1 is not ˛nite (i.e., L is of type I_∞), then D admits all positive integers.

Proof. If 1 ∈ L_k, de˛ne D(a) = α(a)/α(1), a ∈ L. If 1 ∉ L_k, put D(a) = α(a), a ∈ L. By Lemma 7.6, 1 = ⊕^∞_{i=1}p_i, where p_i are equivalent images of an atom p. Now D(⊕^m_{i=1}p_i) = m for any positive integer m.

If there are no atoms, then every element can be further subdivided. Taking the smaller (with respect to ⪯) of the two elements of such a subdivision, we see that every nonzero element includes a pair of nonzero equivalent elements. In the sequel, we follow the pattern of [35].

Lemma 7.8. If there exist no atoms, the every element can be expressed as the ⊕-sum of n-summable equivalent subelements, for any n.

Proof. Let {(a^1_α, . . . , a^n_α)}_α be a maximal family such that a^1_α ∼ a^2_α ∼ · · · ∼ a^n_α for any α, and such that the elements a^n_α are all summable and all ˛nite sums are under a. If a_j = ⊕_αa^j_α, then the elements a_j are summable and equivalent, and ⊕_j a_j ≤ a.

We claim that ⊕_j a_j = a otherwise a⊖(⊕_j a_j ) includes a family of n summable equivalent nonzero elements by the remark preceding this lemma, and this contradicts the maximality assumption.

If 1 is a ˛nite element, we obtain a factor of type II_1. If 1 is not ˛nite, but there is a nonzero ˛nite element, we obtain a factor of type II_∞ .

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 19

Theorem 7.9. Let L be a factor of type II. Then there exists a dimension function D, de˛ned on the class L_k of ˛nite elements. If 1 is a ˛nite element, the range of D is the unit interval [0, 1] of real numbers. If 1 is not ˛nite, the range of D is the set of all nonnegative real numbers.

Proof. The proof is in essential the same as in [35]. We give only sketch of it.

In a factor of type II the following function is uniquely de˛ned.

δ_b(a) := sup{ m n : m n b ⪯ a}, a, b ∈ L_k, b ≠ 0, where the symbol^m_n b ∼ a means that a = ⊕^m_{i=1}a_i, b = ⊕^n_{j=1}b_j, a_1 ∼ · · · ∼ a_m ∼ b_1 · · · ∼ b_n. The number δ_b(a) is called a relative dimension of a with respect to b. We have δ_c(a) = δ_c(b)δ_b(a), a, b, c ∈ L_k, b, c ≠ 0. (1) In particular, if 1 ∈ L_k, then D(a) = δ_1(a) is the desired dimension function. If 1 is in˛nite then D can be de˛ned as δ_b by some ˛xed b. Owing to (1), D is de˛ned uniquely up to a multiplicative constant.

It is not di‹cult to prove that a direct product of factors is a dimension e¸ect algebra. In fact, a more general statement is true.

Proposition 7.10. Let L = ∏ L_i, where each L_i is an e¸ect algebra with dimension. Then L is an e¸ect algebra with dimension.

Proof. Let a, b ∈ L, a = ∏ a_i, b = ∏ b_i. De˛ne a ∼ b if and only if a_i ∼_i b_i for all i. Conditions (D1)-(D4) are clearly satis˛ed, so that L is an e¸ect algebra with dimension.

The general dimension theory for orthomodular lattices and posets is based on the theorem, that any hereditary class of elements admits a supremum, which is an invariant element [35], [50]. Then it can be proved that every dimension poset decomposes into factors of type I, II and the remaining part is of type III. Here a subclass F of L is called hereditary if a ∈ F, b ⪯ a implies b ∈ F , and an element c ∈ L is invariant if c and c^′ = 1 ⊖ c are unrelated. So far, we were not able to ˛nd a suitable modi˛cation of the above theorem for e¸ect algebras. Anyhow, we bring some general properties of invariant elements that may be of interest in this context.

Let C_0 denote the set of all invariant elements of L. We have the following characterisation of invariant elements.

Lemma 7.11. An element c ∈ L is invariant if and only if c is sharp and a ≤ c whenever a ⪯ c.

Proof. If c is invariant and b ≤ c, b ≤ c^′, then c ≥ b ∼ b ≤ c^′ implies b = 0, since c and c^′ are unrelated. Hence c is sharp. Assume a ⪯ c. Then a ∼ c_1 ≤ c and let a_1 ≤ a. Since a_1 ⊕ d = a ∼ c_1, (D3) implies that there are c_2, t such that t ⊕ c_2 = c_1 and c_2 ∼ a_1, t ∼ d. If b_1 ≤ c^′, b_1 ∼ a_1, then c ≥ c_2 ∼ a_1 ∼ b_1 ≤ c^′. Therefore b_1 = 0. (D4) implies that a ⊥ c^′, hence a ≤ c.

