Preprint 19/2000

August 21, 2000

Revised August 25, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Martin Kochol

Polynomials associated

with nowhere-zero flows

PREPRINT SERIES

POLYNOMIALS ASSOCIATED WITH NOWHERE-ZERO FLOWS

Martin Kochol

Abstract. In this paper we study relations between nowhere-zero Zk- and integervalued flows in graphs and the functions FG(k) and IG(k) evaluating the numbers of nowhere-zero Zk- and k-flows in a graph G, respectively. It is known that FG(k) is a polynomial for k > 0. We show that IG(k) is also a polynomial and that 2m^(G^)FG(k) ≥ IG(k) ≥ (m(G) + 1)FG(k), where m(G) denotes the rank of the cocycle matroid of G. Finally we prove that FG(k + 1) ≥ FG(k) · k/(k − 1) and IG(k + 1) ≥ IG(k) · k/(k − 1) for every k > 1.

1. Introduction

A graph admits a nowhere-zero k-flow if its edges can be oriented and assigned values ±1, . . . , ±(k − 1) so that the sum of the incoming values equals the sum of the outcoming ones for every vertex of the graph. Using nonzero elements of an additive Abelian group A instead of integers, we get a nowhere-zero A-flow in G. By Tutte [T2], a graph admits a nowhere-zero k-flow if and only if it admits a nowhere-zero Z_k-flow.

Nowhere-zero flows in graphs present a dual concept to the chromatic problems from graph theory, because, by Tutte [T2], a planar graph is k colorable if and only if its dual admits a nowhere-zero Z_k-flow. Classical chromatic polynomial has also a dual concept, and it is the flow polynomial introduced by Tutte [T2]. The flow polynomial of a graph G, denoted by F_G(k), determines the number of nowhere-zero A-flows in a graph G for any Abelian group A of order k. Thus a graph admits a nowhere-zero Z_k-flow if and only if it admits a nowhere-zero A-flow for any Abelian group A of order k.

We show that the number of nowhere-zero k-flows in a graph G can be also evaluated by a polynomial I_G(k) for k > 0. The proof does not use the contractiondeletion principle, but ideas from convex geometry. Furthermore we prove that 2^{m(G)}F_G(k) ≥ I_G(k) ≥ (m(G) + 1)F_G(k), where m(G) denotes the rank of the cocycle matroid of G (the number of the edges obtained after deleting from G the edges of a spanning forest).

In two introductory sections we study relations between nowhere-zero Z_k- and k-flows in graphs. If we have a nowhere-zero k-flow in a graph G, then taking the values modk we get a nowhere-zero Z_k-flow. If two nowhere-zero k-flows give the same Z_k-flow in this process (i. e., their values are congruent modk), we say that

1991 Mathematics Subject Classification. Primary 05C15. Secondary 05C20, 52B11, 90B10. Key words and phrases. Nowhere-zero flow, (integral) flow polynomial, equivalence classes of flows, positive orientation of a nowhere-zero integral flow.

they are θ_{G,k}-equivalent. There is a one-to-one correspondence between the θ_{G,k}- classes and the nowhere-zero Z_k-flows in G. Thus F_G(k) evaluates also the number of the θ_{G,k}-classes of G.

For every nowhere-zero k-flow φ in G, there exists just one orientation of G so that the flow has only positive values by this orientation. This is called the positive orientation of φ. The number of the directed cycles in this orientation is equal to the cardinality of the θ_{G,k}-class containing φ. Furthermore, θ_{G,k} induces an equivalence relation Θ_G on the set of all positive orientations in G. Similarly as nowhere-zero k-flows are associated with positive orientations, nowhere-zero Z_kflows are associated with Θ_G-classes of such orientations.

For an orientation X of G, let I_X (k) denote the number of nowhere-zero k-flows in G with the positive orientation X. This is also a polynomial and both F_G(k) and I_G(k) can be expressed as sums of certain I_X (k). Polynomials F_G(k), I_G(k), and I_X (k) satisfy the recursive rule f(k + 1) ≥ f(k) · k/(k − 1) for every integral k > 1. This estimate is the best possible in general.

For more information about flow polynomial F_G(k) and related topics see Brylawski and Oxley [BO], Biggs [Bi], Rota [R], Tutte [T5, T6] and Welsh [W]. More details about nowhere-zero flow problems can be found in Jaeger [J2], Tutte [T6], Seymour [S2], Zhang [Z] and [K2].

2. Nowhere-zero flows in graphs

In this paper we deal with finite unoriented graphs with multiple edges and loops. A graph G = (V, E) consists of a set of vertices V (G) = V and a set of edges E(G) = E. Every edge e of the graph G determines two opposite arcs arising from it after endowing e with two distinct orientations. All arcs obtained in this way are called arcs of G and the set of them is called the arc set of G and denoted by D(G). Clearly, |D(G)| = 2|E(G)|. If x is an arc of G, then denote by x^{−1} the second arc arising from the same edge. Clearly (x^{−1})^{−1} = x and x ≠ x^{−1} for every arc x of G. If X ⊆ D(G), then denote by X^{−1} = {x ∈ D(G); x^{−1} ∈ X}. By an orientation of G we mean every X ⊆ D(G) so that X ∪ X^{−1} = D(G) and X ∩ X^{−1} = ∅.

If W ⊆ V (G), then the set of the arcs of D(G) directed from W to V (G) \ W is denoted by ω^+_G(W ). Furthermore, define ω^−_G (W ) = (ω^+_G(W ))^{−1}. We write ω^+_G(v), ω^−_G(v) instead of ω^+_G({v}), ω^−_G({v}), respectively.

If e is an edge of a graph G, then G−e and G/e denote the graphs obtained from G after deleting and contracting the edge e, respectively. Note that G/e = G − e if e is a loop.

In this paper, every Abelian group is additive. If G is a graph and A is an Abelian group, then an A-chain in G is a mapping φ : D(G) → A such that φ(x^{−1}) = −φ(x) for every x ∈ D(G). Furthermore, the mapping ∂φ : V (G) → A so that ∂φ(v) = ∑ x∈ω+_G(v) φ(x) (v ∈ V (G))

is called the boundary of φ. Support of φ, denoted by σ(φ), is the set of the edges associated with the arcs of G having nonzero values in φ. An A-chain φ is called nowhere-zero if σ(φ) = E(G). 2

Lemma 1. Let φ be an A-chain in a graph G and W ⊆ V (G). Then ∑ x∈ω+_G(W ) φ(x) = ∑ v∈W ∂φ(v).

Proof. Since φ(x^{−1}) = −φ(x) for every x ∈ D(G), we have ∑ x∈ω+_G(W ) φ(x) = ∑ v∈W ∑ x∈ω+_G(v) φ(x) = ∑ v∈W ∂φ(v). �

A (nowhere-zero) A-chain φ in G is called a (nowhere-zero) A-flow in G if ∂φ(v) = 0 for every vertex v of G. If k is a positive integer, then by a (nowhere-zero) k-chain φ in a graph G we mean a (nowhere-zero) Z-chain in G such that |φ(x)| < k for every x ∈ D(G). Furthermore, if φ is a Z-flow, then we speak about a (nowherezero) k-flow in G. Note that a graph G has a nowhere-zero 1-flow if and only if E(G) = ∅. The following lemmas are rather obvious (see cf. [K2]).

Lemma 2. If a graph G has a bridge, then it does not admit a nowhere-zero A-flow for every Abelian group A.

Lemma 3. Let X ⊆ D(G) be an orientation of G. Then a mapping ψ : X → A can be extended into an A-flow φ in G if and only if the following equality is satisfied for every vertex v of G ∑ x∈ω+_G(v)∩X ψ(x) = ∑ x∈ω�_{G(v)∩X} ψ(x).

The concept of nowhere-zero flows in graphs used here is identical with that one introduced in [K1, K2]. By Lemma 3, our approach coincides with the usual definition of nowhere-zero flows as presented, e. g., in Jaeger [J2] (also used in the introduction of this paper). The only difference is that instead of a fixed (but arbitrary) orientation of a graph G we use the set D(G) as a domain for a flow.

