Preprint 9/2001

September 12, 2001

Revised October 15, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Martin Kochol

Forbidden subgraphs

for the smallest counterexample

to the 5-flow conjecture

PREPRINT SERIES

FORBIDDEN SUBGRAPHS FOR THE SMALLEST COUNTEREXAMPLE TO THE 5-FLOW CONJECTURE

Martin Kochol

Abstract. Using counting arguments we characterize some forbidden subgraphs for the smallest counterexample to the 5-Flow Conjecture of Tutte (every bridgeless graph has a nowhere-zero 5-flow). In particular, we show that this counterexample has girth at lest 9.

1. Introduction

A graph admits a nowhere-zero k-flow if its edges can be oriented and assigned numbers ±1, . . . , ±(k−1) so that for every vertex, the sum of the values on incoming edges equals the sum on the outcoming ones. It is well-known that a graph with a bridge (1-edge-cut) does not have a nowhere-zero k-flow for any k ≥ 2 (see, e. g., [J], [K6], [Z]). The famous 5-Flow Conjecture of Tutte [T1] is that every bridgeless graph has a nowhere-zero 5-flow.

Let G be a counterexample to the 5-flow conjecture of the smallest possible order. It is well-known (see cf. Jaeger [J] and Zhang [Z]) that G must be a snark which is a cyclically 4-edge-connected cubic graph without an edge-3-coloring and with girth (the length of the shortest cycle) at least 5. Note that a graph is cyclically k-edge-connected if deleting fewer than k edges does not result in a graph having at least two cyclic components. By [K7], G must be cyclically 6-edge-connected and by Celmins [C], G has no circuit of length ≤ 6 (see also [K4]).

Suppose that H is a graph with exactly n (≥ 2) vertices of valency 2 and all other vertices of valency 3. We show that if a matrix M_H , characterized by H, has the same valency as another specified matrix M_n, then H cannot be a subgraph of G. In particular, using computer we prove that if H is a circuit of order 2 ≤ n ≤ 8, then M_H and M_n have the same rank. Thus G has girth at least 9, which improves the result of Celmins [C]. Note that it has a sense to find the lower bounds for the girth of G, because we do not know whether there exists a cyclically 6-edgeconnected snark with girth more than 6 (see [I], [K1], [K2], [K3], [K6]).

2. Preliminaries

The graphs considered in this paper are all finite and unoriented. Multiple edges and loops are allowed. If G is a graph, then V (G) and E(G) denote the sets of vertices and edges of G, respectively. By a multi-terminal network, briefly a network, we mean a pair (G, U) where G is a graph and U = (u_1, . . . , u_n) is an

1991 Mathematics Subject Classification. 05C15.

Key words and phrases. Nowhere-zero 5-flow, girth, rank of a matrix.

ordered set of pairwise distinct vertices of G. The vertices u_1, . . . , u_n are called the outer vertices of (G, U) and the others are called the inner vertices of (G, U).

We associate with each edge of G two distinct arcs, distinct for distinct edges (see also [K6]). If one of the arcs corresponding to an edge is denoted by x, the other is denoted by x^{−1}. If the ends of an edge e are the vertices u and v, one of the arcs corresponding to e is said to be directed from u to v (and the other from v to u). In particular, a loop corresponds to two distinct arcs both directed from a vertex to itself. Let D(G) denote the set of arcs on G. Then |D(G)| = 2|E(G)|. If v ∈ V (G), then ω_G(v) denotes the set of arcs of G directed from v to V (G) \ {v}.

If G is a graph and A is an additive Abelian group, then an A-chain in G is a mapping φ : D(G) → A such that φ(x^{−1}) = −φ(x) for every x ∈ D(G). Furthermore, the mapping ∂φ : V (G) → A such that ∂φ(v) = ∑ x∈ω_G(v) φ(x) (v ∈ V (G)) is called the boundary of φ. An A-chain φ in G is called nowhere-zero if φ(x) ≠ 0 for every x ∈ D(G). If (G, U) is a network, then an A-chain φ in G is called an A-flow in (G, U) if ∂φ(v) = 0 for every inner vertex v of (G, U).

