Preprint 17/2000

August 21, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Sylvia Pulmannová

Divisible effect algebras

and interval effect algebras

PREPRINT SERIES

DIVISIBLE EFFECT ALGEBRAS AND INTERVAL EFFECT ALGEBRAS

SYLVIA PULMANNOVÁ

Abstract. It is shown that divisible e¸ect algebras are in one-to-one correspondence with unit intervals in partially ordered rational vector spaces.

1. Introduction

Effect algebras as partial algebraic structures with a partially defined operation ⊕ and constants 0 and 1 have been introduced as an abstraction of the Hilbert-space effects, i.e., self-adjoint operators between 0 and I on a Hilbert space [10]. Hilbert-space effects play an important role in the foundations of quantum mechanics and measurement theory [17], [5]. An equivalent algebraic structure, so-called difference posets (or D-posets) with the partial operation ⊖ have been introduced in [16].

From the structural point of view, effect algebras are a generalisation of boolean algebras, MV-algebras, orthomodular lattices, orthomodular posets, orthoalgebras. For relations among these structures and some other related structures see, e.g., [8]. Besides of quantum mechanics, they found applications in mathematical logic [7], [6], fuzzy probability theory [4], K-theory of C*- algebras [18], [19].

A very important subclass of effect algebras are so-called interval effect algebras, which are representable as intervals of the positive cone in a partially ordered abelian group. Examples of this kind are, e.g., Hilbert-space effects, MV-algebras, effect algebras with ordering set of states [2], effect algebras with the Riesz decomposition property [20], convex effect algebras [14], [15]. We note that a general characterisation of interval effect algebras among effect algebras is an open problem.

In the present paper, we prove that divisible effect algebras are interval effect algebras. In the proof, ”word method” is used, following [1], [21], [20]. This method is compared with the method used for convex effect algebras in [14]. Completions in order-unit norm and their relations to state spaces are studied. We note that the special case of divisible MV-algebras has been treated in [9].

Mathematical Institute, Slovak Academy of Sciences, SK-814 73 Bratislava, Slovakia. 1

2. Effect algebras and interval effect algebras

Let (E; ⊕, 0, 1) be an effect algebra, i.e., ⊕ is a partially defined binary operation and 0, 1 are constants (0 ≠ 1), such that the following axioms are satisfied for any a, b, c in E:

(E1) a ⊕ b = b ⊕ a (commutativity) (E2) (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c) (associativity) (E3) For every a ∈ E there is a unique b ∈ E such that a ⊕ b = 1 (supplementation) (E4) a ⊕ 1 is defined iff a = 0 (zero-one law).

We denote the element b from (E3) by a^′, and call it the orthosupplement of a. The equalities in (E1) and (E2) are to be understood in such a way that if one side exists, then exists the other and they are equal. Owing to (E2), we need not write brackets in expressions like a ⊕ b ⊕ c or a_1 ⊕ a_2 ⊕ · · · ⊕ a_n, the latter being defined recurrently.

Define, for n ∈ N, na as follows: 1a = a, na = (n − 1)a ⊕ a if (n − 1)a and (n − 1)a ⊕ a are defined. If there is a greatest n ∈ N such that na is defined, then this n is called the isotropic index of a, denoted by ι(a). If na is defined for all n ∈ N, we put ι(a) = ∞. Define also 0a := 0 for every a ∈ E. Let us write a ⊥ b iff a ⊕ b is defined. Then ⊥ is a binary relation on E, the domain of ⊕. Let us also define the binary relation ≤ by a ≤ b iff there is c ∈ E such that a ⊕ c = b. It turns out that the element c is unique, and we shall write c = b ⊖ a iff a ⊕ c = b. Then ≤ is a partial order on E. Moreover, a ⊥ b iff a ≤ b^′. From this it follows that a ⊥ b and a_1 ≤ a, b_1 ≤ b imply a_1 ⊥ b_1.

In every effect algebra E, there hold the following cancellation property : a ⊕ c ≤ b ⊕ c implies a ≤ b, and positivity property: a ⊕ b = 0 implies a = 0 = b.

Let E, F be effect algebras. A mapping h : E → F is a morphism if a ⊥ b implies h(a) ⊥ h(b) and h(a ⊕ b) = h(a) ⊕ h(b), and h(1) = 1. Then clearly, h(a^′) = h(a)^′, h(b) ⊖ h(a) = h(b ⊖ a) whenever a ≤ b, and a ≤ b implies h(a) ≤ h(b). A morphism is a monomorphism if a ⊥ b if and only if h(a) ⊥ h(b). A surjective monomorphism is an isomorphism.

Let (G, G^+) be a partially ordered abelian group (additively written) with positive cone, and choose an element a ∈ G^+. Consider the interval [0, a] ⊆ G^+. Define a partial operation ⊕ on [0, a] as follows: x ⊥ y if x + y ≤ a, and then x ⊕ y = x + y. It is easy to check that with this operation ⊕ and with a as a unit element, [0, a] is an effect algebra. A very important class of effect algebras, so called interval effect algebras, arise this way.

An effect algebra E is an interval effect algebra if there is a partially ordered abelian group (G, G^+), an element a ∈ G^+, and an isomorphism h : E → [0, a].

Example 1. The interval [0, 1] of the real line R is an interval effect algebra. More generally, let [0, 1]^X be the set of all functions from a set X to the unit interval [0, 1]. As an interval of RX, it is an interval effect algebra. Notice that the above examples are also examples of MV-algbras.

Example 2. Let H be a Hilbert space. Consider the group of all boudned self-adjoint operators B_s(H) on H. The interval E(H) := [θ, I], where θ is the zero and I is the identity operator, is an interval effect algebra. Elements of E(H) are called Hilbert space effects.

3. Divisible effect algebras We say that an effect algebra E is divisible if for each a ∈ E and each

n ∈ N there is a unique x ∈ E such that a = nx. We will write x = (1/n)a.

Observe that if m ≤ n, then a = n(1/n)a = m(1/n)a ⊕ (n − m)(1/n)a, hence m(1/n)a exists. We shall write (m/n)a = m((1/n)a) whenever m/n ≤ 1. In the next lemma, we collect some simple properties of divisible effect algebras.

