Preprint 14/2001

November 5, 2001

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Sylvia Pulmannová

Compatibility and decompositions

of effects

PREPRINT SERIES

Compatibility and decompositions of effects^�

Sylvia Pulmannová Mathematical Institute, Slovak Academy of Sciences Sk-814 73 Bratislava, Slovakia E-mail: pulmann@mat.savba.sk

Abstract. Compatibility relations in e¸ect algebras and their connections with re˛nements of the orthogonal partitions of unity are studied. Properties of blocks as maximal sets of compatible elements are discussed. Some special kinds of e¸ect algebras are characterized using properties of compatibility. Using re˛nements, an additional structure on the e¸ect test spaces is introduced and used to a characterization of di¸erent types of e¸ect algebras.

1 Introduction

E¸ect algebras [14], alternatively D-posets [24] have been introduced as an algebraic generalization of the set of Hilbert space e¸ects, i.e., self-adjoint operators between 0 and I on a Hilbert space. These e¸ects play an important role in the theory of unsharp quantum measurements and positive operator valued (POV) measures [3].

Besides the Hilbert space e¸ects, e¸ect algebras include the most important structures used in quantum and classical logic: orthomodular lattices, orthomodular posets, Boolean algebras, and also MV-algebras, an algebraic base of multivalued logic [5]. For basic properties of e¸ect algebras and D-posets see [11].

In the present paper we study compatibility relations on e¸ect algebras and their connections with re˛nements of the orthogonal partitions of unity. We use properties of compatibility to a characterization of some types of e¸ect algebras and their blocks.

�Supported by the grant VEGA 2/7193/21

Using re˛nements, we introduce additional structures to e¸ect test spaces and characterize test spaces of di¸erent types of e¸ect algebras.

2 Basic definitions and properties of effect algebras

An effect algebra is a partial algebra (E; ⊕, 0, 1) with a binary partial operation ⊕ and two nullary operations 0, 1 satisfying the following conditions.

(E1) If a ⊕ b is de˛ned, then b ⊕ a is de˛ned and a ⊕ b = b ⊕ a.

(E2) If a ⊕ b and (a ⊕ b) ⊕ c are de˛ned then b ⊕ c and a ⊕ (b ⊕ c) are de˛ned and a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c. (E3) For every a ∈ E there is a unique a^′ ∈ E such that a ⊕ a^′ = 1.

(E4) If a ⊕ 1 is de˛ned then a = 0.

E¸ect algebras in this setting have been introduced in [14]. Essentially equivalent structures, called D-posets, were introduced in [24]. Another equivalent structures called weak orthoalgebras were introduced in [18], and so called quasilogics were introduced in [2].

For brevity we denote the e¸ect algebra (E; ⊕, 0, 1) by E. We write a ≤ b if there is a c ∈ E with a ⊕ c = b. It is easy to check that each e¸ect algebra is cancellative, i.e., a ⊕ b = a ⊕ c implies b = c, and positive, i.e., a ⊕ b = 0 implies a = b = 0. We can derive from this that ≤ is a partial order with 0 as the least and 1 as the greatest element. Moreover, it is possible to introduce a new partial operation ⊖ such that b ⊖ a is de˛ned i¸ a ≤ b and then a ⊕ (b ⊖ a) = b. We can also prove that a ⊕ b is de˛ned i¸ a ≤ b^′, equivalently, i¸ b ≤ a^′. For convenience, we will write a ⊥ b if a⊕b is de˛ned, and say that a and b are orthogonal.

Let E_0 be a subset of E such that a ∈ E_0 implies a^′ ∈ E_0 and a, b ∈ E_0, a ⊥ b implies a ⊕ b ∈ E_0. Let a, b ∈ E_0 such that a ≤ b. Then b^′ ∈ E_0 and a ⊥ b^′ implies that b ⊖ a = (b^′ ⊕ a)^′ ∈ E_0, so that E_0 is closed under ⊖. Then E_0 is called the sub-effect algebra of E. Another possibility to construct a substructure of E is to consider an element a ∈ E and the interval [0, a] of E, and to restrict the ⊕ operation letting a act as the unit element. We denote such e¸ect algebra by [0, a]_E. Observe that for x, y in [0, a]_E, x ⊥_a y i¸ x ⊕ y exists in E and x ⊕ y ≤ a.

