Preprint 5/2001

July 12, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Antonio Di Nola

Anatolij Dvureèenskij

MV-test spaces

versus MV-algebras

PREPRINT SERIES

MV-test Spaces versus MV-algebras

Antonio Di NOLA^1, Anatolij DVUREÈENSKIJ^2

1 Dip. Math. Inform., University of Salerno,

Via S. Allende, I{84081 Baronissi, Salerno, Italy, E-mail: dinola@ds.unina.it 2 Mathematical Institute, Slovak Academy of Sciences,

ľtefánikova 49, SK-814 73 Bratislava, Slovakia E-mail: dvurecen@mat.savba.sk

Abstract

In analogy with e¸ect algebras, we introduce the tests and the test spaces as well as the MV-test spaces. Roughly speaking, a test corresponds to a hypothesis on the propositional system, or equivalently to a partition of unity. We show that there is a one-to-one correspondence between MV-algebras and MV-test spaces.

1 Introduction

The event structure of a logical system under investigation (e.g. quantum physical system) is identi˛ed with a quantum logic [BLM] or an e¸ect algebra [FoBe] in contrast to classical mechanics when it is assumed to be a Boolean algebra. MV-algebras are important structures which entered mathematics in ˛fties by Chang [Cha]. For them there is a famous Mundici’s representation theorem [Mun], [CDM], saying that MV-algebras are practically intervals in unital Abelian ℓ-groups. If we drop the lattice structure of unital po-groups,

1Keywords: Algebra, effect algebra, MV-algebra, test space, MV-test space, state, weight.

AMS classification: 06D35, 03B50, 03G12.

The paper has been supported by Soft Computing Laboratory of Salerno University, Salerno, Italy, and by the grant 2/7193/20 SAV, Bratislava, Slovakia.

we have the intervals which correspond always to e¸ect algebras, but not, in general, vice-versa.

We recall that a partial algebra E = (E; +, 0, 1) is said to be an effect algebra if, for all a, b, c ∈ E,

(E1) a+b is de˛ned in E i¸ b+a is de˛ned, and in such the case a+b = b+a; (E2) a + b, (a + b) + c are de˛ned i¸ b + c and a + (b + c) are de˛ned, and in such the case (a + b) + c = a + (b + c);

(E3) for any a ∈ E, there exists a unique element a^′ ∈ E such that a+a^′ = 1; (E4) if a + 1 is de˛ned in E, then a = 0.

If we de˛ne a ≤ b i¸ there exists an element c ∈ E such that a + c = b, then ≤ is a partial ordering, and we write c := b − a.

For example, if (G, u) is an Abelian unital po-group with a strong unit u, and if `(G, u) := {g ∈ G : 0 ≤ g ≤ u} is endowed with the restriction of the group addition +, then (`(G, u); +, 0, u) is an e¸ect algebra.

We recall that an MV-algebra is an algebra M := (M; ⊕, ⊙,^∗ , 0, 1) of type (2,2,1,0,0) such that, for all a, b, c ∈ M, we have a ⊙ b = (a^∗ ⊕ b^∗)^∗ and

(M1) a ⊕ b = b ⊕ a;

(M2) (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c); (M3) a ⊕ 0 = a; (M4) a ⊕ 1 = 1; (M5) (a^∗)^∗ = a; (M6) a ⊕ a^∗ = 1; (M7) 0^∗ = 1;

(M8) (a^∗ ⊕ b)^∗ ⊕ b = (a ⊕ b^∗)^∗ ⊕ a.

If we de˛ne a partial operation + on M in such a way that a + b is de˛ned in M i¸ a ≤ b^∗, and then a + b := a ⊕ b, then (M; +, 0, 1) is an e¸ect algebra.

For two elements a and b of an e¸ect algebra E (or an MV-algebra) we write a ⊥ b i¸ a + b is de˛ned.

For a ˛nite sequence F = {a_i}^n_{i=1} of elements in E, we write ⨁ F := a_1 + · · · + a_n supposing that the element a_1 + · · · + a_n is de˛ned in E, in such a case we say also that F is ⨁ -orthogonal.

A ˛nite sequence F = {a_i}^n_{i=1} of non-zero elements in E is said to be a partition of unity if a_1 + · · · + a_n = 1. We recall that our de˛nition of partition of unity is di¸erent of that of Mundici [Mun 2], while e.g., {a, a∗} is a partition of unity (0 ≠ a ≠ 1) but it is not a partition in the sense of Mundici.

It seems that MV-algebras play an analogical role as Boolean algebras within quantum logics [DvPu 1]. Recently it was observed by Rieèanová [Rie] that every lattice e¸ect algebra E can be covered by MV-subalgebras of E.

