Preprint 20/2000

August 21, 2000

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Martin Kochol

Sublinear defect principle

in graph theory

PREPRINT SERIES

SUBLINEAR DEFECT PRINCIPLE IN GRAPH THEORY

Martin Kochol

Abstract. We study a phenomenon consisting in the fact that many problems about graphs is enough to solve with certain errors if their number grows asymptotically slower than the order of graphs. For example, the four color theorem is equivalent with the statement that the vertices of every 5-connected planar graph of order n can be assigned four numbers so that at most bn couples of neighboring vertices receive the same number, where fbng is a sequence of nonnegative integers satisfying lim infn!1 bn/n = 0. A similar principle holds for the Thomassen’s conjecture on hamiltonian cycles in 4-connected line graphs, the conjecture of Fleischner suggesting that every cyclically 4-edge-connected cubic graph has either a 3-edge-coloring or a dominating cycle, the nowhere-zero 5- and 3-flow problems of Tutte and the circular flow conjecture of Jaeger. Furthermore, the last two problems remain to verify for hamiltonian graphs.

1. Introduction

In this paper we study a phenomenon which can be observed by many very interesting problems about graphs. We show that they can be solved with certain approximation, or, in other words, allowing certain errors. The main principle is that the number of the errors must be, in a certain sense, asymptotically smaller than the order of graphs. For example, if we want to prove the four color theorem, we do not need to show that every planar graph is 4-colorable. It is enough to color its vertices by five colors, but the number of the vertices colored by the fifth color must be asymptotically smaller than the order of the graph. We can also allow coloring of vertices by four colors so that some couples of neighboring vertices are colored by the same color, but the number of such couples must be asymptotically smaller than the order of the graph.

A graph has a nowhere-zero k-flow if its edges can be oriented and assigned values 1, . . . , k − 1 so that the sum of the values of the incoming edges is equal to the sum of the outcoming ones for every vertex of the graph. The 5-flow (3-flow) conjecture of Tutte [Tu2] suggests that every bridgeless (4-edge-connected) graph has a nowherezero 5-flow (3-flow). We show that this conjecture is equivalent with the statement that every such graph has a flow with positive integral values such that the number of the edges with values ≥ 5 (≥ 3) is asymptotically smaller than the order of the graph. Similar principle holds for the circular flow conjecture of Jaeger [J2]. Furthermore we prove that the 3-flow and the circular flow conjectures remain to verify for hamiltonian graphs.

1991 Mathematics Subject Classification. 05C15, 05C38, 05C45, 05C40.

Key words and phrases. Sublinear defect property, (hamiltonian, dominating) paths and cycles, nowhere-zero k-flow, circular flow.

We also deal with problems about cycles in graphs. For example, the conjecture of Thomassen [Th1], [Th2] suggests that every 4-connected line graph is hamiltonian. We show that to prove the conjecture it remains to cover the vertices of such graphs by vertex disjoint paths so that the number of the paths growths asymptotically slower than the order of the graphs. Similar property holds for a conjectures of Fleischner [F1], [F2] suggesting that every cyclically 4-edge-connected cubic graph has either a 3-edge-coloring or a dominating cycle (which is also equivalent with the Thomassen’s conjecture, by [K7]) and some other relative problems surveyed in Section 4.

Note that a similar property have been studied for hamiltonicity of 2-tough graphs in [BBHV] and for the Barnette’s conjecture in [RW].

2. The general principle

Suppose G is a class of graphs with the following properties. There exist constants c, d ∈ Z^+ (the set of positive integers) so that G contains only graphs of orders cn,

n ∈ Z^+, and G has at least one graph of order cn for every n ≥ d. Number c is also

called the quantitative characteristic of the class G. If α is a real valued function on G, then the pair (G, α) is called a graph parametric pair.

Suppose there exists a sequence of real numbers {b_n} so that b_n ≥ α(G) for every graph G from G of order cn and n ∈ Z^+. In this case we say that {b_n} is a bound of α on G. Furthermore, the sequence {b_n} is called zero (resp. sublinear) if b_n = 0 for every n ∈ Z^+ (reps. b_n ≥ 0 for every n ∈ Z^+ and lim inf_{n→∞} b_n/n = 0). Let (G, α)_0 (resp. (G, α)_s) denote the statement “α has a zero (resp. sublinear) bound on G”.

For example, if G̃ is the class of the cubic (3-regular) graphs (it has quantitative characteristic 2) and α̃(G) = 0 for every G ∈ G̃, then (G̃, α̃) is a graph parametric pair, and α̃ has zero and sublinear bounds on G̃.

Many problems about graphs can be expressed in the form (G, α)_0, where (G, α) is a graph parametric pair. But to prove this is usually very difficult. On the other hand we can often show that (G, α)_0 and (G, α)_s are equivalent, thus, if we want to prove the original problem, it is enough to verify a seemingly weaker statement (G, α)_s.

Definition 2.1. We say that α has a sublinear defect property on G if (G, α)_0 and (G, α)_s are equivalent.

Let (G, α)^∗_0 denote the statement “there exists a graph G from G so that α(G) > 0” and (G, α)^∗_s denote the statement “there exist r, s, n_0 ∈ Z^+ so that for every integer n ≥ n_0 there exists a graph G_n from G of order cn satisfying α(G_n) ≥ (n − s)/r”.

Proposition 2.2. (G, α)^∗_0 holds iff α has no zero bound on G.

Proof. Trivial. �

Proposition 2.3. If (G, α)^∗_s holds, then α has no sublinear bound on G.

Proof. If (G, α)^∗_s holds, and {b_n} is a bound of α on G, then lim inf_{n→∞} b_n/n ≥ lim inf_{n→∞} α(G_n)/n ≥ lim_{n→∞}(n − s)/(rn) = 1/r > 0 and {b_n} is not sublinear. �

Note that using the countable axiom of choice we can prove that (G, α)^∗_s holds iff α has no sublinear bound on G.

Definition 2.4. We write (G, α) ≈ (G^′, α^′) if (G, α)_s implies (G^′, α^′)_0 and (G^′, α^′)_s implies (G, α)_0.

Clearly α has the sublinear defect property on G iff (G, α) ≈ (G, α).

Proposition 2.5. (G, α) ≈ (G^′, α^′) holds iff the statements (G, α)_0, (G, α)_s, (G^′, α^′)_0 and (G^′, α^′)_s are pairwise equivalent. In particular, (G, α) ≈ (G^′, α^′) implies that α (resp. α^′) has the sublinear defect property on G (resp. G^′).

Proof. Follows from Definition 2.4 and the fact that every zero bound is also sublinear, i. e., (G, α)_0 and (G^′, α^′)_0 imply (G, α)_s and (G^′, α^′)_s, respectively. �

Proposition 2.6. If (G, α) ≈ (G^′, α^′) and (G^′, α^′) ≈ (G^{′′}, α^{′′}), then (G, α) ≈ (G^{′′}, α^{′′}).