For a graph G, let m(G) = |E(G)| − |V (G)| + c(G) where c(G) denotes the number of components of G. It is known that m(G) is rank of the cocycle matroid (or bond matroid) of G, that is dual to the classical cycle matroid of G. In other words, m(G) is the number of the edges obtained after deleting the edges of a spanning forest from G. m(G) is also called the cyclomatic number of G (see [Be]). The following was proved by Tutte [T2].

Theorem 1. For every graph G, there exists a polynomial function F_G(k) of k, so that if A is an Abelian group of order k > 0, then F_G(k) is the number of nowherezero A-flows in G. Furthermore, if G is bridgeless, then F_G(k) has degree m(G) and otherwise F_G(k) = 0.

Proof. Following the usual convention we get F_G(k) = 1 if E(G) = ∅. By Lemma 2, F_G(k) = 0 if G has a bridge. Take e ∈ E(G) which is not a bridge. If e is a loop, then F_G(k) = (k − 1)F_{G−e}(k) and m(G) = m(G − e) + 1. Otherwise 3

F_G(k) = F_{G/e}(k) − F_{G−e}(k) and m(G) = m(G/e) = m(G − e) + 1. Thus applying induction on |E(G)| we get the statement. �

F_G(k) is called the flow polynomial of G. Note that F_G(1) = 0 for every graph with E(G) ≠ ∅ because there does not exist a nowhere-zero A-flow in G if A is trivial (contains only zero).

Suppose φ and φ^′ are nowhere-zero k-flows in a graph G. Then we write φ ≡ φ^′(θ_{G,k}) if φ(x) ≡ φ^′(x) (mod k) for every x ∈ D(G). θ_{G,k} is an equivalence relation on the set of nowhere-zero k-flows in G. Let us note that [φ]θ_{G,k} denotes the θ_{G,k}-class containing φ, i. e., the set of the nowhere-zero k-flows in G which are θ_{G,k}-equivalent with φ.

If ψ is a nowhere-zero Z_k-flow in G and X an orientation of G, then ψ_X denotes the nowhere-zero k-chain in G so that ψ_X (x) = ψ(x) for every x ∈ X (for the sake of simplicity, the residue class [n]_k is considered as n where 0 ≤ n < k). Clearly, ∂ψ_X (v) ≡ 0 (mod k) for every vertex v of G.

Let φ be a nowhere-zero R-chain in G. Then {x ∈ D(G); φ(x) > 0} is an orientation of G. It is denoted by X_φ and called the positive orientation of φ. Furthermore, if φ is a nowhere-zero k-flow, then denote by [φ]_k the nowhere-zero

Zk-flow in G satisfying [φ]k(x) = [φ(x)]k for every x ∈ D(G). It is clear that [φ]k

is well defined and that φ(x) = [φ]_k(x) for every x ∈ X_φ. Thus ([φ]_k)_{Xφ} = φ. In fact, we can prove even more.

Theorem 2. Let G be a graph. Then the mapping [φ]θ_{G,k} → [φ]_k is a one-to-one correspondence between the θ_{G,k}-classes and the nowhere-zero Z_k-flows in G.

Proof. If φ and φ^′ are nowhere-zero k-flows in G, then φ ≡ φ^′(θ_{G,k} ) if and only if [φ]_k = [φ^′]_k. Thus it remains to show that if ψ is a nowhere-zero Z_k-flow in G, then there exists a nowhere-zero k-flow φ in G so that [φ]_k = ψ. Choose an orientation X in G so that ∑ v∈V (G) |∂ψX (v)| is minimal. We claim that ψX is a

k-flow. If not, then there exists a vertex w from G with ∂ψ_X (w) ≥ k (because, by Lemma 1, ∑ v∈V (G) ∂ψX (v) = 0). Let W be the set of the endpoints of all directed

paths in X beginning in w (clearly w ∈ W ). Then ω^+_G(W ) ⊆ X^{−1} and, by Lemma 1, ∑ v∈W ∂ψ_X (v) = ∑ x∈ω+_G(W ) ψX (x) ≤ 0. Thus there exists w

′ ∈ W satisfying ∂ψ_X (w^′) ≤ −k. Let P be a path in X oriented from w to w^′. Changing the orientations of the arcs from P we get X^′ from X. It satisfies ∂ψ_X0(w) = ∂ψ_X (w)− k, ∂ψ_X0(w^′) = ∂ψ_X (w^′) + k , and ∂ψ_X0(v) = ∂ψ_X (v) for every v ∈ V (G) \ {w, w^′}. Therefore ∑ v∈V (G) |∂ψX0(v)| < ∑ v∈V (G) |∂ψX (v)|, which contradicts the choice of

X. Thus ψ_X is a nowhere-zero k-flow in G and, furthermore, [ψ_X ]_k = ψ. �

Theorem 2 in fact follows from results of Tutte [T1]. Our proof is based on ideas of Younger [Y].

Corollary 1. The number of the θ_{G,k}-classes is F_G(k) for every graph G and k > 0. Proof. Follows from Theorems 1 and 2. �

Let I_G(k) denote the number of nowhere-zero k-flows in a graph G. By Theorem 2, I_G(k) = 0 if and only if F_G(k) = 0. Since every nowhere-zero k-flow is also a nowhere-zero (k + 1)-flow, we get I_G(k) ≤ I_G(k + 1) for every graph G and k > 0. 4

By Seymour [S1], F_G(6), I_G(6) > 0 for every bridgeless graph G (Jaeger [J1] proved that F_G(8), I_G(8) > 0 for such graphs). The famous 5-flow conjecture of Tutte [T2] in fact suggests that F_G(5), I_G(5) > 0 for every bridgeless graph G.

By a subdivision of an edge we mean inserting a new 2-valent vertex into the edge. Two graphs are called homeomorphic if they arise from the same graph after applying finitely many subdivisions of edges. Clearly, if G_1 and G_2 are homeomorphic, then F_{G1} (k) = F_{G2} (k) and I_{G1} (k) = I_{G2} (k) for every k > 0.

3. Totally cyclic orientations and θ_{G,k}-classes

Circuit is a connected graph with all vertices of valency two. Cycle is a graph with all vertices of even valency. Directed circuit (directed cycle) is an orientation of a circuit (cycle) so that for every vertex v, the number of the arcs entering v equals the number of the arcs leaving v.

If C is a directed cycle in D(G), then denote by φ_C the 2-flow in G so that φ_C(x) = 1 for x ∈ C, φ_C (x) = −1 for x ∈ C^{−1}, and φ_C(x) = 0 otherwise.

Lemma 4. If φ and φ^′ are nowhere-zero k-flows in a graph G and φ ≡ φ^′(θ_{G,k}), then X_φ \ X_φ0 is a directed cycle. On the other hand if C is a directed cycle in X_φ, then there exists just one φ^{′′} ∈ [φ]θ_{G,k} so that C = X_φ \ X_φ00. It satisfies φ^{′′} = φ − kφ_C. Proof. Clearly φ^′(x) = φ(x) − k or φ(x) for every x ∈ X_φ. Thus applying Lemma 3 for the pairs X_φ, φ|X_φ (the restriction of φ to X_φ) and X_φ, φ^′|X_φ we get that X_φ \ X_φ0 is a directed cycle. The rest of the proof is trivial. �

The following lemma summarizes some useful facts.

Lemma 5. Suppose X is an orientation in a connected graph G. Then the following conditions are pairwise equivalent.

(1) X is a positive orientation of a nowhere-zero Z-flow in G. (2) X is a positive orientation of a nowhere-zero R-flow in G. (3) For every ∅ ⊂ W ⊂ V (G) we have ω^+_G(W ) ∩ X ≠ ∅ ≠ ω^+_G(W ) \ X. (4) For every ordered pair (v_1, v_2) of different vertices of G there exists an oriented v_1-v_2-path in X.

(5) Every arc of X is covered by a directed circuit of X.

Proof. (4) ⇒ (5), and (1) ⇒ (2) are trivial.

(2) ⇒ (3) Follows from the fact that if φ is a nowhere-zero R-flow, then by Lemma 1, 0 = ∑ x∈ω+_G(W ) φ(x) for each W ⊆ V (G) and φ(x) > 0 for each x ∈ Xφ.

