Preprint 10/2001

September 24, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Roman Friè

Remarks

on sequential envelopes II

PREPRINT SERIES

REMARKS ON SEQUENTIAL ENVELOPES II

Roman Frič, Košice

Abstract. We generalize the notion of a sequential envelope introduced by J. Novák. Our motivation comes from the foundations of probability. We discuss relationships between the envelope and fuzzy structures and mention possible applications, for example, to generalized fields of events having fuzzy nature.

1. Introduction

Let X be a set and let A be a field of subsets of X. Recall that A contains ∅ as the least element (representing the null event), X as the greatest element (representing the sure event), and it is closed with respect to all usual (finite) set operations. If

A is closed with respect to countable set operations, then A is a σ-field. Otherwise A can be extended to the smallest σ-field σ(A ) containing A , called the generated

σ-field. Since in probability we are interested in limit theorems, the process of extending A to σ(A ) is essential.

Motivated by this example, J. Novák developed the theory of sequential envelopes (cf. NOVÁK [1962], [1965], [1968]). He observed that, in a certain sense, σ(A ) is the maximal field of subsets of X to which all σ-additive probability measures on

A can be extended. Since σ-additivity is equivalent to sequential continuity (cf.

NOVÁK [1958]), from the categorical viewpoint, the embedding of A into σ(A ) has a similar character as the embedding of a completely regular topological space X into its Čech-Stone compactification βX, or into its Hewitt realcompactification υX. Indeed, we construct an epireflector, assigning a “more perfect” object to each “less perfect” one. Observe that the additivity of a probability measure fails to be a topological notion. Hence Novák generalized his construction to quite arbitrary classes of sequentially continuous functions. The theory of sequential envelopes has been surveyed, e.g., in FRIČ [1988]. In the present paper we generalize sequential envelopes one step further. Besides using categorical methods, we present a fuzzy viewpoint.

As in FRIČ [200y], we use the language of mathematical structures (cf. ADÁ- MEK [1982], [1983]), equivalent to concrete categories, but more natural for our purpose. Categorical notions can be found, e.g., in HERRLICH and STRECKER

1991 Mathematics Subject Classification. (Mathematics Subject Classification 2000: Primary 54A20, 54D35, 54B30; Secondary 06D72, 54C20, 54H99, 60A05).

Key words and phrases. Sequential convergence, sequential continuity, extension of maps, Esequential envelope, initial structure, product, convergence category, fuzzy structures, sober object, absolute object, epireflection, Novák envelope, ring of functions, completion of algebraic structures, foundations of probability, fuzzy events.

Supported by VEGA grant 2/6087/01

Typeset by AMS-TEX 1

2 ROMAN FRIČ, KOŠICE

[1976]. Interesting survey RODABAUGH [1991] is a stimulating source of fuzzy mathematics. Much more complex and advanced is the handbook HOEHLE and RODABAUGH [2000].

For the reader’s convenience, in this section we recall some fundamental notions. Recall that if X is a set, then by a sequential convergence on X we understand a set of pairs (⟨x_n⟩, x) ∈ X^N × X, specifying which sequence converges to which limit, and we assume the usual axioms of convergence: each sequence converges to at most one limit, each constant sequence converges to its value, each subsequence of a convergent sequence converges to the same limit, and if ⟨x_n⟩ is a sequence and x is a point such that for each subsequence ⟨x^′_n⟩ of ⟨x_n⟩ there is a subsequence ⟨x^{′′}_n⟩ of ⟨x^′_n⟩ which converges to x, then ⟨x_n⟩ converges x. A map is sequentially continuous if it preserves the convergence of sequences.

Let S be a complete concrete category whose objects are “structured sets”A = (|A|, s) and whose morphisms are “structure preserving” point maps (cf. ADÁMEK [1982], [1983]). The underlying point map of a morphism f is denoted by |f|. A triple (|f|, |A|, (|B|, r)), where (|B|, r) is an S-object, |A| is a set, and |f| is a point map of |A| into |B|, is said to be an arrow in S. Let X be an index set and let {(|f_x|, |A|, (|A_x|, s_x)); x ∈ X} be an indexed family of arrows, called a source. Let (|A|, s) be an S-object such that

(i_1) For each x ∈ X, f_x is an S-morphism of (|A|, s) into (|A_x|, s_x); (i_2) For each S-object (|B|, r) and for each point map |h| : |B| −→ |A|, if each |f_x| ∘ |h|, x ∈ X, yields an S-morphism of (|B|, r) into (|A_x|, s_x), then |h| yields an S-morphism h of (|B|, r) into (|A|, s).

