Preprint 2/2001

March 8, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Olga Nánásiová

Sylvia Pulmannová

Abelian extensions

of difference sets

PREPRINT SERIES

ABELIAN EXTENSIONS OF DIFFERENCE SETS

Olga Nánásiová, Sylvia Pulmannová

Slovak Academy Science, Slovak Technical University

Abstract. In analogy with the abelian extensions of effect algebras, extensions of D- sets by abelian groups are studied. It is shown that every cancellative, unital Dset can be considered as an extension of a D-poset by an abelian group. The notion of a cocycle on a D-set is introduced and relations between abelian extensions and cocycles are shown.

1. Introduction

The notion of a D-set (DS, in short) has been introduced in [N1]. A DS is a partial algebra with a partial binary operation ⊖, endowed with properties analogous to those of the usual subtraction. It can be considered as an ⊖-counterpart of a partial abelian semigroup (PAS) [FW], where the partial operation is a commutative and associative binary operation ⊕. In both structures usually the existence of a neutral element is assumed. With some appropriate cancellation properties on both sides, there is a one-to one correspondence between DS and PAS as well as their morphisms. Therefore, all known quantum logics - orthomodular lattices and posets, orthoalgebras, D-posets and effect algebras - may be regarded as cancellative, unital DS. On the other hand, every abelian group can be regarded as a DS. In the present paper, we show that the set I(0) of invariant elements in a DS with 0 forms an ideal, which bears the structure of an abelian group. The quotient with respect to this ideal is a DS with no nonzero invertible elements. If a DS is unital and cancellative, the quotient with respect to I(0) is a D-poset. We show that every DS can be considered as an extension of a DS with trivial I(0) by an abelian group. We introduce the notion of a cocycle, and show their relations to the extensions. In the last paragraph, some illustrating examples are shown.

2. Difference sets and their invertible elements

Definition 2.1. [N1] A D-set is a non empty set L endowed with a partial binary operation ⊖ satisfying the following conditions:

(d1) for each a ∈ L, a ⊖ a ∈ L;

(d2) if a, b, a ⊖ b ∈ L, then a ⊖ (a ⊖ b) ∈ L and, moreover, a ⊖ (a ⊖ b) = b;

1991 Mathematics Subject Classification. 81P10, 29K35.

Key words and phrases. D-sets, abelian groups, ideals, extensions, cocycles. 1

2 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ (d3) if a, b, c, a⊖b, b⊖c ∈ L, then a⊖c ∈ L and, moreover, (a⊖c)⊖(a⊖b) = b⊖c.

Denote a ⊖ a =: 0_a.

Lemma 2.1. [N1] If L is a DS, the following properties are valid:

(1) for each a ∈ L, a ⊖ 0_a ∈ L, and a ⊖ 0_a = a;

(2) if c ⊖ a ∈ L, then 0_a = 0_c = 0_{c⊖a}; if moreover c ⊖ a = 0, then c = a; (3) if c ⊖ a = d, then c ⊖ d = a; (4) if c⊖b, (c⊖b)⊖a ∈ L, then c⊖a, (c⊖a)⊖b ∈ L and (c⊖b)⊖a = (c⊖a)⊖b; (5) if a, b, 0_a ⊖ a ∈ L, then 0_a = 0_b iff b ⊖ a ∈ L; (6) if 0_a ⊖ a, a ⊖ b, then 0_a ⊖ b, b ⊖ a ∈ L. (7) if a ⊖ b = a ⊖ c then b = c.

Lemma 2.2. Every DS L can be written as a disjoint union of DS‘s L_α, each of L_α has a unique zero 0_α as neutral element.

Proof. Define a binary relation on L by a ∼ b if 0_a = 0_b. This relation is an equivalence, and hence L can be written as a disjoint union of equivalence classes. � Lemma 2.3. Let L be a set with the properties (d1), (d2). Then (d3) is fulfilled iff the following condition holds: (d4) if a, b, a⊖b, (a⊖b)⊖c ∈ L, then a⊖c, (a⊖c)⊖b ∈ L and (a⊖b)⊖c = (a⊖c)⊖b. Proof. It is enough to show only that law implies (d3), because the opposite implication follows by Lemma 2.1 (4). Let a ⊖ b, b ⊖ c ∈ L. Then b = a ⊖ (a ⊖ b), hence b ⊖ c = [a ⊖ (a ⊖ b)] ⊖ c. This implies that a ⊖ c, (a ⊖ c) ⊖ (a ⊖ b) ∈ L, and (a ⊖ c) ⊖ (a ⊖ b) = b ⊖ c. � In what follows, we will assume that L is a DS with only one 0. We will say that an element a ∈ L is invertible if 0 ⊖ a is defined in L. Define I_L(0) := {b ∈ L : 0 ⊖ b ∈ L}, i.e., I_L(0) is the set of all invertible elements in I(0). In what follows we will use the symbol I(0) instead I_L(0) if no confusion may occur.

Let a ∈ L and k ∈ I(0). Define a ⊕ k := a ⊖ (0 ⊖ k).

Lemma 2.4. [N1] Let L be a DS. Then the following properties hold:

(1) If a ⊖ b ∈ I(0), then 0 ⊖ (a ⊖ b) = (b ⊖ a). (2) For any a, b ∈ I(0) a ⊖ b is defined and belong to I(0). (3) The set I(0) is an abelian group with the operation x ⊕ y = x ⊖ (0 ⊖ y). (4) For any a ∈ L and any b ∈ I(0) the element a ⊖ b is defined. (5) If a ∈ L, b ∈ I(0) and b ⊖ a is defined, then a ∈ I(0).

ABELIAN EXTENSIONS OF DIFFERENCE SETS 3

Proof. (1): Let a ⊖ b ∈ I(0). From the definition of I(0) it follows, that 0 ⊖ (a ⊖ b) is defined and moreover 0 ⊖ (a ⊖ b) = (a ⊖ a) ⊖ (a ⊖ b) = (a ⊖ (a ⊖ b)) ⊖ a = b ⊖ a. (2): Let a, b ∈ I(0). Then a ⊖ 0, 0 ⊖ b implies a ⊖ b ∈ L. On the other hand b ⊖ 0, 0 ⊖ a implies b ⊖ a ∈ L. And from (1) we get a ⊖ b ∈ I(0).