(3) ⇒ (4) If there is no oriented v_1-v_2-path in X, then by the max-flow min-cut theorem, there exists W^′ ⊆ V (G) so that v_1 ∈ W^′, v_2 /∈ W^′ and ω^+_G(W^′) ∩ X = ∅.

(5) ⇒ (1) If directed circuits C_1, . . . , C_t cover all arcs of X, then φ_{C1} + · · · + φ_{Ct} is a nowhere-zero Z-flow. �

Conditions (1), (2) and (5) are equivalent also for unconnected graphs. An orientation of a graph satisfying item (5) from Lemma 5 is called totally cyclic.

Let C(G) denote the set of all totally cyclic orientations of a graph G. If X, X^′ ∈ C(G), then we write X ≡ X^′(Θ_G) if X \ X^′ is a directed cycle. The following statements follows directly from Lemmas 4 and 5. 5

Corollary 2. Θ_G is an equivalence relation on C(G).

Corollary 3. If φ ≡ φ^′(θ_{G,k}), then X_φ ≡ X_φ0 (Θ_G). Moreover the quantity |[φ]θ_{G,k}| = |[X_φ]Θ_G| is equal to the number of the directed cycles in X_φ.

Corollary 4. If X, X^′ ∈ C(G) and X ≡ X^′(Θ_G), then X and X^′ have the same number of directed cycles and φ → φ − kφ_{X\X}0 is a one-to-one correspondence between the sets of nowhere-zero k-flows with positive orientations X and X^′.

Note that ∅ (⊆ D(G)) is also a directed cycle, which corresponds to φ in [φ]θ_{G,k}. Thus |[φ]θ_{G,k} ≥ 2| whenever E(G) ≠ ∅. If φ is a nowhere-zero k-flow in a graph G and r > s ≥ k, then it is also a nowhere-zero s- and r-flow and, by Corollary 3, |[φ]θ_{G,s}| = |[φ]θ_{G,r}|. Furthermore, by Lemma 4, [φ]θ_{G,r} ∩ [φ]θ_{G,s} = {φ}.

In the following example we show that |[φ]θ_{G,k}| can be any integer ≥ 2, and a graph G can admit nowhere-zero k-flows φ, φ^′, φ^{′′} and φ^{′′′} so that X_φ ≡ X_φ0(Θ_G), φ ≢ φ^′(θ_{G,k}) and |[φ^{′′}]θ_{G,k}| = |[X_φ00]Θ_G| ≠ |[φ^{′′′}]θ_{G,k}| = |[X_φ000]Θ_G|. Example 1. Let H_n be a graph consisting of two vertices v_1, v_2 and n parallel edges e_1, . . . , e_n. Let x_1, . . . , x_n be the arcs arising from e_1, . . . , e_n and directed from v_1 into v_2, respectively. Take a nowhere-zero n-flow φ_n in H_n so that φ_n(x_1) = n − 1 and φ_n(x_2) = φ_n(x_3) = · · · = φ_n(x_n) = −1. Then X_{φn} = X_{1,n} = {x_1, x^{−1}_2 , x^{−1}_3 , . . . , x^{−1}_n }, and, by Corollary 3, |[φ_n]θ_{Hn,k}| = |[X_{1,n}]Θ_{Hn} | = n for every k ≥ n.

Take the graph H_4 and nowhere-zero 3-flows φ and φ^′ in H_4 so that 2φ(x_1) = φ(x_2) = −2φ(x_3) = −φ(x_4) = 2 and φ^′(x_1) = 2φ^′(x_2) = −φ^′(x_3) = −2φ^′(x_4) = 2. Then φ ≢ φ^′(θ_{H4,k}) for every k ≥ 3. On the other hand X_φ = X_φ0 = X_{2,4} = {x_1, x_2, x^{−1}_3 , x^{−1}_4 }, and, by Corollary 3, |[φ]θ_{H4,k}| = |[φ^′]θ_{H4,k}| = |[X_{2,4}]Θ_{H4} | = 6 for every k ≥ 3. But we have |[φ_4]θ_{H4,k}| = 4 for every k ≥ 4.

Remark 1. Let C_k(G) denote the set of positive orientations of nowhere-zero kflows in a graph G. Denote by C_{k,Θ}(G) the set of the Θ_G-classes which are subsets of C_k(G). Then C_{k,Θ}(G) is a partition of C_k(G), because, by Lemma 4, if X ∈ C_k(G), then [X]Θ_G ⊆ C_k(G). This is of some interest, because the problem to find a nowhere-zero k-flow in G means to find an orientation from C_k(G), what automatically gives the class [X]Θ_G from C_{k,Θ}(G).

The following statement was proved by Hoffman [H] (see also [Be]).

Lemma 6. Let X be an orientation of a graph G and b_x, c_x be reals (integers) so that b_x ≤ c_x for every x ∈ X. Then there exists an R-flow (Z-flow) φ in G so that b_x ≤ φ(x) ≤ c_x for every x ∈ X if and only if ∑ x∈ω+_G(W )∩X bx ≤ ∑ x∈ω�_{G (W )∩X} c_x for every W ⊆ V (G).

Proof. Necessity is trivial. We prove sufficiency. Let φ be an R-chain (Z-chain) in G such that b_x ≤ φ(x) ≤ c_x for every x ∈ X and ∑ v∈V (G) |∂φ(v)| has the smallest possible value. We claim that φ is a flow. If not, there exists a vertex w of G such that ∂φ(w) > 0. Let D^′ ⊆ D(G) so that x ∈ X ∩ D^′ iff φ(x) > b_x and x ∈ X^{−1} ∩ D^′ iff φ(x^{−1}) < c_x�1 . Let W be the set of the endpoints of all directed paths in D^′ beginning in w (w ∈ W ). Suppose that W has a vertex w^′ satisfying ∂φ(w^′) < 0. Then take a path P in D^′ directed from w to w^′. Let s_x = φ(x) − b_x for x ∈ P ∩ X, s_x = c_x�1 − φ(x^{−1}) for x ∈ P ∩ X^{−1}, and s be 6 the minimum from ∂φ(w), −∂φ(w^′), s_x for x ∈ P . Then s > 0. Take an Rchain (Z-chain) φ^′ in G such that φ^′(x) = φ(x) − s if x ∈ P , φ^′(x) = φ(x) + s if x^{−1} ∈ P , and φ^′(x) = φ(x) otherwise. Then b_x ≤ φ^′(x) ≤ c_x for every x ∈ X and ∑ v∈V (G) |∂φ ′(v)| < ∑ v∈V (G) |∂φ(v)| – a contradiction. Thus ∂φ(v) ≥ 0 for every

v ∈ W , whence ∑ v∈W ∂φ(v) > 0. Furthermore, by the definition of W , φ(x) = b_x if x ∈ ω^+_G(W ) ∩ X and φ(x) = c_x if x ∈ ω^−_G(W ) ∩ X. Thus, by Lemma 1 and the assumptions, 0 < ∑ v∈W ∂φ(v) = ∑ x∈ω+_G(W )∩X bx − ∑ x∈ω�_{G(W )∩X} c_x ≤ 0 – a contradiction. Thus φ is an R-flow (Z-flow) as claimed. �

Lemma 6 implies the following statement (see also [Z]).

Corollary 5. An orientation X of a connected graph G is a positive orientation of a nowhere-zero k-flow if and only if |ω^+_G(W )|/|ω^+_G(W ) ∩ X| ≤ k for every ∅ ⊂ W ⊂ V (G). It is well known that there exist m(G) independent circuits in a (directed) graph (see Berge [Be] for more details). Now we prove a stronger statement for totally cyclic orientations.

An ordered set (C_1, . . . , C_m) of directed circuits is called triangular if every C_i contains an arc x_i (i = 1, . . . , m) so that x_i /∈ C_j for each j < i.

Lemma 7. Let X be a totally cyclic orientation of a graph G. Then there exists a triangular set C = {C_1, . . . , C_{m(G)}} of directed circuits in X covering all arcs of X.