Proof. Follows immediately from Proposition 2.5. �

Proposition 2.7. Let (G, α) and (G^′, α^′) be graph parametric pairs where G^′ be a subclass of G, both have the same quantitative characteristic, and there exist a positive constant p so that α^′(G) ≤ pα(G) for every G ∈ G. Suppose (G^′, α^′)_s implies (G, α)_0. Then (G, α) ≈ (G, α^′) ≈ (G^′, α) ≈ (G^′, α^′).

Proof. If (G^′, α^′)_s holds, then, by the assumptions, so does (G, α)_0 and therefore (G, α^′)_0 and (G^′, α)_0 hold as well. On the other hand if one of (G, α)_s, (G, α^′)_s, and (G^′, α)_s holds, then from the properties of α, α^′, G, and G^′ follows that (G^′, α^′)_s holds, what again implies (G, α)_0, thus also (G^′, α^′)_0. Therefore (G^′, α^′) ≈ (G, α), (G, α^′), (G^′, α), and the statement holds by Proposition 2.6. �

Proposition 2.8. Suppose (G, α)^∗_0 implies (G^′, α^′)^∗_s . Then (G^′, α^′)_s implies (G, α)_0.

Proof. Follows from Propositions 2.2 and 2.3. �

Thus, if we want to prove that α has the sublinear defect property on G, it remains to show that (G, α)^∗_0 implies (G^′, α^′)^∗_s where G^′ is a subclass of G and α^′(G) ≤ pα(G) for every G ∈ G and a positive constant p.

Proposition 2.9. Suppose α has the sublinear defect property on G and there exists a graph G from G with α(G) > 0. Then there exist infinitely many such graphs.

Proof. If there is only finitely many such graphs, then α has a sublinear bound on G, thus, by the assumptions, also a zero bound, what contradicts Proposition 2.2. �

A sequence of real numbers {b_n} is called strictly sublinear if b_n ≥ 0 for every

n ∈ Z^+ and limn→∞ bn/n = 0. Practically everything what we have done until now

can be reformulated so that the world “sublinear” is replaced by the words “strictly sublinear”. Only Proposition 2.3 must be changed in the flowing way: “α has no strictly sublinear bound on G if there exist r ∈ Z^+ and a strictly increasing sequence of positive integers {n_i} so that for every i ∈ Z^+ there exists a graph G_i from G of order n_i satisfying α(G_i) ≥ n_i/r.” All graph parametric pairs (G, α) considered in this paper will have the sublinear defect property. Anyway, if somebody shows that α has a strictly sublinear bound on G, then this bound is also sublinear.

3. Some basic notations

In this paper we allow multiple edges and loops, unless otherwise stated. An edge cut of a graph is called cyclic if after deleting its edges we get at least two components having cycles. A graph is called cyclically k-edge-connected if it does not have a cyclic edge cut of cardinality smaller than k.

We recall some notation from [K4], [K5], [K6]. By an abstract network, or simply a network, we mean a pair N = (G, U) where G is a graph and U ⊆ V (G). The vertices from U and V (G) − U are called outer and inner vertices of N , respectively. For technical reasons, we shall deal with networks where the set U is partitioned into nonempty sets U_1, . . . , U_n. In this case we write N = (G, U_1, . . . , U_n) and call N the partitioned network. Sets U_1, . . . , U_n are called connectors of N .

Let N = (G, U) be a network. Any path v_1 . . . v_n in G is called a v_1-v_n-path. Furthermore, if v_1, v_n ∈ U, v_1 ≠ v_2, then the path is called open in N . By a kpolygon in N (briefly a polygon) we mean k vertex disjoint open paths in N .

Furthermore, if N is partitioned, then an open v_1-v_n-path in N is called crossing if the vertices v_1 and v_n do not belong to the same connector. A polygon in N is called crossing if it consists of crossing paths.

4. Paths and cycles

A set of pairwise vertex disjoint subgraphs {G_1, . . . , G_k} of a graph G is called dominating if every edge of G is incident with at least one vertex from G_1, . . . , G_k. If k = 1, then we say that the graph G_1 is dominating in G.

Fleischner [F1], [F2] conjectured that every cyclically 4-edge-connected cubic graph has either a 3-edge-coloring or a dominating cycle. A seemingly stronger problem was given by Ash and Jackson [AJ] suggesting that the condition of 3-edge-colorability can be skipped. In [K7] we have shown that these two problems are equivalent.

Denote by G_{3,k} the class of cyclically k-edge-connected cubic graphs and by G^′_{3,k} the class of such graphs without 3-edge-colorings. G_{3,4} and G^′_{3,4} have quantitative characteristics 2, as follows, for example, from constructions presented in [K1], [K3], [K5]. Let α_1(G) (resp. α^′_1(G)) denote the minimal number n so that the vertices of G can be covered by n + 1 vertex disjoint cycles (resp. paths) and α_2(G) (resp. α^′_2(G)) denote the minimal number n so that G has n + 1 dominating cycles (resp. paths). An isolated vertex is considered as a cycle (resp. path) of length 0. Clearly α_2(G) ≥ α^′_2(G) and the conjecture of Fleischner (resp. Ash and Jackson) suggests that (G^′_{3,4}, α_2)_0 (resp. (G_{3,4}, α_2)_0).

By Fleischner and Jackson [FJ], the conjecture of Ash and Jackson is equivalent with the conjecture of Thomassen [Th1], [Th2], which suggests that every 4-connected line graph is hamiltonian. Furthermore, by Ryjáček [R], the latter problem is equivalent with the conjecture of Matthews and Sumner [MS] suggesting that every 4- connected claw-free graph is hamiltonian (a graph is claw-free if it does not contain K_{1,3} as an induced subgraph). Let G_4 (resp. G^′_4) denote the class of 4-connected claw free (resp. 4-connected line) graphs. G_4 and G^′_4 have quantitative characteristics 1. The conjecture of Thomassen (resp. Mathews and Sumner) suggests that (G^′_4, α_1)_0 (resp. (G_4, α_1)_0).

Let L(G) denote the line graph of a graph G.

Lemma 4.1. α^′_1(L(G)) ≥ α^′_2(G) for every cubic graph G.