Foulis and Randall [FoRa], in 1972, gave a new mathematical foundation of an operational probability theory and statistics based upon a generalization of the conventional notion of a sample space in the sense of Kolmogorov [Kol], which was done in 1933. They have introduced tests and tests spaces which in a \Kolmogorovian fashion" entail a propositional system of the quantum mechanical system. The main notion is a test space with tests, being de˛ned on the set of outcomes as a natural generalization of hypotheses which can be veri˛ed on outcomes. Introducing an appropriate equivalence, we obtain an algebraic structures describing the quantum mechanical system.

This was generalized in [DvPu] (see also [DvPu 1] for D-posets, or equivalently for e¸ect algebras).

Inspiring by this approach and intimate relations among e¸ect algebras and MV-algebras, we introduce two kinds of tests spaces, and MV-test spaces which are in a one-to-one correspondence with MV-algebras. In addition, we show that there is a one-to-one correspondence between states on MValgebras and weights on MV-test spaces.

2 Test Spaces I

In the present Section, we introduce test spaces which are motivated by [DvPu 1], [DvPu]. Another equivalent notion will be introduced in Section 4. Let X be a nonempty set, elements of X are called outcomes. A function F : I → X is said to be of finite multiplicity if, for any x ∈ X, F^{−1}(x) is of ˛nite cardinality. For arbitrary sets I and J and functions F ∈ X^I and G ∈ X^J de˛ne F 4 G i¸ there is an injection σ : I → J such that F = G ∘ σ, i.e. F (i) = G(σ(i)) for all i ∈ I. If F 4 G and σ : I → J is a bijection, we say that F and G are equivalent, in symbols F ∼ G, and in what follows, we shall identify functions which are equivalent.^2 Therefore, we can de˛ne unambiguously a function F _∪G as follows: Let K = I^′ ∪ J^′, where I^′ ∩ J^′ = ∅ and ϕ : I → I^′, ψ : J → J^′ are bijections. Then F _∪G is an element of X^K such that F _∪G(k) = { F (i), if i ∈ I, k = ϕ(i), G(j), if j ∈ J, k = ψ(j). We note that the associativity (F _∪G) _∪H = F _∪(G _∪H) holds, and therefore for both sides we write F _∪G _∪H. It can be easily checked that 4 is a preorder which becomes a partial order on equivalence classes with respect to ∼ .

Let R(F ) := {F (i) : i ∈ I} denote the range of F ∈ X^I .

Definition 2.1 Let T = {F ∈ X^I : I ∈ I}, where X ≠ ∅, and I is a nonvoid family of index sets. We say that the pair (X, T ) is a test space (of the first type) if and only if the following three conditions are satisfied:

(i) Any T ∈ T is of finite multiplicity.

(ii) For every x ∈ X there is a T ∈ T such that x ∈ R(T ). (iii) If S, T ∈ T and S 4 T, then S ∼ T.

Any element of T is said to be a test.

Lemma 2.2 If F ∈ X^I is a test, then I ≠ ∅.

Proof. Let F = ∅ ∈ T . Then, for any T ∈ T , F 4 T implies F ∼ T and, by (iii) of De˛nition 2.1, T = ∅ which is in contradiction with the condition (ii) of De˛nition 2.1. 2

Definition 2.3 Let (X, T ) be a test space. Let J be arbitrary and let G ∈ X^J . We say that G is an event if and only if there is a test T ∈ T such that

G 4 T. Let us denote the set of all events in T by E = E(X, T ).

Clearly, ∅ ∈ E.

Definition 2.4 Let (X, T ) be a test space. We say that two events F and G are

(i) orthogonal to each other, in symbols F ⊥ G, if and only if there is a test T ∈ T such that F _∪G 4 T ;

2Observe that if I = ;, then X^I = f;g.

(ii) local complements of each other, in symbols F loc G, if and only if there is a test T ∈ T such that F _∪G ∼ T ;

(iii) perspective with axis H, in symbols F ≈_H G, if and only if they share a common local complement H.

We write F ≈_H G or F ≈ G if the axis is not emphasized.

Lemma 2.5 (i) If ∅ ≈ G, then ∅ ∼ G.

(ii) If T, S ∈ T are tests, then T ≈ S with axis ∅.

Proof. (i) Every local complement of ∅ is a test. Therefore, if ∅ ≈ G, there is a test T such that T _∪G is a test. But then T 4 T _∪G implies T ∼ T _∪G, which implies G ∼ ∅.

(ii) Observe that the unique local complement of every test is ∅. 2

Definition 2.6 A test space (X, T ) is algebraic if and only if, for F, G, H ∈ E, F ≈ G and F ⊥ H entail G ⊥ H. For simplicity, we usually refer to X, rather than to (X, T ), as a test space. In what follows, let X be a test space.