(3): Let a, b ∈ I(0) then we define the operation a ⊕ b := a ⊖ (0 ⊖ b). From (2) it follows that a ⊖ (0 ⊖ b), b ⊖ (0 ⊖ a), (0 ⊖ a) ⊖ b, (0 ⊖ b) ⊖ a ∈ I(0), and moreover (0 ⊖ b) ⊖ a = (0 ⊖ a) ⊖ b. Then 0 ⊖ ((0 ⊖ b) ⊖ a) = 0 ⊖ ((0 ⊖ a) ⊖ b) and so b ⊖ (0 ⊖ a) = a ⊖ (0 ⊖ b), hence a ⊕ b = b ⊕ a. Let a, b, c ∈ I(0). Then (a ⊕ b) ⊕ c, (a ⊕ c) ⊕ b) ∈ I(0) and (a ⊕ b) ⊕ c = (a ⊖ (0 ⊖ b)) ⊖ (0 ⊖ c) = (a ⊖ (0 ⊖ c)) ⊖ (0 ⊖ b) = (a ⊕ c) ⊕ b.

Let c, d, a ∈ I(0) and c ⊕ a = d ⊕ a. Then c ⊖ (0 ⊖ a) = d ⊖ (0 ⊖ a). From this we get (0 ⊖ a) ⊖ c = (0 ⊖ a) ⊖ d. By Lemma 2.1 (7), c = d.

For any a ∈ I(0),

a ⊕ (0 ⊖ a) = a ⊖ (0 ⊖ (0 ⊖ a)) = a ⊖ a = 0.

It follows that I(0) is an abelian group.

(4): Let a ∈ L and b ∈ I(0). Then a ⊖ 0, 0 ⊖ b implies a ⊖ b. (5): Let a ∈ L, b ∈ I(0) and b ⊖ a ∈ L. Then 0 ⊖ b, b ⊖ a ∈ L implies 0 ⊖ a ∈ L.

From this it follows that a ∈ I(0). � Lemma 2.5. [N2] Let L be DS. For any a ∈ L we define I(a) = {b ∈ L; b ⊖ a ∈ I(0)}. Then the following statements hold.

(1) For any b, c ∈ I(a) c ⊖ b ∈ I(0). (2) For any a, b ∈ L, b ∈ I(a) iff I(b) = I(a). (3) For any a ∈ L, I(a) = {a ⊖ k; k ∈ I(0)}. (4) For any a ∈ L, I(a) = {a ⊕ k; k ∈ I(0)}.

(5) For any a ∈ L and for any p, q ∈ I(0) a ⊖ (p ⊕ q) = (a ⊖ p) ⊖ q. (6) If a ∈ I(b), c, d ∈ I(0), then (a ⊖ c) ⊖ (b ⊖ d) ∈ L, and (a ⊖ c) ⊖ (b ⊖ d) = (a ⊖ b) ⊖ (d ⊖ c) (7) Let b ∈ I(a), c ∈ I(d) and a ⊖ d ∈ L. Then b ⊖ c ∈ L, and b ⊖ c ∈ I(a ⊖ d).

Proof. (1): If b, c ∈ I(a), then b ⊖ a, a ⊖ c ∈ I(0). It implies b ⊖ c ∈ L. On the other hand c ⊖ a, a ⊖ b ∈ I(0) implies c ⊖ b ∈ L. It follows that c ⊖ b ∈ I(0).

(2): Let b ∈ I(a), then a ⊖ b ∈ I(0), hence also b ⊖ a ∈ I(0), which implies a ∈ I(b). Moreover if c ∈ I(a) then c ⊖ b ∈ I(0) by (1), hence From this it follows that I(a) = I(b).

(3): Let b ∈ I(a). Then a ⊖ b ∈ I(0). Put a ⊖ b = k. Then a ⊖ k = b, k ∈ I(0). Hence I(a) = {a ⊖ k; k ∈ I(0)}.

4 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

(4): It follows directly from definition ⊕ and (3).

(5): Let a ∈ L and p, q ∈ I(0). Then a ⊖ (p ⊕ q), a ⊖ p ∈ I(a), I(a) = I(a ⊖ p) and so (a ⊖ p) ⊖ q ∈ I(a). From this it follows that [(a ⊖ p) ⊖ q] ⊖ [a ⊖ (p ⊕ q)] is defined. Moreover [(a ⊖ p) ⊖ q] ⊖ [a ⊖ (p ⊕ q)] = [(a ⊖ p) ⊖ [a ⊖ (p ⊕ q)]] ⊖ q = [(a ⊖ [a ⊖ (p ⊕ q)]) ⊖ p] ⊖ q = [(p ⊕ q) ⊖ p] ⊖ q = [(p ⊖ (0 ⊖ q)) ⊖ p] ⊖ q = [(p ⊖ p) ⊖ (0 ⊖ q)] ⊖ q = (0 ⊖ (0 ⊖ q)) ⊖ q = q ⊖ q = 0.

Hence (a ⊖ p) ⊖ q = a ⊖ (p ⊕ q).