An e¸ect algebra satisfying a ⊥ a ⇒ a = 0 is called an orthoalgebra. An e¸ect algebra E is an orthomodular poset (OMP, for short) if for a, b, c ∈ E, a ⊥ b, b ⊥ c, c ⊥ a implies that a ⊕ b ⊕ c exists [14]. An orthoalgebra is an orthomodular lattice (OML, for short) if it is lattice ordered. An e¸ect algebra E is said to have the Riesz decomposition property (RDP) [32] if for any a_1, a_2, b_1, b_2 ∈ E with a_1 ⊕ a_2 = b_1 ⊕ b_2 there are elements (w_{ij})^2_{i,j=1} such that w_{11} ⊕ w_{12} ⊕ w_{21} ⊕ w_{22} is de˛ned and a_i = ⊕^2_{j=1}w_{ij}, b_j = ⊕^2_{i=1}w_{ij}. Alternatively, E has the Riesz decomposition property if a ≤ b ⊕ c implies a = b_1 ⊕ c_1, b_1 ≤ b, c_1 ≤ c. If E is lattice ordered and has the RDP, then E can be organized into an MV-algebra (cf. e.g., [11]). An interesting weakening of the RDP was recently introduced in [22]: an e¸ect algebra E is called homogeneous if a ≤ b ⊕ c, and a ≤ (b ⊕ c)^′ implies a = b_1 ⊕ c_1, b_1 ≤ b, c_1 ≤ c. Finally, an MV-algebra which is an orthoalgebra is a Boolean algebra.

3 Compatibility in effect algebras

Let E be an e¸ect algebra. Let C = (c_1, . . . , c_n) be a ˛nite sequence of elements of E. We say that C is jointly orthogonal (or simply orthogonal) if the sum c_1 ⊕ · · · ⊕ c_n is de˛ned. We then write ⊕C = c_1 ⊕ · · · ⊕ c_n. For n = 0 we de˛ne ⊕C = 0.

Let σ := (P_1, . . . , P_k) be an ordered partition of the set {1, . . . , n}. We put ||σ|| := k. Then σ(C) = (⊕_{i∈P1} c_i, . . . , ⊕_{i∈Pk} c_i) is an orthogonal sequence and ⊕σ(C) = ⊕^k_{l=1} ⊕_{i∈Pl} c_i = ⊕C. We will say that C is a refinement of σ(C). To every ordered partition σ of {1, . . . , n} we can de˛ne a function f_σ : {1, . . . , n} → {1, . . . , k} by f_σ(i) = j i¸ i ∈ P_j . Conversely, every such surjection f de˛nes a partition of {1, . . . , n}. We will call f_σ the refinement mapping.

Observe that if C = (c_1, . . . , c_n) is an orthogonal sequence, then there may exist di¸erent partitions of {1, . . . , n} with di¸erent re˛nement mappings leading to the same orthogonal sequence D = {d_1, . . . , d_k} of which C is a re˛nement. This may happen only if there is c ∈ C such that c ⊥ c.

Let E be an e¸ect algebra. A ˛nite family M of elements of E is said to be jointly compatible, (or simply compatible), if there is an orthogonal sequence C = (c_1, . . . , c_n) such that for every a ∈ M there is a set I_a ⊂ {1, . . . , n} such that a = ⊕_{i∈Ia}c_i. We say that C covers M, and call C a cover of M. If M is any subset of E, we say that M is compatible if every ˛nite subset of M is compatible.

An ordered pair (a, b) of elements of M is said to be Mackey compatible if there is an orthogonal sequence (a_1, b_1, c) such that a = a_1 ⊕ c, b = b_1 ⊕ c. The sequence (a_1, b_1, c) is called a Mackey decomposition of (a, b). Clearly, if (a, b) is Mackey compatible then (b, a) is Mackey compatible with the decomposition (b_1, a_1, c). We will write a ↔ b if (a, b) are Mackey compatible.

Let F be a subset of E. We say that events A = (a_1, . . . , a_n) are compatible in F if A is compatible with a cover C ⊂ F . A subset M of E is called compatible in F if any ˛nite subset of M is compatible with covers in F . We say that M is internally compatible if M is compatible in M. We say that elements (a, b) are Mackey compatible in F if there is a Mackey decomposition (a_1, b_1, c) of (a, b) with a_1, b_1, c ∈ F , and we write a ↔^F b In the following propositions we collect some basic properties of compatibility [23], [11].

Proposition 1 Let a, b be elements of an effect algebra E. (i) a ↔ a, 0 ↔ a, 1 ↔ a, ∀a ∈ E. (ii) a ≤ b ⇒ a ↔ b, a ⊥ b ⇒ a ↔ b. (iv) a ↔ b ⇒ a^′ ↔ b. (v) If elements a_1, . . . , a_n are jointly compatible, they are pairwise Mackey compatible. If n ≥ 3, the converse need not hold even in OMP ([28]).