Proof. Take a family {P_1, . . . , P_m} of vertex disjoint paths covering L(G) so that m is as small as possible. For i = 1, . . . , m, let P_i be a u_i-v_i-path, and u^′_i (v^′_i) be a vertex from G incident with the edge corresponding to u_i (v_i). Add to G a new vertex v and 2m (possibly parallel) edges (v, u^′_i), (v, v^′_i), i = 1, . . . m, obtaining a graph G^′. The paths P_1, . . . , P_m can be extended into a hamiltonian cycle in L(G^′), therefore, by Harary and Nash-Williams [HNW, Proposition 8], G^′ has an eulerian dominating subgraph H^′. Then H = H^′ − v is dominating in G (note that G − V (H) and G^′ − V (H^′) is the same graph). Let m_j be the number of the vertices of degree j in H (j = 1, 2, 3) and m_0 be the number of the components of H which are cycles (isolated vertices are considered to be cycles). Every cycle in H has at least one vertex joined with v by at least two edges from H^′ and every vertex of degree 1 or 3 in H is joined with v by at least one edge from H^′. Thus 2m_0 + m_1 + m_3 ≤ 2m. Deleting from H at most m_3 edges adjacent with the vertices of degree 3 and at most m_0 edges from the cycles of H we get a dominating set of vertex disjoint paths from G of cardinality at most m, whence α^′_1(L(G)) ≥ α^′_2(G). �

Theorem 4.2. (G_{3,4}, α_2) ≈ (G_{3,4}, α^′_2) ≈ (G^′_{3,4}, α_2) ≈ (G^′_{3,4}, α^′_2) ≈ (G_4, α_1) ≈ (G_4, α^′_1) ≈ (G^′_4, α_1) ≈ (G^′_4, α^′_1).

Fig. 1

Proof. Suppose there exists a graph G from G_{3,4} without a dominating cycle. Let e = (u, v) be an edge in G and u^′, u^{′′} (resp. v^′, v^{′′}) be the vertices neighboring u (resp. v) and not incident with e. Delete from G the vertices u and v together with the incident edges, getting a graph F with just four vertices of degree two u^′, u^{′′}, v^′, v^{′′}. Take the partitioned network M = (F, {u^′, u^{′′}}, {v^′, v^{′′}}). Since G does not have a dominating cycle, M does not have a dominating crossing polygon. Similarly, delete two neighboring vertices from an arbitrary graph G^′ from G_{3,4} obtaining a graph F^′ with just four vertices of degree two w^′, w^{′′}, z^′, z^{′′}, and take the network M^′ = (F^′, {w^′, w^{′′}}, {z^′, z^{′′}}). For i = 1, . . . , 6n take a copy M_i = (F_i, {u^′_i, u^{′′}_i }, {v^′_i, v^{′′}_i }) of M, one copy of M^′, and one copy of the partitioned network (H, {x^′, x^{′′}}, {y^′, y^{′′}}) from Fig.1 and join their outer vertices by new edges (v^′_{6n}, w^′), (v^{′′}_{6n}, w^{′′}), (z^′, x^′), (z^{′′}, x^{′′}), (y^′, u^′_1), (y^{′′}, u^{′′}_1 ), and (v^′_i, u^′_{i+1}), (v^{′′}_i , u^{′′}_{i+1}), for i = 1, . . . , 6n − 1. We obtain a graph F^{′′}, indicated in Fig. 2. F^{′′} ∈ G_{3,4} and contains H as an induced subgraph, thus, by [K7, Lemma 2], F^{′′} ∈ G^′_{3,4}. Let {P_1, . . . , P_m} be a dominating family of vertex disjoint paths in F^{′′}. Every dominating polygon in M must be either a u^′-u^{′′}-path or a v^′-v^{′′}-path or a 2-polygon consisting of a u^′-u^{′′}- and a v^′-v^{′′}-paths. Thus for every i = 1, 4, 7, . . . , 6n − 2, the three consecutive graphs F_i, F_{i+1}, F_{i+2} contain at least one end vertex from the paths P_1, . . . , P_m. Therefore m ≥ n, i. e., α^′_1(F^{′′}) ≥ n − 1. But F^′ can have any even order greater than a constant. Thus there exist integers r, s and n_0 so that for every integer n ≥ n_0 there exists a graph G_n from G^′_{3,4} of order 2n satisfying α^′_1(G_n) ≥ (n − s)/r. Thus (G_{3,4}, α_2)^∗_0 implies (G^′_{3,4}, α^′_2)^∗_s and, by Propositions 2.7 and 2.8, (G_{3,4}, α_2) ≈ (G_{3,4}, α^′_2) ≈ (G^′_{3,4}, α_2) ≈ (G^′_{3,4}, α^′_2).

Fig. 2

By [FJ] and [R], the statements (G_{3,4}, α_2)_0, (G_4, α_1)_0, and (G^′_4, α_1)_0 are pairwise equivalent. Thus by Propositions 2.5–2.8, it remains to show that (G_4, α_1)^∗_0 implies (G^′_4, α^′_1)^∗_s . Let (G_4, α_1)^∗_0 hold. Then, by [FJ], [R] and Proposition 2.2, also (G_{3,4}, α_2)^∗_0 holds, whence, by the previous text, (G^′_{3,4}, α^′_2)^∗_s is satisfied, i. e., there are integers r, s, n_0 so that for every integer n ≥ n_0 there exists a graph G_n ∈ G^′_{3,4} of order 2n so that α^′_2(G_n) ≥ (n − s)/r, and, by Lemma 4.1, α^′_1(L(G_n)) ≥ (n − s)/r. Graph G_n has 3n edges. Let G^′_n (resp. G^{′′}_n) be a graph arising from G_n after contracting one edge (resp. two edges having no vertex in common) into one vertex (resp. two vertices) of degree 4. We can check that α^′_1(L(G^{′′}_n)) + 2, α^′_1(L(G^′_n)) + 1 ≥ α^′_1(L(G_n)) and that L(G_n), L(G^′_n), L(G^{′′}_n) are 4-connected line graphs of orders 3n, 3n − 1, 3n − 2, respectively (see also [FJ]). Thus, for every integer k ≥ 3n_0 − 2, we have a graph H_k ∈ G^′_4 of order k so that α^′_1(H_k) + 2 ≥ (⌈k/3⌉ − s)/r, i. e., (G^′_4, α^′_1)^∗_s holds. This implies the statement. �

Proposition 2.5 and Theorem 4.2 imply the next theorem.

Theorem 4.3. The following statements are pairwise equivalent.

(1) Every cyclically 4-edge-connected cubic graph without a 3-edge coloring has a dominating cycle.

(2) Every cyclically 4-edge-connected cubic graph has a dominating cycle. (3) Every 4-connected line graph is hamiltonian. (4) Every 4-connected claw-free graph is hamiltonian.

(5) There exists a sublinear sequence {b_n} so that every cyclically 4-edge-conne-cted cubic graph without a 3-edge coloring and of order 2n contains a family of at most b_n dominating paths.

(6) There exists a sublinear sequence {b_n} so that every cyclically 4-edge-con-nected cubic graph of order 2n contains a family of at most b_n dominating paths.

(7) There exists a sublinear sequence {b_n} so that the vertices of every 4-connected line graph of order n can be covered by at most b_n vertex disjoint paths.

(8) There exists a sublinear sequence {b_n} so that the vertices of every 4-connected claw-free graph of order n can be covered by at most b_n vertex disjoint paths.