Proof. We use induction on m(G). The statement holds if m(G) = 0 and 1. Let m(G) > 1. By Lemma 5, there exists a nowhere-zero Z-flow φ in G so that X = X_φ and a directed circuit C ⊂ X. Take r = min_{x∈C} φ(x) and φ^′ = φ − rφ_C . Let G^′ be the subgraph of G so that E(G^′) is the support of φ^′ and V (G^′) = V (G). Let G_1, . . . , G_s be the components of G^′. Contracting the subgraphs G_1, . . . , G_s to vertices v_1, . . . , v_s, respectively, and deleting the loops arising from the edges of G^′ we get a graph G^{′′}. Then X^′ = X ∩ D(G^′) and X^{′′} = X ∩ D(G^{′′}) are positive orientations of nowhere-zero Z-flows (arising from φ). X^′ and X^{′′} form a partition of X. If we take spanning forests in G^′ and G^{′′}, then the union of their edges induces a spanning forest in G, whence m(G) = m(G^′)+m(G^{′′}) and m(G^′), m(G^{′′}) < m(G). Thus, by the assumption of induction, X^′ and X^{′′} have required triangular sets C^′ and C^{′′} of directed circuits, respectively. Every directed circuit in X^′ is a directed circuit in X and every directed circuit in X^{′′} can be extended into a directed circuit in X by item (4) from Lemma 5. Thus C^′ and C^{′′} induce a triangular set of m(G) directed circuits covering X. �

Note that Lemma 7 cannot be improved so that every circuit C_i contains an arc x_i where x_i /∈ C_j for j ≠ i. It remains to take an orientation {x_1, x_2, x^{−1}_3 , x^{−1}_4 } of H_4 (see Example 1).

Corollary 6. Every totally cyclic orientation of a graph G contains at least m(G) directed circuits and at least m(G) + 1 directed cycles.

Proof. Follows directly from Lemma 7. � 7

4. Growth of flow polynomials

For every orientation X of G, let I_X (k) denote the number of nowhere-zero kflows φ in G so that X_φ = X. By Lemma 5, I_X(k) = 0 if X is not totally cyclic. Obviously, I_X (k + 1) ≥ I_X (k).

Example 2. Take the graph H_n with the orientation X_{1,n} from Example 1. Then X_{1,n} is a positive orientation of a nowhere-zero k-flow φ in G if and only if k ≥ n, because φ(x_1) = ∑_n i=2 φ(x^{−1}_i ) ≥ n − 1 = m(H_n). This follows also from Corollary 5. Thus I_X (k) = 0 can occur for each k ≤ m(G), where m(G) can be large enough. This contrasts with the Seymour’s theorem [S1] which says that F_G(k) > 0 if k ≥ 6 and G is bridgeless.

Denote by C_Θ(G) the set of the equivalence classes of Θ_G. C_Θ(G) is a partition of C(G). If X ∈ C_Θ(G) and X, X^′ ∈ X , then, by Corollary 4, I_X (k) = I_X0(k) for every k > 0. Denote this value by I_X (k). We have

I_G(k) = ∑ X∈C(G) I_X (k) = ∑ X ∈CΘ(G) I_X (k)|X | (k > 0). (1) Let ψ be a nowhere-zero Z_k-flow in G. By Theorem 2, there exists a nowhere-zero k-flow φ in G so that [φ]_k = ψ. Furthermore, [φ]θ_{G,k} is the set of all nowhere-zero k-flows φ^′ in G satisfying [φ^′]_k = ψ. By Corollaries 3, 4 and Theorem 2, [X_φ]Θ_G is equal to the following three sets:

– the set of all positive orientations of the flows from [φ]θ_{G,k}, – the set of all orientations X of G so that the k-chain ψ_X is a k-flow, – the set of all positive orientations of nowhere-zero k-flows φ^′ in G so that [φ^′]_k = ψ.

Thus [X_φ]Θ_G is called the Θ_G-class associated with ψ and denoted by X_ψ. We have |X_ψ| = |[X_φ]Θ_G| = |[φ]θ_{G,k}|. For every X ∈ C_Θ(G), I_X (k) is equal to the number of nowhere-zero Z_k-flows ψ in G so that X_ψ = X . Hence

F_G(k) = ∑ X ∈CΘ(G) I_X (k) = ∑ X∈C(G) I_X (k) |[X]Θ_G| (k > 0). (2)

Theorem 3. Let G be a bridgeless graph, E(G) ≠ ∅, and X be a totally cyclic orientation of G. Then for every k > 1,

I_X (k + 1) ≥ I_X (k) · k/(k − 1), F_G(k + 1) ≥ F_G(k) · k/(k − 1), I_G(k + 1) ≥ I_G(k) · k/(k − 1).

Proof. By (1) and (2), the statement remains to prove for I_X(k). This holds if I_X (k) = 0. Suppose that I_X (k) > 0 and A (B) denotes the set of nowhere-zero k-flows ((k + 1)-flows) φ in G with positive orientation X. For every φ ∈ A and a directed cycle C ≠ ∅ in X, define by C-lift of φ the flow from B \ A of the form φ + rφ_C where r is a positive integer. Let n be the number of nonempty directed cycles in X. Then we can get together n|A| lifts (for every φ and C just one). But each such a lift can be obtained at most n(k − 1) times. Thus |B \ A| ≥ |A|/(k − 1), whence I_X (k + 1) = |B| ≥ |A| · k/(k − 1) = I_X (k) · k/(k − 1). �

Corollary 7. Let X be a totally cyclic orientation of a bridgeless graph G, E(G) ≠ ∅, and I_X (k + 1), F_G(k + 1), I_G(k + 1) > 0. Then

I_X (k + 1) ≥ I_X (k) + 1, F_G(k + 1) ≥ F_G(k) + 1, I_G(k + 1) ≥ I_G(k) + m(G) + 1.

Proof. If I_X (k + 1) > 0, then from the proof of Theorem 3 follows that |B| > |A| and I_X(k + 1) ≥ I_X (k) + 1. If F_G(k + 1), I_G(k + 1) > 0, then there exists X ∈ C_Θ(G) so that I_X (k) > 0, thus also I_X (k + 1) ≥ I_X (k) + 1. Hence, by (1), (2), and Corollaries 3, 6, F_G(k + 1) ≥ F_G(k) + 1 and I_G(k + 1) ≥ I_G(k) + m(G) + 1. �

Let C_n be the circuit of length n. Then m(C_n) = 1 and F_{Cn} (k) = k − 1. C_n has just two totally cyclic orientations X_1, X_2 and I_{X1} (k) = I_{X2} (k) = k − 1. By (1), I_{Cn} (k) = 2(k − 1). Thus the bounds from Theorem 3 and Corollary 7 are the best possible in this case.

5. Polynomials I_G(k) and I_X (k)

In this section we use some basic properties of convex polytopes as presented in [Sc], [KK] and [Bj]. Every polytope P in R^n is the convex hull of the (finite) set of its vertices. If these are integral, then P is called integral. Dimension of a polytope is the dimension of its affine hull. By a variant of a polytope P we mean every subset of P arising from it after deleting some of its faces. Every variant of a polytope is a convex set. The maximal variant of P is it itself. Denote by ι(P ) the minimal nonempty variant of P , i. e., the set arising after deleting all faces of P which are proper subsets of P (note that ι(P ) = P if P has dimension 0 and otherwise ι(P ) is the relative interior of P ). P is called a d-simplex (or a simplex) if it is a convex hull of d + 1 affinely independent vectors. The dimension of a d-simplex is d. All faces of a simplex are simplexes. The following statement was proved by Ehrhart [E].

Lemma 8. Let P be a variant of an integral convex polytope P . Then the number of the integral vectors from kP = {kx; x ∈ P } is a polynomial function for every integral k > 0.