Conversely, if c is sharp and has the property that a ⪯ c implies a ≤ c, then c ≥ u ∼ v ≤ c^′ implies v ≤ c, c^′, so that v = 0. Hence c is invariant.

20 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Proposition 7.12. If L is a factor, then C_0 = {0, 1}.

Proof. It is easy to see that if a and b are unrelated and a_1 ≤ a, b_1 ≤ b then a_1 and b_1 are unrelated. Conversely, if a and b are related and a ≤ a_2, b ≤ b_2 then a_2 and b_2 are related. In particular, if c_1, c_2 ∈ C_0 and c_1 ⊥ c_2, then any a ≤ c_1 and b ≤ c_2 are unrelated.

Recall that an element z ∈ L is principal if a, b ≤ z and a ⊥ b implies a ⊕ b ≤ z, and z ∈ L is central if z and z^′ are principal and every a ∈ L has a unique decomposition a = a_1 ⊕ a_2 with a_1 ≤ z and a_2 ≤ z^′. If z is central then L can be expressed as a direct product of e¸ect algebras [0, z] × [0, z^′]. Conversely, if L = L_1 × L_2, then the elements (0, 1) and (1, 0) are central in L [22].

Let C denote the set of all central elements in L. Then C is a complete Boolean algebra. (The σ-complete case has been treated in [29, Proposition 5], the proof for the complete case is analogous.) In what follows, we will show that C_0 is a complete Boolean subalgebra of C.

Recall that two elements a, b in L are Mackey compatible if a = a_1 ⊕ c, b = b_1 ⊕ c and a_1 ⊕ b_1 ⊕ c exists. Alternatively, a and b are Mackey compatible i¸ a = a_1 ⊕ a_2 with a_1 ≤ b and a_2 ≤ b^′ [13].

Theorem 7.13. The set of all invariant elements of a dimension e¸ect algebra L is a complete Boolean subalgebra of the centre C of L.

Proof. Let z ∈ C_0. Firts we prove that for every x ∈ L, z and x are Mackey compatible, that is, there are elements z_1, x_1, u such that z_1 ⊕ x_1 ⊕ u exists and z = z_1 ⊕ u, x = x_1 ⊕ u. From z ⊕ z^′ = 1 = x ⊕ x^′ we obtain by (D3) that x = a_1 ⊕ a_2, x^′ = b_1 ⊕ b_2, a_1 ⊕ b_1 ∼ z, a_2 ⊕ b_2 ∼ z^′. Inviariantness implies that a_1 ⊕ b_1 ≤ z, a_2 ⊕ b_2 ≤ z^′. From 1 = a_1 ⊕ b_1 ⊕ a_2 ⊕ b_2 = z ⊕ z^′ it follows that a_1 ⊕ b_1 = z, and moreover, that a_1 ⊕ a_2 ⊕ b_1 is de˛ned. Putting u = a_1, x_1 = a_2 and z_1 = b_1, this proves our statement.

Now we prove that z is principal. Let x, y ≤ z, x ⊥ y. By the preceding paragraph, x ⊕ y is compatible with z, therefore x ⊕ y = a ⊕ b, a ≤ z, b ≤ z^′. Applying (D3), we obtain that x = x_1 ⊕ x_2 ≤ z, y = y_1 ⊕ y_2 ≤ z and x_1 ⊕ y_1 ∼ a ≤ z, x_2 ⊕ y_2 ∼ b ≤ z^′. Since z ∈ C_0, x_2, y_2 ≤ z, z^′ implies x_2 ⊕ y_2 = 0. Therefore x = x_1, y = y_1 and x ⊕ y = x_1 ⊕ y_1 ∼ a ≤ z, and since z ∈ C_0, x ⊕ y ≤ z. By the compatibility property, for any x ∈ L there are x_1 ≤ z, x_2 ≤ z^′ such that x = x_1 ⊕ x_2. To prove uniqueness, assume that there are y_1 ≤ z, y_2 ≤ z^′ such that x = y_1 ⊕ y_2. Then x_1 ⊕ x_2 = y_1 ⊕ y_2 and by (D3), x_1 = a ⊕ b ≤ z, x_2 = c ⊕ d ≤ z^′ and a ⊕ c ∼ y_1 ≤ z, b ⊕ d ∼ y_2 ≤ z^′. Then we must have b = c = 0, hence x_1 = a ∼ y_1, x_2 = d ∼ y_2. So x_1 ∼ y_1, x_2 ∼ y_2 and x_1 ⊕ x_2 = y_1 ⊕ y_2 = x. From x_1 ≤ z, x_2 ≤ z^′ it follows that there are u, v such that x_1 ⊕ u = z, x_2 ⊕ v = z^′. Then

1 = x_1 ⊕ x_2 ⊕ u ⊕ v = y_1 ⊕ y_2 ⊕ u ⊕ v = z ⊕ z^′

where y_1 ⊕ u ∼ x_1 ⊕ u = z, y_2 ⊕ v ∼ x_2 ⊕ v = z^′.