Proof of the above statement is straightforward.

Proposition 2 Let (a, b) be an ordered pair of elements in E. The following statements are equivalent.

(C1) a ↔ b.

(C2) a, b are jointly compatible.

(C3) a = x ⊕ y with x ≤ b, y ≤ b^′.

(C4) There are elements u, v such that u ≤ a, b ≤ v and a ⊖ u = v ⊖ b.

Proof. (C1)⇒(C2). Let (a_1, b_1, c) be a Mackey decomposition of (a, b). The orthogonal sequence (a_1, b_1, c) covers (a, b), so a, b are jointly compatible.

(C2)⇒(C3): Let (c_1, . . . , c_n) be a cover of a, b. Then a = ⊕_{i∈Ia} c_i, b = ⊕_{i∈Ib}c_i, where I_a, I_b are subsets of {1, . . . , n}. Putting P_1 = I_a ∩ I_b, P_2 = I_a ∩ I^c_b , P_3 = I^c_a ∩ I_b, P_4 = I^c_a ∩ I^c_b , where I^c_a, I^c_b are complements of I_a, I_b in {1, . . . , n}, respectively, we obtain a partition of {1, . . . , n}. Clearly, I_a = P_1 ∪ P_2, and I_b = P_1 ∪ P_3. Then a_1 = ⊕_{i∈P2} c_i, b_1 = ⊕_{i∈P3} c_i, c = ⊕_{i∈P1} c_i is a Mackey decomposition of (a, b). Put d = (c_1 ⊕ · · · ⊕ c_n)^′. Then b ⊕ b^′ = ⊕^n_{i=1}c_i ⊕ d = 1, and by cancellativity, b^′ = ⊕_{i∈I}c_b c_i ⊕ d. Therefore a_1 = ⊕_{i∈Ia∩I}c_b c_i ≤ b^′, and c ≤ b. Putting x = c, y = a_1 concludes the proof.

(C3)⇒(C4). Let a = x ⊕ y, x ≤ b, y ≤ b^′. Then x ≤ a, x ≤ b and a ≤ b ⊕ y, b ≤ b ⊕ y. In addition, a ⊖ x = y = (b ⊕ y) ⊖ b. Putting u = x, v = b ⊕ y yields the desired statement.

(C4)⇒(C1). Let u ≤ a, b ≤ v and a ⊖ u = v ⊖ b. Then a = u ⊕ (a ⊖ u), b = u ⊕ (b ⊖ u), v=b ⊕ (v ⊖ b) = u ⊕ (b ⊖ u) ⊕ (a ⊖ u), which shows that (a ⊖ u, b ⊖ u, u) is a Mackey decomposition of (a, b). 2 We will say that elements a, b in E are strongly compatible if there is a Mackey decomposition (a_1, b_1, c) of the ordered pair (a, b) such that a_1∧b_1 = 0 (in the sense that x ≤ a_1, x ≤ b_1 implies x = 0). We will write a ↔^c b. More generally, we say that a ˛nite set A = (a_1, . . . , a_n) of elements are jointly strongly compatible if there is a cover C = (c_1, . . . , c_m) of A such that for every a_i, a_j in A, ⊕_{k∈Iai ∩Iacj} c_k ∧ ⊕_{k∈Iaci ∩Iaj} c_k = 0. We then say that C strongly covers A (or that C is a strong cover of A).

Lemma 1 Let (a_1, b_1, c) be a Mackey decomposition of (a, b). Let c ≤ —c ≤ a, b. Then (a ⊖ —c, b ⊖ —c, —c) is a Mackey decomposition of (a, b).

Proof. We can write a = —c ⊕ (a ⊖ —c), b = —c ⊕ (b ⊖ —c). Then a ⊕ (b ⊖ —c) ≤ a⊕(b⊖c) = a_1⊕b_1⊕c. It follows that (a⊖—c, b⊖—c, —c) is a Mackey decomposition of (a, b). 2

Proposition 3 Let a, b be elements of an effect algebra E. Let (a_1, b_1, c) be a Mackey decomposition of (a, b). The following statements are equivalent.

(i) (a_1, b_1, c) is a strong Mackey decomposition of (a, b);

(ii) c is a maximal lower bound of a, b;

(iii) d := a_1 ⊕ b_1 ⊕ c is a minimal upper bound of a, b.