Snark is a cyclically 4-edge-connected cubic graph with girth at least 5 and without a 3-edge-coloring. The girth of a graph is the length of its shortest cycle. It is also known that the class of snarks has quantitative characteristic 2 (see, e. g., [K5], [K1]). Note that the conjecture of Fleischner is sometimes presented in the form that every snark has a dominating cycle. The confusion is caused by the fact that some authors considered snarks as graphs from G^′_{3,4} (see, e. g., [J4], [F1], [F2]). The “snark” variant of Fleischner’s conjecture seems to be a few weaker than the original problem, because the restriction on cubic graphs with girth at most 5 is probably not trivial.

Denote by G_5 the class of cyclically 4-edge-connected cubic graphs with girth ≥ 5 and by G^′_5 the class of snarks. Then the following statements can be proved similarly as the first part of Theorem 4.2.

Theorem 4.4. (G_5, α_2) ≈ (G_5, α^′_2) ≈ (G^′_5, α_2) ≈ (G^′_5, α^′_2).

In other words, conditions (1), (2), (5) and (6) from Theorem 4.3 remain equivalent if we consider only graphs with girth at least 5.

A set of pairwise vertex disjoint subgraphs {G_1, . . . , G_k} of a graph G is called cyclically dominating if every cycle of G contains at least one vertex from G_1, . . . , G_k (or, equivalently, deleting from G the vertices of the subgraphs G_1, . . . , G_k we get a forest). If k = 1, then we say that the graph G_1 is cyclically dominating in G. Jaeger conjectured that every graph from G_{3,4} has a cyclically dominating cycle (see [FJ, Conjecture 2]). This is a weaker problem than that ones of Fleischner or Ash and Jackson. This conjecture, if true, implies the 6-flow theorem of Seymour [S], as pointed out by Jaeger (see [FJ]).

Let α_3(G) (resp. α^′_3(G)) denote the minimal number n so that G has n+1 cyclically dominating cycles (resp. paths). Clearly α_3(G) ≥ α^′_3(G) and the Jaeger’s conjecture suggests that α_3(G) = 0 for every graph G ∈ G_{3,4}. The following statement can be proved similarly as the first part of Theorem 4.2, replacing the words “dominating” by the words “cyclically dominating”.

Theorem 4.5. (G_{3,4}, α_3) ≈ (G_{3,4}, α^′_3) ≈ (G^′_{3,4}, α_3) ≈ (G^′_{3,4}, α^′_3).

Thus conditions (1), (2), (5) and (6) from Theorem 4.3 remain equivalent if we replace the words “dominating” by the words “cyclically dominating”.

An old conjecture of Barnette [B] suggests that every bipartite 3-connected cubic planar graph is hamiltonian. By Kelmans [Ke], this conjecture remains to verify for cyclically 4-edge-connected graphs. Let B denote the family of bipartite 3-connected cubic planar graphs and B^′ denote the family of bipartite cyclically 4-edge-connected cubic planar graphs. They have quantitative characteristics 2. The Barnette’s conjecture in fact states that α_1 has a zero bound on B. The following statement can be proved similarly as Theorem 4.1, and follows also from results of [RW].

Theorem 4.6. (B, α_1) ≈ (B^′, α^′_1).

In other words, every bipartite 3-connected cubic planar graph is hamiltonian iff there exists a sublinear sequence {b_n} so that the vertices of every bipartite cyclically 4-edge-connected cubic planar graph of order 2n can be covered by at most b_n vertex disjoint paths.

A well known Theorem of Tutte [Tu3] says that every 4-connected planar graph is hamiltonian. Let P_4 denote the family of 4-connected planar graphs. P_4 has quantitative characteristic 1.

Theorem 4.7. (P_4, α_1) ≈ (P_4, α^′_1).

Proof. Suppose G is a nonhamiltonian graph from P_4. Let w be a vertex of G and w_1, . . . , w_m, m ≥ 4, be the vertices neighboring w. Take the network N_1 = (G − w, {w_1, . . . , w_m}) and its copy N^′_1 = (G^′−w^′, {w^′_1, . . . , w^′_m}). Joining G−w and G^′−w^′ by new edges (w_3, w^′_3), . . . , (w_m, w^′_m) we get a network N_2 = (H, {w_1, w_2, w^′_1, w^′_2}) having no 1-polygon covering all their vertices. Deleting from G an edge e = (x, y) and splitting the vertices x and y into two vertices x^′, x^{′′} and y^′, y^{′′} (having degrees at least 1), respectively, we get a graph H^′. The partitioned network N_3 = (H^′, {x^′, x^{′′}}, {y^′, y^{′′}}) does not have a crossing 2-polygon covering all vertices of H^′. Adding to H and H^′ new vertices and edges as indicated in Fig. 3, we get a partitioned network M = (F, {u^′, u^{′′}}, {v^′, v^{′′}}) which does not have a crossing polygon covering all vertices from F . The rest of the proof is similar as in Theorem 4.1. �

Fig. 3

5. The 5-flow problem and the 4-color theorem

We recall some notation from [K5]. Suppose G is a graph. Each edge e of G determines two opposite arcs arising from it after endowing e with two distinct orientations. All arcs obtained in this way are called arcs of G and the set of them is called the arc set of G and denoted by D(G), i. e., |D(G)| = 2|E(G)|, where E(G) denotes the edge set of G. If x is an arc of G, then we denote by −x the opposite arc arising from the same edge. Clearly, −(−x) = x for any arc x of G. Let ω^+(v) denote the set of arcs directed from v to V (G) \ {v}.

Let N = (G, U) be a network and A be an Abelian group (we deal only with additive Abelian groups). An A-chain in N is a mapping φ : D(G) → A so that φ(−x) = −φ(x) for any x ∈ D(G). Given an A-chain φ we define its boundary ∂φ : V (G) → A as ∂φ(v) = X x∈ω+_{(v)} φ(x).

An A-chain in N is an A-flow if ∂φ(v) = 0 for every inner vertex v of N . Furthermore, φ is nowhere-zero if φ(x) ≠ 0 for every x ∈ D(G). In [K4], [K5] was proved the following.

Lemma 5.1. If φ is an A-flow in a network (G, U), then P_{v∈U} ∂φ(v) = 0.

A (nowhere-zero) Z-flow φ in N is called a (nowhere-zero) k-flow if |φ(x)| < k for every x ∈ D(G) (in [K5] we call it (nowhere-zero) unlimited k-flow).

A graph G is identified with the network (G, ∅) in this and the next chapters. Thus, by a (nowhere-zero) A-flow or k-flow in a graph G we mean a (nowhere-zero) A-flow or k-flow, respectively, in the network (G, ∅). This concept is also used in [K4], [K5] and it coincides with the usual definition of nowhere-zero A- and k-flows in graphs as presented in Jaeger [J4] (see [K5] for more details). In [K5, Theorem 2.5] we have generalized the classical equivalence results of Tutte [Tu4] and proved the following.

Theorem 5.2. If (G, U) is a network, then the following statements are equivalent.

(1) (G, U) has a nowhere-zero Z_k-flow.

(2) (G, U) has a nowhere-zero A-flow for any Abelian group A of order k. (3) (G, U) has a nowhere-zero k-flow.