Then (|A|, s) is said to be projectively generated by {(|f_x|, |A|, (|A_x|, s_x)); x ∈ X} and s is said to be the initial structure w.r.t. {(|f_x|, |A|, (|A_x|, s_x)); x ∈ X}.

Assume that C = (|C|, t) is an S-object such that for each power |C|^X and the corresponding source of projections {(|pr_x|, |C|^X, (|C_x|, t_x)); x ∈ X}, (|C_x|, t_x) = (|C|, t) for all x ∈ X, the resulting projectively generated object (|C|^X, p) is the corresponding power C^X of C. Further, assume that C carries a sequential convergence (i.e. on the underlying set |C| of C a convergence of sequences is defined and the usual axioms of convergence are assumed). Let S_C be the subcategory of S defined as follows. The objects of S_C are S-objects X = (|X |, s) such that there exists a power C^X = (|C|^X , p) of C for which:

(i) |X | is a subset of |C|^X;

(ii) X is reduced (equivalently, points of X are separated by |X |, i.e. for x, y ∈ X, x ≠ y, there exists a ∈ |X | ⊆ |C|^X such that a(x) ≠ a(y));

(iii) s is the initial structure w.r.t. the single arrow (|i_X |, |X |, (|C|^X, p)), where |i_X | is the inclusion map of |X | into |C|^X.

The pointwise convergence in C^X is the categorical product convergence and each object of S_C carries the inherited pointwise convergence. The morphisms of S_C will be the sequentially continuous S-morphisms. If no confusion can arise, then X will denote both the object (|X |, s) and its underlying set |X |. Further, X → C^X means that the conditions (i), (ii), and (iii) are fulfilled.

Definition 1.1. Let S, C, and S_C be as above. Then S_C is said to be a convergence category.

If S is the structure of Boolean algebras and C is the two-element Boolean algebra carrying the discrete convergence, then S_C is the category whose objects

REMARKS ON SEQUENTIAL ENVELOPES II 3

are fields of sets (we identify each subset of X with its characteristic function) and whose morphisms are sequentially continuous Boolean homomorphisms. If S is the structure of MV -algebras (see CIGNOLI, D’OTTAVIANO and MUNDICI [2000]) and C is the closed unit interval carrying the usual Łukasiewicz operations, then S_C is the category of bold algebras.

The role of elementary events in the classical Kolmogorovian probability has been thoroughly discussed in ŁOŚ [1960], see also FRIČ [1997a]. Roughly, events have certain attributes and each event is represented by a two-valued map on the set of all attributes. In the “fuzzy” approach we replace the “yes - no” range by a more complex object C, possibly carrying additional algebraic, order, and convergence structures. Hence each generalized event is represented by a suitable C-valued map. The value at an attribute states “how much” of the attribute the event in question possesses. Different sets of attributes result in different models. For example, in the usual (compact) Stone representation of a Boolean algebra (by a field of sets) each additive probability measure is countably additive, while in some other representation some additive measures fail to be countably additive (cf.FRIČ [1997a], [1997b]). From the categorical viewpoint, the object C (belonging to a suitable category) “cogenerates” a category in which the generalized events live (cf. FRIČ [2000], [200x], [200y]).

2. The epireflection

Let S_C be a convergence category. Let X = (|X |, s) be an S_C-object. Having in mind the construction of a sequential envelope, we would like to construct an S_C-object σ(X ) = (|σ(X |, s_σ ) such that (cf. NOVÁK [1965]):

(i) X is a sequentially dense subobject of σ(X );

(ii) Each S_C-morphism of X into C can be uniquely extended to an S_C-morph-ism of σ(X ) into C;

(iii) σ(X ) is maximal with respect to conditions (i) and (ii).