Lemma 1. Let (E; ⊕, 0, 1) be a divisible effect algebra.

(i) if m, n ≥ 1 and a ∈ E, then 1 n ( 1 m a) = 1 mn a. (ii) If m, n ≥ 2 and a ∈ E, then (1/m)a ⊥ (1/n)a and 1 m a ⊕ 1 n a = (m + n)( 1 mn a) = m + n mn a. (iii) If a, b ∈ E and a ⊥ b then for any n ∈ N, (1/n)a ⊥ (1/n)b and 1 n a ⊕ 1 n b = 1 n (a ⊕ b). (iv) If a ≤ b, then for any n ∈ N, 1 n a ≤ 1 n b. (v) If m ≤ n, then for any a ∈ N, 1 n a ≤ 1 m a. (vi) If na is defined for n ∈ N, a ∈ E, and m ≥ n, then 1 m (na) = n( 1 m a) = n m a. (vii) If na is defined for some n ∈ N, then for any m ∈ N, n((1/m)a) is defined, and n( 1 m a) = 1 m (na). (viii) If for some n ∈ N and a, b ∈ E, (1/n)a = (1/n)b, then a = b. (ix) If for some m, n ∈ N and 0 ≠ a ∈ E, (1/m)a = (1/n)a, then m = n. (x) If m, n ≥ 2, then for any a, b ∈ E, (1/n)a ⊥ (1/m)b.

Proof. (i) By the definition of divisibility we obtain mn( 1 n ( 1 m a)) = m[n( 1 n ( 1 m a))] = m( 1 m a) = a, which entails the desired result.

(ii) We have (1/m)a = n((1/n)(1/m)a)) = n((1/nm)a) by (i). Similarly (1/n)a = m((1/nm)a). Since m + n ≤ nm, (n + m)((1/mn)a) exists, and

(n + m) 1 nm a = n 1 nm a ⊕ m 1 nm a = 1 m a ⊕ 1 n a. (iii) From a = n((1/n)a), b = n((1/n)b) we obtain a ⊕ b = n( 1 n a) ⊕ n( 1 n b) = n( 1 n a ⊕ 1 n b) by commutativity and associativity. Hence (1/n)(a ⊕ b) = (1/n)a ⊕ (1/n)b.

(iv) Find c ∈ E such that a ⊕ c = b. Then by (iii), (1/n)a ⊕ (1/n)c = (1/n)b, hence (1/n)a ≤ (1/n)b. (v) By (i), (1/n)a = m((1/mn)a), (1/m)a = n((1/nm)a), and m ≤ n implies m((1/nm)a) ≤ n((1/nm)a), hence (1/n)a ≤ (1/m)a. (vi) We have na = n(m(1/m)a) = mn((1/m)a), hence n((1/m)a) = (1/m)(na). (vii) Since (1/m)a ≤ a, n((1/m)a) is defined. Moreover, m(n(1/m)a) = nm((1/m)a) = na, hence n((1/m)a) = (1/m)(na). (viii) By definition, a = n((1/n)a) = n((1/n)b) = b.

(ix) From (1/n)a = (1/m)a it follows that a = n((1/n)a) = n((1/m)a) = m((1/m)a). It follows by cancellation that |m − n|((1/m)a) = 0. Since by (viii) (1/m)a ≠ 0, it follows by positivity that m = n.

(x) If n, m ≥ 2, then (1/n)1 ⊥ (1/m)1 by (ii). Since by (iv), (1/n)a ≤ (1/n)1 and (1/m)b ≤ (1/m)1, we have (1/n)a ⊥ (1/m)b.

Example 3. Observe that a necessary condition for an effect algebra to be divisible is the following: If na and nb exist and na ≤ nb, then a ≤ b. Let us consider an effect algebra {0, a, b, 1} with the partial operation ⊕ such that 0 ⊕ x = x, x ∈ {0, a, b, 1}, a ⊕ a = 1 = b ⊕ b (so-called diamond). Then obviously, (1/2)1 is not unique, and so the diamond is not divisible. According to [11], the diamond is an interval effect algebra; the interval [(0, 0), (0, 2)] in the lexicographic product Z×_{lex} Z_2, where Zis the additive group of integers with the standard positive cone, and Z_2 is the additive group of integers modulo 2 ordered by the trivial cone {0}.

4. Embedding into a group

In this section, we use the ”word technique” developed by Baer [1] and Wyler [21], and introduced to the context of effect algebras by Ravindran [20]. Starting with a divisible effect algebra E, we will find a partially ordered abelian group G(E) with an order unit u such that E is isomorphic (as effect algebras) to the interval [0, u] in G(E)^+.

Definition 1. Let (E; ⊕, 0, 1) be an effect algebra.

(i) A sequence A = (a_1, a_2, . . . , a_n), n ≥ 1 of finite length with entries from E is called a word in E. We denote by W (E) the set of all words. We define an addition + in W (E) by the concatenation, that is

+ : W (E) × W (E) → W (E) ((a_1, . . . , a_m), (b_1, . . . , b_n)) → (a_1, . . . , a_m, b_1, . . . , b_n). (ii) We call two words A and B directly similar, written A ∼ B, if one is of the form (a_1, . . . , a_n), n ≥ 2, and the other one is of the form (a_1, . . . , a_p ⊕ a_{p+1}, . . . , a_n), 1 ≤ p ≤ n − 1. We call two words A and B similar, written A ≃ B if there are words A_0, A_1, . . . , A_k, k ≥ 0, such that A = A_0 ∼ A_1 ∼ · · · ∼ A_k = B. In such a case we say that A and B are connected by a chain of length k.

We set for a_1, . . . , a_n ∈ E, n ≥ 1, [a_1, a_2, . . . , a_n] := {A ∈ W (E) : A ≃ (a_1, . . . , a_n)} and C(E) := {[a_1, . . . , a_n] : a_1, . . . , a_n ∈ E, n ≥ 1}. The following lemma has been proved, in the context of effect algebras, by Ravindran [20]. We note that part (ii) has been proved by Baer [1] in a more general context.

Lemma 2. Let (E; ⊕, 0, 1) be an effect algebra.