Proof. (i) ⇒ (ii): Let (a_1, b_1, c) be a strong Mackey decomposition of (a, b). Let —c ∈ E be such that c ≤ —c ≤ a, b. There in an x ∈ E such that —c = c ⊕ x. We have

a = —c ⊕ (a ⊖ —c) (1) = c ⊕ x ⊕ (a ⊖ —c) = c ⊕ a_1, (2)

hence a_1 = x ⊕ (a ⊖ c),

b = —c ⊕ (b ⊖ —c) (3) = c ⊕ x ⊕ (b ⊖ —c) = c ⊕ b_1, (4)

hence b_1 = x ⊕ (b ⊖ —c). It follows that x ≤ a_1, b_1, so x = 0. Therefore c is a maximal lower bound of a, b.

(ii) ⇒ (i): Let c be a maximal lower bound of a, b and let (a_1, b_1, c) be a Mackey decomposition of (a, b). Assume that x ≤ a_1, b_1. Then a_1 = x ⊕ —a_1, b_1 = x ⊕ —b_1, so that a = x ⊕ c ⊕ —a_1, b = x ⊕ c ⊕ —b_1. Hence c ≤ x ⊕ c ≤ a, b. As c is a maximal lower bound of a, b then x = 0, and (a_1, b_1, c) is a strong Mackey decomposition of (a, b).

(ii) ⇔ (iii): Assume that (a_1, b_1, c) is a Mackey decomposition of (a, b). Put d := a_1 ⊕ b_1 ⊕ c. Then a ⊖ c = d ⊖ b. Let there be a —d with a, b ≤ —d ≤ d. There is y ∈ E such that d = —d⊕y. So we obtain a⊖c = ( —d⊕y)⊖b = ( —d⊖b)⊕y, and hence (a ⊖ c) ⊖ y = —d ⊖ b, which implies that a ⊖ (c ⊕ y) = —d ⊖ b. Hence c ⊕ y ≤ a, and similarly we prove that c ⊕ y ≤ b. So if d is not a minimal upper bound of a, b, then c is not a maximal lower bound of a, b. By reversing the implications we obtain the converse. It follows that c is a maximal lower bound of a, b i¸ d is a minimal upper bound of a, b. 2 Remark 1. Let E be an e¸ect algebra.

(a) E is an orthoalgebra i¸ every Mackey decomposition is strong. Indeed, (a, a^′, 0) is a Mackey decomposition of (a, a^′) for every a ∈ E. If it is strong, then a ∧ a^′ = 0. The converse is clear.

(b) E is an OMP i¸ for every Mackey decomposition (a_1, b_1, c) of (a, b), a_1 ⊕ b_1 ⊕ c = a ∨ b. That is, every Mackey decomposition is strong and unique. The converse need not hold, there are orthoalgebras with unique Mackey decompositions which are not OMPs.

(c) E is an MV-algebra i¸ E is lattice ordered and a ↔ b for every a, b in E [6], [29], [11]. Indeed, according to [6], a lattice ordered e¸ect algebra can be organized into an MV-algebra i¸ a ⊖ (a ∧ b) = (a ∨ b) ⊖ b holds for every a, b ∈ E. It is easy to see that a ⊖ (a ∧ b), b ⊖ (a ∧ b), a ∧ b is a Mackey decomposition of (a, b). If E is a lattice and a ↔ b, then it can be derived from Lemma 1 and Proposition 3, that (a ⊖ (a ∧ b), b ⊖ (a ∧ b), a ∧ b) is a strong Mackey decomposition of (a, b). It follows that ((a ⊖ (a ∧ b)) ⊕ b is a minimal upper bound of a, b, which is a ∨ b.

Recall that a partially ordered set P satis˛es the Riesz interpolation property (RIP) if whenever x, y ≤ a, b there is an element c in P such that x, y ≤ c ≤ a, b. In partially ordered abelian groups the Riesz interpolation property and the Riesz decomposition property are equivalent. In an e¸ect algebra, the Riesz decomposition property implies the Riesz interpolation property, but the converse need not hold [32].

Proposition 4 Let E be an effect algebra with RIP. If the elements a, b in E are strongly compatible, there is a unique strong Mackey decomposition (a_1, b_1, c) of (a, b) and c = a ∧ b, d = a_1 ⊕ b_1 ⊕ c = a ∨ b.

Proof. Let (a_1, b_1, c) be a strong Mackey decomposition of (a, b). Then c ≤ a, b and let x ∈ E be any lower bound of a, b. By RIP, there is y ∈ E such that x, c ≤ y ≤ a, b. Since c is maximal, we have y = c. Therefore c = a ∧ b. Similarly we prove that d = a ∨ b. 2

Corollary 1 An effect algebra E with RIP is an MV-algebra iff any two elements are strongly compatible.