Proof. It is known that there are simplexes P_1, . . . , P_r so that their vertices are vertices of P , their union is P , and P_i ∩ P_j is a face of P_i and P_j for all i, j ∈ {1, . . . , r} (in other words every polytope can be presented as a complex of simplexes of some of its vertices). Let P^′ be a d-simplex and {P^′_1, . . . , P^′_s} be the set of its faces. Then using induction on d we can show that P^′ = ∪^s_{i=1}ι(P^′_i ). On the other hand ι(P^′_i ) ∩ ι(P^′_j ) = ∅ if i ≠ j. Thus there are integral simplexes P^{′′}_1 , . . . , P^{′′}_r00 so that their vertices are vertices of P and {ι(P^{′′}_1 ), . . . , ι(P^{′′}_r00)} is a decomposition of P into pairwise disjoint subsets. Furthermore, if F is a face of P , then F ∩ ι(P^{′′}_i ) is either ∅ or ι(P^{′′}_i ). Therefore there are integral simplexes P_1, . . . , P_r so that {ι(P_1), . . . , ι(P_r)} is a decomposition of P into pairwise disjoint subsets.

Thus the statement remains to prove if P = ι(P ) and P is an integral simplex. But using induction on the dimension of simplexes we can check that the statement remains to solve if P = P and P is an integral simplex. 9

Let P be an integral d-simplex in R^n, i. e., the convex hull of affinely independent integral vectors v_0, . . . , v_d. Take x ∈ kP ∩ Z^n. Then x = r_0v_0 + · · · + r_dv_d where r_0, . . . , r_d are nonnegative reals and r_0 + · · · + r_d = k. Set s_i = ⌊r_i⌋, t_i = r_i − s_i (i = 1, . . . , d), y = s_0v_0 + · · · + s_dv_d, and z = t_0v_0 + . . . t_dv_d. Then y ∈ Z^n, z = x − y ∈ Z^n, and t_0 + · · · + t_d is a nonnegative integer ≤ d. The numbers r_i, s_i, t_i (i = 0, . . . , d) and the vectors y, z are unique, because v_0, . . . , v_d are affinely independent. Set

S = {s_0v_0 + · · · + s_dv_d; s_i ∈ Z, s_i ≥ 0}, T = {t_0v_0 + · · · + t_dv_d ∈ Z^n; t_i ∈ R, 1 > t_i ≥ 0, t_0 + · · · + t_d ∈ Z}.

Note that (0, . . . , 0) ∈ T ≠ ∅. For every z ∈ T , define pz = t_0 +· · ·+t_d (this number is unique, because v_0, . . . , v_d are affinely independent). T ⊆ ∪^d_{i=0}(iP ∩ Z^n) is finite and S is infinite (unless d = 0 and v_0 = (0, . . . , 0)). We have already shown that if x ∈ kP ∩ Z^n, then there are unique vectors y ∈ S and z ∈ T so that x = y + z. Thus y ∈ (k − pz)P ∩ S and |kP ∩ Z^n| = ∑ z∈T |(k − pz)P ∩ S| (considering k^′P = ∅ if k^′ < 0 and 0P = {(0, . . . , 0)}).

It remains to show that f(k) = |(k − p)P ∩ S| is a polynomial for k > 0 if p is an integral constant 0 ≤ p ≤ d. If k ≥ p, then f(k) is the number of the ordered (d + 1)-tuples (a_0, . . . , a_d) of nonnegative integers satisfying a_0 + · · · + a_d = k − p, what is the number of the ordered (d + 1)-tuples (a^′_0, . . . , a^′_d) of positive integers satisfying a^′_0 + · · · + a^′_d = k − p + d + 1. Thus f(k) = (_{k−p+d} d ) =^{(k−p+d)...(k−p+1)} d! is a polynomial for k ≥ p. Since value of this polynomial is 0 for every 0 < k < p, the statement holds for every k > 0. �

Note that we have in fact proved that the degree of the polynomial from Lemma 8 is equal to the dimension of P .

Theorem 4. Let X be an orientation of a graph G. Then I_X (k) is a polynomial function for k > 0. The degree of this polynomial is m(G) if X is totally cyclic and I_X (k) = 0 otherwise.

Proof. Let U_X ⊆ R^{D(G)} (U_X ⊆ R^{D(G)}) be the set of all R-flows φ in G so that 0 ≤ φ(x) ≤ 1 (0 < φ(x) < 1) for every x ∈ X. (Now flows are considered as vectors indexed by D(G).) Then U_X is a variant of U_X and I_X (k) = |kU_X ∩ Z^{D(G)}|. By Lemma 8, it remains to show that U_X is an integral polytope. This follows from a result of Tutte [T4] (see also [Sc, Chapter 19.3]) who proved that U_X = (x ∈

R^{D(G)}; Mx ≤ b) where M is a totally unimodular matrix and b is an integral

vector (see Remark 2 for another proof). Thus I_X(k) is a polynomial.

By (2), F_G(k) ≥ I_{[X]ΘG} (k) = I_X (k), thus by Theorem 1, I_X (k) can have degree at most m(G). By Lemma 7, there exists a triangular set {C_1, . . . , C_{m(G)}} of directed circuits covering X. Then for every positive integer s and an ordered m(G)-tuple of integers a = (a_1, . . . , a_{m(G)}) satisfying 1 ≤ a_i ≤ s we get a nowherezero (m(G) · s + 1)-flow φa = ∑_{m(G)} i=1 a_iφ_{Ci} with the positive orientation X. If a = (a_1, . . . , a_{m(G)}) ≠ a^′ = (a^′_1, . . . , a^′_{m(G)}) and i is the largest index satisfying a_i ≠ a^′_i, then φa(x_i) ≠ φa0(x_i) (where x_i ∈ C_i and x_i /∈ C_j for every j < i). Therefore, a → φa is an injective mapping. Thus I_X (m(G) · s + 1) ≥ s^{m(G)} and lim inf_{k→∞} I_X (k)/k^{m(G)} > 0, whence I_X (k) has degree at least m(G). �

Theorem 5. Let G be a graph G. Then I_G(k) is a polynomial function for k > 0. The degree of this polynomial is m(G) if G is bridgeless and I_G(k) = 0 otherwise.

Proof. Every bridgeless graph has a totally cyclic orientation (see also Lemma 11). Thus the statement follows from Theorem 4, Lemma 2 and (1). �

Remark 2. Let φ be a nowhere-zero R-flow (Z-flow) in G with the positive orientation X. Take m_φ = max_{x∈X} φ(x) and M_φ = {x ∈ X; φ(x) = m_φ}. By Lemma 1, |ω^+_G(W ) ∩ M_φ| ≤ |ω^−_G(W ) ∩ X| for every W ⊆ V (G). Thus, by Lemma 6, there exists a Z-flow φ in G so that 0 ≤ φ(x) ≤ 1 for x ∈ X \ M_φ and φ(x) = 1 for x ∈ M_φ. Then φ = φ_C where C is a directed cycle in X and M_φ ⊆ C. Let r^′ = min_{x∈C} φ(x), r^{′′} = min_{x∈X\C} m_φ − φ(x), r = min{r^′, r^{′′}} > 0, and φ^′ = φ − rφ_C. Setting m_φ0 and M_φ0 analogously as for φ, we get that m_φ0 = m_φ − r and either M_φ ⊂ M_φ0 (if r^{′′} ≤ r^′) or σ(φ^′) ⊂ E(G) (if r^′ ≤ r^{′′}, σ(φ^′) denotes the support of φ^′). Now using induction on |E(G)| and |E(G)| − |M_φ| we can show that there exist directed cycles C_1, . . . , C_t in X and positive reals (integers) r_1, . . . , r_t so that m_φ = r_1 + · · · + r_t and φ = r_1φ_{C1} + · · · + r_tφ_{Ct} . This implies that every flow φ ∈ U_X is a convex hull of integral flows from U_X , whence U_X is integral.

I_G(k) and I_X (k) are called the integral flow polynomials of G and X, respectively. Similarly as the first half of Theorem 4 we can prove the following.

Theorem 6. Let X be an orientation of a graph G and b_x, c_x be integers for every x ∈ X. Then the number of the Z-flows φ in G satisfying kb_x ≤ φ(x) ≤ kc_x (kb_x < φ(x) < kc_x) for every x ∈ X is a polynomial function for integral k > 0.

