Preprint 6/2001

July 16, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Flaviano Battelli

Michal Feèkan

Chaos arising near a topologically

transversal homoclinic set

PREPRINT SERIES

Chaos Arising Near a Topologically Transversal Homoclinic Set

Flaviano Battelli � Dipartimento di Matematica \V. Volterra", Facoltá di Ingegneria Universitá di Ancona, Via Brecce Bianche 1, 60131 Ancona - Italy and Michal Feèkan y Department of Mathematical Analysis, Comenius University, Mlynská dolina, 842 48 Bratislava - Slovakia, and Mathematical Institute, Slovak Academy of Sciences, ľtefánikova 49, 814 73 Bratislava - Slovakia

August 14, 2008

Résumé Nous étudions un di¸éomorphisme sur une variété di¸érentielle de classe

C^1 qui a un point ˛xe hyperbolique. On prouve que, si le variétés stable

et instable du point ˛xe hyperbolique ont une intersection topologique non triviale, il y a un ensemble invariant sur lequel le di¸éomorphisme se comporte chaotiquement. Nous étudions aussi un probl„eme perturbé en rapportant la fonction de Melnikov du probl„eme avec la propriété d’intersection topologique non triviale pour le di¸éomorphisme perturbé.

Abstract A di¸eomorphism on a C^1-smooth manifold is studied possessing a hyperbolic ˛xed point. If the stable and unstable manifolds of the hyperbolic ˛xed point have a nontrivial local topological crossing then a chaotic behaviour of the di¸eomorphism is shown. A perturbed problem is also studied by showing the relationship between a corresponding Melnikov function and the nontriviality of a local topological crossing of invariant manifolds for the perturbed di¸eomorphism.

�partially supported by G.N.A.F.A.-Indam, Italy ypartially supported by G.N.A.F.A.-Indam, Italy and Grant GA-SAV 2/5133/00

1

Transversality of Homoclinic Sets 2

1 Introduction

Let M be a C^1-smooth manifold without boundary. Consider a C^1-smooth di¸eomorphism f : M → M possessing a hyperbolic ˛xed point p.

Let W^s_p , W^u_p be the global stable and unstable manifolds of p, respectively. Let ~W^s_p , ~W^u_p be open subsets of W^s_p , W^u_p , respectively, which are submanifolds of M, i.e. the immersed and induced topologies on ~W^s_p and ~W^u_p coincide, respectively. We assume that ~W^s_p ∩ ~W^u_p \ {p} ≠ ∅, i.e. there is a point q homoclinic to p. We also suppose the existence of a compact component K ∋ q of the set ~W^s_p ∩ ~W^u_p , that is a compact subset K ⊂ ~W^s_p ∩ ~W^u_p \ {p} such that q ∈ K and there exists an open bounded subset U ⊂ —U ⊂ M \ {p} satisfying U ∩ ~W^s_p ∩ ~W^u_p = K. Since K is compact there is an m_0 such that f^{m0} (K) is in a local chart U_p of p. By shrinking U , we can assume in addition that ~W^{s(u)}p ∩ —U = ~W^{s(u)}p ∩ U as well as f^{m0} ( —U ) ⊂ U_p, and consequently, U is orientable. Moreover, since U is bounded and open, ~W^{s(u)}p ∩ U are also submanifolds of M and there is an N_0 > 0 such that ~W^{s(u)}p ∩ U ⊂ f^{∓N0} (W^{s(u)}_{p,loc} ) \ {p}. Hence ~W^{s(u)}p ∩ U are also orientable. Then we can de˛ne the local intersection number # (~ W^s_p ∩ U, ~W^u_p ∩ U ) of the manifolds ~W^s_p ∩ U and ~W^u_p ∩ U in M [5].

Let E = {0, 1}Zbe the set of doubly in˛nite sequences of 0 and 1 endowed with the metric d({e_n}, {e^′_n}) = ∑ n∈Z |e_n − e^′_n| 2^{|n|+1} . On E it is de˛ned the so called shift map σ : E → E by σ({e_j}_{j∈}Z) = {e_{j+1}}_{j∈}Z. The main purpose of this note is to prove the following result.

Theorem 1.1. If # (~ W^s_p ∩ U, ~W^u_p ∩ U ) ≠ 0 then there exists ω_0 ∈ N such that for

any N ∋ ω ≥ ω0 there is a set ~ω ⊂ M and a mapping πω : ~ω → E such that

(i) f^{2ω} (~_ω) = ~_ω.

(ii) π_ω is continuous, one to one and onto.

(iii) π_ω ∘ f^{2ω} = σ ∘ π_ω, where σ : E → E is the shift map.

Note that we do not know if π^{−1}_ω is continuous. Thus we cannot say, in general, that ~_ω is homeomorphic to E. However, if q is a transversal homoclinic point, π_ω is a homeomorphism, since in the considerations that follow we can use the implicit function theorem instead of the Brouwer degree theory, getting the standard Smale horseshoe [7]. We also note that a result similar to Theorem 1.1 was proved in [3]. The purpose of this note is to give another proof of that result based on the paper [1] as well as to improve that result by showing the injectivity of π_ω. Furthermore, we study the case where W^s_p and W^u_p intersect on a homoclinic manifold. Then we consider a C^2-smooth perturbation of f. Such a perturbation

Transversality of Homoclinic Sets 3

will have a hyperbolic ˛xed point p(ε) that depends smoothly on ε and such that p(0) = p. Associated to p(ε), there are the invariant perturbed stable and unstable manifolds W^s_{p(ε)}, W^u_{p(ε)}, of which we consider open subsets ~W^s_{p(ε)}, ~W^u_{p(ε)} as we did above. Associated to the perturbation of f there is a Melnikov function. We show that if the Brouwer degree of this Melnikov function is not zero, and the perturbation is small, then the perturbed stable and unstable manifolds W^s_{p(ε)} and W^u_{p(ε)} satisfy # (~ W^s_{p(ε)} ∩U, ~W^u_{p(ε)} ∩U ) ≠ 0 with the corresponding chaotic behaviour of the perturbed di¸eomorphism. Finally, at the end of the paper, we make some remarks about certain extensions and consequences of our results.

2 Preliminary Results

To avoid the use of either the tangent vector bundle of M or local charts of M, we assume for simplicity in this section that M = R^N . This restriction is only technical. Next, for any ξ ∈ ~W^s_p ∩ —U and η ∈ ~W^u_p ∩ —U we set ξ_n = f^n(ξ), n ∈ Z_+, η_n = f^n(η), n ∈ Z_−, where Z_+ = {0, 1, 2, · · ·} and Z_− = {· · · , −2, −1, 0}. Then the linear systems v_{n+1} = Df(ξ_n )v_n, n ∈ Z_+, (1)

w_{n+1} = Df(η_n)w_n, n ∈ Z_−, n ≠ 0 (2)

have exponential dichotomies on Z_+ and Z_−, respectively, i.e. there are positive constants L ≥ 1, δ ∈ (0, 1) and orthogonal projections P_ξ : R^N → T_ξ ~W^s_p , Q_η :

R^N → Tη^~W^u_p such that the fundamental solutions Vξ(n) and Wη(n) of (1) and (2)

respectively, satisfy the following conditions: ||V_ξ(n)P_ξV_ξ (m)^{−1}|| ≤ Lδ^{n−m}, m ≤ n, m, n ∈ Z_+ , ||V_ξ(n)(I − P_ξ)V_ξ(m)^{−1} || ≤ Lδ^{m−n}, n ≤ m, m, n ∈ Z_+ , (3) and ||W_η(n)(I − Q_η)W_η(m)^{−1} || ≤ Lδ^{n−m}, m ≤ n, m, n ∈ Z_− , ||W_η(n)Q_ηW_η (m)^{−1}|| ≤ Lδ^{m−n}, n ≤ m, m, n ∈ Z_− , (4) respectively [7]. We note that L and δ can be chosen to be independent of ξ ∈ ~W s_p ∩ —U and η ∈ ~W u_p ∩ —U . In fact, let ξ ∈ ~W s_p ∩ —U , then f n(ξ) → p as n → +∞. From the roughness of exponential dichotomies [7], it follows that L_ξ, δ_ξ exist such that v_{n+1} = f^′(ξ_n)v_n has an exponential dichotomy on Z_+ with constants L_ξ and δ_ξ . Again from the roughness of exponential dichotomies, given any ξ ∈ ~W^s_p ∩ —U there exists r_ξ > 0 such that when |~ξ − ξ| < r_ξ, ~ξ ∈ ~W^s_p ∩ —U , v_{n+1} = f^′(~ξ_n)v_n has an exponential dichotomy on Z_+ with constants 2L_ξ and^{1+δξ}_2 . Covering ~W^u_p ∩ —U with a ˛nite number of balls centered at ξ and of radius r_ξ the result follows as far as the dichotomy on Z_+ is concerned. A similar argument applies for the dichotomy on Z_−. Note that any projection having the same range as P_ξ, (resp. Q_η) satis˛es condition (3) (resp. (4)). Thus, it is the additional requirement that