By invariantness of z and the above equality, y_1 ⊕ u = z, y_2 ⊕ v = z^′. This entails that x_1 ⊕ u = y_1 ⊕ u, x_2 ⊕ v = y_2 ⊕ v, hence x_i = y_i, i = 1, 2. This proves

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 21

the uniqueness of the decomposition into two parts under z and z^′. Therefore C_0 ⊂ C.

It remains to prove that C_0 is a Boolean subalgebra of C. Assume that e, f ∈ C_0, e ⊥ f and g = e ⊕ f. Let x, y be such that g ≥ x ∼ y ≤ g^′. By (D3) applied to x ⊕ (g ⊖ x) = e ⊕ f we obtain x = x_1 ⊕ x_2, g ⊖ x = y_1 ⊕ y_2 e ∼ x_1 ⊕ y_1, f ∼ x_2 ⊕ y_2.

As e, f are invariant, we have

x_1 ⊕ y_1 ≤ e, x_2 ⊕ y_2 ≤ f, while g ≥ x = x_1 ⊕ x_2 ∼ y ≤ g^′.

By (D3) y = u ⊕ v where u ∼ x_1, v ∼ x_2. So e ≥ x_1 ∼ u ≤ e^′, f ≥ x_2 ∼ v ≤ f^′ and therefore x_1 = x_2 = 0. Hence x = 0 and hence f ⊕ g ∈ C_0.

Let z_i ∈ C_0, z = ⋀ z_i. Then x ⪯ z implies x ⪯ z_i, hence x ≤ z_i for all i, and hence x ≤ z. Since z ∈ C, z is sharp, and hence z ∈ C_0. This concludes the proof.

For a ∈ L, let e(a) := ∧{z ∈ C_0 : z ≥ a}. Then e(a) ∈ C_0. Moreover, if a ∼ b then e(a) = e(b).

Proposition 7.14. (i) Let {a_i} be a family of elements in L. If ∨a_i exists then e(∨a_i) = ∨e(a_i). (ii) If a, b ∈ L, a ⊥ b, then e(a) ∨ e(b) ≤ e(a ⊕ b). (iii) Let a ∈ L. If z ∈ C_0 then e(z ∧ a) = z ∧ e(a).

Proof. (i) Let ∨a_i exist. As e(a_i) ≤ e(∨a_i), we have ∨e(a_i) ≤ e(∨a_i). On the other hand, ∨a_i ≤ ∨e(a_i) ∈ C_0, and so e(∨a_i) = ∨e(a_i). (ii) is obvious. (iii) We have z ∧ a ≤ z ∧ e(a) ∈ C_0, so that e(z ∧ a) ≤ z ∧ e(a). Now e(z ∧ a) ∨ z^′ ∈ C_0, and so e(z ∧ a) ∨ z^′ ≥ e(a). From this, z ∧ e(a) ≤ z ∧ e(z ∧ a) ≤ e(z ∧ a). Hence e(z ∧ a) = z ∧ e(a). Proposition 7.15. If a ∼ b and z is invariant then a ∧ z ∼ b ∧ z.

Proof. Since a = (z ∧ a) ⊕ (z^′ ∧ a) ∼ b, it follows by (D3) that there are b_1, b_2 such that b = b_1 ⊕ b_2, b_1 ∼ z ∧ a, b_2 ∼ z^′ ∧ a. Then z ∈ C_0 implies b_1 ≤ z ∧ b, b_2 ≤ z^′ ∧ b. But (z ∧ b) ⊕ (z^′ ∧ b) = b, hence b_1 = z ∧ b, b_2 = z^′ ∧ b. Therefore z ∧ b ∼ z ∧ a. We will say that a dimension e¸ect algebra (L; ∼) satis˛es the general comparability condition (GC) (cf. [4]) if for every a and b, there exists an invariant element e such that a ∧ e ⪯ b ∧ e and b ∧ e^′ ⪯ a ∧ e^′. We note that in a dimension lattice or even a dimension poset condition (GC) is satis˛ed ([35], [50].

Proposition 7.16. Let (L; ∼) be a dimension e¸ect algebra. If for any a, b, e(a) ∧ e(b) ≠ 0 implies aρb, then condition (GC) is satis˛ed.