(6): a ∈ I(b), c, d ∈ I(0) imply that b ∈ I(a) = I(a ⊖ c), a ⊖ c ∈ I(b) = I(b ⊖ d). It follows that (a ⊖ c) ⊖ (b ⊖ d) ∈ L. We then have ((a ⊖ c) ⊖ (b ⊖ d)) ⊖ (a ⊖ b) = (((a ⊖ c) ⊖ (a ⊖ b)) ⊖ (b ⊖ d) = ((a ⊖ (a ⊖ b)) ⊖ c) ⊖ (b ⊖ d) = (b ⊖ c) ⊖ (b ⊖ d) = (b ⊖ (b ⊖ d)) ⊖ c = d ⊖ c, which entails (6). (7): Let b ∈ I(a), c ∈ I(d) and a ⊖ d ∈ L. Then b ⊖ a, a ⊖ d ∈ L imply b ⊖ d ∈ L and b ⊖ d, d ⊖ c ∈ L imply b ⊖ c ∈ L. Since b ∈ I(a), c ∈ I(d), there are x, y ∈ I(0) with b = a ⊖ x, c = d ⊖ y. Then b ⊖ c = (a ⊖ x) ⊖ (d ⊖ y) = (a ⊖ d) ⊖ (y ⊖ x) by (6). Hence b ⊖ c ∈ I(a ⊖ d). � Recall that a partially ordered set with 0 as the smallest element is a poset with difference [KCh] if it is endowed with a partial binary operation ⊖ such that a ⊖ b is defined iff b ≤ a and the following conditions are satisfied:

(1) b ≤ a implies a ⊖ b ≤ a and a ⊖ (a ⊖ b) = b. (2) c ≤ b ≤ a imply a ⊖ b ≤ a ⊖ c and (a ⊖ c) ⊖ (a ⊖ b) = b ⊖ c. A difference set with a greatest element 1 is called a D-poset.

Theorem 2.7. [N1] Let L be a D-set with 0 such that I(0) = {0}. Define, for a, b ∈ L, a ≤ b if b ⊖ a ∈ L. Then ≤ is a partial order on L and L with the operation ⊖ is a poset with difference in the sense of [KCh], and 0 ≤ a for every a ∈ L. We will say that a D-set L with 0 has a unit u ∈ L, if for every a ∈ L u ⊖ a ∈ L.

Observe that if u is a unit and 0 ⊖ a ∈ L, then u ⊖ a is a unit, too. Indeed, for any b ∈ L b ⊖ a ∈ L, hence u ⊖ (b ⊖ a) = (u ⊖ a) ⊖ b ∈ L. If u is a unit, and I(0) = {0}, then u is uniquely defined. Indeed, let u, u_1 be units. Then u_1 ⊖u, u⊖u_1 ∈ L imply (u_1 ⊖u_1)⊖(u_1 ⊖u) = u⊖u_1, hence 0⊖(u_1 ⊖u) is defined, and since I(0) = {0}, we get u = u_1.

ABELIAN EXTENSIONS OF DIFFERENCE SETS 5

A D-set with a distinguished unit will be called a unital DS. We note that a unital DS with 0 in which I(0) = {0} is a D-poset in the sense of [KCh].

We will say that a D-set with 0 is cancellative, if a ⊖ c = b ⊖ c imply a = b. In a cancellative DS with 0, we can define ⊕ operation by c = a ⊕ b iff there is c ∈ Lsuch that c ⊖ b = a. By cancellativity, c is unique.

Observe that a unital DS with 0 is cancellative. Indeed, let c⊖a = b⊖a. Then by (d3), 1⊖c, c⊖a ∈ L implies (1⊖a)⊖(1⊖c) = c⊖a. Similarly, (1⊖a)⊖(1⊖b) = b⊖a. This yields 0 = ((1 ⊖ a) ⊖ (1 ⊖ c)) ⊖ ((1 ⊖ a) ⊖ (1 ⊖ b))

= ((1 ⊖ a) ⊖ ((1 ⊖ a) ⊖ (1 ⊖ b))) ⊖ (1 ⊖ c) = (1 ⊖ b) ⊖ (1 ⊖ c)

= (1 ⊖ (1 ⊖ c)) ⊖ b = c ⊖ b.

Recall that a partial abelian monoid (PAM in short) (or a partial abelian semigroup with 0 [W1], [W2] [GuPu]) is a nonempty set with a partially defined binary operation ⊕ which is commutative and cancellative (in the sense that if one side exists then exists the other and they are equal) and with a neutral element 0. A PAM is

-cancellative if a ⊕ b = a ⊕ c implies b = c. -positive if a ⊕ b = 0 iff a = b = 0.

-unital if there is an element u, called a unit such that for every element a there is an element a^′ such that a ⊕ a^′ = u.

We recall that a positive, cancellative PAM coincides with a generalized effect algebra and is in one-to one relation with a generalized D-poset ([HePu]), or with an abelian relative inverse set ([KaRi]). A positive, cancellative, unital PAS coincides with an effect algebra [FoBe] and is in one-to-one relation with a D-poset.

Theorem 2.8. A cancellative DS with 0, with operation ⊕ defined by a ⊕ b = c iff c ⊖ b = a, is a cancellative PAM in the sense of [W1,2]. Conversely, a cancellative PAM is a DS with 0, if we define a ⊖ b = c iff a = b ⊕ c.

Proof. If c ⊖ b = a, then c ⊖ a = b by Lema 1(3). Therefore a ⊕ b = b ⊕ a (in the sense that if one side exists so does the other and they are equal). Assume a ⊕ b, (a ⊕ b) ⊕ c are defined, that is there is d ∈ L with a ⊕ b = d, and e ∈ L with (a ⊕ b) ⊕ c = e. Then e ⊖ d, d ⊖ b ∈ L imply e ⊖ b ∈ L, and (e ⊖ b) ⊖ (e ⊖ d) = d ⊖ b, hence (e ⊖ b) ⊖ c = a. This implies that (e ⊖ b) ⊖ a = c and then e ⊖ b = a ⊕ c, e = b⊕(a⊕c). This proves associativity of ⊕. Moreover, a⊖0 = a implies a⊕0 = a for every a.

If a ⊕ b = a ⊕ c = d, then d ⊖ b = d⊖, then 0 = (d ⊖ b) ⊖ (d ⊖ c) = c ⊖ b, hence c = b. It follows that L, ⊕, 0) is a cancellative PAM. Moreover, of 0 ⊖ b ∈ L, then c = a ⊖ (a ⊖ b) ∈ L implies a = c ⊕ (0 ⊖ b). This implies a ⊖ c = 0 ⊖ b. Then

0 ⊖ (a ⊖ c) = 0 ⊖ (⊖b) = b c ⊖ a = b c = a ⊕ b. Hence a ⊕ b = a ⊖ (0 ⊖ b) if b ∈ I(0).