Clearly, if a network has a nowhere-zero k-flow, then it has a nowhere-zero (k + 1)- flow. Nowhere-zero flows in graphs present a dual concept to the coloring problems, as follows from the classical results of Tutte [Tu2] (see also Zhang [Z]).

Theorem 5.3. If G is a planar graph, then the following statements are equivalent.

(1) G has a nowhere-zero k-flow. (2) G is k-face-colorable.

(3) The dual graph of G is k-vertex-colorable.

By a k-reluctance of a network (G, U), ρ_k(G, U), we mean the minimal integer n so that there exists an n element subset W of V (G) with the property that the network (G, U ∪ W ) has a nowhere-zero k-flow. This parameter was introduced in [K5].

By a k-overlap of a network (G, U), σ_k(G, U), we mean the minimal integer n so that there exists a Z-flow φ in (G, U) with just 2n arcs satisfying |φ(x)| ≠ 1, . . . , k −1.

Clearly, a network (G, U) has a nowhere-zero k-flow iff ρ_k(G, U) = σ_k(G, U) = 0.

Lemma 5.4. 2σ_k(G, U) ≥ ρ_k(G, U) for each network (G, U) and k ≥ 2.

Proof. Take a nowhere-zero Z-flow φ in (G, U) with 2n = 2σ_k(G, U) arcs satisfying |φ(x)| ≠ 1, . . . , k − 1. Denote the set of these arcs by D^′ and the set of the vertices incident to the arcs from D^′ by W . Then |D^′| = 2n and |W | ≤ 2n. Changing the values of the arcs from D^′ to 1 or −1 we get a nowhere-zero k-flow in (G, U ∪ W ). Thus ρ_k(G, U) ≤ |W | ≤ 2n = 2σ_k(G, U). � It is well known that a graph with a bridge does not have a nowhere-zero k-flow for every k ≥ 2. On the other hand the 5-flow conjecture of Tutte [Tu2] suggests that every bridgeless graph has a nowhere-zero 5-flow. (By Seymour [S], every such graph admits a nowhere-zero 6-flow.) It is known that this conjecture remains to verify for cubic graphs (see cf. [J4]).

Let G_3 denote the class of bridgeless cubic graphs. G_3 and G_{3,5} (the class of cyclically 5-edge-connected cubic graphs – see Section 4) have quantitative characteristics 2.

Theorem 5.5. (G_3, ρ_5) ≈ (G_{3,5}, ρ_5) ≈ (G_3, σ_5) ≈ (G_{3,5}, σ_5).

Proof. By [K5, Theorem 14.2], (G_3, ρ_5)^∗_0 implies (G_{3,5}, ρ_5)^∗_s . Thus the statement holds by Propositions 2.5–2.8 and Lemma 5.4. �

This theorem and Proposition 2.5 imply the following.

Theorem 5.6. The following statements are pairwise equivalent.

(1) Every bridgeless graph has a nowhere-zero 5-flow.

(2) There exists a sublinear sequence {b_n} so that every cyclically 5-edge-conne-cted cubic graph of order 2n has 5-reluctance at most b_n.

(3) There exists a sublinear sequence {b_n} so that every cyclically 5-edge-conne-cted cubic graph of order 2n has 5-overlap at most b_n.

By Theorem 5.3, the four color theorem, proved by Appel and Haken [AH], is equivalent with the statement that every bridgeless planar graph has a nowhere-zero 4-flow. It is also known (see e. g., [J4]) that it is enough to restrict our attention to cubic graphs. Let us note that the five color theorem (every planar graph is 5-vertexcolorable) has much simpler proofs (see Heawood [H] and Thomassen [Th3]).

Suppose G is a bridgeless planar graph. Let β_k(G) denote the minimal number n so that there exists an r-face-coloring of G, r > k, where the number of the faces colored by colors k + 1, . . . , r is just n. Let γ_k(G) denote the minimal number n so that the faces of G can be assigned numbers 1, . . . , k in such a way that there exist just n couples of faces assigned the same number and having an edge in common. The four color theorem says that β_4(G) = γ_4(G) = 0 for every planar graph G.

A cyclic k-edge cut is called simple if after deleting its edges we get a component equal to a cycle of length k. By a simple 5-cut graph we mean a cyclically 5-edgeconnected graph where every 5-edge cut is simple. Let P_3 denote the class of bridgeless cubic planar graphs and P_{3,5} denote the class of simple 5-cut cubic planar graphs. We can check that P_3 and P_{3,5} have quantitative characteristics 2.

Theorem 5.7. (P_3, ρ_4) ≈ (P_{3,5}, ρ_4) ≈ (P_3, σ_4) ≈ (P_{3,5}, σ_4) ≈ (P_3, β_4) ≈ (P_{3,5}, β_4) ≈ (P_3, γ_4) ≈ (P_{3,5}, γ_4).

Proof. By [K5, Remark 15.1], (P_3, ρ_4)^∗_0 implies (P_{3,5}, ρ_4)^∗_s . Thus, by Propositions 2.5–2.8 and Lemma 5.4, (P_3, ρ_4) ≈ (P_{3,5}, ρ_4) ≈ (P_3, σ_4) ≈ (P_{3,5}, σ_4).

Fig. 4

Clearly, the statements (P_3, ρ_4)_0, (P_3, σ_4)_0, (P_3, β_4)_0, and (P_3, γ_4)_0 are pairwise equivalent. Thus, by Propositions 2.5–2.8, it remains to show that (P_3, ρ_4)^∗_0 implies (P_{3,5}, β_4)^∗_s and (P_{3,5}, σ_4)^∗_s . Suppose G ∈ P_3 so that ρ_4(G) > 0. Then, by [K5, Theorem 15.1], there exists H ∈ P_{3,5} so that ρ_4(H) > 2. Let H be depicted in the plane. Then its outer face has two vertices u and v having no edge in common. Split the vertices u and v into three vertices of degree 1 and join them by a new cycle of length 6 as indicated in Fig. 4, obtaining a planar graph H^′. Then by every r-face-coloring of H^′, r > 4, at least one inner face of H^′ receives one of the colors 5, . . . , r (if not, then either H or H + (u, v) is 4-face-colorable and, by Theorem 5.3, either H or H + (u, v) have a nowhere-zero 4-flow, i. e., ρ_4(H) ≤ 2 – a contradiction). Take n+1 copies of H^′ and join them as indicated in Fig. 5. Furthermore, we can “replace” one copy of H^′ by an arbitrary graph from P_{3,5}, obtaining a graph H_n, which is from P_{3,5}. Then β_4(H_n) ≥ n and similarly as in Theorem 4.1 we get that (P_{3,5}, β_4)^∗_s holds. In the same way we can check that (P_{3,5}, γ_4)^∗_s holds. This proves the statement. �

Fig. 5

Note that a similar result (considering classes of cyclically 4- and 5-edge-connected cubic graphs instead of P_{3,5}) was obtained in [BGMR].