By a (nowhere-zero) A-flow in a graph G we mean a (nowhere-zero) A-flow in the network (G, ∅). Our concept of nowhere-zero flows in graphs coincides with the usual definition of nowhere-zero flows as presented in Jaeger [J] and Zhang [Z]. By Tutte [T1], [T2], a graph has a nowhere-zero k-flow if and only if it has a nowherezero A-flow for any Abelian group A of order k. Thus the study of nowhere-zero 5-flows is in certain sense equivalent with the study of nowhere-zero Z_5-flows. We use this fact and deal only with Z_5-flows because they are easier to handle than integral flows.

A network (G, U), U = (u_1, . . . , u_n), is called simple if the vertices u_1, . . . , u_n have valency 1. If φ is a nowhere-zero Z_5-flow in (G, U), then denote by ∂φ(U) the n-tuple (∂φ(u_1), . . . , ∂φ(u_n)). By [K5], [K6], ∑_n i=1 ∂φ(u_i) = 0. Furthermore, ∂φ(u_i) ≠ 0 because u_i has valency 1 (i = 1, . . . , n). Thus ∂φ(U) belongs to the set

S_n = {(s_1, . . . , s_n); s_1, . . . , s_n ∈ Z_5 − 0, s_1 + · · · + s_n = 0}.

Let P = {Q_1, . . . , Q_r} be a partition of the set {1, . . . , n}, n ≥ 2 (i. e., Q_1, . . . , Q_r are pairwise disjoint nonempty sets whose union is {1, . . . , n}). If one of Q_1, . . . , Q_r is a singleton, P is called trivial, otherwise it is called nontrivial. Let P_n denote the set of nontrivial partitions of {1, . . . , n} and p_n = |P_n|. If s = (s_1, . . . , s_n) ∈ S_n, P = {Q_1, . . . , Q_r} ∈ P_n, and ∑ i∈Q_j si = 0 for j = 1, . . . , r, then we say that

P and s are compatible. (For example, {{1, 2}, {3, 4, 5}} ∈ P_5 is compatible with (1, 4, 1, 2, 2) ∈ S_5.) In this paper, we consider P_n as an p_n-tuple (P_{n,1}, . . . , P_{n,pn} ). For any s ∈ S_n, denote by χ_n(s) the integral vector (c_1, . . . , c_{pn} ) so that c_i = 1 (c_i = 0) if P_{n,i} is (is not) compatible with s, i = 1, . . . , p_n.

Let V_n be the linear hull of {χ_n(s); s ∈ S_n} in Q^{pn} .

If (G, U), U = (u_1, . . . , u_n), is a simple network and s ∈ S_n, then denote by F_{G,U} (s) the number of nowhere-zero Z_5-flows φ in (G, U) satisfying ∂φ(U) = s. In [K7] is proved the following statement.

Lemma 1. Suppose that {β_1, . . . , β_r} is a base of V_n, n ≥ 2. Then for every simple network (G, U) with n outer vertices there exist rationals x_1, . . . , x_r such that for every s ∈ S_n, F_{G,U} (s) = ∑_r i=1 d_i · x_i where d_1, . . . , d_r are the rationals satisfying χ_n(s) = ∑_r i=1 d_i · β_i. 2

3. The main result

Let H be a graph having exactly n (≥ 2) vertices of valency 2, namely v_1, . . . , v_n, and all other vertices of valency 3. Add to H vertices u_1, . . . , u_n and edges v_1u_1, . . . , v_nu_n. Denote the resulting graph by H^′. Consider the simple network (H^′, U), U = (u_1, . . . , u_n). Let S_H = {s ∈ S_n; F_H 0_{,U} (s) > 0} and V_H be the linear hull of {χ_n(s); s ∈ S_H} in Q^{pn} . Then V_H ⊆ V_n.

Lemma 2. If V_H = V_n, then H cannot be a subgraph of the smallest counterexample to the 5-flow conjecture.

Proof. Let G be a counterexample to the 5-flow conjecture of the smallest possible order. As pointed out before, G is a cyclically 4-edge-connected cubic graph. Suppose that H is a subgraph of G.

Let e_1, . . . , e_n be the edges from E(G) \ E(H) incident with v_1, . . . , v_n, respectively, and I be the graph arising from G after deleting all vertices from V (H). Let v^′_1, . . . , v^′_n be the ends of e_1, . . . , e_n, respectively, in I and I^′ be the graph arising from I after adding vertices w_1, . . . , w_n and edges w_1v^′_1, . . . , w_nv^′_n. Consider the simple network (I^′, W ), W = (w_1, . . . , w_n).