6 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

Conversely, let L L be a cancellative PAM. Define a ⊖ c iff a = b ⊕ c. Owing to cancellativity, b ⊕ c = d ⊕ c implies b = d, so that the operation ⊖ is well defined. Proof of commutativity and associativity is left to the reader. � Corollary 2.8.1. Unital D-sets with 0 are in one-to-one correspodence with unital cancellative PAMs.

3. Morphisms, ideals and congruences of D-sets

Definition 3.1. [KCh] A morphism of D-sets is a mapping h : L → K such that a ⊖ b ∈ L implies h(a) ⊖ h(b) ∈ K and h(a ⊖ b) = h(a) ⊖ h(b). If L and K are unital, we also require h(1) = 1.

A morphism h is faithful if h(a) ⊖ h(b) exists in K if and only if a ⊖ b exists in L. A bijective morphism is an isomorphism if the inverse mapping is also a morphism.

Observe that an isomorphism is the same thing as a faithful surjective morphism. Observe that if L and K have a 0, h(0) = h(a ⊖ a) = h(a) ⊖ h(a) = 0.

Definition 3.2. Let L be a DS with 0. A subset I of L is an ideal if for any a, b ∈ L such that b ⊖ a is defined in L,

(i1) If b ∈ I, b ⊖ a ∈ I, then a ∈ I. (i2) if a ∈ I, b ⊖ a ∈ I, then b ∈ I.

If I is an ideal define a binary relation ∼_I on L as follows: a ∼_1 B if there are i, j ∈ I such that a ⊖ i, b ⊖ j ∈ L and a ⊖ i = b ⊖ j. Definition 3.3. A binary relation on a DS is a congruence if

(c1) ∼ is an equivalence relation;

(c2) a ∼ a_1, b ∼ b_1, a ⊖ b, a_1 ⊖ b_1 ∈ L imply a ⊖ b ∼ a_1 ⊖ b_1.

If ∼ is a congruence, we define a partial binary operation ⊖ on the quotient L/ ∼ by [a] ⊖ [b] is defined if there are a_1, b_1, a ∼ a_1, b ∼ b_1 such that (a_1 ⊖ b_1 ∈ L, and then put [a] ⊖ [b] = [a_1 ⊖ b_a]. Then (c2) implies that ⊖ is well-defined. It is easy to see that (d1) and (d2) are satisfied, (d3) may be not satisfied.

Theorem 3.1. Let L be a DS with 0. Then I(0) is an ideal.

Proof. (i1): Even a stronger property, namely If b ∈ I, b ⊖ a ∈ L, then a ∈ I, follows by Lemma 2.4 (5). (i2): Let a, b ⊖ a ∈ I(0). By Lemma 2.4 (1), a ⊖ b ∈ I(0) and by Lemma 2.4 (3),(2), b = a ⊖ (a ⊖ b) ∈ I(0). �

ABELIAN EXTENSIONS OF DIFFERENCE SETS 7

Lemma 3.2. a ∼ b if and only if a ⊖ b, b ⊖ a ∈ L and belong to I(0). In other words, a ∼ b if a ∈ I(b).

I. f a ⊖ b, b ⊖ a ∈ I(0), then a ⊖ (a ⊖ b)) = b ⊖ 0, hence a ∼ b.

Conversely, assume that a ∼ b. Then there are j, k ∈ I(0) with a ⊖ j = b ⊖ k. Then (a ⊖ j) ⊖ (b ⊖ k) = 0, hence (a ⊖ b) ⊖ (k ⊖ j) = 0 so that a ⊖ b = k ⊖ j ∈ I(0). � It is clear, that [a] = I(a).

Theorem 3.3. Let L be a DS with 0. Then

(i) ∼:=∼_{I(0)} is a congruence.

(ii) The quotient L/I(0) := L/ ∼_{I(0)} is a DS.

Proof. (i): It is clear that ∼ is reflexive and symmetric. It remains to prove transitivity. Assume that a ∼_{I(0)} b, b ∼_{I(0)} c. Then there are i, j_1, j_2, k ∈ I(0) such that a ⊖ i = b ⊖ j_1, b ⊖ j_2 = c ⊖ k. By Lemma 4 (4), every element in I(0) can be subtracted from every element in L. So we may write

(a ⊖ i) ⊖ j_2 = (b ⊖ j_1) ⊖ j_2 = (b ⊖ j_2) ⊖ j_1 = (c ⊖ k) ⊖ j_1.

By Lemma 5 (5),

(a ⊖ i) ⊖ j_2 = a ⊖ (i ⊕ j_2) = (c ⊖ k) ⊖ j_1 = c ⊖ (k ⊕ j),

i ⊕ j_2, k ⊕ j_1 ∈ I(0),

hence a ∼ c. This concludes the proof of (c1).

To prove (c2), assume a ⊖ a_1, b ⊖ b_1 ∈ L, a ∼ b, a_1 ∼ b_1. By Lemma 6, a ∈ I(b), a_1 ∈ I(b_1), and by Lemma 5 (7), a⊖a_1 ∈ I(b⊖b_1), hence by Lemma 6, a⊖a_1 ∼ b⊖b_1.