Example 3. Let X_{i,n} denote the set of the orientations of H_n (see Example 1) having just i arcs directed from v_1 to v_2. Then {X_{1,n}, . . . , X_{n−1,n}} = C_Θ(H_n), |X_{i,n}| = (_n i ) and I_{Xi,n} (k) = I_{Xn}�_{i,n} (k) for i = 1, . . . , n − 1. Set X_{i,n} = {x_1, . . . , x_i, x^{−1}_{i+1}, . . . , x^{−1}_n }. Then X_{i,n} ∈ X_{i,n} and I_{Xi,n} (k) = I_{Xi,n} (k). Define p_{1,n}(1) = I_{X1,n} (1) and p_{1,n}(i) = I_{X1,n} (i) − I_{X1,n} (i − 1) for i > 1. Then p_{1,n}(i) is the number of the nowhere-zero i-flows φ in H_n where φ(x_1) = i − 1 and φ(x^{−1}_2 ) + · · · + φ(x^{−1}_n ) = i − 1. Therefore p_{1,n}(i) is the number of the ordered (n − 1)-tuples of positive integers (a_1, . . . , a_{n−1}) so that a_1 + · · · + a_{n−1} = i − 1. Hence p_{1,n}(i) = (_{i−2} n−2 ) and I_{X1,n} (k) = ∑_k i=1 p_{1,n}(i) = ∑_k i=n (_{i−2} n−2 ) = (_{k−1} n−1 ) . F_{H2} (k) = k − 1 and, by Theorem 1, F_{Hn} (k) = (k − 1)^{n−1} − F_{Hn}�_1 (k) (n ≥ 3), whence F_{Hn} (k) = ∑_{n−1} i=1 (−1)^{i−1}(k − 1)^{n−i}. Then using (1) and (2) we can evaluate all polynomials I_{Xi,n} (k) and I_{Hn} (k) for 2 ≤ n ≤ 5, 1 ≤ i ≤ n − 1.

6. Bounds between F_G(k) and I_G(k)

In order to obtain an upper bound for the number of directed cycles in an orientation of a graph we need to introduce another notation. Let X be an orientation of a graph G and u : V (G) → Z. Then Y ⊆ X is called a u-suborientation of X if |ω^+_G(v) ∩ Y | − |ω^−_G(v) ∩ Y | = u(v) for every vertex v of G. Clearly, directed cycles are 0-suborientations where 0(v) = 0 for every v ∈ V (G).

Lemma 9. If X is an orientation of a graph G and u : V (G) → Z, then the number of the u-suborientations of X is at most 2^{m(G)}. 11

Proof. We use induction on m(G). If m(G) = 0, then G is a forest and we can easily check that the number of the u-suborientations of X is at most 1 = 2^{m(G)} for every u : V (G) → Z. If m(G) > 0, then G has an edge e so that e is not a bridge. Thus m(G − e) = m(G) − 1. Let x be the arc from X arising from e. Suppose x is directed from v_1 to v_2. Take u^′ : V (G) → Zso that u^′ = u if v_1 = v_2 and otherwise u^′(v_1) = u(v_1) − 1, u^′(v_2) = u(v_2) + 1 and u^′(v) = u(v) for every v ∈ V (G) \ {v_1, v_2}. Let Y be a u-suborientation of X. Then Y \ {x} is either a u^′- or a u-suborientation of X^′ = X \ {x} (depending on the case whether x ∈ Y or not). Since X^′ is an orientation of G − e, then, by the assumption of induction, there are at most 2^{m(G−e)} u-suborientations (u^′-suborientations) of X^′. Thus there are at most 2 · 2^{m(G−e)} = 2^{m(G)} u-suborientations of X. �

Corollary 8. Every orientation of a graph G has at most 2^{m(G)} directed cycles.

Proof. Follows from Lemma 9 and the fact that the directed cycles in X are the 0-suborientations of X. �

Theorem 7. Let G be a graph. Then 2^{m(G)}F_G(k) ≥ I_G(k) ≥ (m(G) + 1)F_G(k) for every k > 0.

Proof. By Corollaries 3, 6, and 8, 2^{m(G)} ≥ |X | ≥ m(G) + 1 for every X ∈ C_Θ(G). Then, by (1) and (2), 2^{m(G)}F_G(k) = ∑ X ∈CΘ(G) IX (k)2 m(G) ≥ ∑ X ∈CΘ(G) IX (k)|X | = I_G(k) ≥ ∑ X ∈CΘ(G) IX (k)(m(G) + 1) = (m(G) + 1)FG(k). �

Note that if m(G) = 0, then 2^{m(G)}F_G(k) = I_G(k) = (m(G) + 1)F_G(k) for every k > 0, because F_G(k) = I_G(k) = 1 or 0. We give also less trivial examples which show that Corollaries 6, 8 and Theorem 7 are the best possible in a certain sense.

Example 4. Let X_{1,n} be the orientation of H_n as described in Example 1. Then X_{1,n} has just n − 1 directed circuits and n = m(G) + 1 directed cycles. Moreover if n = 2, 3, then every totally cyclic orientation of H_n has just n directed cycles. Therefore, if G is homeomorphic with H_2 or H_3, then I_G(k) = (m(G) + 1)F_G(k) for every k ≥ 2.

Remark 3. If H is a subgraph of G and φ is a nowhere-zero k-flow (A-flow) in G, then denote by φ_{|H} the restriction of φ to D(H). Clearly, φ_{|H} is a k-chain (Achain) in H. Suppose G is a union of two edge-disjoint subgraphs H and H^′ with at most one vertex in common. Then φ is a nowhere-zero k-flow (A-flow) in G if and only if φ_{|H} and φ_{|H}0 are nowhere-zero k-flows (A-flows) in H and H^′, respectively. Therefore, F_G(k) = F_H (k) · F_H0(k) (see also [T6]) and I_G(k) = I_H (k) · I_H0(k). Furthermore, from Corollary 3 follows that |[φ]θ_{G,k}| = |[φ_{|H}]θ_{H,k}| · |[φ_{|H}0]θ_H0_{,k}| for every nowhere-zero k-flow φ in G. Thus I_G(k) ≥ (m(G_1) + 1) . . . (m(G_r) + 1)F_G(k) where G_1, . . . , G_r are the components or blocks of G. In this way we can improve the lower bound in Theorem 4 but not the upper bound, because 2^{m(G)} = 2^{m(G1)} · . . . · 2^{m(Gr)}. Example 5. Let G be a graph composed from n blocks which are circuits (or, equivalently, which are homeomorphic with H_2). Then m(G) = n and, by Example 4 and Remark 3, I_G(k) = 2^nF_G(k) = 2^{m(G)}F_G(k) for every k ≥ 2.

Example 6. Suppose G is a bridgeless graph arising as follows. Take two vertex disjoint trees T_1 and T_2 and add to them n new edges joining the vertices from T_1 with vertices from T_2. Then m(G) = n−1. Take vertices v_1 ∈ T_1 and v_2 ∈ T_2 which are joined by an arc e. Take an orientation of T_1 (T_2) so that every arc is contained in an directed path beginning in a vertex of T_1 (v_2) and ending in v_1 (a vertex of T_2). Extend these orientations into an orientation X of G so that ω^+_G(V (T_1)) ∩X = {x}, where x is the arc arising from e and directed from v_1 to v_2. Then X \ {x} has no directed circuit, X has just n − 1 directed circuits (each containing x) and n directed cycles. Furthermore, |ω^+_G(V (T_1))|/|ω^+_G(V (T_1)) ∩ X| = n and, by Corollary 5, I_X (k) = 0 for every k ≤ n − 1 = m(G). Note that the orientation X_{1,n} discussed in Examples 2 and 4 is a special case of this construction. Now G can have also other orientations having more that m(G) + 1 directed cycles, but Corollary 6 is the best possible for the orientation X.

Example 7. Let C_{2,n} be a graph arising from the circuit of length n after replacing each edge by two parallel edges. Then m(C_{2,n}) = n + 1. Let X be a totally cyclic orientation of C_{2,n}. Then we can check that X contains a directed circuit C containing all vertices of C_{2,n}. Let Y be the set of the arcs from X which are not in C. Suppose Y contains just i (j) arcs having the same (opposite) orientations as the arcs of C (i + j = n, 0 ≤ i, j ≤ n). Then X has just 2^i + 2^j directed circuits and just 2^i + 2^j + a(i, j) directed cycles, where a(0, n) = a(n, 0) = 2 and a(i, j) = 1 otherwise. Thus Corollary 6 gives a bad estimate for every totally cyclic orientation of C_{2,n}. On the other hand, if i or j is 0, we get a relatively good estimate from Corollary 8.