Proof. If any two elements are strongly compatible, it follows by Proposition 4 that E is a lattice. Since any two elements are compatible, E is an MValgebra. The converse statement is well known (see e.g. [30]). 2 Recall that for u ∈ E, [0, u]_E denotes the interval 0 ≤ x ≤ u in E with the operation ⊕ de˛ned with respect u as the unit element. Two elements a, b ∈ [0, u]_E are said to be compatible in [0, u]_E if there is a Mackey decomposition (a_1, b_1, c) of (a, b) such that a_1 ⊕ b_1 ⊕ c ∈ [0, u]_E. In [4], the following characterization of di¸erent types of e¸ect algebras has been given

Theorem 1 Let E be an effect algebra.

1. E satisfies RDP if and only if every pair (a, b) of elements of E is compatible in every interval [0, x]_E which contains a, b.

2. E is an MV-algebra if and only if for every elements (a, b) there is a Mackey decomposition (a_1, b_1, c) such that a_1 ⊕b_1 ⊕c ∈ [0, x]_E whenever a, b ≤ x. The following characterization of e¸ect algebras with the RDP has been proved in [22, Theorem 3.5]. It shows what we need to add to the joint compatibility of all ˛nite subfamilies of elements of E to obtain the RDP.

Proposition 5 Let E be an effect algebra. The following statements are equivalent.

(a) E satisfies the RDP.

(b) Every finite family of elements in E is jointly compatible and the following weakening of the RDP holds for any x, a, b ∈ E:

(*) If x ≤ a ⊕ b, and x ≤ (a ⊕ b)^′, then there are a_1 ≤ a. b_1 ≤ b such that x = a_1 ⊕ b_1.

Proof. (a)⇒(b): Let a_1, . . . , a_n be elements of E. We will proceed by induction on n. If n = 1, there is nothing to prove. Now assume that an orthogonal cover exists for n − 1, and consider elements (a_1, . . . , a_n). By induction hypothesis, there is an orthogonal cover of (a_1, . . . , a_{n−1}) say (c_1, . . . , c_k). Put c = ⊕^k_{i=1}c_i, then (c, a_n) have an orthogonal cover - Mackey decomposition (y_1, y_2, z). So a_n = z ⊕ y_2, where z ≤ c, y_2 ≤ c^′. Since z ≤ c = ⊕^k_{i=1}c_i, there are elements d_i ≤ c_i, i = 1, . . . , k such that z = ⊕^k_{i=1}d_i, and then (d_1, . . . , d_k, c_1 ⊖ d_1, . . . , c_k ⊖ d_k, y_2) is an orthogonal cover of (a_1, . . . , a_n). It is immediate that (*) is satis˛ed.

(b)⇒(a): Let a, b, x be elements of E such that a, b ≤ x. We wish to prove that a, b are compatible in the interval [0, x]_E. First we prove that for any cover C of (a, x) with a ≤ x there exists a re˛nement D such that a cover of a in D is contained in a cover of x in D (see [22, Prop. 3.2]). So let C = (c_1, . . . , c_n) be an orthogonal cover of (a, x). Then there are subsets A ⊂ {1, . . . , n}, X ⊂ {1, . . . , n} such that a = ⊕_Ac_i, x = ⊕_X c_i. Without any loss of generality, we my assume that A \ X = {1, . . . , r}, A ∩ X = {r + 1, . . . , s}, and X\A = {s+1, . . . , t} with r+s+t = n. De˛ne a_1 = ⊕^r_{i=1}c_i, d = ⊕^s_{i=r+1}c_i, x_1 = ⊕^t_{i=s+1}c_i. Then a = a_1 ⊕ d, x = x_1 ⊕ d. From a ≤ x and cancellativity we get a_1 ≤ x_1, and since C is an orthogonal family, we also have a_1 ≤ x^′_1. Now for any c_i, i = 1, . . . , r, we have c_i ≤ x_1 and c_i ≤ x^′_1. Using (*) we obtain that c_i = ⊕^t_{j=s+1}d^i_j, where d^i_j ≤ c_j, j = s + 1, . . . , t. It is then easy to check that (d^i_j)_{i=1,...,r;j=s+1,...,t} ∪ (c_i)_{i=r+1,...,s} ∪ (c_i ⊖ ⊕^r_{j=1}d^j_i )_{i=s+1,...,t}) is re˛nement of C with the desired property.