Transversality of Homoclinic Sets 4

P_ξ and Q_η are orthogonal that makes them unique. This uniqueness also implies that P_ξ and Q_η are continuous in ξ, η respectively. In fact let us prove this for P_ξ. Since ~W^s_p is C^1, we get that T_ξ ~W^s_p depends continuously on ξ and the same holds for its orthogonal complement (T_ξ ~W^s_p )^⊥ in R^n. So, if {v_1(ξ), . . . , v_d(ξ)} is a (local) orthonormal basis of T_ξ ~W^s_p that depends continuously on ξ in a neighborhood of some ξ_0 ∈ ~W^s_p , we have P_ξv = ∑_d j=1⟨v, v_j(ξ)⟩v_j (ξ) and then P_ξ is continuous in ξ. Note that the uniqueness of P_ξ implies that P_ξv does not depend on the choice of the basis {v_1(ξ), . . . , v_d(ξ)}. A similar argument holds for Q_η. Moreover, note that, when M is a C^r-manifold and f is a C^r-di¸eomorphism, P_ξ and Q_η are of class C^{r−1}.

Now we ˛x ω ∈ N large and put

J_ω = { − ω, −ω + 1, · · · , ω − 1, ω } , J^−_ω = { − ω, −ω + 1, · · · , −1, 0 } , I^−_ω = { − ω, −ω + 1, · · · , −1, } , J^+_ω = { 0, 1, · · ·, ω − 1, ω } , I^+_ω = { 0, 1, · · ·, ω − 2, ω − 1 } . Arguing as in Lemma 2 of [1], we can prove the following results. In this paper, RL and N L denote, respectively, the range and the kernel of a linear operator L.

Lemma 2.1. There exist ω_0 ∈ N and a constant c > 0 such that given any ω ∈ N, ω ≥ ω_0, (ξ, η) ∈ (~W^s_p ∩ —U)×(~W^u_p ∩ —U), and b, h_n ∈ R^N , n ∈ J_ω, ϕ ∈ RP_ξ, ψ ∈ RQ_η, there exist unique solutions {v_n}_{n∈J} +_ω and {w_n}_{n∈J} −_ω of the linear systems

v_{n+1} = Df(ξ_n)v_n + h_n, n ∈ I^+_ω ,

w_{n+1} = Df(η_n)w_n + h_n, n ∈ I^−_ω ,

respectively, together with the boundary value conditions

P_ξv_0 = ϕ, Q_ηw_0 = ψ , v_ω − w_{−ω} = b . Moreover such solutions are linear in (b, h, ϕ, ψ), h = {h_n}_{n∈Jω} and satisfy max n∈J^+_ω |v_n|, max_{n∈J −ω} |w_n| ≤ c ( max n∈J^±_ω |h_n| + |b| + |ϕ| + |ψ| ) .

Lemma 2.2. For any (ξ, η) ∈ (~W^s_p ∩ —U ) × (~W^u_p ∩ —U ), ϕ ∈ RP_ξ, ψ ∈ RQ_η, and for any bounded sequence {h_n}_{n∈}Z, there exist unique bounded solutions {v_n}_{n≥0} and {w_n}_{n≤0} of the linear systems

v_{n+1} = Df(ξ_n)v_n + h_n, n ≥ 0 ,

w_{n+1} = Df(η_n)w_n + h_n, n ≤ −1 ,

Transversality of Homoclinic Sets 5

respectively, together with the boundary value conditions P_ξv_0 = ϕ, Q_η w_0 = ψ.

Moreover such solutions are linear in (h^±, ϕ, ψ), h^+ = {h_n}_{n≥0}, h^− = {h_n}_{n≤0}, and there exists a constant c > 0, independent of (h^±, ϕ, ψ), such that: sup_{n≥0} |v_n| ≤ c ( sup_{n≥0} |h_n| + |ϕ| ) sup_{n≤0} |w_n| ≤ c ( sup_{n≤0} |h_n| + |ψ| )

Now we study the nonlinear system x_{n+1} = f(x_n) (5) near {ξ_n}_{n∈J} +_ω and {η_n}_{n∈J} −_ω . By arguing as in [1, Theorem 1] we obtain the following result.

Theorem 2.3. There exist ω_0 ∈ N and a constant c > 0 such that, for any ω ∈ N, ω ≥ ω_0, and (ξ, η) ∈ (~W^s_p ∩ —U ) × (~W^u_p ∩ —U), there exist unique {x^+_n (ω, ξ, η)}_{n∈J} +_ω and {x^−_n (ω, ξ, η)}_{n∈J} −_ω which satisfy (5) separately on I^+_ω and I^−_ω such that P_ξx^+_0 (ω, ξ, η) = P_ξξ, Q_ηx^−_0 (ω, ξ, η) = Q_ηη , x^+_ω (ω, ξ, η) = x^−_ω(ω, ξ, η) , together with max_{n∈J} +_ω |x^+_n (ω, ξ, η) − ξ_n| ≤ cδ^ω , max_{n∈J} −_ω |x^−_n (ω, ξ, η) − η_n| ≤ cδ^ω . Moreover, x^±_n (ω, ξ, η) are continuous with respect to ξ and η, more precisely they are C^{r−1} when M is a C^r-manifold and f is a C^r-diffeomorphism. Proof. By putting x^+_n = ξ_n + v_n, n ∈ J^+_ω and x^−_n = η_n + w_n, n ∈ J^−_ω . We get the systems v_{n+1} = Df(ξ_n)v_n + f(ξ_n + v_n) − f(ξ_n) − Df(ξ_n )v_n = Df(ξ_n)v_n + o(|v_n|), n ∈ I^+_ω (6) and w_{n+1} = Df(η_n)w_n + f(η_n + w_n) − f(η_n) − Df(η_n)w_n = Df(η_n)w_n + o(|w_n|), n ∈ I^−_ω . (7) Since we are looking for solutions of equation (5) such that x^+_ω = x^−_ω, we add the boundary value conditions:

v_ω − w_{−ω} = η_{−ω} − ξ_ω = O(δ^ω), P_ξv_0 = 0, Q_ηw_0 = 0 . (8)

Transversality of Homoclinic Sets 6

Let v = (v_0, . . . , v_ω) ∈ R^{N (ω+1)}, w = (w_{−ω}, . . . , w_0) ∈ R^{N (ω+1)}. To solve equations (6)-(8), we take the mapping `_ω : (~W^s_p ∩ —U ) × (~W^u_p ∩ —U ) × R^{2N (ω+1)} → R^{2N (ω+1)} de˛ned by

`_ω(ξ, η, v, w) = (v_{n+1} − f(ξ_n + v_n) + f(ξ_n))_{n∈I}+_ω (w_{n+1} − f(η_n + w_n) + f(η_n))_{n∈I}−_ω v_ω − w_{−ω} − (η_{−ω} − ξ_ω) P_ξv_0 Q_ηw_0

where (_{Pξv0} Q_η w_0 ) has to be meant as a vector in R^N = RP_ξ × RQ_η. We have already observed that P_ξ and Q_η are continuous. Thus, for any ˛xed ω ≥ ω_0, `_ω is continuous in (ξ, η, u, v) as well as its derivatives with respect to (v, w) when we take

on R^{2N (ω+1)} the maximum norm maxi{|vi|, |wi|}. We have `ω(ξ, η, 0, 0) = O(δ^ω)

uniformly with respect to (ξ, η) and the linearized map D_{(v,w)}`_ω(ξ, η, 0, 0) has the form

D_{(v,w)}`_ω(ξ, η, 0, 0) ( v w ) = (v_{n+1} − Df(ξ_n)v_n)_{n∈I}+_ω (w_{n+1} − Df(η_n)w_n)_{n∈I}−_ω v_ω − w_{−ω} P_ξv_0 Q_ηw_0. .