(i) Similarity in W (E) is an equivalence relation compatible with +. If we denote the induced operation again by +, (C(E); +) is a semigroup with the neutral element [0].

(ii) For any a_1, a_2, . . . , a_n, b ∈ E, n ≥ 1, (a_1, . . ., a_n) ≃ (b) if and only if a_1 ⊕ · · · ⊕ a_n exists and equals b.

Proof. (i) ≃ is by construction an equivalence relation. From A_1 ≃ A, B_1 ≃ B it follows A_1 + B_1 ≃ A + B, so + is definable in C(E). As W (E) is associative, so is C(E). It has [0] as neutral element, since [a_1, . . . , a_n]+[0] = [a_1, . . . , a_n, 0] = [a_1, . . . , a_n].

(ii) If for a word (x_1, . . . , x_n) the sum of its entries x_1 ⊕ · · · ⊕ x_n exists, the same is true for any word directly similar to (x_1, . . . , x_n). So the ”only if” part follows by induction on the length of the connecting chain. The ”if” part is trivial.

Lemma 3. Let (E; ⊕, 0, 1) be a divisible effect algebra.

(i) For any a, b ∈ E, (a, b) ≃ (b, a). (ii) For any word A = (a_1, . . . , a_n) and k ∈ N, define 1 k A := ( 1 k a_1, . . . , 1 k a_n).

For any A, B ∈ W (E) and any k ∈ N, A ≃ B iff 1 k A ≃ 1 k B. Proof. (i) Using divisibility, Lemma 1 (x), and commutativity of E, we obtain (a, b) ∼ ( 1 2 a, 1 2 a, b) ∼ ( 1 2 a, 1 2 a, 1 2 b, 1 2 b) ∼ ( 1 2 a, 1 2 a ⊕ 1 2 b, 1 2 b) = ( 1 2 a, 1 2 b ⊕ 1 2 a, 1 2 b) ∼ ( 1 2 a, 1 2 b, 1 2 a, 1 2 b) . . . ∼ (b, a). (ii) If A ∼ B, then owing to (1/k)(a ⊕ b) = (1/k)a ⊕ (1/k)b we have (1/k)A ∼ (1/k)B. The proof then goes by induction with respect to the length of the connecting line.

Conversely, (1/k)A ≃ (1/k)B implies k((1/k)A) ≃ k((1/k)B) by the definition of +, and using (i) we arrive at A ≃ B.

Lemma 4. Let (E; ⊕, 0, 1) be a divisible effect algebra. Then C(E) satisfies the following.

(i) Let ā, b̄ ∈ C(E). From ā + b̄ = [0] it follows ā = b̄ = [0]. (ii) Let ā, b̄ ∈ C(E). Then ā + b̄ = b̄ + ā. (iii) Let ā, b̄, c̄ ∈ C(E). If ā + c̄ = b̄ + c̄ then ā = b̄.

Consequently, (C(E); +) is an abelian semigroup with [0] as neutral element.

Proof. (i) Let ā = [a_1, . . . , a_n], b̄ = [b_1, . . . , b_m]. Then ā + b̄ = [a_1, . . . , a_n, b_1, . . . , b_m]. From (a_1, . . . , a_n, b_1 . . . , b_m) ≃ (0) it follows by (ii) of Lemma 2 that a_1 ⊕

· · · ⊕ an ⊕ b1 ⊕ · · · ⊕ bm = 0, and by positivity in E, ai = bj = 0, 1 ≤ i ≤

n, 1 ≤ j ≤ m. Hence ā = b̄ = [0].

(ii) Follows from Lemma 3 by induction.

(iii) It suffices to prove it for c̄ = [c], for lengths n > 1 the cancellation can be done subsequently.

Assume that (a_1, . . . , a_m, c) ≃ (b_1, . . . , b_n, c). Without any loss of generality we may assume that m ≤ n. By Lemma 1 (x), 1 n + 1 a_1 ⊕ · · · ⊕ 1 n + 1 a_m ⊕ 1 n + 1 cand 1 n + 1 b_1 ⊕ · · · ⊕ 1 n + 1 b_n ⊕ 1 n + 1 c exist, and by Lemma 3 (ii), 1 n + 1 (a_1, . . . , a_m, c) ≃ 1 n + 1 a_1 ⊕ · · · ⊕ 1 n + 1 a_m ⊕ 1 n + 1 c ≃ 1 n + 1 (b_1, . . . , b_n, c) ≃ 1 n + 1 b_1 ⊕ · · · ⊕ 1 n + 1 b_n ⊕ 1 n + 1 c.

By Lemma 2 (ii), 1 n + 1 b_1 ⊕ · · · ⊕ 1 n + 1 b_n ⊕ 1 n + 1 c = 1 n + 1 a_1 ⊕ · · · ⊕ 1 n + 1 a_m ⊕ 1 n + 1 c. By cancellativity in E, (1/n + 1)b_1 ⊕ · · · ⊕ (1/n + 1)b_n = (1/n + 1)a_1 ⊕ · · · ⊕ (1/n + 1)a_m. Hence (1/n + 1)(a_1, . . . , a_m) ≃ (1/n + 1)(b_1, . . . , b_n), and by Lemma 3 (ii), (a_1, . . . , a_m) ≃ (b_1 . . . , b_n).

The rest of the proof follows by Lemma 2.

Define on C(E) × C(E) a binary operation + by (ā, b̄) + (c̄, d̄) = (ā + c̄, b̄ + d̄) for ā, b̄, c̄, d̄ ∈ C(E). Define on C(E) × C(E) a binary relation ≈ by (ā, b̄) ≈ (c̄, d̄) ⇔ ā + d̄ = b̄ + c̄ and put ⟨ā, b̄⟩ := {(c̄, d̄) : (c̄, d̄) ≈ (ā, b̄)}, G(E) := {⟨ā, b̄⟩ : ā, b̄ ∈ C(E)}, G(E)^+ := {⟨ā, [0]⟩ : ā ∈ C(E)}, ϵ : C(E) → G(E), ā → ⟨ā, [0]⟩. Clearly, ([0], [0]) ≈ (ā, ā) for arbitrary ā ∈ C(E), and θ := ⟨[0], [0]⟩ is the neutral element with respect to +.