Now we can ˛nd a cover W = (w_1, . . . , w_n) of a, b, x and subsets A, B, X of {1, . . . , n} with A ⊂ X, B ⊂ X with a = ⊕_Aw_i, B = ⊕_Bw_i, X = ⊕_Xw_i. Putting a_1 = ⊕_{A\B}w_i, b_1 = ⊕_{B\A}w_i, c = ⊕_{A∩B}w_i we obtain a Mackey decomposition of a, b in [0, x]_E. 2 The following proposition collects some characterizations of MV-algebras among e¸ect algebras with the RDP.

Proposition 6 Let E be an effect algebra with the RDP. The following statements are equivalent.

(i) E is an MV-algebra.

(ii) Every two elements in E are strongly compatible.

(iii) E is lattice ordered.

(iv) The partial operation ⊕ can be extended uniquely to a total operation + which is commutative, associative, monotone and such that a^′ = ∧{x : a + x = 1}. Proof. (i)⇒(ii): See Corollary 1.

(ii)⇒(iii): Follows by Proposition 4.

(iii)⇒(iv): Recall that the RDP implies that for any elements a, b, b ≤ a ⊕ a^′ ⇒ b = c ⊕ b_1, c ≤ a and b_1 ≤ a^′. Therefore any two elements a, b have a Mackey decomposition. Since E is lattice ordered, by Lemma 1, (a, b) have also a strong Mackey decomposition (a_1, b_1, c) with c = a∧b, a_1⊕b_1⊕c = a∨b. It follows that a⊖(a∧b) = (a∨b)⊖b. De˛ne a + b := a ⊕ (a^′ ∧ b). Clearly, + coincides with ⊕ if a ⊥ b, and is monotone in b. By the interplay between ⊕ and ⊖, we obtain

(a + b)^′ = a^′ ⊖ (a^′ ∧ b) = (a^′ ∨ b) ⊖ b (5) = (a ∧ b^′ ⊕ b)^′ = (b + a)^′. (6)

Therefore + is commutative. Further, using (a ⊖ a ∧ b) = (a ∨ b) ⊖ b, and the fact that a ⊕ (b ∧ c) = (a ⊕ b) ∧ (a ⊕ c) if a ⊥ b, b ⊥ c, we have

(a + b) + c = (a ⊕ a^′ ∧ b) ⊕ ((a ⊕ a^′ ∧ b))^′ ∧ c = (a ⊕ a^′ ∧ b) ⊕ (a^′ ⊖ a^′ ∧ b) ∧ a^′ ∧ c = (a ⊕ (a^′ ⊖ a^′ ∧ b) ∧ a^′ ∧ c) ⊕ a^′ ∧ b = (a ⊕ (a^′ ⊖ a^′ ∧ b) ∧ (a ⊕ a^′ ∧ c)) ⊕ a^′ ∧ b = (a^′ ⊖ (a^′ ⊖ a^′ ∧ b) ∨ (a^′ ⊖ a^′ ∧ c))^′ ⊕ a^′ ∧ b = (a^′ ∧ b ∨ (a^′ ⊖ a^′ ∧ c))^′ ⊕ a^′ ∧ b = ((a^′ ∧ b ∨ (a^′ ⊖ a^′ ∧ c)) ⊖ a^′ ∧ b)^′ = ((a^′ ⊖ a^′ ∧ c) ⊖ (a^′ ⊖ a^′ ∧ c) ∧ a^′ ∧ b)^′ = (a ⊕ a^′ ∧ c) ⊕ (a ⊕ a^′ ∧ c)^′ ∧ b = (a + c) + b.

This proves associativity of +.

If a+x = 1, then 0 = (a+x)^′ = (a⊕a^′ ∧x)^′ = a^′ ⊖a^′ ∧x, hence a^′ = a^′ ∧x, so that a^′ ≤ x. Since a + a^′ = a ⊕ a^′ = 1, the operation + has the desired property.

(iv)⇒(i): Let there exist an operation + with the desired properties. First we prove that (p^′ + q)^′ + q is an upper bound of both p and q in E. We have 1 = (p^′ + q) + (p^′ + q)^′ = p^′ + (q + (p^′ + q)^′) assuming commutativity and associativity of +. Hence p ≤ (p^′ + q)^′ + q by the last property of +. By monotony of +, q ≤ (p^′ + q)^′ + q. Put s = (p^′ + q)^′ + q. We have just proved that s is an upper bound of p, q. Suppose that there is x in E with x ≥ p, x ≥ q. We want to prove that x ≥ s. We may write

x = (x ⊖ q) ⊕ q (7) = (x^′ ⊕ q)^′ ⊕ q = (x^′ + q)^′ + q, (8)

since + is an extension of ⊕. From x ≥ p we obtain x^′ ≤ p^′, and by monotony of +, we get x^′ +q ≤ p^′ +q. Since^′ is order reversing, by repeated application of the monotony of + we obtain

(p^′ + q)^′ + q ≤ (x^′ + q)^′ + q,

and so x^′ = ((x^′ + q)^′ + q)^′ ≤ ((p^′ + q)^′ + q)^′ = s;

i.e., s ≤ x, as required. This proves that p ∨ q = (p^′ + q)^′ + q.