Lemma 2.1 implies that the map D_{(v,w)}`_ω(ξ, η, 0, 0) is invertible and that its inverse is bounded uniformly with respect to (ξ, η). Hence from the implicit function theorem we get that c > 0 and ω_0 ≫ 1 exist such that for ω ≥ ω_0, the equation `_ω(ξ, η, v, w) = 0 can be solved uniquely for (v, w) in a neighborhood of (0, 0) in terms of (ξ, η, ω). Moreover max_i{|v_i|, |w_i|} < cδ^ω, and the solution is continuous in (ξ, η), for any ˛xed ω ≥ ω_0. The proof is ˛nished.

We note that if f and M are C^r-smooth, r ≥ 1, then x^±_0 (ω, ξ, η) is C^{r−1} with respect to (ξ, η) for any ˛xed ω ≥ ω_0.

3 Chaotic Iterations

In this Section we prove Theorem 1.1. Let V ⊂ M be an open subset such that K ⊂ V ⊂ —V ⊂ U and ω_0 be as in Theorem 2.3. We also assume that ω_0 is large enough that cδ^{ω0} is less than the distance of V from ∂U and for any ξ ∈ ~W^s_p ∩ —V , η ∈ ~W^u_p ∩ —V and n ≥ ω_0 we have |ξ_n − p|, |η_n − p| ≤ Cδ^n where C can be chosen independent of ξ, η because of the compactness of ~W^s_p ∩ —V and ~W^u_p ∩ —V . Of course, here we assume that ξ_n, η_n, p are in the local chart U_p of p, for any n ≥ ω_0 so that we can consider their di¸erences. Note that the solutions {x^±_n (ω, ξ, η)}_{n∈J} ±_ω are de˛ned for (ξ, η) ∈ ~W^s_p ∩ —V ×~W^u_p ∩ —V , and # (~ W^s_p ∩V, ~W^u_p ∩V ) = # (~ W^s_p ∩U, ~W^u_p ∩U ) because K ⊂ V implies K ∩ ∂V = ∅. The ˛rst step is to show that, for ω ≥ ω_0, the map x_{n+1} = f(x_n) has enough periodic orbits. We recall that f^{m0} ( —U ) ⊂ U_p for some m_0, and then we can assume that U is embedded in R^N , i.e. U → R^N . Let

Transversality of Homoclinic Sets 7

h, k be non negative integers. For any ˛nite sequence E = {e_j }^k_{j=−h}, such that e_0 = 1, we set {j_1, j_2, . . . , j_{iE} } = { j | e_j = 1 } where −h ≤ j_1 < j_2 < . . . < j_{iE} ≤ k. Note that, being e_0 = 1, we have j_1 ≤ 0 ≤ j_{iE} . Then we set:

j_0 = j_{iE} − h − k − 1, j_{iE +1} = h + k + 1 + j_1. (9)

Note that j_0 ≤ −h − 1 < j_1 and j_{iE +1} ≥ k + 1 > j_{iE} . Moreover:

j_{iE +1} − j_{iE} = j_1 − j_0. (10)

Next, for ω ∈ N ˛xed and large (that is greater than ω_0), we de˛ne:

F^E : ( (~W^s_p ∩ —V ) × (~W^u_p ∩ —V ) )_{iE} → R^{NiE} F^E = ( F^E_1 , F^E_2 , · · · , F^E_{iE} ) where F^E_r ( ξ^1, η^1, . . . , ξ^{iE} , η^{iE} ) = x^−_0 ( (j_r − j_{r−1})ω, ξ^r, η^r ) − x^+_0 ( (j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1} ) , and ξ^{iE+1} = ξ^1, η^{iE+1} = η^1 (11) and x^±_0 ((j_r − j_{r−1})ω, ξ^r , η^r) are derived as in Theorem 2.3. We note that x^+_0 ((j_r − j_{r−1})ω, ξ^r , η^r) is at a distance from ξ^r ∈ ~W^s_p ∩ —V ⊂ U → R^N less than cδ^ω and that the same holds for x^−_0 ((j_r − j_{r−1})ω, ξ^r, η^r) and η^r ∈ ~W^u_p ∩ —V ⊂ U →

R^N . Consequently, x^±_0 ((jr − jr−1)ω, ξ^r, η^r) ∈ U and we can consider the above

di¸erences in the de˛nition of F^E .

Let us now give a brief motivation for such a de˛nition. Assume that the equation F^E_r (ξ^1, η^1, . . . , ξ^{iE} , η^{iE} ) = 0 has a solution (ξ^1, η^1, . . . , ξ^{iE} , η^{iE} ). Then, starting from:

x^−_0 ((j_r − j_{r−1})ω, ξ^r, η^r) = x^+_0 ((j_{r+1} − j_r)ω, ξ^{r+1}, η^{r+1})

and using

x^+_{(jr+1−jr)ω}((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1}) = x^−_{(jr+1−jr)ω}((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1})

we obtain:

f^{2(jr+1 −jr)ω}x^−_0 ((j_r − j_{r−1})ω, ξ^r , η^r) = f^{2(jr+1 −jr)ω}x^+_0 ((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1}) = f^{(jr+1 −jr)ω}x^+_{(jr+1−jr )ω}((j_{r+1} − j_r )ω, ξ^{r+1}, η^{r+1}) = f^{(jr+1 −jr)ω}x^−_{(jr+1−jr)ω}((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1}) = x^−_0 ((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1})

Transversality of Homoclinic Sets 8

and then, using the induction:

f^{2(js−jr)ω}x^−_0 ((j_r − j_{r−1})ω, ξ^r , η^r) = x^−_0 ((j_s − j_{s−1})ω, ξ^s, η^s) (12)

for any 1 ≤ r ≤ s ≤ i_E + 1. Now, from e_0 = 1 we see that —ι ∈ {1, . . ., i_E } exists such that j_ῑ = 0. Then we de˛ne:

x_0(ω, E) = x^−_0 (−j_{ῑ−1}ω, ξ^ῑ, η^ῑ) = x^−_0 ((j_ῑ − j_{ῑ−1})ω, ξ^ῑ, η^ῑ) = x^+_0 ((j_{ῑ+1} − j_ῑ)ω, ξ^{ῑ+1}, η^{ῑ+1}) = x^+_0 (j_{ῑ+1} ω, ξ^{ῑ+1}, η^{ῑ+1}) (13)

and note that from (9), (10) and (12) we obtain:

f^{2(h+k+1)ω} x_0(ω, E) = f^{2(jiE +1 −j1)ω}x_0(ω, E) = f^{2(jῑ−j1)ω}[f^{2(ji}E^{+1 −jῑ)ω}x^−_0 ((j_ῑ − j_{ῑ−1})ω, ξ^ῑ, η^ῑ)] = f^{2(jῑ−j1)ω}x^−_0 ((j_1 − j_0)ω, ξ^1, η^1) = x^−_0 ((j_ῑ − j_{ῑ−1})ω, ξ^ῑ, η^ῑ) = x_0(ω, E)

that is x_0(ω, E) is a 2(h + k + 1)ω-periodic point of the map x_{n+1} = f(x_n). Next, for any r ∈ {1, . . ., i_E }, we have, using (12):

f^{2jr ω}x_0(ω, E) = f^{2(jr−jῑ )ω}x^−_0 ((j_ῑ − j_{ῑ−1})ω, ξ^ῑ, η^ῑ) = x^−_0 ((j_r − j_{r−1})ω, ξ^r, η^r) = x^+_0 ((j_{r+1} − j_r )ω, ξ^{r+1}, η^{r+1})

and then Theorem 2.3 implies that ‖f^{2jr ω}x_0(ω, E) − η^r‖ ≤ cδ^{(jr −jr−1)ω} ≤ cδ^ω ‖f^{2jr ω}x_0(ω, E) − ξ^{r+1}‖ ≤ cδ^{(jr+1−jr )ω} ≤ cδ^ω that is f^{2jr ω}x_0(ω, E) belongs to a (small when ω > ω_0 is su‹ciently large) neighborhood of K for any r = 1, . . . , i_E . Moreover, for any j ∈ N such that 0 < j < j_{r+1} − j_r, we have:

f^{2(jr +j)ω}x_0(ω, E) = f^{2jω}x^+_0 ((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1}) = x^+_{jω}((j_{r+1} − j_r)ω, ξ^{r+1} , η^{r+1})

and then, again from Theorem 2.3, ‖f^{2(jr +j)ω}x_0(ω, E) − p‖ ≤ ‖f^{2(jr +j)ω}x_0(ω, E) − ξ^{r+1}_{jω} ‖ + ‖ξ^{r+1}_{jω} − p‖ ≤ (C + c), where the constant C is de˛ned at the beginning of this section. Thus the map F^E is constructed so that if F^E ( ξ^1, η^1, · · ·, ξ^{iE} , η^{iE} ) = 0, then the di¸eomorphism f has a periodic orbit attracting and repelling several times by the hyperbolic ˛xed point p. More precisely, if the initial point of this periodic orbit is given by (13), the point f^{2jω}x_0(ω, E) is near the set K if e_j = 1 and it is near the ˛xed point p if e_j = 0. Using this it is easy to see that starting from di¸erent E we get di¸erent periodic orbits. To solve F_E = 0, we take the simple homotopy

H^E : ( (~W^s_p ∩ —V ) × (~W^u_p ∩ —V ) )_{iE} × [0, 1] → R^{NiE} H^E = ( H^E_1 , H^E_2 , · · ·, H^E_{iE} )

Transversality of Homoclinic Sets 9

given by H^E_r ( ξ^1, η^1, · · ·, ξ^{iE} , η^{iE} , λ ) = λF^E_r ( ξ^1, η^1, · · · , ξ^{iE} , η^{iE} ) +(1 − λ)(η^r − ξ^{r+1} ), 0 ≤ λ ≤ 1 .

Theorem 2.3 gives | |F^E_r (ξ^1, η^1, · · · , ξ^iE , η^iE ) − η^r + ξ^{r+1} | | ≤ 2cδ^ω , where the constant c is the same as in Theorem 2.3. Hence we get | |H^E_r (ξ^1, η^1, · · · , ξ^iE , η^iE , λ) − η^r + ξ^{r+1} | | ≤ 2cδ^ω . Consequently H^E (·, λ) ≠ 0 on the boundary ∂ ( (~W^s_p ∩ V ) × (~W^u_p ∩ V ) )_{iE} for any 0 ≤ λ ≤ 1. This gives for the Brouwer degree deg ( F^E , ( (~W^s_p ∩ V ) × (~W^u_p ∩ V ) )_{iE} , 0 ) = ±# (~ W^s_p ∩ V, ~W^u_p ∩ V )_{iE} ≠ 0 . Summarizing, we see that, under the assumptions of Theorem 1.1, the equation F_E = 0 is always solvable in the set ( (~W^s_p ∩ V ) × (~W^u_p ∩ V ) )_{iE} for any sequence E = {e_j}^k_{j=1} ∈ {0, 1}^k, e_1 = 1 and any k ∈ N for a ˛xed large (i.e. greater than ω_0) ω ∈ N. Thus we have seen that the map f has enough periodic orbits. Now let ∼ be the equivalence relation on the set E = {0, 1}Zde˛ned as follows:

let E, E^′ ∈ E. We say that E ∼ E^′ if n_0 ∈ Zexists such that E = σ^{n0} (E^′).

Then we choose a unique element for any equivalence class in E/∼ and form a metric subspace E_∼. Without loss of generality we can also assume that E_∼ ⊂ E_1 := {E = {e_j }_{j∈}Z∈ E : e_j = 0 for any j ∈ Zor e_0 = 1}. We obtain in this way a subspace E_∼ ⊂ E_1 such that if E_1, E_2 ∈ E_∼, then either E_1 = E_2 or E_1 ≠ σ^n(E_2) for any n ∈ Z. Now we de˛ne a map E → O_E from E_1 in the space of orbits of f as follows. If e_j = 0, ∀j ∈ Zthen we put O_E = {p} the ˛xed point orbit of f. On the other hand, if e_0 = 1, we have the following two possibilities: either E is periodic with the minimal period m, i.e. σ^m(E) = E and σ^k(E) ≠ E for 1 ≤ k < m, or E is nonperiodic, that is there is no m ∈ N such that σ^m(E) = E. In the ˛rst case we apply the above procedure to the ˛nite sequence {e_j }^{m−1}_{j=0} (m being the minimal period of E). We obtain then a 2mω-periodic orbit O_E such that f^{2jω}(x_0) is either near the set K or the point p according to e_j = 1 or e_j = 0, respectively. In the second case we consider, for any m ∈ N, the ˛nite sequence E_m = {e^m_j }^m_{j=−m} := {e_j }^m_{j=−m}, m ∈ N, to obtain a periodic orbit O_{Em} of x_{n+1} = f(x_n) with the same oscillation property between K and p as above. We set O_{Em} = {x^m_n }_{n∈}Z. Then take a convergent subsequence x^{mi}_0 of x^m_0 and let x_0 be its limit as i → ∞. Note that, O_{Em} being an orbit of x_{n+1} = f(x_n), we have x^m_j = f^j (x^m_0 ) for any j ∈ Z. Thus x^{mi}_j converges to f^j (x_0). Hence we set: O_E = {f^j (x_0)}_{j∈}Z. Note that O_E is an orbit of the map f such that f^{2jω}(x_0) is either near the set K or the point p according to e_j = 1 or e_j = 0, respectively.

Transversality of Homoclinic Sets 10

In fact for any given j ∈ Zthere exists m_0 ∈ N such that e^m_j = e_j for any m ≥ m_0. Thus the conclusion follows because it is satis˛ed by f^{2jω}(x^{mi}_0 ) for any i su‹ciently large. Observe also that if E is not periodic (that is σ^n(E) ≠ E for any

n ∈ N) then OE is also a non periodic orbit of f because of the stated oscillation

properties. Moreover, if O_E = O_E′ then E = E^′, that is the map E → O_E is one to one. Finally, for O_E = {f^i(x_0)}_{i∈}Zwe set

f^{2jω}(O_E ) = {f^{2jω+i}(x_0)}_{i∈}Z. (14)

At this point we would like that the following holds: O_σn_{(E)} = f^{2ωn}(O_E ) when E and σ^n(E) belong to E_1. However this is not generally true even if it is true that O_σn_{(E)} and f^{2ωn}(O_E ) have the same oscillating properties between K and p. The point is that in order to de˛ne the orbit O_E we actually use the axiom of choice to choose a convergent subsequence x^{mi}_0 of x^m_0 . Thus, in general O_{σ(E)} ≠ f^{2ω}(O_E ), because we can perhaps choose convergent subsequences of x^m_0 and x^m_{2ω} such that their limits do not satisfy the equality x_{2ω} = f^{2ω}(x_0) (of course, when the sequence x^m_0 is itself convergent this does not happen). For this reason, in order to extend the map E → O_E to E we have to pass through E_∼.

Let E = {e_n}_{n∈}Z∈ E be a doubly in˛nite sequence of 0 and 1. If e_j = 0 for any j ∈ Zwe set J_ω(E) = {p}, the ˛xed point orbit of f. If j ∈ Zexists such that e_j = 1, a unique E^′ ∈ E_∼ exists such that E = σ^{n0} (E^′) for some n_0 ∈ Z. Such a n_0 is unique when E is nonperiodic and is de˛ned up to a multiple of the least period, when E is periodic. Then we set

J_ω(E) = f^{2ωn0} (O_E′ ). (15)

This de˛nition does not depend on n_0. We only have to prove this in the case where E is periodic with least period, say, m. We have:

f^{2ω(km+n0)}(O_E′ ) = f^{2ωn0} (f^{2ωkm}(O_E′ )) = f^{2ωn0} (O_E′ )

for any k ∈ Z, since O_E′ is 2ωm-periodic. Thus the de˛nition (15) is independent of n_0. Moreover, if E = σ^{n0} (E^′), E^′ ∈ E_∼, then σ(E) = σ^{n0+1} (E^′) and:

J_ω(σ(E)) = f^{2ω(n0+1)}(O_E′ ) = f^{2ω} (J_ω(E))

that is J_ω ∘ σ = f^{2ω} ∘ J_ω. (16)