(ii): It remains to prove that the quotient L/I(0) is a DS. We see from Lemma 6 that a ∼ b iff a ⊖ b, a ⊖ a ∈ I(0), and we also know that a ⊖ b ∈ I(0) implies b ⊖ a ∈ I(0). Therefore L/ ∼ coincides with the set {I(a) : a ∈ L} where I(a) = {b ∈ L : b ⊖ a ∈ I(0)} (in the sense than b ⊖ a is defined in L and belongs to I(0). We have to prove properties (d1),(d2) and (d3). Since (d1) and (d2) are satisfied for every congruence, it suffices to prove (d3). Assume that I(a)⊖I(b), I(b)⊖I(c) are defined in L/I(0). It follows that there are a_1 ∼ a, b_1 ∼ b, b_2 ∼ b, c_1 ∼ c and a_1 ⊖ b_1, b_2 ⊖ c_1 ∈ L, and b_1 ⊖ b_2 ∈ I(0).Then a_1 ⊖ b_1, b_1 ⊖ b_2 ∈ L imply a_1 ⊖ b_2 ∈ L, and a_1 ⊖ b_2, b_2 ⊖ c_1 ∈ L imply a_1 ⊖ c_1 ∈ L, and

(a_1 ⊖ c_1) ⊖ (a_1 ⊖ b_2) = b_2 ⊖ c_1,

hence (I(a) ⊖ I(c)) ⊖ (I(a) ⊖ I(b)) = I(b) ⊖ I(c). � As a consequence of Theorem 7 we obtain the following statements.

Corollary 3.7.1. Let L be a D-set with 0. Then the quotient L/I(0) is a poset with difference such that [I(0) ≤ I(a), for every I(a) ∈ L/I(0).

Corollary 3.7.2. Let L be a unital D-set with 0. Then L/I(0) is a D-poset.

8 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

4. Abelian extensions of D-sets

In [FW] the notion of abelian extensions from the theory of groups was generalised to extensions of effect algebras by abelian groups. It was shown there that unital cancellative PAMs are extensions of effect algebras by abelian groups. An analogy of the latter result in the category of D-sets is given in what follows. We start with some definitions.

A short exact sequence in the category of D-sets is the following diagram 0 → H →^τ G →^π K → 0, where H, G, K are D-sets with 0, τ , π are morphisms, τ is injective, π is surjective and τ (H) = ker(π).

Definition 4.1. Let K be a D-set with 0, H an abelian group. An extension of K by H is any short exact sequence 0 → H → G → K → 0.

It is convenient to identify the extension with the middle element G. If L is a DS with 0, I(0) the ideal of invertible elements in L, then I(0) is an abelian group, and the quotient L/I(0) is a D-poset. Both abelian groups and D-posets belong to the category of DS with 0. The diagram

0 → I(0) →^i L →^π L/I(0) → 0

is a short exact sequence, so that it is the extension of the D-poset L/I(0) by the abelian group I(0).

If D is a D-set, A an abelian group, then D × A, endowed with operation ⊖ defined coordinatewise is a DS. The diagram 0 → A → D × A → D → 0 is a short exact sequence, hence an extension of the D-poset D by the abelian group A. Let L be a DS, I(0) the ideal of invertible elements in L, π : L → D := L/I(0) the canonical mapping π(a) = I(a). Let σ : D → L be any section of π with σ(π(0) = 0. That is, σ(π(a) = a ⊕ k_a with k_a ∈ I(0), k_0 = 0. Set Δ(L) := {(a, b) ∈ L × L : a ⊖ b ∈ L}. For (a, b) ∈ Δ(L) define β(a, b) to be the (unique) element k ∈ I(0) such that σ(π(a ⊖ b)) = σ(π(a)) ⊖ σ(π(b)) ⊖ k.

Lemma 4.1. The mapping β : Δ(L) → I(0) has the following properties:

(β1) β(a, a) = 0, (β2) β(a, b) = β(a, a ⊖ b), (β3) β(a, b) + β(a ⊖ b, c) = β(a, c) + β(a ⊖ c, b).

ABELIAN EXTENSIONS OF DIFFERENCE SETS 9

Proof. (β1): σ(π(a)) ⊖ σ(π(b))β(a, a) = σ(π(a ⊖ a)) = σ(π(0)) = 0.

(β2): We have σ(π(b)) = σ(π(a ⊖ (a ⊖ b)) = [σ(π(a)) ⊖ σ(π(a ⊖ b))] ⊖ β(a, b) = [σ(π(a)) ⊖ (σ(π(a)) ⊖ σ(π(b))) ⊖ β(a, b)] ⊖ β(a, a ⊖ b) = σ(π(b)) ⊖ (β(a, a ⊖ b) ⊖ β(a, b)), which implies β(a, b) = β(a, a ⊖ b).

(β3): Calculate σ(π((a ⊖ b) ⊖ c)) = [σ(π(a ⊖ b)) ⊖ σ(π(c))] ⊖ β(a ⊖ b, c) = ([σ(π(a)) ⊖ σ(π(b)) ⊖ β(a, b)] ⊖ σ(π(c))) ⊖ β(a ⊖ b, c) = [(σ(π(a)) ⊖ σ(π(b)) ⊖ σ(c)] ⊖ [β(a, b) ⊕ β(a ⊖ b, c)]. Analogously, σ(π(a ⊖ c) ⊖ b)) = [σ(π(a)) ⊖ σ(π(c))] ⊖ [β(a, c) ⊕ β(a ⊖ b), c)]. Applying (d4) to both sides, we obtain (β3). � Definition 4.2. Let L be a DS, A an abelian group. A mapping β : Δ(L) → A satisfying conditions (β1), (β2) and (β3) will be called an A-valued cocycle on L.

Let L be a DS, A an abelian group. Let g : L → A be any mapping with g(a) = 0. It is easy to check β_g : Δ(L) → A defined by β_g(a, b) := (g(a) ⊖ g(b)) ⊖ g(a ⊖ b) is an A-valued cocycle on L.

The set of all A-valued cocycles on L forms a group with the pointwise addition. We denote it by B(L, A). The set of cocycles of the form β_g is its subgroup, we denote it by B^2(L, A)..

Definition 4.3. Let D be a DS with I_D(0) = {0}, and A an abelian group, β ∈ B(D, A). Then D ×_β A := (D × A, ⊖_β), where (a, x) ⊖_β (b, y) = (a ⊖ b, x − y − β(a, b)), (a, b) ∈ Δ(D). Theorem 4.2. Let D be a DS with I(0) = 0, A an abelian group, β an A-valued cocycle on D. The D ×_β A is an extension of D by A.

Conversely, if D = L/I_D(0), A = I_D(0) for some DS L, then for any section σ : D → L with σ(0) = 0, L is isomorphic with D ×_β A, where β is the cocycle arising from σ.