Lemma 5. Let (E; ⊕, 0, 1) be a divisible effect algebra. Then the relation ≈ on C(E)×C(E) is an equivalence relation that is compatible with +. If + is the derived operation and G(E)^+ is the positive cone, then (G(E); +, ≤) is an abelian ordered group. Moreover, G(E) = G(E)^+−G(E)^+. The mapping ϵ : C(E) → G(E), ā → ⟨ā, [0]⟩ establishes a semigroup isomorphism between C(E) and G(E)^+.

Proof. The proof follows from Lemma 4 and, e.g., [12, Theorem II.4].

Theorem 1. Let (E; ⊕, 0, 1) be a divisible effect algebra. Then π : E → G(E), a → ⟨[a], [0]⟩ determines an isomorphism between (E; +, 0, 1) and the interval [⟨[0], [0]⟩, ⟨[1], [0]⟩] of G(E)^+, where ⟨[1], [0]⟩ is an order unit of G(E). In particular, E is an interval effect algebra.

Proof. First we prove that π is injective. Assume that ⟨[a], [0]⟩ = ⟨[b], [0]⟩. By injectivity of ϵ from Lemma 5, and by Lemma 2 (ii), this yields a = b. By the surjectivity of ϵ, any positive element of G(E) is of the form ⟨ā, [0]⟩ for some ā ∈ C(E). Now ⟨ā, [0]⟩ ≤ ⟨[1], [0]⟩ means for some other positive element ⟨b̄, [0]⟩ with b̄ ∈ C(E) that ⟨ā, [0]⟩ + ⟨b̄, [0]⟩ = ⟨1, [0]⟩. But then ā + b̄ = [1], since by Lemma 5, ϵ is a semigroup morphism. It follows by Lemma 2 (ii) that ā = [a], b̄ = [b] for some a, b ∈ E, hence ⟨ā, [0]⟩ = π(a). This proves that π is surjective.

It remains to prove that π preserves +. Observe that for a, b ∈ E, a ⊕ b exists in E and equals c iff (a, b) ∼ c iff [c] = [a] + [b] iff ⟨[c], [0]⟩ = ⟨[a], [0]⟩ + ⟨[b], [0]⟩ iff π(c) = π(a)+π(b). Here we also used the fact that ϵ from Lemma 5 is a semigroup isomorphism.

It remains to show that ⟨[1], [0]⟩ is an order unit of G(E). Since G(E) = G(E)^+ − G(E)^+ and G(E)^+ is isomorphic with C(E), it is sufficient to show that any ā = [a_1, . . . , a_n] ∈ C(E) lies below a multiple of [1]. By Lemma 3 (i), we conclude that [1, 1, . . . , 1] n−times = [a_1, a^′_1, . . . , a_n, a^′_n] = [a_1, . . . , a_n] + [b̄]

for some b̄ ∈ C(E), hence ā ≤ [1] + . . . + [1] n−times .

Recall that a map f : E → K, where E is an effect algebra and K is any abelian group, is called a K-valued measure if f(a ⊕ b) = f(a) + f(b) whenever a ⊕ b is defined in E. The following theorem has been proved in [2].

Theorem 2. Let E be an interval effect algebra. Then there exists a unique (up to isomorphism) partially ordered abelian group G with generating cone G^+ (in the sense that G = G^+ − G^+) and an element u ∈ G^+ such that the following conditions are satisfied:

(i) E is isomorphic to the interval effect algebra G^+[0, u], (ii) G^+[0, u] generates G^+ (in the sense that every element in G^+ is a finite sum of elements of G[0, u]), (iii) every K-valued measure f : E → K can be extended uniquely to a group homomorphism f^∗ : G → K.

The group G from the above theorem is called a universal group (or a a unigroup) for E. Note that u is an order-unit for G.

Theorem 3. Let E be a divisible effect algebra. The group (G(E), u) (where u := ⟨[1], [0]⟩) constructed in Theorem 1 is the universal group for E.

Proof. Condition (i) from Theorem 2 follows by Theorem 1. Condition (ii) follows by the construction of the group G(E) and the fact that every word can be expressed as a finite +-sum of words of length 1. To prove (iii), let K be any abelian group, and f : E → K a K-valued measure on E. Let π : E → G(E), a → ⟨[a], [1]⟩ be the isomorphism between E and [θ, u] (where θ := ⟨[0], [0]⟩) from Theorem 1. We have to prove that there is a group homomorphism f^∗ : G(E) → K such that f = f^∗ ∘ π. Define f^∗ : π(E) → K by f^∗ ∘ π(a) = f(a). As π is an isomorphism between E and π(E) = [θ, u] ⊂ G(E), f^∗ is a well-defined K-valued measure on [θ, u]. Clearly, f^∗(u) = f(1). Let g be any element of G(E)^+. By (ii), there are x_1, . . . , x_n in E such that g = π(x_1) + · · · + π(x_n). Extend the definition of f^∗ by putting f^∗(g) = f(x_1) + . . . + f(x_n). To prove that f^∗ is well-defined, assume that there are y_1, . . . , y_m ∈ E with g = π(y_1)+· · ·+π(y_m). Without loss of generality we may assume that m ≤ n. Then the elements 1 n x_1 ⊕ · · · ⊕ 1 n x_n, 1 n y_1 ⊕ · · · ⊕ 1 n y_m exist in E, and the equality 1 n g = 1 n (π(x_1) + · · · + π(x_n)) = 1 n (π(y_1) + · · · + π(y_m))

implies, because π is an isomorphism, that 1 n x_1 ⊕ · · · ⊕ 1 n x_n = 1 n y_1 ⊕ · · · ⊕ 1 n y_m. Therefore

f^∗(g) = f(x_1) + · · · + f(x_n) = nf( 1 n x_1 ⊕ · · · ⊕ 1 n x_n) = nf( 1 n y_1 ⊕ · · · ⊕ 1 n y_m) = f(y_1) + · · · + f(y_m).