Now we prove that J_ω is one to one. Because of the oscillating property, it follows immediately that J_ω(E) ≠ {p} when E is not the identically zero sequence. Now, let E_1, E_2 ∈ E be two, non identically zero, sequences such that J_ω(E_1) = J_ω(E_2). Write E_1 = σ^{n1} (E^′_1) and E_2 = σ^{n2} (E^′_2), with E^′_1 = {e^{′(1)}n }, E^′_2 = {e^{′(2)}n } ∈ E_∼. Then J_ω(E_1) = J_ω(E_2) implies O_E′_1 = f^{2ω(n2−n1)}(O_E′_2 ). From this equation and the oscillating property we see that e^{′(2)}_{(n2−n1)} = 1, that is σ^{n2−n1} (E^′_2) ∈ E_1. Moreover, as we have already observed, f^{2ω(n2−n1)}(O_E′_2 ) has the same oscillating properties between K and p as O_σ(n_2 −n_1 )_{(E}′_{2 )}. Thus E^′_1 and σ^{(n2−n1)}(E^′_2) are two elements of E_1 such that O_E′_1 and O_σ(n_2 −n_1 )_{(E}′_{2)} have the same oscillating properties

Transversality of Homoclinic Sets 11

between K an p. But this means that E^′_1 = σ^{(n2−n1)}(E^′_2) from which we get immediately E_1 = E_2. So J_ω is one to one and satis˛es (16).

Now we consider the map P : J_ω(E) → R^N given by P(J_ω(E)) = x_0, where J_ω(E) = {x_j}_{j∈}Z. We set ~_ω = P(J_ω (E)), we de˛ne Q : ~_ω → J_ω(E) as Q(x_0) = {f^j (x_0)}_{j∈}Z.

Finally, we de˛ne π_ω : ~_ω → E as π_ω(x_0) = J^{−1}_ω ( Q(x_0) ) . Now we state some of the properties of π_ω:

(i) π_ω is one to one. This easily follows from the fact that di¸erent initial points give di¸erent orbits (that is Q is one to one).

(ii) π_ω is continuous. To show this, let x^0, {x^i_0}_{i∈}N ⊂ ~_ω and x^i_0 → x^0 as i → ∞.

Then f^j (x^i_0) → f^j (x^0) as i → ∞ for any j ∈ Z. Hence for any N_0 ∈ N, and |j| ≤ N_0, the points f^{2jω}(x^i_0) of the orbit Q(x^i_0) = J_ω(E^i) ∈ J_ω(E) and f^{2jω}(x^0) of the orbit Q(x^0) = J_ω(E^0) ∈ J_ω(E) have, for i large, the same kind of oscillation between K and p. Consequently, the sequences E^i and E^0, for i large, have the same elements in the ˛rst j, |j| ≤ N_0 places. This implies that E^i → E^0 as i → ∞.

(iii) σ(π_ω(x_0)) = π_ω(f^{2ω} (x_0)). In fact, we know that J_ω(σ(E)) = f^{2ω}(J_ω(E)) for any E ∈ E. Thus if E = π_ω(x_0) we have J_ω(E) = Q(x_0) = {f^j (x_0)}_{j∈}Z, then J_ω(σ(π_ω(x_0))) = J_ω(σ(E)) = f^{2ω}(J_ω(E)) = { f^j (f^{2ω} (x_0)) } j∈Z^{= Q(f 2ω (x0)).} Thus σ(π_ω(x_0)) = π_ω(f^{2ω} (x_0)) for any x_0 ∈ ~_ω.

Summarizing, π_ω is continuous, one to one and π_ω ∘ f^{2ω} = σ ∘ π_ω. By the construction it is also clear that π_ω is onto. This result proves the statement of Theorem 1.1.

4 Topological Transversality and Melnikov Function

In this section, we consider a C^2-smooth perturbation of f on M = R^N given by f(x, ε), f(x, 0) = f(x) for ε ∈ R. Moreover, we suppose that f has an M - parametric nondegenerate family of orbits homoclinic to a hyperbolic ˛xed point p, that is there exists an open and bounded subset ˙ ⊂ R^M and C^2-smooth mappings x_n(α), α ∈ ˙, n ∈ Zsuch that

(i) x_{n+1}(α) = f(x_n(α)), n ∈ Z, lim_{n→±∞} x_n(α) = p uniformly with respect to α ∈ ˙. (ii) {_{∂xn} ∂α_i (α), i = 1, 2, · · ·, M } are linearly independent and they form a basis for the space of bounded solutions of the equation v_{n+1} = Df(x_n(α))v_n on

Zfor any α ∈ ˙. Moreover, the mapping x0 : ˙ → R^N is one to one.

Transversality of Homoclinic Sets 12

We note that x_0(α) ∈ W^s_p ∩ W^u_p , for any α ∈ ˙. Let U ⊂ R^N \ {p} be an open and bounded subset such that

H_Ω = { x_0(α) | α ∈˙ } = U ∩ ~W^s_p ∩ ~W^u_p , where again ~W^s_p and ~W^u_p are open subsets of W^s_p \ {p} and W^u_p \ {p}, respectively, which are submanifolds of R^N .

Let P_ξ and Q_η be the projections of Section 2 for the open subset U , which are now C^1-smooth in ξ and η, respectively. Arguing as in Section 2 (see also [1, Theorem 1]), we get the following result.

Theorem 4.1. There exist ε_0 > 0 and ρ > 0 such that for any |ε| ≤ ε_0 and ξ ∈ ~W^s_p ∩ U , η ∈ ~W^u_p ∩ U the equations

x^+_{n+1}(ε, ξ) = f(x^+_n (ε, ξ), ε), P_ξx^+_0 (ε, ξ) = P_ξξ (17)

for n ≥ 0, and

x^−_{n+1}(ε, η) = f(x^−_n (ε, η), ε), Q_ηx^−_0 (ε, η) = Q_ηη (18)

for n ≤ −1, have unique solutions {x^+_n (ε, ξ)}_{n≥0} and {x^−_n (ε, η)}_{n≤0} respectively, such that sup_{n≥0} |x^+_n (ε, ξ) − ξ_n| ≤ ρ sup_{n≤0} |x^+_n (ε, ξ) − ξ_n| ≤ ρ (19)

Moreover {x^+_n (ε, ξ)}_{n≥0} and {x^−_n (ε, η)}_{n≤0} are C^1-smooth in their arguments and

lim_{ε→0} sup_{n≥0} |x^+_n (ε, ξ) − ξ_n| = 0

lim_{ε→0} sup_{n≤0} |x^+_n (ε, ξ) − ξ_n| = 0 (20)

Proof. We give the proof for n ≥ 0 the case n ≤ 0 being handled similarly. Let ξ ∈ ~W^s_p ∩ U , and x_n = ξ_n + v_n. Then {v_n}_{n≥0} satis˛es the system: { v_{n+1} − f^′(ξ_n)v_n = {f(ξ_n + v_n, ε) − f(ξ_n) − f^′(ξ_n)v_n} P_ξv_0 = 0. (21)

We are looking for solutions of (21) such that sup_{n≥0} |v_n| → 0 as ε → 0. Let ρ > 0 be ˛xed. From Lemma 2.2 it follows that the map

`_∞(v) = ( {v_{n+1} − f^′(ξ_n)v_n}_{n≥0} P_ξv_0 )

has a bounded inverse. So, for any {v_n}_{n≥0} such that sup_{n≥0} |v_n| < ρ we de˛ne {^v_n}_{n≥0} as the unique solution of

`_∞({^v_n}_{n≥0}) = ( {f(ξ_n + v_n, ε) − f(ξ_n) − f^′(ξ_n)v_n}_{n≥0} 0 ) .