Lemma 2.7 A test space X is algebraic if and only if, for F, G, H ∈ E, F ≈ G, F loc H ⇒ G loc H. Proof. Let X be algebraic and let F, G, H ∈ E, F ≈ G, F loc H. The algebraicity implies that G ⊥ H. Let Q be a local complement of G _∪H. Then H _∪Q loc G implies H _∪Q ⊥ F. But since H loc F , H _∪F 4 H _∪F _∪Q implies H _∪F ∼ H _∪F _∪Q, we get Q = ∅. The converse implication follows from the fact that if two events are orthogonal, then either one of them can be enlarged to a local complement of the other. 2

Lemma 2.8 If X is algebraic, then ≈ is transitive on E, hence ≈ is an equivalence relation.

Proof. Suppose F, G, H ∈ E with F ≈ G and G ≈ H. Let K be the axis for G ≈ H. By Lemma 2.7, K is a local complement of F, hence F ≈ H with axis K. 2

3 MV-test Spaces

In the present Section, we show how MV-algebras can be identi˛ed with test spaces. Here by tests and test spaces we will understand the corresponding notions de˛ned in Sections 2; in an analogical way we can use also the notions which will be de˛ned in Section 4.

We say that a test space (X, T ) satis˛es the strong Riesz property if, given four events E_1, E_2, F_1, F_2 with E_1 ⊥ E_2 and F_1 ⊥ F_2 such that E_1 _∪E_2 ≈ F_1 _∪F_2, there exist four events C_{11}, C_{12}, C_{21}, C_{22} such that E_1 ≈ C_{11} _∪C_{12}, E_2 ≈ C_{21} _∪C_{22}, F_1 ≈ C_{11} _∪C_{21}, F_2 ≈ C_{21} _∪C_{22}, and if there exists an event C such that C 4 C_{12}, and C 4 C_{21}, then C ≈ ∅.

In what follows, we show that any algebraic test space satisfying the strong Riesz property will entail an MV-algebra, and conversely, each MValgebra gives us an algebraic test space satisfying the strong Riesz property. Hence, any algebraic test space satisfying the strong Riesz property is said to be an MV-test space.

Definition 3.1 Let X be an algebraic test space. If F ∈ E, we define π(F ) := {G ∈ E : G ≈ F } and we refer to π(F ) as the proposition affiliated with F. The set

˝ = ˝(X) := {π(F ) : F ∈ E} (3.1)

is called the logic of the test space X.

We define 0, 1 ∈ ˝ by

0 = π(∅), 1 = π(T ), (3.2)

where T is any test.

The following two theorems are key-results of the section.

Theorem 3.2 Let (X, T ) be an MV-test space. Then ˝(X) with 0 := π(∅), 1 = π(T ), where T is a test, can be organized into an MV-algebra.

Proof. We de˛ne a partial binary operation + on ˝(X) as follows. For two elements a = π(A) and b = π(B), a + b is de˛ned in ˝(X) and equal c = π(C) i¸ there exists an event C^′ ∈ π(C) such that for some A^′ ∈ π(A) and B^′ ∈ π(B) with A^′ _∪B^′ ≈ C^′. The algebraicity of the test space yields that our partial binary operation + is well-de˛ned. In addition, it is commutative associative, with neutral element 0. In addition, M := ˝(X) is a pseudoe¸ect algebra. For, any a = π(A) we de˛ne a^∗ = π(A^′), where A^′ is a local complement of A.

The partial addition + implies a partial binary relation ≤ on ˝(X) de˛ned via a ≤ b i¸ there exists an event c ∈ M such that a + c = b. In such a case, we de˛ne c = b − a.

Suppose now that a_1 + a_2 = b_1 + b_2 in M. Our hypotheses stress that there are four elements c_{11}, c_{12}, c_{21}, c_{22} ∈ M such that a_1 = c_{11} + c_{12}, a_2 = c_{21} + c_{22}, b_1 = c_{11} + c_{21}, b_2 = c_{12} + c_{22} and c_{12} ∧ c_{21} = 0. Using this property, we can prove according to [DvVe I, Prop. 3.3] that our e¸ect algebra is a lattice. Indeed, since a + a^∗ = b + b^∗ = 1 for all a, b ∈ M, there exist four elements c_{11}, c_{12}, c_{21}, c_{22} ∈ M such that a = c_{11} + c_{12}, a^∗ = c_{21} + c_{22}, b = c_{11} + c_{21}, b^∗ = c_{12} + c_{22} and c_{12} ∧ c_{21} = 0. Then c_{12} ∨ c_{21} = c_{12} + c_{21}, and c_{11} + (c_{12} ∨ c_{21}) = (c_{11} + c_{12}) ∨ (c_{11} + c_{21}) = a ∨ b.