Additivity of f^∗ is clear. Now every g ∈ G(E) is of the form g = g^+−g^− with g^+, g^− ∈ G(E)^+. So extend f^∗ by defining f^∗(g) = f^∗(g^+) − f^∗(g^−). If there is another representation g = h^+ − h^−, h^+, h^− ∈ G(E)^+, then g^+ − g^− = h^+ −h^− implies g^++h^− = g^− +h^+, which yields f^∗(g^+)−f^∗(g^−) = f^∗(h^+)− f^∗(h^−). This proves that f^∗ : G(E) → K is a well-defined homomorphism which extends f. Uniqueness is clear from the construction.

5. Embedding into a rational vector space Recall that an abelian group is divisible if for any g ∈ G and any n ∈ N there is a unique x ∈ G such that nx = g. We write x = (1/n)g.

Let (E; ⊕, 0, 1) be a divisible effect algebra. For a word A = (a_1, . . . , a_k),

k ∈ N, and α ∈ Q, α =^p_q define αA : = p( 1 q a_1, . . . , 1 q a_k) = ( 1 q a_1, . . . , 1 q a_k) + · · · + ( 1 q a_1, . . . , 1 q a_k) p−times .

Lemma 6. Let (E; ⊕, 0, 1) be a divisible effect algebra, A, B ∈ C(E), m, n, p, q ∈ N._{(i) If p/q = m/n, then (p/q)A ≃ (m/n)A.} (ii) If A ≃ B, then αA ≃ αB, 0 ≤ α ∈ Q.

Proof. (i) Let A = (a_1, . . . , a_k). Then p q A = p( 1 q a_1, . . . , 1 q a_k) ≃ pn( 1 nq a_1, . . . , 1 nq a_k) = mq( 1 nq a_1, . . . , 1 nq a_k) ≃ m( 1 n a_1, . . . , 1 n a_k) = m n (a_1, . . . , a_k) = m n A.

(ii) If A ∼ B, i.e., A = (a_1, . . . , a_k), say, B = (a_1, . . . , a_p ⊕ a_{p+1}, . . .a_k), then αA ∼ αB owing to 1 n (x ⊕ y) = 1 n x ⊕ 1 n y x, y ∈ E. The statement then can be proved by induction on the minimal length of the chain connecting A and B.

For X ∈ C(E), X = [a_1, . . . , a_k], α ∈ Q, α ≥ 0, define αX := [α(a_1, . . . , a_k)]. By Lemma 6, αX is well defined.

Proposition 1. For any X, Y ∈ C(E) and nonnegative α, β ∈ Q, the following statements hold.

(i) α(X + Y ) = αX + αY . (ii) α(βX) = (αβ)X. (iii) (α + β)X = αX + βX. (iv) 1X = X, 0X = [0].

Proof. (i) Let α = p/q, X = [a_1, . . . , a_k], Y = [b_1, . . . , b_l]. Then X + Y = [a_1, . . . , a_k, b_1 . . . , b_l], and hence p q (X + Y ) = [p( 1 q a_1, . . . , 1 q a_k, 1 q b_1, . . . , 1 q b_l)]

= [p( 1 q a_1, . . . , 1 q a_k)] + [p( 1 q b_1 . . . , 1 q b_l)] = p q X + p q Y. (ii) Let α = p/q, β = m/n, X = [a_1, . . . , a_k]. Then α(βX) = p q [ m n (a_1, . . . , a_k)] = [ p q m( 1 n a_1, . . . , 1 n a_k)] = [mp( 1 qn a_1, . . . , 1 qn a_k)] = mp qn X = (αβ)X. (iii) Let α = p/q, β = m/n, X = [a_1, . . . , a_k]. Then by (ii), αX + βX = [p( 1 q a_1, . . . , 1 q a_k)] + [m( 1 n a_1, . . . , 1 n a_k)] = [pn( 1 qn a_1 . . . , 1 qn a_k)] + [mq( 1 qn a_1, . . . , 1 qn a_k)]

= [(pn + mq)( 1 qn a_1, . . . , 1 qn a_k)] = (α + β)X.

(iv) is clear.

Corollary 1. Let (E; ⊕, 0, 1) be a divisible effect algebra. The group G(E) from Theorem 1 can be endowed with a structure of an ordered vector space over the field Q of rational numbers.

Proof. For ⟨ā, b̄⟩ ∈ G(E) and λ ∈ Q, define λ⟨ā, b̄⟩ = { ⟨λā, λb̄⟩ if λ ≥ 0 ⟨(−λ)b̄, (−λ)ā⟩ if λ ≤ 0 It is straightforward to show that this operation is well defined and makes G(E) a rational vector space ordered by the (rational) positive cone G(E)^+.

Recall that a partially ordered abelian group G is unperforated if nx ≥ 0 for some n ∈ N and x ∈ G, then x ≥ 0. It is clear that if (G; u) bears a structure of a rational vector space, it must be divisible and unperforated.

By [3, Lemme 1.6.8], every abelian torsion-free group G can be embedded into a rational vector space H such that for all x ∈ H, there is n ≥ 0 with nx ∈ G. The proof consists in considering the direct product G × N and an equivalence relation (a, n) ≡ (b, m) if ma = nb. Let H be the quotient with respect to this relation. Denote^a_n the image of (a, n) in H. If we define operation + on H by^a_n +^b_m =^{ma+nb}_{mn} , the group H has all required properties. The group H is called the divisible hull of G. It is unique up to isomorphism.

Proposition 2. An effect algebra E can be embedded into a divisible effect algebra F if and only if E is an interval effect algebra with an unperforated unigroup.

Proof. Let E = [0, a], where a ∈ G^+, G being an unperforated partially ordered abelian group and let H be its divisible hull. Let us define^a_n ≤^b_m if ma ≤ nb in G. Then H becomes a divisible unperforated partially ordered group. Define h : G → H by h(x) =^x_1 . It is clear that h is an embedding (as ordered groups), and E is embedded into [0, h(a)].