Transversality of Homoclinic Sets 13

From Lemma 2.2 it follows that

sup_{n≥0} |^v_n| ≤ c sup_{n≥0} |f(ξ_n + v_n, ε) − f(ξ_n) − f^′(ξ_n)v_n| ≤ c{´(ρ) sup_{n≥0} |v_n| + O(ε)}

where ´(ρ) → 0 as ρ → 0. Thus it is easy to see that the map {v_n}_{n≥0} → {^v_n}_{n≥0} is a contraction on the ball {{v_n}_{n≥0} : sup_{n≥0} |v_n| < ρ} provided ρ and ε_0 are su‹ciently small. As a consequence there exists a unique ˛xed point {v_n(ε, ξ)}_{n≥0} that gives rise to the solution x_n(ε, ξ) = ξ_n + v_n(ε, ξ). From the smoothness of the map {v_n}_{n≥0} → {f(ξ_n + v_n, ε) − f(ξ_n) − f^′(ξ_n)v_n}_{n≥0}, we obtain that x_n(ε, ξ) is smooth and that (19), (20) hold. The proof is ˛nished.

Now, consider the function H : ~W^s_p ∩ U × ~W^u_p ∩ U × [−ε_0, ε_0] → R^N given by H(ξ, η, ε) = x^+_0 (ε, ξ) − x^−_0 (ε, η). Note that, because of the hyperbolicity of p, the map x_{n+1} = f(x_n, ε) has, for small ε, a unique hyperbolic ˛xed point p(ε) such that p(ε) → p as ε → 0. Moreover, p(ε) is C^2-smooth in ε and the solutions of H(ξ, η, ε) = 0 give rise to orbits {x_n(ε)}_{n∈}Z of the map x_{n+1} = f(x_n, ε) that are homoclinic to p(ε). So, denoting with ~W^s_{p(ε)} and ~W^u_{p(ε)} open subsets of the stable and unstable manifold W^s_{p(ε)} and W^u_{p(ε)} of p(ε), respectively, which are submanifolds of R^N , we see that the intersection number # ( ~W^s_{p(ε)} ∩ U_1, ~W^u_{p(ε)} ∩ U_1 ) for some open set U_1 ⊂ U , with H_Ω ∩ U_1 ≠ ∅, can be

studied by looking at the Brouwer degree deg(H(ξ, η, ε), (~W^s_p ∩U_1)×(~W^u_p ∩U_1), 0).

To do this, we perform a nonlinear change of coordinates so that, possibly shrinking U , the manifolds ~W^s_p ∩ U , ~W^u_p ∩ U and H_Ω are ‚atten. Let d_s = dim ~W^s_p , and d_u = dim ~W^u_p . From the hyperbolicity of p we get d_s + d_u = N , hence we can write R^N = W_M ⊕ W_s ⊕ W_u ⊕ V_M where dimW_M = dimV_M = M , V^⊥_M = W_M ⊕ W_s ⊕ W_u, dimW_s = d_s − M , dimW_u = d_u − M , and ˙ is an open subset of W_M . Then there exist open and convex subsets of 0: O^s_1 ⊂ W_s, O^u_1 ⊂ W_u, O^∗ ⊂ V_M and a C^1-di¸eomorphism ˘ : ˙ ⊕ O^s_1 ⊕ O^u_1 ⊕ O^∗ → U_2 ⊂ R^N such that the following holds: ˘(˙) = H_Ω, ˘(˙ ⊕ O^s_1) = ~W^s_p ∩ U_2, ˘(˙ ⊕ O^u_1 ) = ~W^u_p ∩ U_2

(22)

where U_2 is a suitable open subset of U such that H_Ω ⊂ U_2. Moreover, we can also assume that ˘(α) = x_0(α). Let ~ξ, ~η be the coordinates on W_M ⊕ W_s and W_M ⊕ W_u respectively.

Let L : (W_M ⊕ W_s) × (W_M ⊕ W_u) → R^N be the linear map de˛ned as L(~ξ, ~η) = ~ξ − ~η. We have L(~ξ, ~η) = 0 if and only if ~ξ = ~η ∈ W_M and RL = W_M ⊕ W_s ⊕ W_u, so we can write R^N = RL ⊕ V_M . Next, let W^⊥_M be a ˛xed subspace of (W_M ⊕ W_s) × (W_M ⊕ W_u) transversal to N L = {(~ξ, ~ξ) : ~ξ ∈ W_M }. Let

Q : R^N → R^N be the projection that corresponds to the splitting R^N = RL ⊕ VM

that is such that N Q = V_M and RQ = RL.

Transversality of Homoclinic Sets 14

Next we introduce the Melnikov function M : ˙ → N Q:

M (α) = (I− Q)˘^′(α)^{−1} [ ∂x^+_0 ∂ε (0, x_0(α)) − ∂x^−_0 ∂ε (0, x_0(α)) ] , whose components with respect to a ˛xed orthonormal basis {e_1, . . . , e_M } of V_M are:

M_j (α) = e^∗_j ˘^′(α)^{−1} [_{∂x+0} ∂ε (0, x_0(α)) −^{∂x−0}_{∂ε} (0, x_0(α)) ] = [ (˘^′(α)^{−1})^∗e_j

]_∗ [_{∂x}+_0

∂ε (0, x_0(α)) −^{∂x−0}_{∂ε} (0, x_0(α)) ] = ψ_j (α)^∗ [_{∂x+0} ∂ε (0, x_0(α)) −^{∂x−0}_{∂ε} (0, x_0(α)) ]

where ψ_j (α) are de˛ned by the equality. Note that for any v ∈ T_{x0(α)} ~W^s_p we have:

ψ_j (α)^∗v = e^∗_j ˘^′(α)^{−1}v = 0

because V^⊥_M = W_M ⊕ W_s ⊕ W_u and ˘^′(α)(W_M ⊕ W_s) = T_{x0(α)} ~W^s_p . Similarly

ψ_j(α)^∗w = 0

for any w ∈ T_{x0(α)} ~W^s_p . Thus the vectors ψ_j(α) are exactly the initial conditions to assign to the adjoint of the variational system

v_{n+1} = f^′(x_n(α))v_n

to obtain solutions that are bounded on Z. Thus M (α) is the usual Melnikov function associated to the system x_{n+1} = f(x_n, ε) [1, 4].

We assume the existence of an open and connected subset ˙_1 ⊂ —˙_1 ⊂ ˙ of ˙ such that (H1) M (α) ≠ 0 on ∂˙_1. (H2) deg(M, ˙_1, 0) ≠ 0.

According to (H1), let us take an open and connected subset ˙_2 of ˙ satisfying —˙_1 ⊂ ˙_2 ⊂ —˙_2 ⊂ ˙ as well as M (α) ≠ 0 on ˙_2 \ ˙_1.

Then there are open convex subsets 0 ∈ O^s ⊂ —O^s ⊂ O^s_1, 0 ∈ O^u ⊂ —O^u ⊂ O^u_1 such that (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u) ⊂ (˙ ⊕ O^s_1) × (˙ ⊕ O^u_1 ).

Now, instead of the function H(ξ, η, ε) we consider the function de˛ned on the set (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u) → R^N :

~H(~ξ, ~η, ε) := ˘^{−1}(x^+_0 (ε, ˘(~ξ))) − ˘^{−1}(x^−_0 (ε, ˘(~η))) .

Now, Theorem 4.1 implies that ~H(~ξ, ~η, 0) = ~ξ − ~η

Transversality of Homoclinic Sets 15

from which we get ~H(α, α, 0) = 0 and ~H(~ξ, ~η, ε) = ~ξ−~η+ε { [˘^′(~ξ)]^{−1}

∂x^+_0 ∂ε (0, ˘(~ξ)) − [˘^′(~η)]^{−1} ∂x^−_0 ∂ε (0, ˘(~η)) } +r(~ξ, ~η, ε), where ‖r(~ξ, ~η, ε)‖ = o(ε) uniformly in (~ξ, ~η) ∈ (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u).

Since —˙_1 ⊂ ˙_2, there exists an open convex set O_1 ⊂ W^⊥_M such that 0 ∈ O_1 and { (~ξ, ~η) | ~ξ = α + ^ξ, ~η = α + ^η, α ∈ —˙_1, (^ξ, ^η) ∈ —O_1 } ⊂ (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u).