22 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

Proof. Let a_1 ≤ a and b_1 ≤ b be such that a_1 ∼ b_1 and a ⊖ a_1 is unrelated to b⊖b_1 (Lemma 7.2). Let e = e(b⊖b_1), so that (a⊖a_1)∧e = 0 and (b⊖b_1)∧e^′ = 0. Then a ∧ e = a_1 ∧ e ∼ b_1 ∧ e ≤ b ∧ e and b ∧ e^′ = b_1 ∧ e^′ ∼ a_1 ∧ e^′ ≤ a ∧ e^′. Proposition 7.17. Let (GC) be satis˛ed. If a_1 ∼ a_2, b_1 ∼ b_2 and a_1 ≤ b_1, a_2 ≤ b_2 and all four elements are ˛nite, then b_1 ⊖ a_1 ∼ b_2 ⊖ a_2. Proof. We choose an invariant element e such that (b_1 ⊖ a_1) ∧ e ⪯ (b_2 ⊖ a_2) ∧ e and (b_2 ⊖ a_2) ∧ e^′ ⪯ (a_2 ⊖ b_2) ∧ e^′. If the ˛rst inequivalence were proper, we would get

b_1 ∧ e = a_1 ∧ e ⊕ (b_1 ⊖ a_1) ∧ e ⪯ a_2 ∧ e ⊕ (b_2 ⊖ a_2) ∧ e = b_2 ∧ e, and, since b_1 ∼ b_2, this contradicts the ˛niteness of b_2. Similarly, (b_1 ⊖a_1)∧e^′ ∼ (b_2 ⊖ a_2) ∧ e^′. Adding we get b_1 ⊖ a_1 ∼ b_2 ⊖ a_2.

Proposition 7.18. Let (GC) be satis˛ed. If a, b ∈ L are ˛nite and a ⊥ b, then a ⊕ b is ˛nite.

Proof. Assume a ⊕ b ∼ c ≤ a ⊕ b. By (D3), c = c_1 ⊕ c_2, c_1 ∼ a, c_2 ∼ b. Applying (D3) to the equality a ⊕ b = c ⊕ ((a ⊕ b) ⊖ c) we obtain a = —a ⊕ d_1, b = —b ⊕ d_2, —a ⊕ —b ∼ c, d_1 ⊕ d_2 ∼ (a ⊕ b) ⊖ c. Applying (D3) again to —a ⊕ —b ∼ c_1 ⊕ c_2 we obtain —a = a_1 ⊕ a_2, —b = b_1 ⊕ b_2 a_1 ⊕ b_1 ∼ c_1 ∼ a, a_2 ⊕ b_2 ∼ c_2 ∼ b, and so a = a_1 ⊕ a_2 ⊕ d_1, b = b_1 ⊕ b_2 ⊕ d_2.

From this we obtain a_1 ⊕ b_1 ∼ a = a_1 ⊕ a_2 ⊕ d_1, and by Proposition 7.17, b_1 ∼ a_2 ⊕ d_1.

Analogously a_2 ∼ b_1 ⊕ d_2.

From a_2 ∼ a_2 ⊕ d_1 ⊕ d_2 and ˛niteness of a_2 we get d_1 ⊕ d_2 ∼ 0, so that c = a ⊕ b.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 23

Recall that a subset I of an e¸ect algebra L is an ideal if for arbitrary orthogonal elements a and b in L, a ⊕ b belongs to I if and only if a and b belong to I. We will say that a subclass V of L is (1) hereditary if a ∈ V , b ⪯ a implies b ∈ V , (2) sharply dominating if for every a ∈ V there exists a sharp element p ∈ V with a ≤ p.

Lemma 7.1 and Proposition 7.18 imply the following statement.

Corollary 7.19. If (GC) is satis˛ed then the ˛nite elements form a hereditary ideal in L.

Theorem 7.20. Let F be a sharply dominating hereditary ideal in (L, ∼). Then the supremum w := ⋁ F exists in L and is invariant.

Proof. Let {a_i} be any maximal summable family of elements in F . By (D2), the element w = ⨁ a_i = ⋁ K ⊕ai∈Kai, where K is any ˛nite subfamily of {ai},

exists in L.

Let a ∈ F , and assume that a ≰ w, in other words, a ⊥̸ w^′. By (D4) there are nonzero a_1, w_1 such that a ≥ a_1 ∼ w_1 ≤ w^′. Now w_1 ∈ F , w_1 ⊥ w, hence w ⊥ ⊕_{ai∈K}a_i for any ˛nite subset K of {a_i}. This contradicts maximality of {a_i}. Hence F ≤ w.

Assume that a ∈ F , a ≤ w, w^′. Then there is a sharp element p ∈ F with a ≤ p. Therefore a ≤ p ≤ w and a ≤ w^′ ≤ p^′ implies a = 0.