Conversely, let E be embedded into an interval effect algebra F with a unigroup (G(F ); u). We can identify F with the interval [0, u] in G(F )^+, so that E is a subalgebra of [0, u]. Let G(E) be the subgroup generated by E in G(F ), and let G(E)^+ consist of all finite sums of elements of E ⊂ F (E)^+. Evidently, 0, u ∈ E ⊆ G(E)^+ ⊆ G(F )^+ ∩ G(E), G(E)^+ + G(E)^+ ⊆ G(E)^+, G(E)^+ ∩ G(E)^+ = {0}. Hence G(E)^+ is the generating cone in G(E), and G(E) is partially ordered by it. If p ∈ E, then p^′ = u − p ∈ E, so p, u − p ∈ [0, u] ∩ G(E)^+ ⊆ F (E)^+. Suppose that p ∈ [0, u] ∩ G(E)^+. Then p, u − p ∈ G(E)^+ ⊆ G(F )^+, and there exists p_1, . . . , p_n ∈ E ⊆ [0, u] such that p = ∑ i p_i, and p ≤ u in G(E). Therefore p = ⨁ i p_i in [0, u], and since E is a sub-effect algebra of [0, u], it follows that p ∈ E. Hence E can be identified with [0, u] ∩ G(E)^+, and G(E) is a subgroup of G(F ). Since G(F ) is uperforated, G(E) is also unperforated.

6. Relations to convex effect algebras

Recall that an effect algebra E is convex [14] if for every a ∈ E and every λ ∈ [0, 1] there exists an element λa ∈ E such that the following conditions hold.

(C1) If α, β ∈ [0, 1] and a ∈ E, then α(βa) = (αβ)a.

(C2) If α, β ∈ [0, 1] with α + β ≤ 1 and a ∈ E, then αa ⊥ βa and (α + β)a = αa ⊕ βa. (C3) If a, b ∈ E with a ⊥ b and λ ∈ [0, 1], then λa ⊥ λb and λ(a ⊕ b) = λa ⊕ λb. (C4) If a ∈ E, then 1a = a.

Clearly, every convex effect algebra is divisible.

A map (λ, a) → λa that satisfies (C1)-(C4) is called a convex structure on E. It has been shown in [14, Theorem 3.1], that every convex effect algebra E is isomorphic (as convex effect algebras) to an interval [θ, u] that generates a real ordered linear space (V ; V^+) (which is unique up to order isomorphism), and the effect algebra order coincides with the linear space order restricted to [θ, u].

In what follows, we express C(E) in another form, which is close to the method used in [14].

Define the set K̂ ⊆ Q × E by K̂ := {(α, a) : α ≥ 1, α ∈ Q, a ∈ E} For (α, a), (β, b) ∈ K̂ define the relation ∼ on K̂ by (α, a) ∼ (β, b) if β^{−1}a = α^{−1}b. Clearly, ∼ is reflexive and symmetric. To prove transitivity, suppose that (α, a) ∼ (β, b) and (β, b) ∼ (γ, c). Then β^{−1}a = α^{−1}b and γ^{−1}b = β^{−1}c. Then β^{−1}(γ^{−1}a) = (γ^{−1}α^{−1})b = β^{−1}(α^{−1}c) and by Lemma 1 (viii), γ^{−1}a = α^{−1}c. Thus (α, a) ∼ (γ, c), so ∼ is an equivalence relation. Denote the equivalence class containing (α, a) by [α, a] and let K̃ := {[α, a] : (α, a) ∈ K̂}. For β ≥ 0, β ∈ Q, define β[α, a] = { [βα, a] if β ≥ 1 [α, βa] if β < 1 We also define an operation + on K̃ by [α, a] + [β, b] := [α + β, α α + β a ⊕ β α + β b]. Using the same methods as in [14], it can be shown that K̃ is an abstract cone over the rationals with a zero θ̃ = [1, 0].

Define a mapping η : K̃ → C(E) by η([α, a]) = n[( 1 m a)], where α = n m ≥ 1. Proposition 3. (i) The mapping η is a bijection from K̃ onto C(E).

(ii) For any 0 ≤ β ∈ Q, η(β[α, a]) = βη([α, a]) and η([α, a] + [β, b]) = η([α, a]) + η([β, b]).

Proof. (i) First we prove that η is well defined. Let (α, a) ∼ (β, b), α = n/m ≥ 1, β = q/p ≥ 1. Then β^{−1}a = α^{−1}b, i.e., (p/q)a = (m/n)b. Then we have n( 1 m a) = ( 1 m a, . . . , 1 m a) n−times = ( 1 m qm np b, . . . , 1 m qm np b) n−times = n( q np b) ≃ qn( 1 np b) ≃ q( 1 p b). Hence η[(n/m), a] = η[(q/p), b]. In a similar way we prove injectivity of η. To prove surjectivity, let ā = [a_1, . . . , a_k] ∈ C(E). Then x :=^1_k a_1 ⊕ · · · ⊕^1_k a_k exists in E, and (a_1, . . . , a_k) ≃ k(x). Therefore ā = η[k, x].

(ii) The proof is routine, we leave it to the reader.

From the proof of Theorem 3.1 in [14] and Proposition 3 the following corollary can easily be derived.

Corollary 2. Let E be a convex effect algebra. Then the ordered rational vector space (Q(E); Q(E)^+) from Corollary 1 is a rational subspace of the real linear space (V ; V^+) from Theorem 3.1 in [14].

Remark. The word method can be used also to construct a real linear space for a convex effect algebra. For any word W = (a_1, . . . , a_n), define the multiplication by a nonnegative real number α by αW = k( α k a_1, . . . , α k a_n)

where k − 1 < α ≤ k, k ∈ N. Then we check that this multiplication yields a well-defined multiplication by nonnegative real numbers on C(E), and that C(E) with respect to this multiplication and the operation + forms an abstract positive cone.

7. Embedding into a real linear space Recall that a function s : E → [0, 1] ⊂ R from an effect algebra E to the unit interval is a state on E if s(a ⊕ b) = s(a) + s(b) whenever a ⊥ b, and s(1) = 1. Denote by S(E) the set of all states (i.e. the state space) of E. In particular, a state can be considered as an R-valued measure on E.

Let (G; e) be an ordered abelian group with order unit. Recall that a state on (G; e) is any normalized positive homomorphism s from (G; e) to

(R; 1). That is, s(g) ≥ 0 whenever g ∈ G^+ and s(e) = 1. Denote by S(G; e)

the set of all states on (G, e), i.e., the state space of (G; e).