F_H 0_{,U} (s), F_I 0_{,W} (s) ≥ 0 for every s ∈ S_n. If there exists s ∈ S_n such that F_H 0_{,U} (s), F_I 0_{,W} (s) > 0, then (H^′, U) and (I^′, W ) have nowhere-zero Z_5-flows φ_1 and φ_2, respectively, such that ∂φ_1(U) = ∂φ_2(W ) = s and the flows φ_1 and −φ_2 can be “pieced together” into a nowhere-zero Z_5-flow in G, a contradiction. Thus F_H 0_{,U} (s) · F_I 0_{,W} (s) = 0 for every s ∈ S_n. Since S_H = {s ∈ S_n; F_H 0_{,U} (s) > 0}, we have F_I 0_{,W} (s) = 0 for every s ∈ S_H.

Take n-tuples t_1, . . . , t_r ∈ S_H so that χ_n(t_1), . . . , χ_n(t_r) form a base in V_H . By the assumptions, V_H = V_n. Hence by Lemma 1, there exist rationals x_1, . . . , x_r such that for any s ∈ S_n, F_I 0_{,W} (s) = ∑_r i=1 d_i · x_i where d_1, . . . , d_r are the rationals satisfying χ_n(s) = ∑_r i=1 d_i · χ_n(t_i). Thus x_i = F_I 0_{,W} (t_i) and since t_i ∈ S_H , we have x_i = 0, i = 1, . . . , r. Hence F_I 0_{,W} (s) = 0 for every s ∈ S_n.

Choose an edge e of H and consider the cubic graph G^′ homeomorphic with G−e. G^′ is bridgeless (because G is cyclically 4-edge-connected) and has a nowhere-zero

Z5-flow (because G is the smallest counterexample to the 5-flow conjecture). This

implies that F_I 0_{,W} (s) > 0 for some s ∈ S_n, a contradiction. Thus H cannot be an induced subgraph of G. �

We give a recursive formula for computing p_n. If {Q_1, . . . , Q_r } ∈ P_n and n ∈ Q_j , then |Q_j | ∈ {2, . . . , n − 2, n}. For i = 2, . . . , n − 2 (resp. i = n), P_n contains exactly (_{n−1} i−1 ) p_{n−i} (resp. 1) partitions such that the element n is contained in an i-element subset. Hence for any n ≥ 2, we have

p_n = 1 + n−2∑ i=2 ( n − 1 i − 1 ) p_{n−i}. (1)

Let A denote the automorphism group of Z_5. The elements of A are α_0 = id, α_1 = (1, 2, 4, 3), α_2 = (1, 4)(2, 3) and α_3 = (1, 3, 4, 2). If s = (s_1, . . . , s_n) ∈ S_n and α ∈ A, then denote α(s) = (α(s_1), . . . , α(s_n)) ∈ S_n. We say that s and α(s) are σ_n-equivalent. Clearly, χ_n(s) = χ_n(α(s)) and F_{U,G}(s) = F_{U,G}(α(s)) for any simple network (G, U) with n outer vertices (because if φ is a nowhere-zero Z_5-flow in (G, U), then so is α(φ)). 3

Let a_n = |S_n|/4 be the number of σ_n-classes and t_1, . . . , t_{an} be pairwise non σ_n-equivalent elements of S_n. Let M_n be the a_n × p_n matrix so that the i-th row of M_n is χ_n(t_i), i = 1, . . . , a_n. Note that M_n does not depend on the choice of t_1, . . . , t_{an} . Let a_H = |S_H |/4. Without abuse of generality we can suppose that t_1, . . . , t_{aH} are elements of S_H. Let M_H be the a_H × p_n submatrix of M_n so that the i-th row of M_H is χ_n(t_i), i = 1, . . . , a_H . Note that M_H does not depend on the choice of t_1, . . . , t_{aH} . Clearly, V_H = V_n if and only if M_H and M_n have the same rank. Thus the following statement follows immediately from Lemma 2.

Lemma 3. If the matrices M_H and M_n have the same rank, then H cannot be a subgraph of the smallest counterexample to the 5-flow conjecture.