Let u ≤ w, then w = u⊕(w⊖u). For any f ∈ F , the inequality f ≤ u⊕(w⊖u) implies that f ∼ f_1 ⊕ f_2, f_1 ≤ u, f_2 ≤ w ⊖ u. Clearly, f_1, f_2 ∈ F .

If for every f ∈ F , f ≤ w ⊖ u holds, then also w ≤ w ⊖ u, whence u = 0. Therefore for every u ≤ w there is f ∈ F with f ≤ u. Assume w ≥ x ∼ y ≤ w^′. Then there are f, g ∈ F such that w ≥ x ≥ f ∼ g ≤ y ≤ w^′, and g ≤ w, w^′. By the preceding part of the proof, g = 0. It follows that w ∈ C_0.

Example. Let us consider the standard e¸ect algebra E(H), i.e., the set of all self-adjoint operators A on a Hilbert space H such that 0 ≤ A ≤ I, where 0 and I are the zero and the identity operators on H. We recall that the ⊕-operation is de˛ned as follows: A ⊥ B i¸ A + B ≤ I and in this case A⊕B = A+B, where + means the usual sum of operators. It turns out that the partial order induced by this operation coincides with the usual partial order de˛ned by A ≤ B i¸ B − A ≥ 0, i.e. ⟨Ax, x⟩ ≤ ⟨Bx, x⟩ for all vectors x ∈ H.

Let ω be a state on E(H), i.e., there is a trace-class operator D with unit trace such that ω(A) = trDA, A ∈ E(H). By [25, Lemma 5.1], ω(λA) = λω(A) for every λ ∈ [0, 1], A ∈ E(H), and the binary relation ∼ on E(H) de˛ned by A ∼ B if ω(A) = ω(B) is a congruence. The latter property implies that ∼ is cancellative and satis˛es (C5), and the quotient is an e¸ect algebra. We will show that, for a faithful state ω, ∼ satis˛es properties (D1)-D(4) of the dimension equivalence.

(D1): Recall that a state ω is faithful if for any nonzero projection P ≠ 0, ω(P ) is a positive number. Assume that ω(A) = 0 for some A ∈ E(H). By spectral theorem, A = ∫ 1 0 λP_A(dλ), where P_A is the spectral measure of A. From this we obtain, using the fact that ω is faithful, that P_A{0} = 1, hence A = 0. (D2): Completeness of E(H) follows by [52, Lemma 1], and the rest follows by complete additivity of ω.

24 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

(D3): Assume that A ⊕ B ∼ C ⊕ D, that is, ω(A) + ω(B) = ω(C) + ω(D) =: w. We may assume that w ≠ 0. Put e = ω(C) w A, E = ω(D) w A, f = ω(C) w B, F = ω(D) w B. We obtain e ⊕ E = A, f ⊕ F = B, and e ⊕ f ∼ C, E ⊕ F ∼ D.

(D4): Let A, B be any nonzero elements. Consider the elements

A_1 := ω(B) ω(A) + ω(B) A, B_1 := ω(A) ω(A) + ω(B) B. Clearly, 0 ≠ A_1 ≤ A, 0 ≠ B_1 ≤ B, and ω(A_1) = ω(B_1), hence A_1 ∼ B_1. The proof implies that any two nonzero elements are related, so we have a factor.

Let C be an invariant element, then C and I ⊖ C unrelated. According the proof of (D4), this only happens if ω(C) = 0 or ω(I ⊖ C) = 0, i.e., C = 0 or C = I. So the set of invariant elements is reduced to {0, I}.

The quotient of E(H) with respect to ∼ is the interval [0, 1] ⊆ R. Our dimension e¸ect algebra does not contain any atoms and all elements are ˛nite. Indeed, assume A ≤ B, then B = A ⊕ (B ⊖ A). If A ∼ B, then ω(B ⊖ A) = 0, hence A = B. So we have a factor of type II_1.

We see that every faithful state induces a dimension equivalence on E(H). For the projection lattice P(H), this is not the case. Indeed, if ∼ is a dimension equivalence, condition (D4) implies that for any two atoms P and Q, if P ⊥̸ Q then P ∼ Q. If P and Q are orthogonal, by superposition principle, there is an atom R ≤ P ⊕ Q, di¸erent from both P and Q, which is not orthogonal to any of them. This entails that all atoms should belong to the same equivalence class. It follows that in the ˛nite dimensional Hilbert space, the only state which induces a dimension equivalence is the tracial one, i.e., ω(P ) =^{trP}_{trI} , and we get a factor of type I_N . In the in˛nite dimensional case, there is no such state.

8. Some applications to K_0-theory I. Recall that two projections e, f in a C*-algebra are de˛ned to be equivalent (e ∼ f) if there exists a ∈ A such that a^∗a = e and aa^∗ = f.