¿From the categorical viewpoint, we would like to construct a suitable epireflector σ, having the domain and the codomain as large as possible. The domain of σ will the subcategory SO_C of sober S_C-objects (sobriety will guarantee the extension of morphisms) and the codomain of σ will be the subcategory ASO_C of absolute sober S_C-objects (absolute objects will satisfy condition (iii) of maximality). The construction will require an additional assumption on S_C.

Definition 2.1. Let X → C^X. If for each morphism h of X into C there exists exactly one x ∈ X such that h = pr_x ∘ i_X = pr_x ¯ X (i.e. h is the restriction of the x-th projection pr_x : C^X −→ C to X ), then X is said to be sober.

Let SO_C be the category the objects of which are sober S_C-objects and the morphisms are S_C-morphisms. Let X = (|X |, s) → C^X. Then σ(X ) → C^X will mean that there exists an S_C-object σ(X ) = (|σ(X )|, s_σ ) such that |σ(X )| is the smallest sequentially closed subset in C^X containing |X | and s_σ is the initial structure w.r.t. the inclusion map of |σ(X )| into |C|^X (as a single arrow in S). Due to the fact that the convergence in C is quite arbitrary w.r.t. the original category S, the next condition (naturally fulfilled in applications) will be imposed on S_C:

(e) For each X → C^X, if X is sober, then σ(X ) → C^X.

4 ROMAN FRIČ, KOŠICE

Lemma 2.2. Let X = (|X |, s) → C^X, σ(X ) = (|σ(X )|, s_σ ) → C^X.

(i) The inclusion map |e_X | of |X | into |σ(X )| yields in S_C an epimorphism e_X of X into σ(X );

(ii) If X is sober, then σ(X ) is sober.

Proof. (i) Since the composition of |e_X | and the inclusion |i_{σ(X )}| of σ(X ) into |C|^X, as the inclusion |i_X | of |X | into |C|^X, yields the morphism i_X and s_σ is the initial structure w.r.t. |i_{σ(X )}|, e_X is a morphism of X into σ(X ) in S. Clearly it is sequentially continuous and hence an S_C-morphism. Moreover, |σ(X )| is the smallest sequentially closed subset in σ(X ) containing |X | and hence e_X is an epimorphism (remember, if two sequentially continuous maps agree on a sequentially dense subset and the convergence has unique sequential limits, then the two maps agree on the whole domain, cf. NOVÁK [1965]).

(ii) Let h be a morphism of σ(X ) into C. The composition h∘e_X is a morphism of X into C. If X is sober, then there exists a unique x ∈ X such that h∘e_X = pr_x ∘i_X . Since pr_x ∘ i_{σ(X )} is a morphism and it agrees on |X | with h, it follows from (i) that h = pr_x ∘ i_{σ(X )}. Thus σ(X ) is sober. This completes the proof.

Definition 2.3. Let X → C^X. If |X | is sequentially closed in C^X (i.e. |X | = |σ(X )|), then X is said to be absolute.

Let ASO_C be the subcategory of S_C consisting of sober absolute objects.

Theorem 2.4. Let S_C be a convergence category fulfilling condition (e). Then the assignment sending a sober S_C-object X → C^X to σ(X ) → C^X yields a covariant functor σ of SO_C into ASO_C .

Proof. Let h be a sequentially continuous S-morphism of a sober object X → C^X into a sober object Y → C^Y . Then σ(X ) → C^X and σ(Y) → C^Y . For each y ∈ Y , pr_y ∘ h is a morphism of X into C. Since X is sober, for each y ∈ Y there exists a unique x(y) ∈ X such that pr_y ∘ h = pr_{x(y)} ∘ i_X . For each x ∈ X, pr_x ∘ i_{σ(X )} is the unique morphism ( in S_C) of σ(X ) into C which extends the morphism pr_x ∘ i_X of X into C. Due to the fundamental property of products (for each object, if there is a family of morphism of the object into each of the factors of a product, then there exists a unique morphism of the object into the product through which the family factorizes), there exists a unique morphism g of σ(X ) into C^Y such that pr_y ∘ g = pr_{x(y)} ∘ i_{σ(X )}. Further, g is an extension of h. It follows from the sequential continuity of g that |g| maps |σ(X )| into |σ(Y)|. Then i_{σ(Y)} ∘ g is the unique morphism of σ(X ) into σ(Y) which extends h. Put σ(h) = i_{σ(Y)} ∘g. Clearly, σ is a covariant functor of SO_C into ASO_C .