We de˛ne a map ^H : —O_1 × —˙_1 × [−ε_0, ε_0] → R^N as ^H(^ξ, ^η, α, ε) := ~H(α + ^ξ, α + ^η, ε) . By setting ^r = ^r(^ξ, ^η, α, ε) = ε^{−1}r(α + ^ξ, α + ^η, ε) = o(1), we write ^H(^ξ, ^η, α, ε) as ^H(^ξ, ^η, α, ε) = ^ξ − ^η + ε ^H_1(^ξ, ^η, α, ε) + ε ^H_2(^ξ, ^η, α, ε) where ^H_1(^ξ, ^η, α, ε) = Q { [˘^′(α + ^ξ)]^{−1 ∂x+0}_{∂ε} (0, ˘(α + ^ξ)) −[˘^′(α + ^η)]^{−1 ∂x−0}_{∂ε} (0, ˘(α + ^η)) + ^r } and ^H_2(^ξ, ^η, α, ε) = (I− Q) { [˘^′(α + ^ξ)]^{−1 ∂x+0}_{∂ε} (0, ˘(α + ^ξ)) −[˘^′(α + ^η)]^{−1 ∂x−0}_{∂ε} (0, ˘(α + ^η)) + ^r } . Note that ^H_1(^ξ, ^η, α, ε) ∈ RQ and ^H_2(^ξ, ^η, α, ε) ∈ N Q. Thus ^H(^ξ, ^η, α, ε) = 0 if and only if ^ξ − ^η + ε ^H_1 = 0 and ^H_2 = 0.

From the smoothness of the functions ˘, x^+_0 (ε, ξ), x^−_0 (ε, η), r(ξ, η, ε), x_0(α), we see that ^H_1(^ξ, ^η, α, ε) is bounded on the set —O_1 × —˙_1 × [−ε_0, ε_0]. Then we plug ^H(^ξ, ^η, α, ε) in the homotopy ^H(^ξ, ^η, α, ε, t), 0 ≤ t ≤ 1 given by: ^H(^ξ, ^η, α, ε, t) = ^ξ − ^η + εt ^H_1(^ξ, ^η, α, ε) + k_ε(t) ^H_2(t^ξ, t^η, α, ε) (23) where k_ε(t) = εt + 1 − t for ε ≥ 0 and k_ε(t) = εt − 1 + t for ε < 0. Note that |k_ε(t)| ≥ |ε| and then k_ε(t) ≠ 0 for ε ≠ 0.

We have the following

Lemma 4.2. Assume (H1) holds. Then, if the neighborhood O_1 is chosen sufficiently small there is an ε_0 > 0 such that ^H(^ξ, ^η, α, ε, t) ≠ 0 for any 0 ≤ t ≤ 1, 0 < |ε| ≤ ε_0 and (^ξ, ^η, α) ∈ ∂(O_1 × ˙_1).

Proof. We have already seen that ^H(^ξ, ^η, α, ε, t) = 0 if and only if ^ξ − ^η + εt ^H_1(^ξ, ^η, α, ε) = 0 and k_ε(t) ^H_2(t^ξ, t^η, α, ε) = 0. Now, if (^ξ, ^η, α) ∈ ∂(O_1 × ˙_1) then either (^ξ, ^η) ∈ ∂O_1 or α ∈ ∂˙_1.

Transversality of Homoclinic Sets 16

If (^ξ, ^η) ∈ ∂O_1, we have ^ξ ≠ ^η and then ^ξ − ^η + εt ^H_1(^ξ, ^η, α, ε) ≠ 0 for ε_0 su‹ciently small, because of the boundedness of ^H_1(^ξ, ^η, α, ε) on —O_1× —˙_1×[−ε_0, ε_0].

If α ∈ ∂˙_1 then M (α) ≠ 0. Since |k_ε(t)| ≥ |ε|, we get k_ε(t) ^H_2(t^ξ, t^η, α, ε) ≠ 0 provided O_1 and ε ≠ 0 are su‹ciently small. So again H(^ξ, ^η, α, ε, t) ≠ 0 and the proof is ˛nished.

Lemma 4.2 gives the next result.

Theorem 4.3. Let O_1 be as in Lemma 4.2. Assume (H1), (H2). Then it follows that deg ( ^H(^ξ, ^η, α, ε), O_1 × ˙_1, 0) ≠ 0, for any ε ≠ 0 sufficiently small.

Proof. Lemma 4.2 implies

deg ( ^H(^ξ, ^η, α, ε, 1), O_1 × ˙_1, 0) = deg ( ^H(^ξ, ^η, α, ε, 0), O_1 × ˙_1, 0).

Now: ^H(^ξ, ^η, α, ε, 0) = ( L(^ξ, ^η) sgn εM (α) )

and L : W^⊥_M → RL is invertible. Thus

deg ( ^H(^ξ, ^η, α, ε, 0), O_1 × ˙_1, 0) = ±deg (M, ˙_1, 0) ≠ 0 .

The proof is ˛nished. Let O_1 = { (~ξ, ~η) | ~ξ = α + ^ξ, ~η = α + ^η, α ∈ ˙_1, (^ξ, ^η) ∈ O_1 } . If ~H(~ξ, ~η, ε) = 0 for an (~ξ, ~η) ∈ (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u) \ O_1 and 0 < |ε| ≤ ε_0, then ~ξ = α_1 + ^ξ, ~η = α_1 + ^η, α_1 ∈ W_M , (^ξ, ^η) ∈ W^⊥_M , (^ξ, ^η) = O(ε). Hence α_1 is O(ε)-near to ˙_2 and (^ξ, ^η) ∈ O_1, for ε_0 small. Then α_1 is O(ε)-near to ˙_2 \ ˙_1. But this implies like in the proof of Lemma 4.2 that (I− Q) ~H(~ξ, ~η, ε) ≠ 0. We get a contradiction. Consequently, ~H(~ξ, ~η, ε) ≠ 0 on (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u) \ O_1 and 0 < |ε| ≤ ε_0. Let U_1 = ˘(˙_2 ⊕ O^s ⊕ O^u ⊕ O^∗). Note ~W^{s(u)}p ∩ U_1 = ˘(˙_2 ⊕ O^{s(u)}). We have, because of de˛nition and the connectedness of ˙_1 and ˙_2: # ( ~W^s_{p(ε)} ∩ U_1, ~W^u_{p(ε)} ∩ U_1 ) = deg (H(ξ, η, ε), (~W^s_p ∩ U_1) × (~W^u_p ∩ U_1), 0) = ±deg( ~H(~ξ, ~η, ε), (˙_2 ⊕ O^s) × (˙_2 ⊕ O^u), 0) = ±deg( ~H(~ξ, ~η, ε), O_1, 0) = ±deg ( ^H(^ξ, ^η, α, ε), O_1 × ˙_1, 0) ≠ 0 (24)

Transversality of Homoclinic Sets 17

From (24) and Theorem 4.3 we ˛nally obtain:

Theorem 4.4. Assume (i), (ii), (H1) and (H2). Then there exists ε_0 > 0 such that for 0 < |ε| ≤ ε_0, it is nonzero the local intersection number of the stable and unstable manifolds of the hyperbolic fixed point of the map x_{n+1} = f(x_n, ε) which is located near the fixed point p of the map x_{n+1} = f(x_n, 0).

Consequently, Theorem 1.1 together with the assumptions (i), (ii), (H1) and (H2) imply chaos for f(x, ε) with ε ≠ 0 small.

Finally, when f is C^3-smooth, we note that from the implicit function theorem we usually get that the existence of a simple root α_0 of M (α) (i.e. M (α_0) = 0 and M_α(α_0) is invertible), implies the solvability of H(ξ, η, ε) = 0 for ε ≠ 0 small. So we get a transversal homoclinic orbit of f(x, ε) for ε ≠ 0 small. Indeed, equating to zero the projection onto RQ of ^H(^ξ, ^η, α, ε) we obtain the equation

^ξ − ^η + ε ^H_1(^ξ, ^η, α, ε) = 0

which can be solved by means of the implicit function theorem and gives unique C^1-smooth functions ^ξ(α, ε), ^η(α, ε). Note that, because of uniqueness, we have: ^ξ(α, 0) = ^η(α, 0) = 0. Plugging these solutions in the projection onto N Q of ^H(^ξ, ^η, α, ε) we obtain the so called bifurcation function B : ˙ × (−ε_0, ε_0) → R^M , (α, ε) → B(α, ε), whose components B_j(α, ε) are:

B_j (α, ε) = ψ_j (α)^∗ [_{∂x−0} ∂ε (0, ˘(α + ^ξ(α, ε)) −^{∂x+0}_{∂ε} (0, ˘(α + ^η(α, ε)) +~r(^ξ(α, ε), ^η(α, ε), α, ε) ] . Now, it is not di‹cult to see that, for ε → 0, B(α, ε) → M (α), uniformly on compact sets. We conclude this section noting that the condition that M (α) has a simple zero at some α_0 is equivalent to the fact that the function ~M (α) := ( ψ_j(α_0)^∗ [ ∂x^+_0 ∂ε (0, x_0(α)) − ∂x^−_0 ∂ε (0, x_0(α)) ] ) j=1...M has α_0 as a simple zero. In fact both M (α_0) = 0 and ~M (α_0) = 0 mean that ∂x^−_0 ∂ε (0, ˘(α_0)) =^{∂x+0}_{∂ε} (0, ˘(α_0)) and then the equality M_α(α_0) = ~M_α(α_0) easily follows from ˘(α) = x_0(α).