Elliott [15] considered the set D(A) of all equivalence classes of idempotents of a ring A together with a partially de˛ned addition, which he calls an abelian local semigroup. He has shown that the range D(A) of the dimension equivalence is an invariant that can be used to the classi˛cation of AF C*-algebras (i.e., approximately ˛nite dimensional). Originally, an AF-C*-algebra A is de- ˛ned as a direct limit of a sequence

A_1 ⊆ A_2 ⊆ A_3 ⊆ . . .

of ˛nite dimensional C*-algebras A_i.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 25

Traditionally, D(A) is not studied directly, but as an upward directed convex subset of the positive cone of an interpolation group K_0(A), called the K_0 group for A. Notice that any such subset is an upper directed cp-PAM with RDP.

The de˛nition of K_0(A) usually requires simultaneous consideration of all the matrix algebras over A. This procedure is called a stabilization. Denote M_n(A) the set of all n × n matrices with entries in A. Let M_∞(A) denote the algebraic direct limit of M_n(A) under the embeddings a → diag(a, 0). M_∞(A) can be thought as the algebra of all in˛nite matrices with only ˛nitely many nonzero entries. The embeddings are isometries, so M_∞(A) has a natural norm. Let V (A) := P roj(M_∞(A)). If A is separable, then V (A) is countable. There is a binary operation on V (A): if [e], [f] ∈ V (A) , choose e^′ ∈ [e], f^′ ∈ [f] with e^′ ⊥ f^′ (this is always possible by "moving down the diagonal"), and de˛ne [e] + [f] = [e^′ + f^′]. This operation is well de˛ned and makes V (A) into an abelian semigroup with the identity [0].

For any abelian semigroup H, there is a universal enveloping abelian group G(H) called the Grothendieck group of H. G(H) can be thought of as the group of all equivalence classes of H × H under the equivalence relation (x_1, y_1) ∼ (x_2, y_2) i¸ there is z with x_1 + y_2 + z = x_2 + y_1 + z.

If A is a unital C*-algebra, then K_0(A) is de˛ned as the Grothendieck group of V (A). The embedding of V (A) into K_0(A) is injective i¸ V (A) has cancellation, i.e., whenever e, f, g, h ∈ V (A) and e ⊥ g, f ⊥ h, e ∼ f and e + g ∼ f + h then g ∼ h.

K_0(A) can be preordered by taking the image of V (A) in K_0(A) as K_0(A)_+. We also de˛ne the scale ˚(A) to be the image of P roj(A) in K_0(A). The triple (K_0(A), K_0(A)_+, ˚(A)) is called the scaled group of A. If A is unital C*-algebra with cancellation, then ˚(A) = [0, [1_A]] is the Elliott invariant. The map A → K_0(A) preserves direct products and direct limits [6].

Using the "word" technique developed in [1], [54], [47], any upward directed cp-PAM with RDP can be embedded into the positive cone of an interpolation group, which is its universal group (see e.g. [10] for details). This interpolation group is a dimension group in the sense of [14] if and only if it can be embedded as a subgroup into an l-group [5]. Accordingly, a cp-PAM with RDP has a dimension group as a universal group if and only if it can be embedded into a lattice ordered cp-PAM with RDP. This suggests that there is a one-to-one correspondence between K_0(A) for (unital) AF C*-algebras A and and unital countable cp-PAMs D(A) which can be embedded into MV-algebras. The corresponding K_0(A) can be obtained directly from D(A) using the word technique without stabilization.

We will concentrate to the case of an AF C*-algebra and show brie‚y how the theory of cp-PAMs (orthomodular lattices in this case) with dimension can be used to obtain the K_0 group. It is well known that a simple ˛nitedimensional complex C*-algebra is isomorphic with M_n(C ), the n × n-matrices over complex numbers [20]. That is, the elements can be represented by the set of all operators on a ˛nite dimensional Hilbert space. It then follows by [35] that the set L of projections in A is a complete orthomodular lattice (which is even modular), and endowed with the above equivalence relation satis˛es axioms

26 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

(D1)-(D4). Clearly, the quotient with respect to ∼ is equivalent to the MValgebra {0,^1_N , . . . ,^{N −1}_N , 1}, that is, a ˛nite MV-chain, and the corresponding abelian group is the group of integers Z, where the Elliott invariant is embedded as the interval [0, N], and N is a strong unit. Now every ˛nite dimensional complex C*-algebra A is isomorphic (as a complex C*-algebra) to M_{n(1)}(C ) ×

· · · × Mn(k)(C ) for some positive integers n(1), . . . , n(k). The k-tuple n(A) :=

(n(1), . . . , n(k)) is an invariant (up to permutation) of A, and n(A) classi˛es A up to isomorphism. The corresponding Elliott’s invariant D(A) for A is a direct product of MV-chains.