Corollary 2.5. Let S_C be a convergence category fulfilling condition (e). Then σ is an epireflector of SO_C into ASO_C.

Proof. It follows from Lemma 2.2 that e_X : X −→ σ(X ) is an epimorphism in S_C and that σ(X ) is sober. It is clear from the construction of σ(h) in the proof of Theorem 2.4 that σ is an epireflector.

Definition 2.6. Let S_C be a convergence category satisfying condition (e). Let X be a sober object. Then σ(X ) is said to be the Novák envelope of X .

REMARKS ON SEQUENTIAL ENVELOPES II 5

3. Applications

To illustrate the results of the previous section, we present some examples and mention possible applications.

3.1. The E-sequential envelope revisited. Let E be a subset of the real line R containing at least two points. Let L be a convergence space (i.e.a set carrying a sequential convergence and the induced closure: for each subset A of L, clA is the set of all limits of sequences ranging in A). If the convergence in L is initial w.r.t. the set C(L, E) of all sequentially continuous functions on L into E, where E is considered as a subspace of R (i.e. a sequence ⟨x_n⟩ converges to x in L iff for each f ∈ C(L, E) the sequence ⟨f(x_n)⟩ converges to f(x) in L), then L is said to be E-sequentially regular. Further, an E-sequentially regular space σ_E (L) is said to be an E-sequential envelope of L if the following conditions are satisfied:

(i) L is sequentially dense in σ_E (L) (i.e. if M is a sequentially closed subset of σ_E (L) containing L, then M = σ_E (L));

(ii) Each f ∈ C(L, E) can be continuously extended to f ∈ C(σ_E (L), E); (iii) σ_E (L) is maximal w.r.t. conditions (i) and (ii).

Highly nontrivial results concerning E-sequential envelopes can be found, e.g., in FRIČ [1988], FRIČ and HUŠEK [1983], FRIČ and KOUTNÍK [1979], MIŠÍK [1984].

The E-sequential envelope can be described within the theory of Novák envelope. Indeed, let S be the category SET of sets and maps, let C be the set E carrying the inherited sequential convergence in the real line. Then objects of S_C are Esequentially regular convergence spaces and each E-sequentially regular convergence space can be embedded in E^X, where X is any subset of C(L, E) which separates points of L. If X = C(L, E), then the embedding results in a sober object. Each x ∈ X represents a sequentially continuous function on L into E. It is easy to see that condition (e) holds true. For sober S_C-objects, the E-sequential envelope coincides with the Novák envelope. Otherwise we embed an E-sequentially regular convergence space L into E^{C(L,E)} and the smallest sequentially closed subset of E^{C(L,E)}, as a Novák envelope of the embedding, is isomorphic to the E-sequential envelope of L.

3.2. Completion of algebraic structures. Let L be an abelian group (more generally, ring, MV -algebra, ... ) carrying a compatible sequential convergence: algebraic operations are sequentially continuous (i.e. if ⟨x_n⟩ converges to x and ⟨y_n⟩ converges to y, then ⟨−x_n⟩ converges to −x and ⟨x_n + y_n⟩ converges to x + y). A sequence ⟨x_n⟩ is said to be Cauchy whenever for each pair of subsequences ⟨x^′_n⟩ and ⟨x^{′′}_n⟩ their difference ⟨x^′_n − x^{′′}_n⟩ converges to 0. If each Cauchy sequence converges, then L is said to be complete. If L is a sequentially dense subgroup of a complete abelian group L^′, then L^′ is said to be a completion of L. The completion theory for convergence algebras differs from the completion theory for topological algebras in many respects (cf. FRIČ and KOUTNÍK [1989], [1992]). For convergence rings a special type of completion has been constructed in FRIČ [1999] (see also FRIČ and JAKUBÍK [2001]). Again, such completions can be described within the theory of Novák envelope.