Proof. Set L := D ×_β A. First we have to prove that L is a DS. We will check properties (d1), (d2) and (d4).

(d1): Owing to (β1), (a, x) ⊖_β (a, x) = (a ⊖ a, x − y − β(a, a)) = (0, 0).

10 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

(d2): Owing to (β2), (a, x) ⊖_β ((a, x) ⊖_β (b, y)) = (a, x) ⊖_β (a ⊖ b, x − y − β(a, b)) = (a ⊖ (a ⊖ b), x − (x − y − β(a, b)) − β(a, a ⊖ b)) = (b, y). (d4): Owing to (β3), ((a, x) ⊖_β (b, y)) ⊖_β (c.z) = (a ⊖ b, x − y − β(a, b)) ⊖_β (c, z) = ((a ⊖ b) ⊖ c, x − y − β(a, b) − z − β(a ⊖ b, c)) = ((a ⊖ c) ⊖ b, x − z − y − β(a, c) − β(a ⊖ c, b)) = ((a, x) ⊖_) β(c, z)) ⊖_β (b, y). Since I_D(0) = {0}, the set of invertible elements in L is I_L(0) = {(0, x) : x ∈ A}, which is isomorphic with A. Moreover, since (a, x) ∼_IL_{(0)} (b, y) iff (a, x) ⊖_β (b, y) ∈ I_L(0), it follows that (a, x) ∼_IL_{(0)} (b, y) iff a = b. Therefore the mapping ϕ : D → L/I_L(0) defined by ϕ(a) = {(a, x) : x ∈ A} is an isomorphism. It follows that L is an extension of D by A.

Conversely, let L be a DS, A = I_L(0) = I(0), D = l/I(0). Let further π : L → D be the canonical mapping a → I(a). Choose any section σ of π with σ(I(0) = 0 and let β be the corresponding cocycle. the section σ gives rise to a mapping g : L → I(0) via σ(I(a)) = a ⊕ g(a). We have σ(I(a ⊖ b)) = (a ⊖ b) ⊕ (g(a ⊖ b) = σ(I(a)) ⊖ σ(I(b)) ⊖ β(a, b) = (a ⊕ g(a)) ⊖ (b ⊕ g(b)) ⊖ β(a, b), which entails g(a ⊖ b) = g(a) ⊖ g(b) ⊖ β(a, b).

Now define a mapping Φ : L → D ×_β A by setting Φ(a) = (I(a), g(a)). It then follows, for (a, b) ∈ Δ(L), that Φ(a ⊖ b) = (I(a ⊖ b), g(a ⊖ b)) = (I(a) ⊖ I(b), (g(a) ⊖ g(b)) ⊖ β(a, b)) = (I(a), g(a)) ⊖_β (I(b), g(b)) = Φ(a) ⊖_β Φ(b).

Clearly, Φ(0) = (0, 0). If L happens to be unital, then Φ(1) = (I(1), g(1)), and for any Φ(a) = (I(a), g(a)), (I(1 ⊖ a), g(1 ⊖ a)) = (I(1) ⊖ I(a), (g(1) ⊖ g(a)) ⊖ β(1, a)) = Φ(1) ⊖_β Φ(a), hence Φ(1) is a unit in D ×_β A.

This proves that Φ is a morphism.

Now assume that Φ(A) ⊖_β Φ(b) is defined in D ×_β A. Then Φ(a) ⊖_β Φ(b) = (I(a), g(a)) ⊖_β (I(b), g(b)) = (I(a) ⊖ I(b), (g(a) ⊖ g(b)) ⊖ β(a, b)) = (I(a ⊖ b), g(a ⊖ b)), which implies that a ⊖ b is defined in L. This proves that Φ is a faithful morphism.

It remains to prove that Φ is surjective. Choose an arbitrary (I(a), x) ∈ D × A. We have ϕ(a) = (I(a), g(a)). Then (I((a ⊕ g(a)) ⊖ x)) ⊕ x = I(a) ⊕ x, hence (I(a), x) = Φ((a ⊕ g(a)) ⊖ x). � We will say that two extensions D ×_β0 A and D ×_β A of D by A are equivalent if β − β^′ ∈ B^2(D, A).

ABELIAN EXTENSIONS OF DIFFERENCE SETS 11

Theorem 4.3. Two extensions D ×_β A, D ×_β0 A of a D-set D with a trivial set of invertible elements by an abelian group A are equivalent if and only if there is an isomorphism Φ : D ×_β A → D ×_β0 A defined by Φ(a, x) = (a, x − g(a)), where g : D → A is any mapping with g(0) = 0.

Proof. . Assume that D ×_β A and D ×_β0 A are equivalent. Then Φ((a, x) ⊖_β (b, y)) = Φ(a ⊖ b, x − y − β(a, b)) = (a ⊖ b, x − y − β(a, b) − g(a ⊖ b)) = (a ⊖ b, x − y − β^′(a, b) − g(a) + g(b) + g(a ⊖ b) − g(a ⊖ b)) = (a, x − g(a)) ⊖_β0 (b, y − g(b)) = Φ(a, x) ⊖_β0 (b, y). This shows that Φ is a morphism. In the same way we prove that the inverse mapping Φ^{−1}(a, x) = (a, x + g(a)) is a morphism.

Conversely, assume that Φ : D ×_β A → D ×_β0 A, Φ(a, x) = (a, x + g(a)) is an isomorphism. Then Φ((a, x) ⊖_β Φ(b, y)) = Φ(a ⊖ b, x − y − β(a, b)) = (a ⊖ b, x − y − β(a, b) − g(a ⊖ b)) = Φ(a, x) ⊖_β0 Φ(b, y) = (a, x − g(a)) ⊖_β0 (b, y − g(b)) = (a ⊖ b, x − g(a) − (y − g(b)) − β^′(a, b)), which entails β(a, b) + g(a ⊖ b) = β^′(a, b) + g(a) − g(b), hence β(a, b) − β^′(a, b) ∈ B^2(D, A). � 5. Examples

Example 5.1. The following example is inspired by the definition of erosion for computer graphics.

