Preprint 3/2001

June 15, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anatolij Dvureèenskij

Pavel Pták

Quantum logics with the Riesz

interpolation property

PREPRINT SERIES

Quantum Logics with the Riesz Interpolation Property

Anatolij DVUREÈENSKIJ^1 and Pavel PTÁK^2

1 Mathematical Institute, Slovak Academy of Sciences, ľtefánikova 49, SK-814 73 Bratislava, Slovakia E-mail: dvurecen@mat.savba.sk 2Department of Mathematics, Faculty of Electrical Engineering, Czech Technical University, Technická 2, CZ-166 27 Prague 6, Czech Republic E-mail: ptak@math.feld.cvut.cz

Abstract

We study the quantum logics which satisfy the Riesz interpolation property. We call them the RIP logics. We observe that the class of RIP logics is considerable large { it contains all lattice quantum logics and, also, many (in˛nite) non-lattice ones. We then ˛nd out that each RIP logic can be enlarged to an RIP logic with a preassigned center. We continue, showing that the \nearly" Boolean RIP logics must be Boolean algebras. In a somewhat surprising contrast to this, we ˛nally show that the attempt for the œ-complete formulation of this result fails: We show by constructing an example that there is a non-Boolean nearly Boolean œ-RIP logic. As a result, there are interesting œ-RIP logics which are intrinsically close to Boolean œ-algebras.

1Keywords and phrases: Quantum logic, Boolean algebra, Riesz interpolation property, state, Dynkin system of sets.

AMS classi˛cation: 03G12, 81P10.

The authors acknowledge the support of the grant 2/7193/20 of the Slovak Grant Agency VEGA and of the grant 201/00/0331 of the Czech Grant Agency GAÈR.

1 Introduction

The Riesz Interpolation Property (RIP) has found a recognized place in the investigation of partially ordered groups [Goo] and structures closed to MValgebras ([CDM] and [DvPu 1]). It has also been used, in an implicit form, in orthomodular lattices in connection with pasting constructions [NaRo].

In this note we want to iniciate an investigation of the RIP in the context of quantum logics. Upon calling quantum logics that satisfy the RIP the RIP logics, we ˛nd that all lattice logics are RIP, and ˛nite quantum logics are RIP exactly when they are lattices. We then investigate permanence properties of RIP logics, showing, e.g., that the RIP logics are closed under the formation of products and ultraproducts, bounded Boolean powers, etc. In the second part, we ask the question of which class of quantum logics we obtain if we add the RIP to the property of being \nearly Boolean" (see [NaPt]). This question is natural because of the abundance of nearly Boolean non-Boolean logics and because of the signi˛cant conceptual value of RIP. We show that nearly Boolean logics with the RIP must already be Boolean. We then see that the ˛nitely additive RIP setup essentially di¸ers from the σ-additive RIP setup (Theorem 2.3 and Theorem 2.4), allowing for a construction of a large class of σ-complete logics with the RIP.

2 Notions and Results

Basic notions on quantum logics are taken from [PtPu]. Let us only review those which we shall mainly use in the sequel.

Definition 2.1 A quantum logic is a triple (L; ≤,^′ ), where L is a non-void set endowed with a partial ordering, ≤, and a unary operation,^′, and which is subject to the following requirements (a, b ∈ L) :

(i) L possess a least and a greatest element, 0, 1, (ii) if a ≤ b, then b^′ ≤ a^′, (iii) a^{′′} = a, (iv) a ∨ a^′ = 1, a ∧ a^′ = 0, (v) if a ≤ b, then a^′ ∧ b exists and we have b = a ∨ (a^′ ∧ b) (the so-called orthomodular law).

Further, a quantum logic L = (L; ≤,^′ ) is said to be concrete if it allows for a set representation, i.e., if L = ´, where ´ ⊆ exp S for a non-void set S, and where ≤ means the set inclusion ⊆ in S, the operation^′ means the formation of the set complement in S, and A ∨ B = A ∪ B provided A ⊆ B^′ := S \ B. Let us now formulate the key de˛nition of this article.