Let S be the category RING of rings and ring homomorphisms. Let C be the ring R of real numbers carrying the usual sequential convergence. Then objects of S_C are exactly convergence rings of real functions w.r.t. the pointwise sequential convergence and each point of the domain represents a sequentially continuous ring

6 ROMAN FRIČ, KOŠICE

homomorphism into R. Let F ⊆ R^X be an S_C-object. Let F be sober. Then X can be identified with the set hom(F, R) of all sequentially continuous ring homomorphisms of F into R. It follows from the construction of the Novák envelope σ(F) of F that F is R-generated in the sense of Definition 2.1 in FRIČ [1999] and that σ(F) is the R-completion of F in the sense of Definition 2.11 in FRIČ [1999]. If F is not sober, then F can be embedded into R^{hom(F,R)}, the embedding is a sober object isomorphic to F, and the Novák envelope of the embedding is the R-completion of F.

Analogously, if C is the ring Z(2), then S_C-objects are fields of sets, sober objects are s-perfect fields of sets (cf. FRIČ [1997b]), and the generated σ-field of each s-perfect field coincides with its Novák envelope.

Similarly, if S is the category of MV -algebras and C is the closed unit interval I carrying the usual Łukasiewicz MV -algebra operations and the usual convergence of sequences in I, then the Novák envelope of a sober object (i.e. a sober bold algebra) is the generated Łukasiewicz tribe (cf. FRIČ [200x], [200y]). Observe that bold algebras generalize fields of sets and if a bold algebra fails to be sober, then the Novák envelope of the “sobrification” (embedding) yields its desired completion.

It might be interesting to study permanence properties (e.g. productivity) related to the Novák envelope and its generalizations (cf. KENT and RICHARDSON [1979], SCHRODER [1995]).

3.3. Foundations of probability. In the classical Kolmogorovian model of probability we start with an original probability space (i.e., a triple (Ω, S, P ), where Ω is a set, Sis a σ-field of subsets, and P is a normed σ-additive measure) and we deal with random variables (i.e., measurable functions) and distributions of families of random variables. Each random variable induces (via the preimage of the underlying measurable function) a homomorphism of measurable sets of R into S, called an observable. In various generalizations we deal with events forming an algebraic structure (more general than a field of subsets) and observables as morphisms preserving the structure. Since we are interested in limit theorems, we have to pass from finitary algebraic structures to their σ-completions and this is where the theory of sequential envelope and Novák envelope can be applied. The interested reader is referred to, e.g., SIKORSKI [1960], DVUREČENSKIJ and PULMANNOVÁ [2000], MUNDICI and RIEČAN [200z], HOEHLE and RODABAUGH [2000], RIEČAN and NEUBRUNN [1997], FRIČ [1997a], [1997b], [2000], [200x], [200y].

References

ADÁMEK, J.

[1982] Mathematical Structures and Categories. (In Czech.) SNTL Praha, Praha. [1983] Theory of Mathematical Structures. Reidel, Dordrecht. CIGNOLI, R., D’OTTAVIANO, I. M. L. and D. MUNDICI [2000] Algebraic Foundations of Many-Valued Reasoning. Kluwer Academic Publ., Dordrecht.

DVUREČENSKIJ, A. and S. PULMANNOVÁ [2000] New Trends in Quantum Structures. Kluwer Academic Publ., Dordrecht. FRIČ, R.

[1988] Remarks on sequential envelopes. Rend. Istit Mat. Univ. Trieste 20, 19-28.

REMARKS ON SEQUENTIAL ENVELOPES II 7

[1997a] Sequential structures and probability: categorical reflections. (Ed.: Hans-E.

Porst) Mathematik-Arbeitspapiere 48, Universität Bremen, 157-169. [1997b] A Stone-type duality and its applications to probability. Topology Proceedings, Vol. 22, Summer 1997 (Proceedings of the 12th Summer Conference on General Topology and its Applications, North Bay, August 1997), 125-137.

[1999] Rings of maps: sequential convergence and completion. Czechoslovak Math.