In addition, it is possible to show, [DvVe II, Prop. 8.7] that, for all a, b ∈ M, a − (a ∧ b) = (a ∨ b) − b. Hence, by [DvVe II, Thm 8.8], M can be organized into an MV-algebra (M; ⊕, ⊙,^∗ , 0, 1) as follows

a ⊕ b := (a^∗ − (a^∗ ∧ b))^∗, a ⊙ b := a − (a ∧ b^∗). 2 Theorem 3.3 Let M be an MV-algebra. Then there exists an MV-test space (X, T ) such that M is isomorphic with ˝(X) as MV-algebras.

Proof. Let X = M \ {0} and let T be the set of all ˛nite partitions of 1 in M consisting of nonzero elements. We claim that (X, T ) is a test space. Indeed, we have {1} ∈ T , and if a ≠ 0, a ≠ 1, then {a, a^∗} ∈ T and a ∈ R({a, a^∗}) which proves that it is a test space. Moreover, (X, T ) is algebraic. Indeed, let F, G, H be events such that F ≈ G and F loc H. Then F = {a_1, . . . , a_n}, G = {b_1, . . . , b_m}, H = {c_1, . . . , c_k}. Let K = {d_1, . . . , d_l} be the axis for F ≈ G. Now ⨁ F + ⨁ K = 1, ⨁ G+ ⨁ K = 1, ⨁ F + ⨁ H = 1, so that ⨁ H = ⨁ K and ⨁ G + ⨁ H = 1, hence G loc H. Because every

MV-algebra satis˛es the strong Riesz property, so satis˛es also the test space, thus the test space is an MV-test space.

Let ˝(X) be the logic of X. By Theorem 3.2, ˝(X) is an MV-algebra. De˛ne a mapping ϕ : M → ˝(X) by ϕ(a) = { π({a}), if a ≠ 0, π(∅), if a = 0. (3.3)

The mapping ϕ preserves the partial addition + from M onto ˝(X). Indeed, let a + b ∈ M If one of a, b is 0, ϕ(a) ⊥ ϕ(b) is evident. If a ≠ 0 ≠ b, then either a = b^∗ or a ≠ b^∗, then {a, b} or {a, b, (a + b)^∗}, respectively, are partitions of 1, which implies that ϕ(a) ⊥ ϕ(b), and ϕ(a + b) = ϕ(a) + ϕ(b).

Let now π({a}) ⊥ π({b}). There is a partition of 1 containing a and b, hence a ⊥ b in M. This proves that ϕ is injective. To prove that ϕ is onto, let A = {a_1, . . . , a_n} be an event. Then A is ⨁ -orthogonal, and put a = ⨁_n i=1 a_i. Then π(A) = π({a_1, . . . , a_n}) = n⨁ i=1 π({a_i}) = π({a}) = ϕ(a), hence ϕ is onto.

Moreover, we show that ϕ preserves ∨. It is clear that ϕ(a ∨ b) ≥ ϕ(a), ϕ(b). If ϕ(x) ≥ ϕ(a), ϕ(b), then x ≥ a, b, so that x ≥ a ∨ b, and ϕ(x) ≥ ϕ(a ∨ b). According to the rest of the proof of Theorem 3.2, ϕ is an MV-isomorphism in question. 2

Let ϕ : X → Y be a mapping. For E ∈ X^I we denote by ϕ(E) the function ϕ(E) := ϕ ∘ E ∈ Y^I , that is, ϕ(E)(i) = ϕ(E(i)), i ∈ I. (3.4) A mapping ϕ : X → Y is called a homomorphism of test spaces (X, T ) and (Y, S) if ϕ(T ) ∈ S for every T ∈ T . Evidently, if E, F ∈ E(X) and E⊥F, then ϕ(E), ϕ(F ) ∈ E(Y ), ϕ(E)⊥ϕ(F ) and ϕ(E _∪F ) = ϕ(E) _∪ϕ(F ) (we identify events related by ∼). Also, E ≈ F implies ϕ(E) ≈ ϕ(F ).

Proposition 3.4 Let ϕ be a homomorphism of two test spaces (X, T ) and (Y, S). If (X, T ) is an MV-test space, then so is (ϕ(X), ϕ(T )), where ϕ(T ) stands for {ϕ(T ) : T ∈ T }.