Definition 2.2 Let L be a quantum logic. Let us say that L has the Riesz interpolation property (the RIP), or, alternatively, that L is an RIP logic, if the following condition is satis˛ed: For each a, b, c, d ∈ L with a ≤ c, b ≤ c, a ≤ d and b ≤ d there is an element r ∈ L such that a ≤ r, b ≤ r, r ≤ c and r ≤ d. Since we will often use concrete logics, let us note that for the concrete logics the RIP reads as follows: For L = ´, ´ ⊆ exp S, we require that for sets (= elements of L) A, B, C, D ∈ L with A ∪ B ⊆ C ∩ D there is a set R ∈ L with A ∪ B ⊆ R ⊆ C ∩ D. Obviously, neither A ∪ B nor C ∩ D have to belong to L (indeed, A ∪ B belongs to L for all A, B ∈ L (respectively, C ∩ D ∈ L for all C, D ∈ L) exactly when L is a Boolean algebra, see, e.g. [NaPt]).

Our ˛rst result collects basic properties of the RIP logics. (Standardly, by the center of L we mean the set of all \absolutely compatible " elements in L, see [PtPu]).

Theorem 2.3 Let L be a quantum logic.

(i) If L is a lattice, then L is an RIP logic; if L is ˛nite, then L is an RIP logic exactly if L is a lattice.

(ii) There is a (concrete) non-lattice RIP logic; this logic can be required minimal in the sense that it is countable and contains only four elements which do not belong to its center.

(iii) The class of RIP logic is closed under the formation of direct products;

thus, there are non-concrete non-lattice RIP logics.

(iv) The class of RIP logics is closed under the formation of bounded Boolean powers; thus, there are non-Boolean RIP logics with arbitrary centers.

(v) The class of RIP logics is closed under the formation of surjective morphisms which are ordering faithful^2; thus, the class of RIP logics is closed under the formation of ultraproducts.

Proof. (i) If L is a lattice, then we simple take r = c ∧ d in the de˛nition of RIP logic.

(ii) Suppose that L is ˛nite and RIP. Take two elements c, d ∈ L and consider the set A = {a ∈ L : a is an atom in L and a ≤ c, a ≤ d}. Obviously, A is ˛nite. If A = ∅, then c ∧ d = 0. If A ≠ ∅, then by the RIP extended inductively on a ˛nite number of elements we see that that there exists an element, r ∈ L, such that a ≤ r for each a ∈ A and, moreover, r ≤ c and r ≤ d. It is easy to see that r = c ∧ d.

(ii) Let ˙ be the set of all integers and let ´ consist of the sets C = {p ∈ ˙ : p ≥ 0}, C^′ = ˙ \ C, D = {p ∈ ˙ : p is even}, D^′ = ˙ \ D,

and all sets whose intersection with any of the sets C, C^′, D, D^′ is either a ˛nite set in ˙ or a co˛nite set in ˙. Then L = ´ is a concrete logic which is RIP. Indeed, ∅ ∈ ´ and if A ∈ ´, then ˙ \ A ∈ ´. Moreover, if A, B ∈´ and A ⊆ B^′ = ˙ \ B, then A ∩ B = ∅, and we easily see that A ∪ B ∈ ´. We have veri˛ed that L = ´ is a concrete logic. As for the RIP, the only case which needs an argumentation is the quadruple A, B, C, D where A, B are arbitrary (the case of taking C, D^′ instead of C, D argues similarly). But then both A, B must be ˛nite by our construction and the RIP veri˛es easily. (The center of L is obviously the Boolean algebra of ˛nite-co˛nite subsets of ˙.) (iii) Since the ordering of the product is coordinatewise, the proof is easy.

(For the appendix, it is su‹cient to take the product of a non-concrete lattice logic (such logics exist - see [Gre]) with a non-lattice RIP logic.)

(iv) Suppose that B is a Boolean algebra and ~´ ⊆ S is its Stone setrepresentation on S. Suppose L is a quantum logic. By the bounded Boolean power of L, B ⊗ L, we mean the sublogic of ∏ s∈S L_s, where L_s = L for each s ∈ S, which consists of all B-measurable step functions with values in L. The fact that B ⊗ L is RIP provided L is RIP then veri˛es easily. Since the center of the bounded Boolean power B ⊗ L of a Boolean algebra B with a

2A quantum logic morphism f : L → K is ordering faithful supposing for any a, c ∈ K with a ≤ c there is ~a, ~c ∈ L such that ~a ≤ ~c and f(~a) = a and f(~c) = c.

logic L is B, and since L is obviously a sublogic of B ⊗ L (see [BGHR], for the non-lattice case see [DvPu]), the proof of the appendix is obvious.