7. Elementary cuts

If G is a graph and W ⊆ V (G), then denote by ω_G(W ) the set of the edges associated with ω^+_G(W ). ω_G(W ) is called a cut of G. A cut is called elementary if the number of components increase by one after deleting its edges from the graph. Let μ(G) denote the maximal cardinality of an elementary cut in G. Clearly μ(G) ≤ m(G) + 1.

Lemma 10. Let G be a connected bridgeless graph and W ⊆ V (G) so that ω_G(W ) is an elementary cut of G. Suppose H is the graph arising from G after contracting the edges from W and V (G) \ W to vertices v_1 and v_2, respectively, and deleting the loops. Then every totally cyclic orientation of H can be extended into a totally cyclic orientation of G and |C_Θ(H)| ≤ |C_Θ(G)|.

Proof. Clearly, H is isomorphic to the graph H_n where n = |ω_G(W )|. Let Y be a totally cyclic orientation of H. A vertex v ∈ W (∈ V (G) \ W ) is called Y -weak if there exists another vertex u ∈ W (∈ V (G) \ W ) so that ω^+_G(v) \ Y ⊆ ω^−_G(u) (ω^−_G (v)\Y ⊆ ω^+_G(u)). Note that ω^+_G(v)\Y (ω^−_G (v)\Y ) ≠ ∅. Then u and v are joined by an edge e. Clearly, if Y can be extended to a cyclic orientation of G/e then it can be extended to a cyclic orientation of G. Thus the statement remains to prove for graphs with no Y -weak vertex. For such an Y take w ∈ W and w^′ ∈ V (G) \ W so that ω^+_G(w) ∩ Y ≠ ∅ ≠ ω^−_G (w^′) ∩ Y . Using induction on |E(G)| (≥ n) we prove the following: If all Y -weak vertices of G are from {w, w^′} (this assumption is needed for providing the induction), then Y can be extended into a totally cyclic 13 orientation X of G so that ω^+_G(w) ∩ X = ω^+_G(w) ∩ Y , ω^−_G(w^′) ∩ X = ω^−_G(w^′) ∩ Y , and for every pair of consecutive arcs of X incident to w or w^′ and not arising from loops there is a directed circuit containing them. This is trivial if |E(G)| = n because then G = H_n. The induction step is also trivial if G has a loop. Suppose G has no loop and more than n edges. Then it has an edge e^′ ∈ E(G) \ ω_G(W ) incident to w or w^′ and, by the assumption of induction, G/e^′ has an orientation with the abovementioned properties. Adding to this orientation the arc x arising from e^′ and so that x ∈ ω^−_G(w) or x ∈ ω^+_G(w^′), we get a required orientation of G. Thus Y can be extended into a totally cyclic orientation of G.

Suppose X, X^′ are totally cyclic orientations of G so that X \ X^′ is a directed cycle and Y, Y^′ are the restrictions of X, X^′ to D(H), respectively. Then Y \ Y^′ is the restriction of X \ X^′ to D(H), whence Y \ Y^′ is a directed cycle. Thus X ≡ X^′(Θ_G) implies Y ≡ Y^′(Θ_H ) and therefore |C_Θ(H)| ≤ |C_Θ(G)|. �

Corollary 9. |C_Θ(G)| ≥ μ(G) − 1 for every connected bridgeless graph G.

Proof. Follows from Lemma 10 and the fact that |C_Θ(H_n)| = n − 1 (see Example

3). �

Theorem 8. Let G be a bridgeless graph and k a positive integer. Then I_X (k) > 0 for every X ∈ C(G) if and only if k ≥ μ(G).

Proof. By Corollary 5, Lemma 10 and Example 2, there exists an orientation X^′ of G so that I_X0(k) = 0 for every k < μ(G). Let X be a totally cyclic orientation of G and W ⊆ V (G). By Berge [Be, Page 11], ω_G(W ) can be partitioned into edge disjoint elementary cuts ω_G(W_1), . . . , ω_G(W_r). Then |ω^+_G(W_i)| ≤ μ(G) and |ω^+_G(W_i) ∩ X| ≥ 1 for i = 1, . . . , r. Thus |ω^+_G(W )|/|ω^+_G(W ) ∩ X| ≤ μ(G) and I_X (μ(G)) > 0 by Corollary 5. �

Corollary 10. Let G be a bridgeless connected graph, E(G) ≠ ∅, and k ≥ μ(G)−1. Then F_G(k + 1) ≥ F_G(k)+μ(G)−1 and I_G(k + 1) ≥ I_G(k)+(μ(G)−1)(m(G)+1).

Proof. Follows from Theorem 3, Lemma 11, Corollaries 6, 9 and (1), (2). �

Lemma 11. Every bridgeless graph has at least 2^{m(G)} totally cyclic orientations.

Proof. The statement holds if m(G) = 0. Let m(G) > 0 and e be an edge of G. Deleting all bridges from G − e we get a bridgeless graph G^′ satisfying m(G^′) = m(G) − 1. Every totally cyclic orientation of G^′ can be extended into two totally cyclic orientations of G. Thus the statement holds by induction on m(G). �

Corollary 11. Let G be a bridgeless connected graph, E(G) ≠ ∅, and k ≥ μ(G)−1. Then I_G(k + 1) ≥ I_G(k) + 2^{m(G)}.

Proof. Follows from Corollary 7, Theorem 8, Lemma 11, and (1). �

Minor of a graph G is every graph we get from G after deleting and contructing some of its edges.

Corollary 12. If H is a minor of G and r ≥ min{μ(G), 6}, then F_H(r) > 0.

Proof. Follows from Seymour [S1], Theorem 8 and the fact that μ(H) ≤ μ(G). � 14

If G is a planar graph and G^∗ the dual of G, then every elementary cut in G corresponds to a circuit in G^∗ and vice versa. Furthermore, G^∗ is hamiltonian if and only if μ(G) = m(G) + 1 (as pointed out before, μ(G) ≤ m(G) + 1 for every graph G). For this reason we call the graphs satisfying μ(G) = m(G) + 1 cohamiltonian. The graphs discussed in Example 6 are cohamiltonian. There are NP-complete problems to decide whether a planar graph is hamiltonian or whether a planar graph has a circuit of length at least n (see [GJ]). Thus there are NPcomplete problems to decide whether a (planar) graph is cohamiltonian or whether a (planar) graph has an elementary cut of cardinality at least n.

Since it is NP-hard to evaluate μ(G), it is interesting to have estimates of μ(G) by other parameters, which are easy to compute. We have μ(G) ≤ m(G) + 1. If G is 2-connected and Δ(G) = max_{v∈V (G)} |ω^+_G(v)|, then Δ(G) ≤ μ(G). For example, Δ(H_n) = μ(H_n) = m(H_n) + 1 = n. If C_{r,n} is the graph arising from the circuit of length n after replacing each edge by r parallel edges, then Δ(C_{r,n}) = μ(C_{r,n}) = 2r and m(C_{r,n}) = n(r − 1) + 1.

8. Sets of flows

In this section we summarize some observations about flows. Let P_G and I_{G,k} denote the set of Z-flows and Z_k-flows in G, respectively. Considering the sum of flows φ and φ^′ as (φ + φ^′)(x) = φ(x) + φ^′(x), x ∈ D(G), we get that P_G and I_{G,k} are Abelian groups. Define homomorphism f_{G,k} : P_G → I_{G,k} so that (f_{G,k}(φ))(x) = [φ(x)]_k (x ∈ D(G)). Let π_{G,k} denote the congruence relation on P_G defined by φ ≡ φ^′(π_{G,k}) if f_{G,k}(φ) = f_{G,k}(φ^′). Recall that σ(φ) denotes the support of φ.

Lemma 12. Let φ, φ^′ ∈ P_G. Then σ(φ)∩σ(φ^′ ) ⊆ σ(φ+φ^′) and σ(φ) ⊆ σ(f_{G,k}(φ)).