Theorem 3 implies the following result.

Theorem 4. Let E be a divisible effect algebra and (G(E); u) its unigroup. Then every state on E uniquely extends to a state on (G(E); u).

Let (G; u) be an ordered abelian group with order unit. For every x ∈ G, the evaluation map x̃ : S(G; u) → R (so that x̃(s) = s(x) for all s ∈ S(G; u)) is affine and continuous with respect to the pointwise operations and the product topology on RG, so that it defines a map: ϕ : G → Aff(S(G; u)), known as the natural map from G to the set of all affine continuous functions on S(G; u).

Recall that the order-unit norm (relative to u) is defined, for any x ∈ G, by the function ||x||_u := inf { k n : k, n ∈ N, −ku ≤ nx ≤ ku}. The function ||.||_u has the following norm-like properties ([13]) (we write ||.|| instead ||.||_u if no confusion may happen). (a) ||mx|| = |m|||x||. (b) ||x + y|| ≤ ||x|| + ||y||. (c) If −y ≤ x ≤ y, then ||x|| ≤ ||y||. If G is nonzero, then (d) ||u|| = 1. (e) ||x|| = max{|s(x)| : s ∈ S(G; u)} = ||ϕ(x)||. The rule d(x, y) = ||x − y|| defines a pseudometric d on G. It is usually referred to the corresponding topology on G as the norm-topology. In general, the pseudo-metric d is not a metric, and hence the norm-topology on G is not Hausdorff. The norm-completion of G is the (Hausdorff) completion of G with respect to its order-unit norm. As the group operation in G is uniformly continuous with respect to the order-unit norm by property (b), and multiplication by rational numbers is uniformly continuous by (a), the norm-completion of a divisible abelian group G is a divisible abelian group. If κ : G → Ḡ is the canonical map, then κ(G^+) is a cone in Ḡ, and so the closure of κ(G^+) is a cone also. We make Ḡ a pre-ordered abelian group with positive cone Ḡ^+ equal to the closure of κ(G^+) in Ḡ.

Proposition 4. Let (G; u) be a nonzero divisible partially ordered abelian group with order-unit, and let ϕ : G → Aff(S(G; u)) be the natural map. Then the subgroup ϕ(G) is dense in Aff(S(G; u). If, in addition, G is unperforated, then ϕ(G^+) is dense in Aff(S(G; u))^+.

Proof. By [13, Theorem 7.9], for any (nonzero) partially ordered abelian group (G; u), the set H := {ϕ(x)/2^n : x ∈ G, n ∈ N} is dense in Aff(S(G; u)). By divisibility, H ⊆ ϕ(G), and so ϕ(G) is dense in Aff(S(G; u)). Similarly, if G is unperforated, then the set

H^+ := {ϕ(x)/2^n : x ∈ G^+, n ∈ N} is dense in Aff(S(G; u))^+. Since H^+ ⊆ ϕ(G^+) if G is divisible, it follows that ϕ(G^+) is dense in Aff(S(G; u))^+.

Theorem 5. Let (G; u) be a nonzero unperforated divisible group with orderunit, Let Ḡ be the norm-completion of G, and let κ : G → Ḡ be the canonical map. Let ϕ : G → Aff(S(G; u)) be the natural map. Then (Ḡ) is isomorphic with Aff(S(G; u)).

Proof. Put A := Aff(S(G; u)). Since ||ϕ(x)|| = ||x|| for all x ∈ G, ϕ is uniformly continuous. Consequently, there is a unique uniformly continuous map f : Ḡ → A such that fκ = ϕ, and we may observe that f is a group homomorphism. As κ(G) is dense in Ḡ, and fκ(G) = ϕ(G) ⊆ A, we see that f(Ḡ) ⊆ A. Similarly, since κ(G^+) is dense in Ḡ^+, and fκ(G^+) ⊆ A^+, we have f(Ḡ^+) ⊆ A^+. Thus f is a positive homomorphism from Ḡ to A. Given any x ∈ Ḡ with f(x) = 0, choose a sequence {x_1, x_2 . . . } in G such that κ(x_i) → x. Then ϕ(x_i) → 0 in A. As ||x_i|| = ||ϕ(x_i)|| for all i, we obtain ||x_i|| → 0, whence x = 0. Thus f is injective.

By Proposition 4, ϕ(G^+) is dense in A^+. Hence, given any p ∈ A^+, there exists a sequence {x_1, x_2, . . . } in G^+ such that ϕ(x_i) → p. Since ||x_i − x_j|| = ||ϕ(x_i) − ϕ(x_j)|| for all i, j, then x_i form a Cauchy sequence in G^+. Then there exists x ∈ Ḡ^+ such that κ(x_i) → x, and f(x) = p by continuity of f. Thus f(Ḡ^+) = A^+. As A is directed (and has an order unit 1), we may conclude from f(Ḡ^+) = A^+ that f(Ḡ) = A. Therefore f is an isomorphism of Ḡ onto A as ordered groups.

In the situation of Theorem 5 we may identify Ḡ with Aff(S(G; u)) and κ with ϕ. Certainly Ḡ is partially ordered and κ(u) = 1 is an order unit in Ḡ. As the order-unit norm in Ḡ (with respect to the order-unit 1) coincides with the supremum norm, Ḡ is norm-complete. Moreover, the order-unit metric in Ḡ coincides with the metric obtained from the completion process; namely, given elements x and y in Ḡ, expressed as limits of sequences {κ(x_i)} and {κ(y_i)} with x_i, y_i ∈ G, the value ||x − y|| = lim_i ||x_i − y_i||.

Recall that a partially ordered abelian group G is archimedean provided that whenever x, y ∈ G such that nx ≤ y for all n ∈ N, then x ≤ 0. It is well known that an abelian partially ordered group is archimedean if and only if it is isomorphic to a subgroup of R^X for some set X.

In analogy with the definition for convex effect algebras [15], we will say that a divisible effect algebra E is archimedean if whenever a, b, c ∈ E with a ⊥ b and c ≤ a ⊕ (1/n)b for every n ∈ N, then c ≤ a.