5 Concluding Remarks

Remark 5.1. The di¸eomorphism f of Theorem 1.1 has positive topological entropy. This follows from [3, Lemma 1.3].

Remark 5.2. Consider a C^1-smooth di¸eomorphism f : M → M possessing two hyperbolic ˛xed points p_1 and p_2, p_1 ≠ p_2. If W^s_{p1} and W^u_{p2} , and W^s_{p2} and W^u_{p1} ,

Transversality of Homoclinic Sets 18

are topologically transversal, respectively, then we can prove a similar result for f like in Theorem 1.1.

Remark 5.3 Let M be a smooth symplectic surface, i.e., dim M = 2, with the symplectic area form ω. Let f : M → M be a smooth area-preserving di¸eomorphism homotopic to identity and exactly symplectic, i.e. f^∗(α) = α + dS for some smooth function S : M → R and α is a di¸erential one-form such that dα = ω. Time-one-maps of 1-periodic Hamiltonian systems are such di¸eomorphisms [9]. We note that any exactly symplectic map is also symplectic. If M is exactly symplectic, i.e. ω = dα, and simply connected then any symplectic map is also exactly symplectic. Assume that f has two hyperbolic ˛xed points p_1, p_2, p_1 ≠ p_2. Let us suppose that W^s_{p1} ∩ W^u_{p2} ≠ ∅ and W^s_{p2} ∩ W^u_{p1} ≠ ∅. If W^s_{p1} ≠ W^u_{p2} and W^s_{p2} ≠ W^u_{p1} , and S(p_1 ) = S(p_2 ), then we can prove as in [9, Theorem 2.1] that W^s_{p1} and W^u_{p2} , and W^s_{p2} and W^u_{p1} , are topologically transversal, respectively. Hence Remark 5.2 gives a chaotic behaviour of f.

This remark can be applied to the results of [2, Section 5, p. 703]. More precisely, let us consider the equation

-u + W (u, t) = 0 , (25)

where W : R × R → R is C^1-smooth and 1-periodic in t. Suppose that (25) has two di¸erent hyperbolic periodic solutions u_1 and u_2. Let ϕ : R^2 × R → R^2 be the ‚ow of _u = v, _v = −W (u, t). Then f(x, y) = ϕ(x, y, 1) is exactly symplectic by taking ω = dx ∧ dy, α = −y dx, S(x, y) = − ∫_1 0 L(ϕ(x, y, s)) ds , where L is the Lagrangian of (25) given by L(ϕ) =^{ϕ2}_2 − G(ϕ_1, t), ϕ = (ϕ_1, ϕ_2), ∂G/∂u = W . Clearly the periodic solutions u_1, u_2 induce hyperbolic ˛xed points (u_1(0), _u_1(0)) = w_1 and (u_2(0), _u_2(0)) = w_2 of f. Then S(w_1) = S(w_2) is a part of the condition (1) of [2, De˛nition 2.1]. Hence w_1 and w_2 are on the same action level for f in the terminology of [9, Theorem 8.1]. S is naturally related to the action functional over H^1_1 = {u ∈ H^1_{loc}(R) : u(t + 1) = u(t) a.e. in R} de˛ned as u → ∫_1 0 ( _u(s)2 2 − G(u(s), s) ) ds on [2, p. 679].

Hence the assumptions of Section 5 of [2] imply the validity of Theorem 1.1, which is stronger than the results of Section 5 of [2]. On the other hand, the main results of [2] deal with equations like (25) under assumptions on u_1 and u_2 weaker than in this paper, namely u_1 and u_2 are not hyperbolic but they are the so-called consecutive minimizers, see [2, De˛nition 2.1]. By using variational methods, chaotic bumping solutions are shown to exist in [2]. Finally we note that for a C^1-smooth 1-periodic Hamiltonian system _x = − ∂H ∂y (x, y, t), _y = ∂H ∂x (x, y, t) , (26)

Transversality of Homoclinic Sets 19

the time-one map is exactly symplectic with ω = dx ∧ dy, α = x dy , S(x, y) = ∫_1 0 ( ψ_1(x, y, t) _ψ_2(x, y, t) − H(ψ(x, y, t)) ) dt , where ψ = (ψ_1, ψ_2) is the ‚ow of (26). The action functional for (26) over H^1_1 is given by (x, y) → ∫_1 0 x(t) _y(t) − H(x(t), y(t), t) dt = ∫_1 0 1 2 ⟨J _u(t), u(t)⟩ − H(u(t), t) dt ,

where J = ( 0 1 −1 0 ) , u = (x, y) and ⟨·, ·⟩ is the usual inner product on R^2.

Remark 5.4. Consider the second order equation -x = g(x) + εq(t), where x ∈ R, g, q are C^2-smooth and q is 1-periodic. Suppose that the equation _x = y, _y = g(x) has a homoclinic solution (p(t), _p(t)) to a hyperbolic ˛xed point. Then the Melnikov

function has the form M (α) = ∫_∞ −∞ q(t + α) _p(t) dt, see [1]. M (α) is 1-periodic and ∫_1 0 M (α) dα = 0. Hence if M ≠ 0 then it changes the sign on [0, 1] and Theorem

4.4 can be applied.

Remark 5.5. Chaotic dynamics of more complicated maps is proved in [6, 8] by using more sophisticated topological methods based on the Conley index and the ˛xed point index theories. Like in our paper, a semiconjugacy of a given map on an invariant set to a subshift of a ˛nite type is shown under certain conditions. The associated map between the invariant set and the symbolic set, in our paper it is the map π_ω, is shown to be continuous and onto in [6, 8], as in [2]. In this paper we have proved that π_ω is continuous, onto, and one to one as well.

References

[1] Battelli, F., Feèkan, M., Subharmonic solutions in singular systems, J. Di¸erential Equations, 132 (1996), pp. 21-45.

[2] Bosetto, E., Serra, E., A variational approach to chaotic dynamics in periodically forced nonlinear oscillators, Ann. Inst. H. Poincaré, Anal. Nonl., 17 (2000), pp. 673-709.

[3] Burns, K., Weiss, H., A geometric criterion for positive topological entropy, Commun. Math. Phys., 172 (1995), pp. 95-118.

[4] Feèkan, M., Chaotic solutions in differential inclusions: chaos in dry friction problems, Trans. Amer. Math. Soc., 351 (1999), pp. 2861-2873.

[5] Hirsch M.W., Di¸erential Topology, Springer-Verlag, New York (1976).

Transversality of Homoclinic Sets 20

[6] Mischaikow, K., Mrozek, M., Isolating neighbourhoods and chaos, Jap. J. Ind.

& Appl. Math., 12 (1995), pp. 205-236.

[7] Palmer, K. J., Exponential dichotomies, the shadowing lemma and transversal homoclinic points, Dynamics reported 1 (1988), pp. 265-306.

[8] Srzednicki, R., Wójcik, K., A geometric method for detecting chaotic dynamics, J. Di¸erential Equations, 135 (1997), pp. 66-82.

[9] Xia, Z., Homoclinic points and interactions of Lagrangian submanifolds, Discr. Cont. Dyn. Systems 6 (2000), pp. 243-253.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations

(continued on inside back cover)

6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets 25/1998 Anatolij Dvureèenskij : Commutative BCK-algebras with product 24/1998 Anatolij Dvureèenskij, Antonio Di Nola: Product MV-algebras 23/1998 Anatolij Dvureèenskij, Maria Gabriella Graziano: Dedekind complete commutative BCK-algebras 22/1998 Anatolij Dvureèenskij : Ideals of commutative BCK-algebras