Proof. For any y ∈ ϕ(X), there is an x ∈ X with y = ϕ(x). If T ∈ T is such that x ∈ R(T ), then ϕ(x) ∈ R(ϕ(T )). This proves that (ϕ(X), ϕ(T )) is a test space. If now E ∈ X^I , F ∈ X^J are such that ϕ(E)⊥ϕ(F ), then I ∩J = ∅, so that E⊥F, and moreover, ϕ(E _∪F ) = ϕ(E) _∪ϕ(F ). If ϕ(E) loc ϕ(F ), then E⊥F implies that there is a G ∈ E(X) such that E _∪G _∪F ∈ T . But then ϕ(E) _∪ϕ(G) _∪ϕ(F ) ∈ ϕ(T ), and also ϕ(E) _∪ϕ(F ) ∈ ϕ(T ), which yields ϕ(G) = ∅, hence G = ∅, and E loc F. This proves that E loc F i¸ ϕ(E) loc ϕ(F ), from which we easily derive that (ϕ(X), ϕ(T )) is algebraic i¸ (X, T ) is algebraic. In addition, we have easily that if (X, T ) is an MV-test space, then so is (ϕ(X), ϕ(T )). 2 Proposition 3.5 Let (X, T ) and (Y, S) be MV-test spaces and let ϕ : X → Y be a homomorphism. Then the mapping ψ : ˝(X) → ˝(Y ) defined by ψ(π(E)) := π(ϕ(E)) (E ∈ E(X)), (3.5) is a homomorphism of effect algebras.

Proof. Clearly, ψ(1) = 1. Further, π(F )⊥π(G) implies F ⊥G and ϕ(F )⊥ ϕ(G), so that ψ(π(F ))⊥ψ(π(G)) and ϕ(F _∪G) = ϕ(F ) _∪ϕ(G), which gives ψ(π(F ) + π(G)) = ψ(π(F )) + ψ(π(G)). 2

We recall that if h : M_1 → M_2 is a homomorphism of MV-algebras, then the restriction of h onto M_1 \ {0} is a homomorphism of MV-test spaces (M_1 \ {0}, T ) and (M_2 \ {0}, S), where T and S are the sets of all partitions in M_1 and M_2, i¸ h is injective. Hence we de˛ne the following two categories.

Let MV_0 be the category of MV-algebras whose objects are MV-algebras and morphisms are injective homomorphisms of MV-algebras. By MVT we denote the category of MV-test spaces whose objects are MV-test spaces and morphisms are injective homomorphisms of MV-test spaces.

It would be interesting to exhibit whether are these categories equivalent.

4 Test Spaces II

In the present Section, we describe an alternative and equivalent way how to de˛ne test spaces; this approach is motivated by [Gud].

Let X be a nonempty set describing a system, elements of X are called outcomes, and let T ⊆ {0, 1, 2, . . .}^X . We call (X, T ) a test space (of the second type) if

(1) for any x ∈ X there exists a T ∈ T such that T (x) ≠ 0; (2) if S, T ∈ T with S ≤ T (i.e., S(x) ≤ T (x) for all x ∈ X), then S = T .

The elements of T are said to be tests.

We call a function F ∈ {0, 1, 2, . . .}^X an event if F ≤ T for some T ∈ T , and let E = E(X, T ) be the set of all events. We say that F, G ∈ E are (i) mutually exclusive (F ⊥ G) if F + G ∈ E; (ii) local complements of each other (F loc G) if F + G ∈ T , (iii) perspective (F ≈ G) if they share a local complement. We say that a test space T is algebraic if, for F, G, H ∈ E, F ≈ G and H ⊥ F imply H ⊥ G.

For two events F, G ∈ E we write F 4 G i¸ there is a mutually exclusive event H ⊥ F such that F + H = G.

Let O : X → {0, 1, 2, . . .} be de˛ned by O(x) = 0 for all x ∈ X. Then O is an event, while O ≤ T for any test T , i.e., O ∈ E. In addition, any test T ∈ E. We recall that if T is a test, then T ≠ O. If not, since O ≤ S for any S ∈ T , we would have by (2), S = O which is a contradiction with (1) of the de˛nition of the test space.

It is worthy to recalling that if T ⊆ {0, 1}^X , then tests are crisp subsets of X because they are characteristic functions of subsets of X, and they correspond to two-valued reasoning, i.e. when the system is de˛ned precisely. If T ⊆ {0, 1, . . . , n}^X , then tests correspond to the situation when the system is described by multivalued logic, e.g. by an n + 1-valued logic using fuzzy sets from L_{n+1} := {0, 1/n, 2/n, . . . , n/n} as it is shown in the following examples.

Example 4.1 Let B be a Boolean algebra of subsets of a nonvoid set ˙. Define X = B \{∅}. Let A_1, . . . , A_n be a decomposition of ˙, i.e. A_i ∩A_j = ∅ for i ≠ j, and A_1 ∪ · · · ∪ A_n = ˙. Define a function F_{A1,...,An} : X → {0, 1} by F_{A1,...,An}(A) = { 1 if A = A_i for some i = 1, . . . , n, 0 otherwise.

Then the system T of all such functions F_{A1,...,An} is an algebraic test space.