Clearly a_1 = 0 and a_2 = 1. Furthermore, S_n has exactly 4|S_{n−2}| (3|S_{n−1}|) n-tuples so that the sum of the last two elements is zero (nonzero). Thus |S_n| = 4|S_{n−2}| + 3|S_{n−1}|, whence a_n = 4a_{n−2} + 3a_{n−1} for any n ≥ 3. Therefore a_5 = 51, a_6 = 205, a_7 = 819, a_8 = 3277. By (1), we get that p_5 = 11, p_6 = 41, p_7 = 162, p_8 = 715.

Let C_n be the circuit (connected 2-regular graph) of order n ≥ 2. It is easy to check that S_{Cn} = S_n, whence V_{Cn} = V_n for any n ≤ 4 (see, e. g., [K5]). Using computer we can check that a_{C5} = 45, a_{C6} = 151, a_{C7} = 483, a_{C8} = 1513 and that the rank of M_{Cn} equals the rank of M_n for n = 5, . . . , 8. More precisely, the rank of M_n is 11, 40, 147, 568 if n = 5, 6, 7, 8, respectively. Thus, by Lemma 3, the following statement holds true.

Theorem 1. The smallest counterexample of the 5-flow conjecture has girth at least 9.

In order to compute the ranks of M_{Cn} and M_n, it suffices to apply the Gauss elimination method for M_n and check whether the nonzero rows correspond with the rows of M_{Cn} . We have computed this problem on a personal computer using Maple 5 programming language. Note that the program runs 376 seconds for n = 7, but more that 5 days for n = 8 (M_7 and M_8 are matrices of orders 819 × 162 and 3277 × 715, respectively). We hope that a similar program can be applied also for n ≥ 9 if we use better computers.

References

[C] U. A. Celmins, On cubic graphs that do not have an edge-3-colouring, Ph.D. Thesis, Dep.

of Combinatorics and Optimization, University of Waterloo, Waterloo, Canada, 1984. [I] R. Isaacs, Infinite families of nontrivial trivalent graphs which are not Tait colorable, Amer.

Math. Monthly 82 (1975), 221-239.

[J] F. Jaeger, Nowhere-zero flow problems, Selected topics in Graph Theory 3 (L. W. Beineke and R. J. Wilson, eds.), Academic Press, New York, 1988, pp. 71-95.

[K1] M. Kochol, Constructions of cyclically 6-edge-connected snarks, Tech. Rep. TR-II-SAS- 07/93-05, Institute for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia, 1993.

[K2] M. Kochol, Snarks without small cycles, J. Combin. Theory Ser. B 67 (1996), 34-47. [K3] M. Kochol, A cyclically 6-edge-connected snark of order 118, Discrete Math. 161 (1996), 297-300.

[K4] M. Kochol, Cubic graphs without a Petersen minor have nowhere-zero 5-flows, Acta Math.

Univ. Comenian. (N.S.) 68 (1999), 249-252.

[K5] M. Kochol, Hypothetical complexity of the nowhere-zero 5-flow problem, J. Graph Theory 28 (1998), 1-11.

[K6] M. Kochol, Superposition and constructions of graphs without nowhere-zero k-flows, European J. Combin. (to appear).

[K7] M. Kochol, Reduction of the 5-flow conjecture to cyclically 6-edge-connected snarks, Tech.

Rep. 08/2001, Mathematical Institute, Slovak Academy of Sciences, Bratislava, Slovakia [http://www.mat.savba.sk/preprints].

[T1] W. T. Tutte, A contribution to the theory of chromatic polynomials, Canad. J. Math. 6 (1954), 80-91.

[T2] W. T. Tutte, A class of Abelian groups, Canad. J. Math. 8 (1956), 13-28. [Z] C.-Q. Zhang, Integral Flows and Cycle Covers of Graphs, Dekker, New York, 1997.

MÚ SAV, Štefánikova 49, 814 73 Bratislava 1, Slovakia E-mail address: kochol@savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras

(continued on inside back cover)

10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows 26/1998 Anatolij Dvureèenskij, Ferdinand Chovanec, Eva Rybáriková: Dhomomorphisms and atomic σ-complete Boolean D-posets