Proof. If φ(x) = φ^′(x) = 0, then (φ + φ^′)(x) = 0, and similarly, if φ(x) = 0, then (f_{G,k}(φ))(x) = [φ(x)]_k = 0 (x ∈ D(G)). �

Let R_{G,k}, T_{G,k} and J_{G,k} denote the sets of k-flows, nowhere-zero k-flows and nowhere-zero Z_k-flows in G, respectively. These sets are not closed under the addition, but T_{G,k} ⊆ R_{G,k} ⊆ P_G and J_{G,k} ⊆ I_{G,k}. Let ρ_{G,k} and θ_{G,k} denotes the equivalence relations arising as restrictions of π_{G,k} into R_{G,k} and T_{G,k}, respectively (note that θ_{G,k} is identical with θ_{G,k} from Section 2). In other words, [φ]ρ_{G,k} = [φ]π_{G,k} ∩ R_{G,k} and [φ^′]θ_{G,k} = [φ^′]π_{G,k} ∩ T_{G,k} for every φ ∈ R_{G,k} and φ^′ ∈ T_{G,k}, respectively.

Lemma 13. If φ ∈ R_{G,k}, then σ(f_{G,k}(φ)) = σ(φ) = σ(φ^′) for every φ^′ ∈ [φ]ρ_{G,k}.

Proof. Since −k < φ^′(x), φ(x) < k for every x ∈ D(G), then the equalities φ^′(x) = 0, φ(x) = 0 and [φ(x)]_k = 0 are pairwise equivalent. �

Lemma 14. If φ ∈ T_{G,k}, then f_{G,k}(φ) ∈ J_{G,k} and [φ]ρ_{G,k} = [φ]θ_{G,k}.

Proof. Follows directly from Lemma 13. �

Now we can generalize Theorem 2. 15

Theorem 9. The mapping [φ]ρ_{G,k} → f_{G,k}(φ) is a one-to-one correspondence between the ρ_{G,k}-classes and the elements of I_{G,k}. Furthermore, this mapping preserves the supports of flows, i. e., σ(f_{G,k} (φ)) = σ(φ) = σ(φ^′) for every φ^′ ∈ [φ]ρ_{G,k}.

Proof. Use Lemma 13 and apply Theorem 2 for the spanning subgraph H of G so that E(H) = σ(φ). �

We can also reformulate Theorem 2 in the following form:

Theorem 10. The mapping [φ]θ_{G,k} → f_{G,k}(φ) is a one-to-one correspondence between the θ_{G,k}-classes and the elements of J_{G,k}.

Theorem 11. The homomorphism f_{G,k} is surjective.

Proof. Follows directly from Theorem 9. �

Thus Theorem 2 is in fact a special (but the substantial) part of Theorem 9. By Theorem 11, P_G/π_{G,k} and I_{G,k} are isomorphic under the isomorphism [φ]π_{G,k} → fG,k(φ). For every X ∈ C(G), let T_{X,k} denote the set of the nowhere-zero k-flows in G with positive orientation X and f_{X,k} the restriction of f_{G,k} to the set T_{X,k}. For every X ∈ C_Θ(G), let J_{X ,k} denote the set of nowhere-zero Z_k-flows ψ in G so that X_ψ = X . Then from Lemma 4 and Corollary 4 follows that f_{X,k} is a bijection φ → [φ]_k from T_{X,k} to J_{[X]ΘG,k} and if X ≡ X^′(Θ_G) then f_{X,k} ∘ f^{−1}_X0_{,k} is the mapping φ → φ − kφ_{X\X}0. Let P^′_G be the set of the R-flows in G. Then P^′_G is a vector space over R and P_G is a module over Z. By Berge [Be], their dimensions are equal to m(G) and their basis can be found using Lemma 7. This also shows that the parameter m(G) from Lemma 7 cannot be increased.

Acknowledgment

This research was made during the JSPS fellowship in Keio University, Japan, and was partially supported by the Monbusho’s Grant-in-Aid. The author would like to thank JSPS, Keio University and Professor Enomoto for their hospitality.

References

[Be] C. Berge, Graphs, 2nd ed., North-Holland, Amsterdam, 1985.

[Bi] N. Biggs, Algebraic Graph Theory, 2nd ed., Cambridge Univ. Press, Cambridge, 1993. [Bj] A. Björner, Topological methods, Handbook of Combinatorics (R. L. Graham, M. Grötschel, L. Lovász, eds.), North-Holland, Amsterdam, 1995, pp. 1819-1872.

[BO] T. Brylawski, J. Oxley, The Tutte polynomial and its applications, Matroid Applications (N. White, ed.), Cambridge Univ. Press, Cambridge, 1992, pp. 123-225.

[E] E. Ehrhart, Sur un problème de géométrie diophantienne linéaire I, II, J. Reine Angew.

Math. 226 (1967), 1-29; 227 (1967), 25-49.

[GJ] M. R. Garey, D. S. Johnson, Computers and Intractability, Freeman, New York, 1979. [H] A. J. Hoffman, Some recent applications of the theory of linear inequalities to extremal combinatorial analysis, Combinatorial Analysis (R. Bellman, M. Hall Jr., eds.), Proc. Sympos. Appl. Math., Vol. 10, Amer. Math. Soc., Providence, RI, 1960, pp. 113-127.

[J1] F. Jaeger, Flows and generalized coloring theorems in graphs, J. Combin. Theory Ser. B 26 (1979), 205-216.

[J2] F. Jaeger, Nowhere-zero flow problems, Selected Topics in Graph Theory 3 (L. W. Beineke, R. J. Wilson, eds.), Academic Press, New York, 1988, pp. 71-95.

[K1] M. Kochol, Hypothetical complexity of the nowhere-zero 5-flow problem, J. Graph Theory 28 (1998), 1-11.

[K2] M. Kochol, Superposition and constructions of graphs without nowhere-zero k-flows, manuscript.

[KK] V. Klee, P. Kleinschmidt, Convex polytopes and related complexes, Handbook of Combinatorics (R. L. Graham, M. Grötschel, L. Lovász, eds.), North-Holland, Amsterdam, 1995, pp. 875-917.

[R] G.-C. Rota, On the foundation of combinatorial theory I. Theory of Möbius functions, Z.

Warsch. Verw. Gebiete 2 (1964), 340-368.

[S1] P. D. Seymour, Nowhere-zero 6-flows, J. Combin. Theory Ser. B 30 (1981), 130-135. [S2] P. D. Seymour, Nowhere-zero flows, Handbook of Combinatorics (R. L. Graham, M. Grötschel, L. Lovász, eds.), North-Holland, Amsterdam, 1995, pp. 289-299.

[Sc] A. Schrijver, Theory of Linear and Integer Programming, Wiley, Chichester, 1986. [T1] W. T. Tutte, On the imbedding of linear graphs in surfaces, Proc. London Math. Soc. Ser.

2 51 (1950), 474-483.

[T2] W. T. Tutte, A contribution to the theory of chromatic polynomials, Canad. J. Math. 6 (1954), 80-91.

[T3] W. T. Tutte, A class of Abelian groups, Canad. J. Math. 8 (1956), 13-28. [T4] W. T. Tutte, Lectures on matroids, J. Res. Nat. Bur. Standards Sect. B 69 (1965), 1-47. [T5] W. T. Tutte, The dichromatic polynomial, Proc. Fifth British Comb. Conf. 1975 (C. St. J.

A. Nash-Williams, J. Sheehan, eds.), Congr. Numer. 15, Utilitas Math., Winnipeg, 1976, pp. 605-635.

[T6] W. T. Tutte, Graph Theory, Cambridge Univ. Press, Cambridge, 1984. [W] D. J. A. Welsh, Complexity: Knots, Colourings and Counting, Cambridge Univ. Press, Cambridge, 1993.

[Y] D. H. Younger, Integer flows, J. Graph Theory 7 (1983), 349-357. [Z] C.-Q. Zhang, Integral Flows and Cycle Covers of Graphs, Dekker, New York, 1997.

MÚ SAV, Štefánikova 49, 814 73 Bratislava 1, Slovakia E-mail address: kochol@savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables

(continued on inside back cover)

16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras 13/1998 Beloslav Rieèan: On the strong law of large numbers on some ordered structures