The following two examples are connected with the Ulam game with one lie (n lies), [CDM], i.e. a game with two players where one player is asking the smallest possible number of question to ˛nd an unknown number from the known set of numbers, and the second player can only answer \yes" or \no", being allowed at most one lie (n lies).

Example 4.2 Let us consider a three-valued logic, i.e., the Łukasiewicz logic connected with the truth values system L_3 = {0, 1/2, 1}. Assume that our system is described by a two-valued set X = {x_1, x_2}. Define two function F_1 and F_2 as mappings from X into {0, 1, 2} by

F_1(x) = { 2 if x = x_1, 0 if x = x_2, and F_2(x) = { 0 if x = x_1, 1 if x = x_2.

Then {F_1, F_2} is an algebraic test space connected with a three-valued reasoning.

Example 4.3 Let us consider an n + 1-valued logic, i.e., the Łukasiewicz logic connected with the truth values system L_{n+1} = {0, 1/n, 2/n, . . . , 1}. Assume that our system is described by an n-element set X = {x_1, . . . , x_n}. Define for any n-tuple (k_1, . . . , k_n) of integers from the set {0, 1, . . . , n} with 1k_1 + 2k_2 + · · · nk_n = n a function F_{k1,...,kn} : X → {0, 1, . . . , n} by

F_{k1,...,kn} (x) = k_i if x = x_i for some i = 1, . . . , n.

Then the system T of all such functions F_{k1,...,kn} is an algebraic test space connected with n + 1-valued reasoning.

It is interesting to recall that the test spaces are in fact all partitions of the true-value which are possible in the given system using two-valued or multivalued reasoning for the description of our logical system.

We recall that the following results have similar proofs as those in Section 2; we include them here only to be self-containing.

Proposition 4.4 A test space (X, T ) is algebraic if and only if, for all F, G, H ∈ E F ≈ G, F loc H ⇒ G loc H. Proof. Let (X, T ) be an algebraic test space, and let F, G, H ∈ E, F ≈ G, F loc H. The algebraicity implies that G ⊥ H. Let Q be a local complement of G + H. Then (H + Q) loc G implies (H + Q) ⊥ F . But since (H + F ) 4 H + F + Q, we get Q = O, i.e. G loc H.

Suppose the converse and let F ≈ G and H ⊥ F . Then H + F ∈ E, and there is a local complement F^′ to H + F , i.e. H + F + F^′ ∈ T . Hence (H + F^′) loc F and by the assumptions, G loc (H + F^′) so that H ⊥ G. 2

Proposition 4.5 Let (X, E) be an algebraic test space. Then the relation ≈ is an equivalence on the space of all events E = E(X, T ).

Proof. Let F be an event. Then F ≈ F while there is a test T such that F ≤ T . Then F^′ = T − F is a local complement of F , hence F ≈ F .

It is evident that if F ≈ G then G ≈ F .

Assume F ≈ G and G ≈ H. If K is a local complement to H, by Proposition 4.4, so is for G and consequently for F . 2

We say that a test space (X, T ) satis˛es the strong Riesz property if, given four events E_1, E_2, F_1, F_2 with E_1 ⊥ E_2 and F_1 ⊥ F_2 such that E_1+E_2 ≈ F_1+ F_2, there exist four events C_{11}, C_{12}, C_{21}, C_{22} such that E_1 ≈ C_{11} + C_{12}, E_2 ≈ C_{21} + C_{22}, F_1 ≈ C_{11} + C_{21}, F_2 ≈ C_{21} + C_{22}, and if there exists an event C such that C 4 C_{12}, and C 4 C_{21}, then C ≈ ∅.

As in Section 3, we de˛ne, for an algebraic test space (X, T ), π(F ) := {G ∈ E : G ≈ F } and we refer to π(F ) as the proposition (or an event) a‹liated with F. The set ˝ = ˝(X, T ) := {π(F ) : F ∈ E} is called the event structure of the test space (X, T ).

We de˛ne 0, 1 ∈ ˝ by

0 = π(O), 1 = π(T ),

where T is any test.

We say that a test space (X, T ) (of the second type) satis˛es the strong Riesz property if, given four events E_1, E_2, F_1, F_2 with E_1 ⊥ E_2 and F_1 ⊥ F_2 such that E_1 + E_2 ≈ F_1 + F_2, there exist four events C_{11}, C_{12}, C_{21}, C_{22} such that E_1 ≈ C_{11} + C_{12}, E_2 ≈ C_{21} + C_{22}, F_1 ≈ C_{11} + C_{21}, F_2 ≈ C_{21} + C_{22}, and if there exists an event C such that C 4 C_{12}, and C 4 C_{21}, then C ≈ ∅.