(v) The proof is straightforward. 2

In connection with the investigation of \nearly Boolean" logics ([NaPt]) and recent results establishing a large class of non-Boolean nearly Boolean logics ([Pta]), a natural question arises of whether there are non-Boolean nearly Boolean logics which enjoy the RIP. Our next result shows that it is not the case. The result can be understood as a characterization of Boolean algebras among concrete quantum logics. Before we formulate the result, let us agree to call a concrete logic L = ´, ´ ⊆ exp S, nearly Boolean if each two-valued state^3 s : ´ → {0, 1} satis˛es the following condition: Whenever s(C) = s(D) = 1 for some C, D ∈ ´, then there is a set A ∈ L such that A ⊆ C ∩ D and s(A) = 1. Obviously, each Boolean algebra can be viewed as a nearly Boolean logic as a consequence of the Stone representation theorem for Boolean algebras and an obvious property of states on Boolean algebras.

Theorem 2.4 Let L be a nearly Boolean concrete logic satisfying the Riesz interpolation property. Then L is a Boolean algebra.

Proof. Let L = ´, ´ ⊆ exp S. We need to show that if C, D ∈ L, then C ∩ D ∈ L. Let us ˛rst show that if L is nearly Boolean, then there is a ˛nite family {A_1, . . . , A_n} in L such that ⋃_n i=1 A_i = C ∩ D. To this end, write S_{C,D} := {s : s is a two-valued state on ´ with s(C) = s(D) = 1}. By the standard application of Tychono¸’s theorem, we see that S_{C,D} is a compact space when viewed as a topological subspace of {0,1}^Δ. For each A ⊆ C ∩ D, A ∈ L, let S_A := {s ∈ S_{C,D} : s(A) = 1}. Then each S_A is open in S_{C,D} (because S_A = {s ∈ S_{C,D} : s(A) > 0}) and since L is nearly Boolean, we have S_{C,D} = ⋃ A∈L A⊆C∩D S_A. By the compactness of S_{C,D}, we infer that there is a ˛nite family {A_1, . . . , A_n} of elements of L such that S_{C,D} = ⋃_n i=1 S_{Ai} .

We claim that C ∩ D = ⋃_n i=1 A_i. Indeed, if it is not the case, there is a point p ∈ (C ∩ D) \ ⋃_n i=1 A_i. If we take the state s_p concentrated at p

3By a two-valued state on L we mean a mapping s : L → {0, 1} such that s(1) = 1 and s(a ∨ b) = s(a) + s(b) provided a ≤ b^0.

(s_p(B) = 1 if and only if p ∈ B), we see that s_p ∈ S_{C,D} \ ⋃_n i=1 S_{Ai} . This is a contradiction. Hence we have proved the statement we set up at the beginning of the proof.

The rest is straightforward. Since C ∩D = ⋃_n i=1 A_i, the RIP gives us that there is a set R ∈ L such that R ⊆ C ∩ D and A_i ⊆ R for each i = 1, . . . , n. But then R = C ∩ D and therefore C ∩ D ∈ L. This implies that L must be Boolean and the proof is complete. 2

In the last part of the paper, let us take up the σ-complete form of the Riesz interpolation property in quantum logics. By analogy with Theorem 2.4 (ii), each σ-complete lattice logic is the σ-RIP logic. We want to exhibit a class of σ-complete (non-lattice) logics with the σ-RIP (as a by-product, by doing so we will add to Theorem 2.3(ii)). We will compare the previous theorem with its σ-complete version. Prior to that, let us agree to call a concrete logic L σ-complete if it contains the suprema of all countable disjoint families. In other words, if L = ´, ´ ⊆ exp S, is a concrete logic, it is σcomplete if for any countable family A_i (i ∈ N) of mutually disjoint element of L we have ⋃_∞ i=1 A_i ∈ L (see [PtPu] for more details; sometimes the σcomplete concrete logics are called Dynkin systems of sets, see e.g. [Bau] and [Neu]). A σ-complete concrete logic L is said to ful˛l the countable Riesz interpolation property, or it said to be the σ-RIP logic, if for any pair of sequences A_i, C_j (i, j ∈ N) in L with A_i ⊆ C_j for i, j ∈ N, there is a set R ∈ L such that ⋃_∞ i=1 A_i ⊆ R and R ⊆ ⋂_∞ j=1 C_j. Theorem 2.5 There is a σ-complete concrete logic L, L = ´, ´ ⊆ exp S, such that the following statements hold true:

(i) L is nearly σ-Boolean, i.e., for each σ-additive two-valued state s on L, the following condition is ful˛lled: If {A_i} is a sequence in L such that s(A_i) = 1 for each i ∈ N, then there is a set C ∈ L such that C ⊆ A_i for each i ∈ N and s(C) = 1, (ii) L ful˛ls the countable Riesz interpolation property.

Proof. We shall apply some of the technique of the paper [BNPW]. Let L_1 be the concrete logic consisting of all subsets of the set ˙_1 := {1, 2, 3, 4} whose cardinality is even. It is easy to see that L_1 is a lattice logic, cardL_1 = 8. Further, let us take a set, P_1, of the ˛rst uncountable cardinality. Let us consider the Cartesian product ˙_1 × P_1. Let ´ := {A ⊆ ˙_1 × P_1 : the set {p ∈ P_1 : (˙_1×{p})∩A ∈ L_1} is co-countable in P_1}. Then ´ ⊂ exp(˙_1×P_1).

Let L = ´ and verify that L is a σ-complete concrete logic. Indeed, ˙ ∈ ´. Further, since L_1 is a quantum logic, we easily check that {p ∈ P_1 : (˙_1 × {p}) ∩ A ∈ L_1} = {p ∈ P_1 : ((˙_1 × {p}) ∩ ((˙_1 × P_1) \ A)) ∈ L_1}. Thus A ∈ ´ if, and only if, (˙_1 × P_1) \ A ∈ ´. Finally, if A_i (i ∈ N) are mutually disjoint, A_i ∈ L, then so are the sets (˙_1 ×{p})∩A_i) and, therefore, ⋃_∞ i=1 A_i ∈ ´. This shows that L is a σ-complete logic. (For a later use, observe that L also contains all singletons and all sets of the form ˙_1 × {p} for each p ∈ P_1.)

Let us show that L = ´ is nearly σ-Boolean. Let s be a σ-additive twovalued state on L. Since ˙_1 × P_1 = ⋃ p∈P1 ˙^1 × {p}, we see that s can be

viewed as a two-valued state on exp P_1. As known (see e.g. [HrJe]), the fact that cardP_1 = ℵ_1, guarantees a point p_1 ∈ P_1 such that s(˙_1 × {p_1}) = 1. Since a singleton {ω} × {p_1} belongs to L, we see that there is a singleton, {ω_1}×{p_1}, such that s({ω_1}×{p_1}) = 1. We infer that each two-valued state on our L must be concentrated at a point. As a result, if s(A) = s(B) = 1 for some A, B ∈ L, there must be a point q = (ω_1, p_1), q ∈ A ∩ B such that s({q}) = 1. Since each singleton belongs to L, we infer that L is nearly σ-Boolean.

Let us ˛nally check on the countable RIP on L. Let us have sets A_i, C_j (i, j ∈ N) in L. Let us suppose that we have A_i ⊆ C_j for each i, j ∈ N. We are looking for a set R ∈ L such that ⋃_∞ i=1 A_i ⊆ R ⊆ ⋂_n j=1 C_j . In constructing this set R, we will make use of the circumstance that L_1 (= even number subsets of {1, 2, 3, 4}) is a lattice. Let us de˛ne the set R by specifying, for each p ∈ P_1, the set R_p = (˙_1 × {p}) ∩ R.