A graph G is called internally 6-connected if it is 5-connected and deleting the vertices of any 5-cut we get a component having just one isolated vertex.

Theorem 5.8. The following statements are pairwise equivalent.

(1) Every planar graph is 4-vertex-colorable.

(2) There exists a sublinear sequence {b_n} so that every simple 5-cut cubic planar graph of order 2n has 4-reluctance at most b_n.

(3) There exists a sublinear sequence {b_n} so that every simple 5-cut cubic planar graph of order 2n has 4-overlap at most b_n.

(4) There exists a sublinear sequence {b_n} so that the vertices of every internally 6-connected planar graph of order n can be colored by r ≥ 5 colors where the colors 5, . . . , r are used at most b_n times.

(5) There exists a sublinear sequence {b_n} so that the vertices of every internally 6-connected planar graph of order n can be assigned four numbers where at most b_n couples of neighboring vertices receive the same number.

Proof. Suppose G is an internally 6-connected planar graph. Adding to G some edges we get a planar triangulation G^′, which must be also internally 6-connected. But a planar triangulation is internally 6-connected iff its dual is from P_{3,5}. Thus (1)–(5) are equivalent by Theorems 5.3, 5.7 and Proposition 2.5. �

6. The 3-flow and circular flow conjectures

If G is a graph and X ⊆ D(G), then denote −X = {−x; x ∈ X}. A set X ⊆ D(G) is called an orientation of G if −X ∪X = D(G) and −X ∩X = ∅. An orientation X of G is called a modular h-orientation of a network (G, U) if |ω^+(v) ∩ X| ≡ |ω^−(v) ∩ X| mod h for every inner vertex v of G. By [J2], [Z], a graph G (i. e., the network (G, ∅)) has a modular 2t-orientation iff every vertex of G has even valency. Thus we consider only modular (2t + 1)-orientations here. By a circular k-flow φ in (G, U) we mean

a Zk-flow in (G, U) such that φ(x) ∈ {±1} for every x ∈ D(G). These two notions

have been introduced by Jaeger [J2] for graphs.

Theorem 6.1. Let (G, U) be a network and t a positive integer. Then the following statements are pairwise equivalent.

(1) (G, U) has a modular (2t + 1)-orientation. (2) (G, U) has a circular (2t + 1)-flow.

(3) (G, U) has a Z-flow φ such that φ(x) ∈ {±t, ±(t + 1)} for every x ∈ D(G).

Proof. The statement was proved by Jaeger [J2] if U = ∅ (see also [Z]). Let X be a modular (2t + 1)-orientation of (G, U). Add to G a new vertex v_0 and join every u ∈ U with v_0 by a suitable number of parallel edges so that the new graph G^′ has an orientation X^′ satisfying |ω^+(v) ∩ X^′| ≡ |ω^−(v) ∩ X^′| mod 2t + 1 for every v ∈ V (G). Then there exists a circular (2t + 1)-flow φ in (G^′, {v_0}) so that φ(x) = 1 if x ∈ X^′. By Lemma 5.1, ∂φ(v_0) = 0 whence |ω^+(v_0) ∩ X^′| ≡ |ω^−(v_0) ∩ X^′| mod 2t + 1. Thus G^′ satisfies (1)–(3) and therefore, (G, U) satisfies (2) and (3). Similarly we can show that (2) (resp. (3)) implies (1). �

A circular flow conjecture of Jaeger [J2] suggests that every 4t-edge-connected graph has a circular (2t+1)-flow. For t = 1 this is equivalent with the 3-flow conjecture of Tutte suggesting that every 4-edge-connected graph has a nowhere-zero 3-flow (note that the 3-flow conjecture was originally formulated in an equivalent form for graphs without 1- or 3-edge cuts, see, e. g., [J4]). For t = 2, the circular flow conjecture generalizes the 5-flow conjecture (see [J2]).

If (G, U) is a network, then ρ_{2t+1}(G, U) denotes the minimal integer n so that there exists an n element subset W of V (G) with the property that the network (G, U ∪ W ) has a circular (2t + 1)-flow. (Note that, by Theorem 6.1, we get an equivalent formulation considering modular (2t + 1)-orientations or Z-flows φ satisfying φ(x) ∈ {±t, ±(t + 1)} for every x ∈ D(G) instead of circular (2t + 1)-flows). By σ_{2t+1}(G, U) (resp. σ^′_{2t+1}(G, U)) we mean the minimal integer n so that there exists a Z_{2t+1}- flow (resp. Z-flow) φ in (G, U) with just 2n arcs x satisfying φ(x) /∈ {±1} (resp. φ(x) /∈ {±t, ±(t + 1)}). Lemma 6.2. 2σ_{2t+1}(G, U) = 2σ^′_{2t+1}(G, U) ≥ ρ_{2t+1}(G, U) for every network (G, U) and t ≥ 1.

Proof. Let σ_{2t+1}(G, U) = n and φ be a Z_{2t+1}-flow in (G, U) with just 2n arcs x satisfying φ(x) /∈ {±1}. Denote the set of the edges associated with these arcs by E^′. Then |E^′| = n. Each edge of e from E^′ can be replaced by a suitable number of parallel edges so that we get a graph G^′ where (G^′, U) has a circular (2t + 1)- flow. Then σ^′_{2t+1}(G^′, U) = 0 and σ^′_{2t+1}(G, U) ≤ n. Similarly we can check that σ_{2t+1}(G, U) ≤ σ^′_{2t+1}(G, U), whence σ_{2t+1}(G, U) = σ^′_{2t+1}(G, U).

Let W be the set of the endpoints of the edges from E^′. Then |W | ≤ 2n and φ can be changed to a circular (2t + 1)-flow in (G, U ∪ W ), whence ρ_{2t+1}(G, U) ≤ 2n. �

The following statement was proved by Jaeger [J1] (see also [Z, Proposition 3.4.3] and [F3, Corollary VIII.48.a]).

Lemma 6.3. Every 4-edge-connected graph has a spanning eulerian subgraph.

Let E_k denote the class of k-edge-connected graphs and H_{l,k} denote the class of l-regular k-connected hamiltonian simple graphs, where k ≥ 4 and l = 2⌊k/2⌋ + 1 (l is the smallest odd number ≥ k). Then E_k and H_{l,k} have quantitative characteristics 1 and 2, respectively, and H_{l,k} is a proper subclass of E_k.

Theorem 6.4. Let k ≥ 4 and l = 2⌊k/2⌋ + 1. Then (E_k, ρ_{2t+1}) ≈ (H_{l,k}, ρ_{2t+1}) ≈ (E_k, σ_{2t+1}) ≈ (H_{l,k}, σ_{2t+1}) ≈ (E_k, σ^′_{2t+1}) ≈ (H_{l,k}, σ^′_{2t+1}).