Let τ = {< a, b >; a, b ∈ R}. Let us define a partial operation ⊖ for A, B ∈ τ by A ⊖ B = “ b∈B A_b is defined iff “ b∈B A_b ≠ ∅, where A_b = {y ∈ R; y = d − b, for d ∈ A}. Lemma 5.1. Let A, B ∈ τ and A =< a, a_2 >, B =< b, b_2 >. Then A ⊖ B ∈ τ iff b_2 − b ≤ a_2 − a.

Proof. If A, B ∈ τ then there exist x, y ∈ R, such that x, y ≥ 0 and A =< a, a+x >, B =< b, b + y >. Because

b_2 − b ≤ a_2 − a iff b + y − b ≤ a + x − a iff y ≤ x,

12 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

it is enough to prove A ⊖ B ∈ τ iff y ≤ x. From the definition of the operation ⊖ it follows that A ⊖ B =< a, a_2 > ⊖ < b, b_2 > =< a − b, a_2 − b > ∩ < a − b_2, a_2 − b_2 > =< (a − b), (a − b) + x > ∩ < (a − b) − y, (a − b) + (x − y) > =< a − b, a_2 − b_2 > Since x, y ≥ 0, we have the following possibilities

(1) x = y ≥ 0 (2) x > y ≥ 0 (3) y > x ≥ 0 (1) Let x = y ≥ 0. Then (a − b) − x < (a − b) + x and moreover A ⊖ B =< (a − b), (a − b) + x > ∩ < (a − b) − x, (a − b) + (x − x) > =< a − b, a − b >∈ τ (2) Let x > y ≥ 0. Then (a − b) − y ≤ (a − b) < (a − b) + (x − y) ≤ (a − b) + x. From this it follows that A ⊖ B =< (a − b), (a − b) + x > ∩ < (a − b) − y, (a − b) + (x − y) > =< (a − b), (a − b) + (x − y) >∈ τ. (3) Let y > x ≥ 0. Then (a − b) − y ≤ (a − b) − (y − x) < (a − b) ≤ (a − b) + x. From this it follows that A ⊖ B =< (a − b), (a − b) + x > ∩ < (a − b) − y, (a − b) − (y − x) >= ∅ /∈ τ � Proposition 5.2. The set τ with partial binary operation ⊖ a is D-set with zero element equal to < 0, 0 >. Proof.

(1) Let A ∈ τ . Then there exist a, x ∈ R and x ≥ 0, such that A =< a, a + x > and A ⊖ A =< a, a + x > ⊖ < a, a + x >=< 0, 0 >∈ τ .

ABELIAN EXTENSIONS OF DIFFERENCE SETS 13

(2) Let A ⊖ B ∈ τ and let A =< a, a + x >, B =< b, b + y >, where x, y ≥ 0.

From Lemma 5.1. we have y ≤ x and moreover A ⊖ B =< (a − b), (a − b) + (x − y) >. Since x ≥ x − y,we get A ⊖ (A ⊖ B) ∈ τ and A ⊖ (A ⊖ B) =< a, a + x > ⊖ < (a − b), (a − b) + (x − y) > =< a − (a − b), (a + x) − ((a − b) + (x − y)) >=< b, b + y >= B. (3) Let A ⊖ B, B ⊖ C ∈ τ . Let a, b, c, x, y, z be real numbers with x, y, z ≥ 0.

Let us suppose that A =< a, a + x >, B =< b, b + y >, C =< c, c + z > . From Lemma 5.1. it follows x ≥ y ≥ 0 and y ≥ z ≥ 0. Hence x ≥ z ≥ 0 which implies A ⊖ C ∈ τ . From the definition of the operation ⊖ we get A ⊖ B =< (a − b), (a − b) + (x − y) > A ⊖ C =< (a − c), (a − c) + (x − z) > B ⊖ C =< (b − c), (b − c) + (y − z) > and x − z ≥ x − y ≥ 0. From Lemma 4.1 we have (A ⊖ C) ⊖ (A ⊖ B) ∈ τ and (A ⊖ C) ⊖ (A ⊖ B) =< (a − c) − (a − b), ((a − c) + (x − z)) − ((a − b) + (x − y)) > =< (b − c), (b − c) + (y − z) >= B ⊖ C. � Let τ = {< a, b >; a, b ∈ R, a ≤ b}. Let us define a partial operation ⊖ such that < a, a + p > ⊖ < b, b + q >:=< a − b, (a − b) + (p − q) > iff 0 ≤ q ≤ p for any a, b ∈ R. The set τ is DS. From Lemma 5.1 one can easily see that an element < a, a + x > is invertible iff x = 0, hence I(0) = {< a, a >: a ∈ R}, and we may identify I(0) with the group of real numbers R. Lemma 5.1 also implies that < a, a + x >∼_{I(0)}< b, b + y > iff x = y. Hence we may identify equivalence classes I(< a, a + x >) ≡ [x], with nonnegative numbers [x] ∈ R^+. Therefore τ can be considered as the direct product R^+ × R, the trivial extension of the D-set R^+ by the group R. All other extensions are encoded in the group of cocycles β(x, y) via

14 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

R^+ ×β R. In particular, any function a : R^+ → R with a(0) = 0 induces a cocycle,

as can be seen from the following examples.

(1) Let a(x) = kx, for k ∈ R. Then β([x], [y]) = a(x) − a(y) − a(x − y) = kx − ky − k(x − y) = 0 and the corresponding section is σ([x]) =< kx, (k + 1)x > . (2) Let a(x) = kx^2, where k ∈ R. Then

β([x], [y]) = kx^2 − ky^2 − k(x − y)^2 = k(x^2 − y^2 − x^2 + 2xy − y^2) = k(2xy − 2y^2) = 2ky(x − y) and σ([x]) =< kx^2, kx^2 + x > .

Both the above cocycles belong to B^2, and so they induce equivalent extensions.