Now an AF-C*-algebra A is a direct limit of a sequence

A_1 ⊆ A_2 ⊆ A_3 ⊆ . . .

of ˛nite dimensional C*-algebras A_i. Let A_i ⊆ A_j and p, q ∈ A_i, p ∼_i q, that is, p = ww^∗,q = w^∗w for some w ∈ A_i. Let ϕ^i_j : A_i → A_j be a C*- algebra morphism. Then ϕ^i_j(p) = ϕ^i_j (w)(ϕ^i_j(w))^∗, ϕ^i_j(q) = (ϕ^i_j(w))^∗ϕ^i_j(w), hence ϕ^i_j(p) ∼_j ϕ^i_j(q). Therefore the condition (CDL) in Theorem 5.4 is satis˛ed. Applying Theorem 5.4, we obtain D(A) as a direct limit of D(A_i). II. The word method enables us to ˛nd a version of K_0 for orthomodular lattices or posets with dimension. In both cases, the quotient with respect to dimension equivalence is a lattice, therefore the corresponding K_0 will be an abelian lgroup, a direct product of some of Z, R, and {0, ∞}, where the latter groups correspond to factors type I, II, and III, respectively.

References

[1] Baer,R., Free sums of groups and their generalizations. An analysis of the associative law, Amer. J. Math. 41 (1949), 706-742.

[2] Beltrametti, E., Cassinelli, G. The logic of quantum mechanics Addison-Wesley, Reading, Massachusetts, 1981.

[3] Beran, L., Orthomodular Lattices, Reidel, Dordrecht, 1985.

[4] Berberian, S.K., Baer*-Rings, Springer-Verlag, Berlin, Heidelberg, New York, 1972. [5] Bigard, A., Keimel, K., Wolfenstein, S. Groupes et Anneuax Réticulés, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[6] Blackadar, B. K-Theory for Operator Algebras, Springer-Verlag, New York, 1986. [7] Bratteli, O. Inductive limits of ˛nite-dimensional C*-algebras, Trans. Amer. Math. Soc.

171 (1972), 195{234.

[8] Burmeister, P., Model Theoretic Oriented Approach in Partial Algebras, Academic Verlag, Berlin, 1986.

[9] Dvureèenskij, A. Gleason Theorem and Its Applications, Kluwer Academic Publ., Dordrecht, and Ister Science Press, Bratislava, 1993.

[10] Dvureèenskij, A., Pulmannová, S., New Trends in Quantum Structures, Kluwer Academic Publ., Dordrecht and Ister Science Press, Bratislava, to appear.

[11] Dvureèenskij, A., Vetterlein, T. Pseudo e¸ect algebras I., submitted. [12] Chang, C.C., Algebraic analysis of many-valued logic, Trans. Amer. Math. Soc. 88 (1958), 467-490.

[13] Chevalier, G., Pulmannová, S. Some ideal lattices in Partial Abelian Monoids, Order (2000) (to appear).

[14] Efross, E.G., Handelmann, D.E., Shen, C.L. Dimension groups and their a‹ne representation, Amer. J. Math. 102 (1980), 385-407.

QUOTIENTS OF PAS AND RIESZ DECOMPOSITION PROPERTY 27

[15] Elliott, G.A., On the classi˛cation of inductive limits of equences of semisimple ˛nitedimensional algebras, J. Algebra 38 (1979), 29-44.

[16] Fuchs,L. Riesz groups, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 19 (1965), 1-34. [17] Foulis, D., Bennett, M.K., E¸ect algebras and unsharp quantum logics, Found. Phys. 24 (1994), 1331-1352.

[18] Giuntini, R., Greuling, H., Toward a formal language for unsharp properties, Found.

Phys. 19 (1994), 769-780.

[19] Goodearl, K.R., Partially Ordered Groups with Interpolation Math. Surveys and Monographs No. 20, Amer. Math. Soc., Providence, Rhode Island, 1986.

[20] Goodearl,K.R., Notes on Real and Complex C*-algebras, Shiva, Nantwich, 1982. [21] Grätzer, G. Universal algebra, Springer-Verlag, second edition (1979), 80-81. [22] Greechie, R., Foulis, D., Pulmannová, S. The center of an e¸ect algebra, Order 12 (1995), 91-106.

[23] Gudder, S.P., Quantum Probability, Academic Press Inc., Boston, San Diego, New York, Berkley, Tokyo, Toronto, 1988.

[24] Gudder, S.P., Lattice properties of quantum e¸ects, J. Math. Phys. 37 (1996), 2637-2642. [25] Gudder, S., Pulmannová, S., Quotients of partial abelian monoids, Algebra univers. 38 (1998), 395-421.