Proof. Denote k^′ = ⌊k/2⌋. Then l = 2k^′ + 1. Let G_{l,m}, l ≤ m, be the graph arising from a copy of K_{1,m} with the vertex w of valency m and vertices v_1, . . . , v_m of valency 1 after joining each couple of vertices v_i, v_j satisfying i − j ≡ ±1, . . . , ±k^′ mod m by a new edge. Deleting the edges (w, v_1) and (w, v_k0_{+1}) from G_{l,l+1} and adding a new edge (v_1, v_k0_{+1}) we get G_{l,l−1}. For every m ≥ k, we have a k-connected simple graph G_{l,m} with one vertex w of valency m and the rest of the vertices having valency l.

Let G be a graph from E_k satisfying ρ_{2t+1}(G) > 0. By Lemma 6.3, G has a spanning eulerian subgraph, i. e., a trail T covering all vertices of G. Take a vertex v from G of valency m ≥ k and replace it by a copy of G_{l,m} as follows: delete v from G and w from G_{l,m} and join their neighbors by new m edges obtaining a graph G_v; furthermore, the new edges can be joined so that the trail T is extended to an eulerian trail T_v in G_v going through each vertex of the copy of G_{l,m} just once. Repeating this process for every vertex v of G we get a graph G^′ which is l-regular, k-connected and the trail T is transformed to a hamiltonian cycle in G^′, i. e., G^′ ∈ H_{l,k}. By Lemma 5.1, if G_v has a circular (2t + 1)-flow, then it indicates such a flow in G. Thus ρ_{2t+1}(G^′) > 0 (i. e., (E_k, ρ_{2t+1})^∗_0 and (H_{l,k}, ρ_{2t+1})^∗_0 are equivalent).

Let H_{l,p}, l ≤ p, be the bipartite graph with partitions {u_1, . . . , u_p} and {w_1, . . . , w_p} so that u_i, w_j are joined iff i − j ≡ 0, . . . , l − 1 mod p. Clearly H_{l,p} is from H_{l,k}. We can replace the vertices w_1, . . . , w_h by h copies G^′_1, . . . , G^′_h of G^′ such that the resulting graph G^{′′} is from H_{l,k}. Take W ⊆ V (G^{′′}) satisfying ρ_{2t+1}(G^{′′}, W ) = 0. Then W ∩ V (G^′_i) ≠ ∅ (i = 1, . . . , h), otherwise ρ_{2t+1}(G^′_i) = 0 by Lemma 5.1. Hence ρ_{2t+1}(G^{′′}) ≥ h. Thus (E_k, ρ_{2t+1})^∗_0 implies (H_{l,k}, ρ_{2t+1})^∗_s and the statement holds by Lemma 6.2 and Propositions 2.5–2.8. �

Proposition 2.5 and Theorem 6.4 imply the next theorem.

Theorem 6.5. The following statements are pairwise equivalent.

(1) Every 4t-edge-connected graph has a circular (2t + 1)-flow. (2) Every (4t + 1)-regular 4t-connected hamiltonian simple graph has a circular (2t + 1)-flow.

(3) There exists a sublinear sequence {b_n} so that every (4t + 1)-regular 4t-con-nected hamiltonian simple graph G of order 2n satisfies ρ_{2t+1}(G) ≤ b_n.

(4) There exists a sublinear sequence {b_n} so that every (4t + 1)-regular 4t-con-nected hamiltonian simple graph G of order 2n satisfies σ_{2t+1}(G) ≤ b_n.

Jaeger [J4] introduced a weaker form of the 3-flow problem suggesting that there exists k ≥ 4 so that every k-edge-connected graph has a nowhere-zero 3-flow. This is known as the weak 3-flow conjecture. Equivalent forms of the (weak) 3-flow conjecture are presented in the following theorem.

Theorem 6.6. Let k ≥ 4 and l = 2⌊k/2⌋ + 1. Then the following statements are pairwise equivalent.

(1) Every k-edge-connected graph has a nowhere-zero 3-flow. (2) Every l-regular k-connected hamiltonian simple graph has a nowhere-zero 3- flow.

(3) There exists a sublinear sequence {b_n} so that every l-regular k-connected hamiltonian simple graph G of order 2n has 3-reluctance at most b_n.

(4) There exists a sublinear sequence {b_n} so that every l-regular k-connected hamiltonian simple graph G of order 2n has 3-overlap at most b_n.

Proof. Clearly, a network (G, U) has a nowhere-zero 3-flow iff it has a circular 3-flow. Thus ρ_3(G, U) = ρ_3(G, U), and the statement holds by Theorem 6.4, Lemma 5.4, and Propositions 2.5–2.8. �

As pointed out in [F3, Page VIII.59], the fact that the 3-flow problem remains to solve for 5-regular simple graphs was already known to Jaeger. Jaeger [J2] also proved that if every 9-edge-connected graph has a circular 5-flow, then the 5-flow conjecture is true. Thus, by Theorem 6.4 and [J2], the following holds.

Corollary 6.7. Suppose that there exists a sublinear sequence {b_n} so that every 9-regular 9-connected hamiltonian simple graph G of order 2n satisfies ρ_5(G) ≤ b_n. Then every bridgeless graph has a nowhere-zero 5-flow.

Note that every graph from H_{9,9} has nowhere-zero 4- and 5-flows. Furthermore, if the 3-flow conjecture holds true, then it would have also a nowhere-zero 3-flow. But this still does not imply that it has a circular 5-flow. For example, let H_3 be the graph having two vertices joined by three parallel edges. Then H_3 has a circular 3-flow but no circular 5-flow. On the other hand, by Jaeger [J2] (see also [Z, Theorem 9.2.3]), if a graph has a circular (2t + 3)-flow, then it has a circular (2t + 1)-flow.

7. Concluding remarks

We mentioned either very famous open problems or theorems which belong to the most difficult in graph theory. But we believe that also some other problems can be expressed in language of parameters with the sublinear defect property. For example, using methods from Theorems 5.4, 6.4 and [K5] we can show that (G_3, ρ_6) ≈ (G_{3,4}, ρ_6) ≈ (G_3, σ_6) ≈ (G_{3,4}, σ_6), and, if E^′_4 denotes the class of 4-edge-connected planar graphs, then (E^′_4, ρ_3) ≈ (E^′_4, σ_3) ≈ (E^′_4, β_3) ≈ (E^′_4, γ_3). These statements are related to the known results of Seymour [S] and Grötzsch [G], respectively. Note that Bauer, Broersma, van den Heuvel, and Veldman [BBHV] have received a similar result in connection with the t-tough conjecture and proved a strictly sublinear defect property of this problem (using the notation from Section 2).

Now it is not possible to predict whether our techniques will lead to a direct proof of some of the problems mentioned here. But this paper certainly shows that all these problems are equivalent with seemingly much weaker statements. It would be very interesting if the sublinear defect principle allows to use probabilistic methods for the abovementioned problems.

Acknowledgment

This paper was finished during the Alexander von Humboldt Fellowship in Germany. The author would like to thank the AvH, Freie University and Professor Aigner for the hospitality.