An algebraic test space (of the second type) satisfying the strong Riesz property is said to be an MV-test space (of the second type). Comparing both types of MV-test spaces we will see that they are practically the same, as it follows from the next result because an analogical result to Theorem 3.2 and Theorem 3.3 is also true for this type of test spaces.

Theorem 4.6 Let M be an MV-algebra. Then there exists an MV-test space (X, T ) such that ˝(X, T ) is isomorphic with M as MV-algebras. Conversely, if (X, T ) is an MV-test space, then ˝(X) can be organized into an MValgebra.

Proof. The proof follows similar arguments as those in Theorems 3.2 and 3.3. We outline only the main lines.

Let M be an MV-algebra and let (M; +, 0, 1) be the e¸ect algebra derived from the MV-algebra M, where + is the partial addition taken from ⊕ via a + b := a ⊕ b whenever a ≤ b^∗. Set X = E \ {0}. We de˛ne a test space T as the system of all functions F : X → {0, 1, 2, . . .} such that F is zero for all but ˛nite numbers of X and ∑ a∈E F (a)a = 1. (4.1)

In other words, any non-zero value of F (a)a is a multiplicity of the element a in the partition of 1.

We claim that (X, T ) is an algebraic test space. Indeed, let a ∈ X. Then either there is an integer n ≥ 1 such that na = 1, or there is no such an integer. In the ˛rst case we de˛ne F_a by F_a(a) = n and F_a(x) = 0 for x ≠ a. In the second case, we put F_a(a) = 1, F_a(a^′) = 1, and F_a(x) = 0 if x /∈ {a, a^′}. Then F_a ∈ T and F_a(a) ≠ 0.

If now F ≤ G for F, G ∈ T , then 1 = ∑ a∈E F (a) a ≤ ∑ a∈E G(a) a = 1

which proves F = G.

It is evident that a function F : X → {0, 1, 2, . . .} is an event i¸ F takes nonzero values only for ˛nitely many elements of X, and ∑ a∈E F (a) a ∈ E. Hence F^′ ∈ E(X, T ) is a local complement of F i¸ ∑ a∈E F^′(a)a + ∑ a∈E F (a) a = 1. Hence if F ≈ G and H loc F , then H loc G.

Let ˝(X, T ) be the event structure a‹liated with the algebraic test space (X, T ) which, analogically as in Theorem 3.3, is an e¸ect algebra.

The function F_a : X → {0, 1, 2, . . .} de˛ned by

F_a(x) = { 1 if x = a, 0 otherwise

is an element of E. De˛ne a mapping ϕ : E → ˝(X, T ) by ϕ(a) = { π(F_a) if a ≠ 0, π(O) if a = 0.

The mapping ϕ preserves + in E. Indeed, if a, b ∈ E and let a + b ∈ E. If one of them is 0, then ϕ(a) + ϕ(b) is de˛ned in ˝(X, T ). If a ≠ 0 ≠ b, then either a = b^′ or a ≠ b^′ and a + b = 1 or a + b + (a + b)^′ = 1, respectively. Hence ϕ(a) + ϕ(b) is de˛ned, and ϕ(a) + ϕ(b) = ϕ(a + b).

Let now ϕ(F_a) ⊥ ϕ(F_b). There exists a partition of 1 containing a and b, hence a ⊥ b in E. This proves that ϕ is injective and preserves + in E and in ˘(X, T ), respectively.

To show that ϕ is surjective, let F be an event in E. Then F is nonzero for ˛nitely many elements of E and ∑ a∈E F (a) a ∈ E. Hence ϕ(a) = ϕ(E_a) = ϕ(F )

proving that ϕ is onto.

Using now similar arguments as those in Theorem 3.3, we can prove that ˝(X) is an MV-algebra isomorphic with M.

The converse statement is now clear and it follows the main steps of the proof of Theorems 3.2 and 3.3. 2

5 States and Weights

A state on an MV-algebra M is a mapping s : M → [0, 1] such that s(1) = 1 and s(a ⊕ b) = s(a) + s(b) whenever a ≤ b^∗.

States on MV-algebras were introduced by F. Chovanec [Cho] and by D. Mundici [Mun 1] with the intent of capturing the notion of \average degree of truth" of a proposition, see also [RiMu].

It is important to recall that every MV-algebra possesses at least one state, see [Mun 1].

Let (X, T ) be an (algebraic) test space (of the second type). A weight on X is a function ω : X → [0, 1] such that, for any test T ∈ T ,

ω(T ) := ∑ x∈X T (x) ω(x) = 1. (5.1)

In what follows, we show that there is a one-to-one correspondence between states on MV-algebras and weights in MV-test spaces.