It remains to prove the uniqueness of +. Let E be an e¸ect algebra with the RDP. Assume that there are two total extensions of ⊕ with the desired properties and denote them by +_1 and +_2. We want to prove that +_1 = +_2. Assume that there are q, r ∈ E such that q +_1 r ≠ q +_2 r. Putting p = r^′, we get q +_1 p^′ ≠ q +_2 p^′ and hence (p^′ +_1 q)^′ ≠ (p +_2 q)^′. Put z := (p^′ +_1 q)^′. Then q ≤ q +_1 p^′ = z^′. Hence q ⊥ z, so q ⊕ z = q +_1 z. By the last part of the above proof, we have p ∨ q = (p +_1 q)^′ +_1 q = z +_1 q = z ⊕ q. Similarly, letting y := (p^′ +_2 q)^′, we prove that y ⊥ q, and we obtain p ∨ q = y ⊕ q = y +_2 q. We conclude y = z, in contradiction with our suppositions. 2 Remark 2. The equivalence (i)⇔(iv) was proved in [26] in relations with the K_0 theory for AF C*-algebras. Our proof based purely on the algebraic properties of E. Combining it with the result of [13], which proves that the Elliott’s invariant is an interval in a partially ordered group with the RDP and so it has a RDP itself, the result of [26] follows.

Remark 3. Let (a_1, b_1, c) be a strong Mackey decomposition of (a, b). Then (b_1, a_1, d^′) where d = a_1 ⊕ b_1 ⊕ c is a strong Mackey decomposition of (a^′, b^′). Indeed, by Proposition 3 c is a maximal lower bound of a, b and d is a minimal upper bound of a, b. Then d^′ is a maximal lower bound of a^′, b^′, and (b_1, a_1, d^′) is a Mackey decomposition of (a^′, b^′). By Proposition 3 (ii), (b_1, a_1, d^′) is a strong Mackey decomposition of (a^′, b^′). Strong compatibility of (a, b^′), resp. (a^′, b) can be derived i¸ a_1 is a maximal lower bound of a, b^′, resp. b_1 is a maximal lower bound of a^′, b. In particular, if c is any lower bound of a, a^′, then (a ⊖ c, a^′ ⊖ c, c) is a Mackey decomposition of a, a^′, but a, a^′ are strongly compatible i¸ they have a maximal lower bound.

Evidently, strong Mackey decompositions need not exist even for compatible elements, and if they exist, they may be not unique. In the following theorem we show that in any Hilbert space e¸ect algebra E(H), there exist strong Mackey decompositions (not necessarily unique) for any two compatible elements. This follows from the existence of maximal lower bounds [25, Theorem 4.5].

Theorem 2 In E(H), any two Mackey compatible effects have also a strong Mackey decomposition.

Proof. If a, b ∈ E(H) are Mackey compatible, there are c, d ∈ E(H) such that c ≤ a, b ≤ d and a ⊖ c = d ⊖ b. Put S := {x ∈ E(H) : c ≤ x ≤ a, b}. Let K ⊂ S be a chain. S is partially ordered and nonempty, since c ∈ S.

K can be considered as an increasing net in E(H) and by [35, Lemma 1], lim_K < xϕ, ϕ >=< x_0ϕ, ϕ > for some x_0 ∈ E(H) and every ϕ ∈ H. It follows that x_0 ∈ S and c ≤ x ≤ x_0 for every x ∈ K. By Zorn’s lemma, S has a maximal element c_1, say, such that c ≤ c_1. By Lemma 1, (a ⊖ c_1, b ⊖ c_1, c_1) is a Mackey decomposition of (a, b), and by Proposition 3, it is a strong Mackey decomposition. 2