Let p ∈ P_1. If for this p ∈ P_1 we ˛nd that all sets (˙_1 × {p}) ∩ A_i (i ∈ N) as well all sets (˙_1 × {p}) ∩ C_j (j ∈ N) belong to L_1, we set R_p = ⋁ i∈N((˙^1 × {p}) ∩ A^i) ∨ ⋁ j∈N((˙^1 × {p}) ∩ C^j) (obviously, the supremum

is taken in the (complete) lattice L_1). If it is not the latter case, we set R_p = ⋃ i∈N((˙^1 × {p}) ∩ A^i) ∪ ⋃ j∈N((˙^1 × {p}) ∩ C^j). Then ⋃_∞ i=1 A_i ⊆ R ⊆ ⋂ j∈NC^j . But the set {p ∈ P^1 : (˙^1 × {p}) ∩ R} is a countable intersection

of co-countable sets in P_1 and therefore it is co-countable. This shows that R ∈ L and the proof is complete. 2

If we examine the proof of the previous theorem, we see that we in fact have enlarged an eight-element lattice concrete logic to obtain a σ-complete concrete logic with the σ-RIP. The σ-complete logic constructed this way had in addition exceptionally nice properties in that it resembled a Boolean σ-algebra. As one easily checks, the same construction can be performed if we replace the eight-element lattice concrete logic with an arbitrary lattice concrete σ-complete logic, the proof is only slightly more involved. When replacing the ˛rst uncountable cardinality for an arbitrary cardinality, however, one needs to make use of the assumption nonM of the non-existence of measurable cardinals [HrJe]. The general result then reads as follows (by saying nearly Boolean in the result we automatically mean non-Boolean nearly Boolean).

Theorem 2.6 Each concrete σ-complete lattice logic L_1 = ´, where ´ ⊆ exp S for S countable, can be enlarged in such a way that we obtain a concrete σ-complete logic L with the σ-RIP. Moreover, this L can be required nearly Boolean. Under the assumption of nonM, an arbitrary concrete σ-complete lattice logic can be enlarged to obtain a concrete σ-complete logic L with the σ-RIP. Moreover, the enlarged logic can be required nearly Boolean. A consequence: Under the assumption of nonM, there is a proper class of concrete σ-complete logics which are both σ-RIP and nearly Boolean.

References

[Bau] H. Bauer, Probability Theory and Elements of Measure Theory, Academic Press, London, 1981.

[BGHR] G. Bruns, R. Greechie, J. Harding, M. Roddy, Completions of orthomodular lattices, Order 7 (1990), 67{76.

[BNPW] L. Bunce, M. Navara, P. Pták, J. Wright, Quantum logics with Jauch{Piron states, Oxford Quart. J. 36 (1985), 261{271.

[CDM] R. Cignoli, I.M.L. D’Ottaviano, D. Mundici, Algebraic Foundations of Many-valued Reasoning, Kluwer Academic Publ., Dordrecht, 2000.

[DvPu] A. Dvureèenskij, S. Pulmannová, Di¸erence posets, e¸ects, and quantum measurements, Inter. J. Theor. Phys. 33 (1994), 819{850.

[DvPu 1] A. Dvureèenskij, S. Pulmannová, New Trends in Quantum Structures, Kluwer Academic Publ., Dordrecht, 2000.

[Goo] K.R. Goodearl, Partially Ordered Abelian Groups with Interpolation, Math. Surveys and Monographs No. 20, Amer. Math. Soc., Providence, Rhode Island, 1986.

[Gre] R. Greechie, Orthomodular lattices admitting no states, J. Comb.

Theor. 10 (1971), 119{132.

[HrJe] K. Hrbáèek, T. Jech, Introduction to Set Theory, 3rd Ed., Marcel Dekker, New York, 1999.

[NaPt] M. Navara, P. Pták, Almost Boolean orthomodular posets, J. Pure Appl. Alg. 60 (1989), 105{111.

[NaRo] M. Navara, V. Rogalewicz, The pasting construction for orthomudular posets, Math. Nachr. 154 (1991), 157{168.

[Neu] J. Neuveu, Bases mathématique du calcul des probabilités, Paris, Masson et Cie, 1964.

[Pta] P. Pták, Some nearly Boolean orthomodular posets, Proc. Amer.

Math. Soc. 126 (1998), 2039{2046.

[Pta 1] P. Pták, Concrete quantum logics, Inter. J. Theor. Phys. 39 (2000), 827{837.

[PtPu] P. Pták, S. Pulmannová, Orthomodular Structures as Quantum Logics, Kluwer Acad. Publ., Dordrecht, 1991.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions

(continued on inside back cover)

2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product 20/1998 Ivan Korec: De˛nability of addition and multiplication from Pascal’s triangle modulo n and number-theoretical functions 19/1998 Roberto Giuntini, Sylvia Pulmannová: Ideals and congruences in e¸ect algebras and QMV algebras