J. 49, 111-118.

[2000] MV -algebras: convergence and duality. In: Mathematik-Arbeitspapiere 54 (Editors: H. Herrlich and H.-E. Porst), Universität Bremen, 169-179.

[200x] Łukasiewicz tribes are absolutely sequentially closed bold algebras. Czechoslovak Math. J. (To appear.)

[200y] Convergence and duality. Appl. Categorical Structures. (To appear.) FRIČ, R. and M. HUŠEK [1983] Projectively generated convergence of sequences. Czechoslovak Math. J.

33, 525-536.

FRIČ, R. and J. JAKUBÍK [2001] Sequential convergences on Boolean algebras defined by systems of maximal filters. Czechoslovak Math. J. 51, 261-274.

FRIČ, R. and V. KOUTNÍK [1979] Sequentially complete spaces. Czechoslovak Math. J. 29, 287-297. [1989] Completions for subcategories of convergence rings. In: Categorical Topology and its Relations to Modern Analysis, Algebra and Combinatorics. World Scientific Publishing Co., Singapore, 195-207.

[1992] Sequential convergence spaces: iteration, extension, completion, enlargement. In: Recent Progress in General Topology, M. Hušek and J. van Mill, editors, North Holland, Amsterdam, 199-213.

HERRLICH, H. and G. E. STRECKER [1976] Category theory. (Second edition.) Heldermann Verlag, Berlin. HOEHLE, U. and S. E. RODABAUGH [2000] Mathematics of Fuzzy Sets: Logic, Topology, and Measure Theory, edited by Ulrich Hoehle and Stephen Ernest Rodabaugh. The Handbooks of Fuzzy Sets Series, Kluwer Acad. Publ., Dordrecht.

KENT, D. C. and G. D. RICHARDSON [1979] Two generalizations of Novák’s sequential envelope. Math. Nachr. 91, 77-85.

ŁOŚ, J.

[1960] Fields of events and their definition in the axiomatic treatment of probability. Studia Logica 9, 95-115 (Polish); 116-124 (Russian summary); 125-132 (English summary).

MIŠÍK, L., Jr.

[1984] Sequential completeness and {0, 1}-sequential completeness are different.

Czechoslovak Math. J. 34, 424-431. MUNDICI, D. and B. RIEČAN [200z] Probability on MV -algebras. In: Handbook od Measure Theory (Editor:

E. Pap), North-Holland, Amsterdam. (To appear.)

8 ROMAN FRIČ, KOŠICE

NOVÁK, J.

[1958] Ueber die eindeutigen stetigen Erweiterungen stetiger Funktionen. Czechoslovak Math. J. 8, 344-355.

[1962] On the sequential envelope. In: General Topology and its Relation to Modern Analysis and Algebra (I) (Proc. (First) Prague Topological Sympos., 1961), Publishing House of the Czechoslovak Academy of Sciences, Praha, 292-294.

[1965] On convergence spaces and their sequential envelopes. Czechoslovak Math.

J. 15, 74-100.

[1968] On sequential envelopes defined by means of certain classes of functions.

Czechoslovak Math. J. 18, 450-456. RIEČAN, B. and T. NEUBRUNN [1997] Integral, Measure, and Ordering. Kluwer Acad. Publ., Dordrecht. RODABAUGH, S. E.

[1991] Point-set lattice-theoretic topology. Fuzzy Sets and Systems 40, 297-345. SCHRODER, M.

[1995] Arrows in the “finite product theorem for certain epireflections” of R. Frič and D. C. Kent. Math. Slovaca 45, 171-191.

SIKORSKI, R.

[1962] Boolean algebras. Springer Verlag, Berlin.

Matematický ústav SAV, Grešákova 6, 040 01 Košice, Slovakia E-mail address: fric@mail.saske.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality

(continued on inside back cover)

11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices 2/1999 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: Some remarks on the moment problem 1/1999 Anatolij Dvureèenskij : Loomis-Sikorski theorem for σ-complete MV-algebras and ℓ-groups 27/1998 Martin Kochol: Cubic graphs without a Petersen minor have nowhere-zero 5-‚ows