Theorem 5.1 Let ω be a weight on an MV-test space (X, T ). The mapping s : ˝(X, T ) → [0, 1] defined via

s(π(F )) := ∑ x∈X F (x) ω(x), π(F ) ∈ ˝(X, T ), (4.2) is a state in the MV-algebra ˝(X, T ). Conversely, if s is a state on an MValgebra M, then the function ω : M \ {0} → [0, 1] defined by ω(x) := s(x), x ∈ M \ {0}, is a weight on the MV-test space (M \ {0}, T ), where T is the system of all tests defined by (4.1).

Proof. Let a = ϕ(F ) = ϕ(F_1) and let F^′ be a local complement of F , so is of F_1. Hence the function s de˛ned by (4.2) is well-de˛ned in view of ∑ x∈X F (x) ω(x) + ∑ x∈X F^′(x) ω(x) = 1 = ∑ x∈X F_1(x) ω(x) + ∑ x∈X F^′(x) ω(x). The additivity of s is now clear.

Conversely, let s be a state on an e¸ect algebra E. Using the proof of Theorem 4.6 and the algebraic test spaces (3.3), wee see that ω(x) := s(x), x ≠ 0, gives a weight on X = E \ {0} and T . 2

If we take an MV-test space of the ˛rst kind, then a weight is de˛ned as a function ω : X → [0, 1] for an MV-test space (X, T ) such that, for every E ∈ T , E ∈ X^I , we have

ω(E) := ∑ i∈I ω(E(i)) = 1. It is evident that we can establish an analogical assertion among weights on MV-test spaces (of the ˛rst kind) and states on MV-algebras as in Theorem 5.1.

Acknowledgement. The second author is thankful the Dep. of Math. Inform. of the University of Salerno for the hospitality during his stay in Feb. 2001 when this paper was initiated.

References

[BLM] P. Busch, P.J. Lahti, P. Mittelstaedt, The Quantum Theory of Measurement, Lecture Notes in Physics, Springer{Verlag, Berlin, Heidelberg, New York, London, Budapest, 1991.

[Cha] C.C. Chang, Algebraic analysis of many valued logics, Trans. Amer.

Math. Soc. 88 (1958), 467{490.

[CDM] R. Cignoli, I.M.L. D’Ottaviano, D. Mundici, Algebraic Foundations of Many-valued Reasoning, Kluwer Academic Publ., Dordrecht, 2000.

[Cho] F. Chovanec, States and observables on MV-algebras, Tatra Mt.

Math. Publ. 3 (1993), 55{65.

[DvPu] A. Dvureèenskij, S. Pulmannová, D-test spaces and difference posets, Rep. Math. Phys. 34 (1994), 151{170.

[DvPu 1] A. Dvureèenskij, S. Pulmannová, New Trends in Quantum Structures, Kluwer Acad. Publ., Dordrecht, Ister Science, Bratislava, 2000.

[DvVe I] A. Dvureèenskij, T. Vetterlein, Pseudoeffect algebras. I. Basic properties, Inter. J. Theor. Phys. 40 (2001), 685{701.

[DvVe II] A. Dvureèenskij, T. Vetterlein, Pseudoeffect algebras. II. Group representations, Inter. J. Theor. Phys. 40 (2001), 703{726.

[FoBe] D.J. Foulis, M.K. Bennett, Effect algebras and unsharp quantum logics, Found. Phys. 24 (1994), 1325{1346.

[FoRa] D.J. Foulis, C.H. Randall, Operational statistics. I. Basic concepts, J. Math. Phys. 13 (1972), 1667{1675.

[Gud] S. Gudder, Effect test spaces, Inter. J. Theor. Phys. 36 (1997), 2681{2705.

[Kol] A.N. Kolmogorov, Grundbegriffe der Wahrscheinlichkeitsrechnung, Berlin, 1933.

[Mun] D. Mundici, Interpretation of AF C^∗-algebras in Łukasiewicz sentential calculus, J. Funct. Anal. 65 (1986), 15{63.

[Mun 1] D. Mundici, Averaging the truth-value in Łukasiewicz logic, Studia Logica 55 (1995), 113{127.

[Mun 2] D. Mundici, Reasoning on imprecisely defined functions. In: Discovering the World with Fuzzy Logic. Studies in Fuzziness and Soft Computing, V. Novák, I. Per˛lieva (Eds), Physica-Verlag, Berlin, 2000, pp 331{366.

[Rie] Z. Rieèanová, A generalization of blocks for lattice effect algebras, Inter. J. Theoret. Phys. 39 (2000), 231{237.

[RiMu] B. Rieèan, D. Mundici, Probability on MV-algebras. In: Handbook of Measure Theory, Ed. E. Pap, North-Holland, Amsterdam, 2001, to appear.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties

(continued on inside back cover)

5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras 21/1998 Anatolij Dvureèenskij, Beloslav Rieèan: Weakly divisible MV-algebras and product