[26] Hedlíková, J., Pulmannová, S., Generalized di¸erence posets and orthoalgebras, Acta Math. Univ. Comenianae 45 (1996), 247-279.

[27] Imai, Y., Iséki, K. On axiom systems of propositional calculi Proc. Japan Acad. 42 (1966), 19-22.

[28] Janowitz, M.F., A note on generalized orthomodular lattices, J. Natur. Sci. Math. 8 (1968), 89-94.

[29] Jenèa, G., a Cantor-Bernstin type theorem for e¸ect algebras, Preprint 2000 [30] Kalinin, V.V., Orthomodular partially ordered sets with dimension (in Russian) Algebra i logika. No 5 (1978), 535-537.

[31] Kalmbach, G., Orthomodular Lattices [32] Kalmbach, G., Rieèanová, Z. An axiomatization for abelian relative inverses, Dem. Math.

27 (1994) 684-699.

[33] Kôpka, F., Chovanec, F., D-posets, Math. Slovaca 44 (1994), 21-34. [34] Ljapin, E.S., Evseev, A.E., Partial algebraic operations (in Russian) Rossijskij gosudarstvennyj pedagogièeskij universitet imeni A.I. Gercena, Izdatelstvo "Obrazovanie", St. Petersburg, 1991.

[35] Loomis, L.H., The lattice theoretic background of the dimension theory of operator algebras, Memoirs of AMS. No 18 (1955), 1-35.

[36] Maeda, F., Maeda, S. Theory of symmetric lattices, Springer-Verlag (1970), 18-19. [37] Mayet-Ippolito, A., Generalized orthomodular posets, Demonstratio Math. 24 (1991), 263-274.

[38] Maeda, S., Dimension fumctions on certain general lattices, J. Sci. Hiroshima Univ. 19 (1955), 211-237.

[39] Maeda, S., On the lattice of projections of a Baer*-ring, J. Sci. Hiroshima Univ. 22 (1958), 75-88.

[40] Mundici, D., Interpretations of AF C*-algebras in Lukasziewicz sentential calculus, J.

Funct. Anal. 65 (1986), 15-63.

[41] Mundici,D., MV-algebras are categorically equivalent to bounded commutative BCKalgebras, Math. Japonica 6 (1986), 889-894.

[42] Mundici, D., Panti, G., Extending addition in Elliott’s local semigroup, J. Funct. Anal.

171 (1993), 461-472.

[43] Pták, P., Pulmannová, S., Orthomodular Structures as Quantum Logics, Kluwer Academic Publ, Dordrecht.

[44] Pulmannová, S., Congruences in partial abelian semigroups, Algebra univers. 37 (1997), 119-140.

[45] Pulmannová, S. On connections among some orthomodular structures, Demonstratio Math. XXX (1997), 313-328.

28 GEJZA JENÈA AND SYLVIA PULMANNOVÁ

[46] Pulmannová, S. E¸ect algebras with the Riesz decomposition properties and AF C*- algebras, Found. Phys., to appear.

[47] Ravindran, K., On a structure theory of e¸ect algebras, PhD Thesis, Kansas State Univ., Manhattan, Kansas, 1996.

[48] Romanowska, A., Traczyk, T., On commutative BCK-algebras, Math. Japonica 25 (1980), 567-583.

[49] Sarymsakov, T.A., Ajupov, S.A., Chadzijev, D., Chilin, V.J., Ordered Algebras FAN, Tashkent 1983 (in Russian).

[50] Sherstnev, A.N., On boolean logics (in Russian), Ucebnyje zapisky Kazanskogo universiteta. No 2 (1968), 48-62.

[51] Schmidt, K.D., A common abstraction of boolean rings and lattice ordered groups Compositio Math. 54 (1985), 52-62.

[52] Topping, D.M., Lectures on von Neumann Algebras, Van Nostrand Reinhold Co., London, 1971.

[53] Wilce, W., Partial abelian semigroups, Intern. J. Theor. Phys. 34 (1995), 1807-1812. [54] Wyler, O., Clans, Compositio Math. 17 (1966), 172-180.

[55] Yutani, H. The class of commutative BCK-algebrs is equationally de˛nable, Math. Seminar Notes 5 (1977), 207-210.

Department of Mathematics, Faculty of Electrical Engineering and Information Technology, Slovak University of Technology, Ilkovièova 3, 812 19 Bratislava, Slovakia

E-mail address, G. Jenèa: jenca@kmat.elf.stuba.sk

Mathematical Institute, Slovak Academy of Sciences. ľtefánikova 49, 814 73 Bratislava, Slovakia

E-mail address, S. Pulmannová: pulmann@mat.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC...

(continued on inside back cover)

13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras 9/1998 Roman Friè: A Stone-type duality and its applications to probability