Let S be a set of states on an effect algebra E. Then S is said to be separating if s(a) = s(b) for all s ∈ S implies a = b (a, b ∈ E). And S is said to be ordering if s(a) ≤ s(b) for all s ∈ S implies a ≤ b (a, b ∈ E).

The following two theorems are analogous to [15, Theorem 3.6] and [15, Theorem 3.5].

Theorem 6. Let E be a divisible effect algebra and G(E); u) its unigroup. Then the following statements are equivalent. (a) E possesses an ordering set of states. (b) E is archimedean. (c) G(E) is archimedean.

Proof. To show that (a) implies (b) assume that S is an ordering set of states on E. Let a, b, c be elements of E with a ⊥ b and c ≤ a ⊕ (1/n)b for every n ∈ N. For every s ∈ S we have s(c) ≤ s(a) + n^{−1}s(b) for all n ∈ N. Hence s(c) ≤ s(a) for all s ∈ S so c ≤ a.

To show that (b) implies (c) assume that E is archimedean, so that [θ, u] is archimedean. Suppose that nx ≤ y, x, y ∈ G(E), for all n ∈ N. Since u is an order-unit, there is m ∈ N such that y ≤ mu, hence nx ≤ mu for all

n ∈ N. It follows that n(1/m)x ≤ u for all n ∈ N. Let (1/m)x = v − z with

v, z ≥ 0, so that v ≤ z + n^{−1}u for all n ∈ N. If v = 0 or z = 0, then x ≤ 0, and we are finished. So suppose that v, z ≠ 0. Since u is an order unit, there are m, k ∈ N such that z + (1/k)u ≤ mu. Then (1/m)z ⊥ (1/mk)u and 1 m v ≤ 1 m z ⊕ n^{−1} 1 mk u and since E is archimedean, it follows that (1/m)v ≤ (1/m)z, hence v ≤ z. It follows that x ≤ 0.

Now assume that (G(E); u) is archimedean. By [13, Theorem 7.7.], the natural map ϕ : (G(E), u) → Aff(S(G(E); 1) provides an isomorphism of G(E) onto a subgroup of Aff(S(G(E); u) as ordered groups. It follows that a ≤ b (a, b ∈ E, identified with [θ, u]) iff ϕ(a) ≤ ϕ(b), hence ϕ(a)(s) ≤ ϕ(b)(s) for every s ∈ S(G(E), u). It follows that a ≤ b iff s(a) ≤ s(b) for all s ∈ S(E), so S(E) is ordering for E.

Analogously we prove the following.

Theorem 7. Let E be a divisible effect algebra and (G(E); u) its unigroup. The following statements are equivalent: (a) E possesses a separating set of states. (b) The order-unit norm on (G(E); u) is actually a norm.

References

[1] R. Baer, Free sums of groups and their generalizations. An analysis of the associative law. Amer. J. Math. 41 (1949), 706{742.

[2] M.K. Bennett and D.J. Foulis, Interval and scale e¸ect algebras, Advances in Appl.

Math 19 , 200{215 (1997).

[3] A. Bigard, K. Keimel and S. Wolfenstein, ¨Groupes et Anneaux Réticulés, Springer- Verlag, Berlin-Heidelberg-New York, 1977.

[4] S. Bugajski, Fundamentals of fuzzy probability theory, Internat. J. Theoret. Phys.

35 (1996), 2229{2244.

[5] P. Bush, M. Grabowski and P. Lahti, Operational Quantum Physics, Springer-Verlag, Berlin, 1995.

[6] R. Cignoli, I.M.L. D’Ottaviano and D. Mundici, Algebraic Foundations of Manyvalued Reasoning, Kluwer Academic Publ., Dordrecht 2000.

[7] M.L. Dalla Chiara and R. Giuntini, Quantum logic. In: Handbook of Philosophical logic, Eds. D. Gabbay, F. Guenthner, Kluwer Acad. Publ., Dordrecht, to appear.

[8] A. Dvureèenskij and S. Pulmannová, New Trends in Quantum Structures, Kluwer Acad. Publ., Dordrecht, to appear.

[9] A. Dvureèenskij and B. Rieèan, Weakly divisible MV-algebras and product, J. Math.

Anal. Appl. 234 (1999), 208{222.

[10] D.J. Foulis and M.K. Bennett, E¸ect algebras and unsharp quantum logics. Found.

Phys. 37 (1994), 1325{1346.

[11] D.J. Foulis, R.J. Greechie and M.K. Bennett, Sums and products of interval e¸ect algebras, Inter. J. Theor. Phys., 33, (1994), 2119{2136.

[12] L. Fuchs, Partially Ordered Algebraic Systems, Pergamon Press, Oxford-London-New York-Paris, 1963.

[13] K.R. Goodearl, Partially Ordered Abelian Groups with Interpolation, Math. Surveys and Monographs No 20, Amer.Math. Soc., Providence, Rhode Island, 1986.

[14] S. Gudder and S. Pulmannová, Representation theorem for convex e¸ect algebras, Commen. Math. Univ. Carolinae, 39 (1998), 645{659.

[15] S.P. Gudder et all., Convex and linear e¸ect algebras, Rep. Math. Phys. 44 , 359{379. [16] F. Kôpka and F. Chovanec, D-posets, Math. Slovaca 44 (1994), 21{34. [17] G. Ludwig, Foundations of Quantum mechanics, Springer-Verlag, New York, 1983. [18] D. Mundici, Interpretations of AF C*-algebras in Lukasziewicz sentential calculus, J.

Funct. Anal. Appl. 65 (1986), 15{63.

[19] S. Pulmannová, E¸ect algebras with the Riesz decomposition property and AF C*- algebras, Found. Phys., to appear.

[20] K. Ravindran, On a structure theory of e¸ect algebras, PhD These, Kansas State University, Mahattan Kansas, 1996.

[21] O. Wyler, Clans, Compositio Math., 17 (1966/67), 172{189.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras

(continued on inside back cover)

14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures 12/1998 Ladislav Miźík, jr., Tibor őáèik: A simpli˛ed formula for calculation of metric dimension of converging sequences 11/1998 Beloslav Rieèan: On the joint distribution of observables 10/1998 Beloslav Rieèan: On the product MV algebras