Example 5.2. Let L = Z− {0}, where Z is the set of integers. Let the partial binary operation ⊖ be the division given on the real numbers. Then the couple (L, ⊖) is a D-set with zero element 1, I(0) = {−1, 1} and for any a ∈ L, I(a) = {−a, a} The proof is given below.

(1) Let a ∈ L. Then a ⊖ a = a a = 1 ∈ L. From this it follows that for any a ∈ L, a ⊖ a ∈ L and 0_a = 1 for any a ∈ L.

(2) Let a ⊖ b ∈ L. Then a ⊖ (a ⊖ b) = a 1 b a = b ∈ L. From this it follows that the second condition from the definition of D-set is fulfilled.

(3) Let a ⊖ b, b ⊖ c ∈ L. It means that a is divisible by b and b is divisible by c.

We get that a is divisible by c, and so a ⊖ c ∈ L. Moreover (a ⊖ b) ⊖ (a ⊖ c) = a b a c = ab ca = c b = c ⊖ b ∈ L, i.e. we have proved that the couple (L, ⊖) is a D-set.

Clearly, an element a ∈ L is invertible iff a ∈ {−1, 1}. So I(0) = {−1, 1} = Z_2, and equivalence classes with respect to I(0) can be identified with positive integers

Z^+ \ {0}. Therefore we may put L ≡ Z^+ \ {0} × Z2, i.e., L is a trivial extension of Z^+ \ {0} by Z2. All other extensions can be found using cocycles.

ABELIAN EXTENSIONS OF DIFFERENCE SETS 15

We will restrict the set L as follows. Let L(12) = {a ∈ L; 12 ⊖ a ∈ L}. Then L(12) = {−1, 1, −2, 2, −3, 3, −4, 4, −6, 6, −12, 12} Then 12 is a unit in L(12). As before, I(0) = {−1, 1} and the equivalence classes are π(−1) = π(1) = {−1, 1} = I(0), π(−2) = π(2) = {−2, 2} = I(2) = I(−2).... Define L(12)^+ = {1, 2, ..., 12}. Then L(12) ≡ L(12)^+ × Z_2.

⊖ I(0) I(2) I(3) I(4) I(6) I(12) I(0) I(0]) I(2) I(2) I(0) I(3) I(3) I(0) I(4) I(4) I(2) I(0) I(6) I(6) I(3) I(2) I(0) I(12) I(12) I(6) I(4) I(3) I(2) I(0)

Let σ_i, for i = 1, 2 be a map from π(L(12)) to L(12). Let us denote L_i(12) := {σ_i([a]); a ∈ L(12)}. Let

L_1(12) = {1, −2, −3, 4, 6, −12} and L_2(12) = {1, −2, −3, −4, 6, 12} .

Hence L_1(12) is DS, then β_1(a, b) = 1 whenever a ⊖ b ∈ L(12). This yields L(12)^+ ×_{β1} Z_2 = L × Z_2, the trivial extension.

Now we will analyze the map σ_2. For example

−2 = σ(I(2)) = σ(I(4) ⊖ I(2)) = (σ(I(4)) ⊖ σ(I(2)) ⊖ β_2(I(4), I(2)) = −4 −2 β(I(4), I(2)) = 2 β(I(4), I(2)) . Hence −2 = 2 β(I(4), I(2)) and β(I(4), I(2)) = −1.

The values of β_2 are in the next table.

16 OLGA NÁNÁSIOVÁ, SYLVIA PULMANNOVÁ

β_2 I(0) I(2) I(3) I(4) I(6) I(12) I(0) 1 I(2) 1 1 I(3) 1 1 I(4) 1 −1 1 I(6) 1 −1 1 I(12) 1 1 1 1 1 1

References

[FoBe]. Foulis, D.J., Bennett, M.K., Effect algebras and unsharp quantum logics, Found. Phys.

24 (1994), 1325-1346.

[ChR]. Chovanec, F., Rybáriková, E. Ideals and filters in D-posets, Int. J. Theor. Phys. 37 (1998), 17-22.

[FW]. Feldman, D.V., Wilce A., Abelian extensions of quantum logics, Int. J. Theor. Phys. 37 (1998), 39-43.

[GuPu]. Gudder, S., Pulmannová, S., Quotients of partial abelian monoids, Algebra universalis 38 (1998), 395-421.

[HePu]. Hedlíková, J., Pulmannová, S., Generalized difference posets and effect algebras, Acta Math. Univ. Comenianae 45 (1996), 247-279.

[KaRi]. Kalmbach, G., Riečanová, Z., An axiomatization for abelian relative inverses,, Demonstratio Math. 27 (1994), 648-699.

[KCh]. Kôpka, F. and Chovanec, F., D-poset, Math. Slovaca 43 (1993), 23-34.

[N1]. Nánásiová, O., D-sets and groups, Int. J. Theor. Phys. 34 (1995), 1637-1642. [N2]. Nánásiová, O., Decomposition of D-sets, Int. J. Theor. Phys. 37 (1998), 131-137. [Pu]. Pulmannová, S., Congruences in partial abelian semigroups, Algebra Universalis 37 (1997), 119-140.

[R1]. Riečanová, Z., Subalgebras, intervals and central elements of generalized effect algebras, Int. J. Theor. Phys. 38 (1999), 3209-3220.

[W1]. Wilce, A., Partial abelian semigroups, Int. J. Theor. Phys. 34 (1995), 1807-1812. [W2]. Wilce, A., Perspectivity and congruence in partial Abelian semi-groups, Math. Slovaca 48 (1998), 117-135.

Katedra matematiky a deskriptívnej geometrie Matematický ústav Stavebná fakulta STU Slovenskej akadémie vied Starohorská 11 Štefánikova 49 813 63 Bratislava 814 63 Bratislava Slovenská Republika Slovenská Republika E-mail address: olga@vox.svf.stuba.sk, pulmann@mau.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras

(continued on inside back cover)

1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras 18/1998 Ivan Korec: De˛nability of exact arithmetical operations from approximate ones