References

[AH] K. Appel, W. Haken, Every Planar Map Is Four Colorable, Contemp. Math., Vol. 98, Amer. Math. Soc., Providence, RI, 1989.

[AJ] P. Ash, B. Jackson, Dominating cycles in bipartite graphs, Progress in Graph Theory (J. A. Bondy, U. S. R. Murty, eds.), Academic Press, New York, 1984, pp. 81-87.

[B] D. Barnette, Conjecture 5, Recent Progress in Combinatorics (W. T. Tutte, ed.), Academic Press, New York, 1969, p. 343.

[BBHV] D. Bauer, H. J. Broersma, J. van den Heuvel, H. J. Veldman, On Hamiltonian properties of 2-tough graphs, J. Graph Theory 18 (1994), 539-543.

[BGMR] E. A. Bender, Z.–C. Gao, W. D. McCuaig, L. B. Richmond, Submaps of Maps. II. Cyclically k-connected planar cubic maps, J. Combin. Theory Ser. B 55 (1992), 118-124.

[F1] H. Fleischner, Cycle decompositions, 2-coverings, removable cycles and the four-color disease, Progress in Graph Theory (J. A. Bondy, U. S. R. Murty, eds.), Academic Press, New York, 1984, pp. 233-246.

[F2] H. Fleischner, Conjecture 2.5, Cycles in Graphs (B. R. Alspach, C. D. Godsil, eds.), Ann.

Discrete Math., Vol. 27, North-Holland, Amsterdam, 1985, p. 463.

[F3] H. Fleischner, Eulerian Graphs and Related Topics, Part 1, Vol. 2, Ann. Discrete Math., Vol. 50, North-Holland, Amsterdam, 1991.

[FJ] H. Fleischner, B. Jackson, A note concerning some conjectures on cyclically 4-edge-connec-ted 3-regular graphs, Graph Theory in Memory of G. A. Dirac (L. D. Andersen, I. T. Jakobsen, C. Thomassen, B. Toft, P. D. Vestergaard, eds.), Ann. Discrete Math., Vol. 41, North- Holland, Amsterdam, 1989, pp. 171-177.

[G] H. Grötzsch, Ein Dreifarbensatz für dreikreisfreie Netze auf der Kugel, Wiss. Z. Martin- Luther-Univ. Halle-Wittenberg Math.-Nat. Reihe 8 (1959), 109-120.

[HNW] F. Harary, C. St. J. A. Nash-Williams, On eulerian and hamiltonian graphs and line graphs, Canad. Math. Bull. 8 (1965), 701-710.

[H] P. J. Heawood, On the four-color map theorem, Quart. J. Pure Appl. Math. 29 (1898), 270-285.

[J1] F. Jaeger, Flows and generalized coloring theorems in graphs, J. Combin. Theory Ser. B 26 (1979), 205-216.

[J2] F. Jaeger, On circular flows in graphs, Finite and Infinite Sets (A. Hajnal, L. Lovász, V. T. Sós, eds.), Coll. Math. Soc. János Bolyai, Vol. 37, North-Holland, Amsterdam, 1984, pp. 391-402.

[J3] F. Jaeger, A survey of the cycle double cover conjecture, Cycles in Graphs (B. R. Alspach, C. D. Godsil, eds.), Ann. Discrete Math., Vol. 27, North-Holland, Amsterdam, 1985, pp. 1- 12. [J4] F. Jaeger, Nowhere-zero flow problems, Selected Topics in Graph Theory 3 (L. W. Beineke, R. J. Wilson, eds.), Academic Press, New York, 1988, pp. 71-95.

[JT] T. R. Jensen, B. Toft, Graph Coloring Problems, Wiley, New York, 1995. [Ke] A. K. Kelmans, Constructions of cubic, bipartite and 3-connected graphs without Hamiltonian circuits, Analiz Zadach Formirovania i Vybora Alternativ, VNIISI, 10, Moscow, 1986, pp. 64-72. (in Russian) [K1] M. Kochol, Constructions of Cyclically 6-Edge-Connected Snarks, Technical Report TR-II- SAS-07/93-05, Institute for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia, 1993.

[K2] M. Kochol, Cycle Double Covering of Graphs, Technical Report TR-II-SAS-08/93-7, Institute for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia, 1993.

[K3] M. Kochol, A cyclically 6-edge-connected snark of order 118, Discrete Math. 161 (1996), 297-300.

[K4] M. Kochol, Hypothetical complexity of the nowhere-zero 5-flow problem, J. Graph Theory 28 (1998), 1-11.

[K5] M. Kochol, Superposition and constructions of graphs without nowhere-zero k-flows, manuscript.

[K6] M. Kochol, Stable dominating circuits in snarks, manuscript. [K7] M. Kochol, Equivalence of Fleischner’s and Thomassens’s conjectures, manuscript. [MS] M. M. Matthews, D. P. Sumner, Hamiltonian results in K1;3-free graphs, J. Graph Theory 8 (1984), 139-146.

[R] Z. Ryjáček, On a closure concept in claw-free graphs, J. Combin. Theory Ser. B 70 (1997), 217-224.

[RW] L. B. Richmond, N. C. Wormald, Random triangulations for the plane, European J. Combin. 9 (1988), 61-71.

[S] P. D. Seymour, Nowhere-zero 6-flows, J. Combin. Theory Ser. B 30 (1981), 130-135. [Th1] C. Thomassen, Conjecture 2.6, Cycles in Graphs (B. R. Alspach, C. D. Godsil, eds.), Ann.

Discrete Math., Vol. 27, North-Holland, Amsterdam, 1985, p. 463.

[Th2] C. Thomassen, Reflections on graph theory, J. Graph Theory 10 (1986), 309-324. [Th3] C. Thomassen, Every planar graph is 5-choosable, J. Combin. Theory Ser. B 62 (1994), 180-181.

[Tu1] W. T. Tutte, On Hamiltonian circuits, J. London Math. Soc. 21 (1946), 98-101. [Tu2] W. T. Tutte, A contribution to the theory of chromatic polynomials, Canad. J. Math. 6 (1954), 80-91.

[Tu3] W. T. Tutte, A theorem on planar graphs, Trans. Amer. Math. Soc. 82 (1956), 99-116. [Tu4] W. T. Tutte, A class of Abelian groups, Canad. J. Math. 8 (1956), 13-28. [Z] C.–Q. Zhang, Integer Flows and Cycle Covers of Graphs, Dekker, New York, 1997.

MÚ SAV, Štefánikova 49, 814 73 Bratislava 1, Slovakia E-mail address: kochol@savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems

(continued on inside back cover)

17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones 17/1998 Georges Chevalier, Sylvia Pulmannová: Some ideal lattices in partial abelian monoids 16/1998 Anatolij Dvureèenskij : On categorical equivalences of commutative BCKalgebras 15/1998 Ivan Korec: De˛nability of addition and multiplication from some quadratic forms ax^2 + cy^2 14/1998 Beloslav Rieèan: On the L^p space of observables on product MV algebras