4 Blocks in effect algebras

Recall than an observable on an e¸ect algebra E is a morphism α : B → E from a Boolean algebra B to E. Let ran(α) = {α(b) : b ∈ B} denote the range of α. We say that two observables α and β are coexistent if there is an observable γ such that ran(α)∪ ran(β) ⊆ ran(γ). An observable α is ˛nite if there is a ˛nite set {b_1, . . . , b_k} in B such that α(b_1) ⊕ · · · ⊕ α(b_k) = 1. Then (α(b_i)^k_{i=1} is a ˛nite partition of unity in E and ran(α) consists of ⊕- sums over all subsets of it. Clearly, ran(α) is a compatible set. A system A = (α_i)_{i∈I} will be called coexistent (in A) if every two observables α, β in A are coexistent with γ ∈ A, where ran(α)∪ran(β) ⊆ran(γ). Clearly, the system A is coexistent i¸ ∪_{i∈I} ran(α_i) is compatible with covers in itself.

By a block of E we mean a maximal subsystem A of E such that every ˛nite subset of elements of A is compatible in A. Alternatively, a block is union of the ranges of a maximal coexistent system of ˛nite observables on E. Using Zorn lemma, we can prove that every e¸ect algebra E can be expressed as the union of its blocks. The structure of blocks in e¸ect algebras is not known, in general. In fact, we can only say that the blocks bear a structure of a compatible quasi-e¸ect algebra (see [4]). A quasi-effect algebra is a structure (A; ≤, ⊕,^′ , 1, 0) where (A; ≤,^′ , 1, 0) is a bounded involutive poset, and ⊕ is a partially de˛ned binary operation such that

1. ∃(a ⊕ b) implies ∃(b ⊕ a) and a ⊕ b = b ⊕ a.

2. a ⊕ a^′ = 1.

3. ∃(a ⊕ 1) implies a = 0.

4. a ≤ b and ∃(a ⊕ c) and ∃(b ⊕ c) implies a ⊕ c ≤ b ⊕ c.

Let α be an observable on E. Then A =ran(α) can be organized into a quasi-e¸ect algebra (A; ≤_A, ⊕_A,^′_A , 1_A, 0_A) where ≤_A is the restriction of ≤ in

E to A,^′_A =^′, 1_A = 1, 0_A = 0, and ∃(a ⊕_A b) i¸ ∃(a ⊕ b) and a ⊕ b ∈ A, and then a ⊕_A b = a ⊕ b ([4, Lemma 1]).

We say that a system (α_i)_{i∈I} of observables is directed if to every i, j ∈ I there is k ∈ I such that ran(α_i)∪ ran(α_j ) ∈ ran(α_k). Let (α_i)_{i∈I} be a directed system of observables. Put A = ∪_{i∈I} ran(α_i). With partial order ≤ and orthosupplementation^′ and 0, 1 inherited from E, A is an involutive, bounded poset. De˛ne ⊕_A as follows: a ⊕_A b is de˛ned if there is i ∈ I with a, b, a ⊕ b ∈ ran(α_i) and then put a ⊕_A b = a ⊕ b. Clearly, (A; ≤_A, ⊕_A,^′_A , 1, 0) is a quasi-e¸ect algebra. We may conclude that in general, a block of an e¸ect algebra is a compatible quasi e¸ect algebra.

Theorem 3 A block A of an effect algebra E is a sub-effect algebra of E if and only if the following condition is satisfied: {a_1, a_2 . . . , a_n} is a compatible set and a_1 ⊥ a_2 implies that {a_1, a_2, . . . , a_n, a_1 ⊕ a_2} is a compatible set.

Proof. If a block A is a sube¸ect algebra of E, then a_1, a_2 ∈ A and a_1 ⊥ a_2 implies a_1 ⊕ a_2 ∈ A. Since every ˛nite subset of A is compatible, we have, for any ˛nites set {b_1, . . . , b_n} in A that {a_1, a_2, b_1, . . . , b_n, a_1 ⊕a_2} is a compatible set.

Conversely, if a_1, a_2 ∈ A, a_1 ⊥ a_2 and for any b_1, . . . , b_n in A a_1, a_2, b_1, . . . , b_n, a_1⊕ a_2 is compatible, then the maximality of A implies that a_1 ⊕ a_2 ∈ A. 2 Observe that in the above theorem, the condition a_1, a_2, . . . , a_n compatible and a_1 ⊥ a_2 implies a_1, a_2, . . . , a_n, a_1 ⊕ a_2 compatible can be replaced by the condition a_1, a_2, . . . , a_n compatible and a_1 ≤ a_2 implies a_1, a_2, . . . , a_n, a_2 ⊖ a_1 compatible.

In analogy with orthomodular posets, we say that an e¸ect algebra E is regular if any pairwise compatible ˛nite set is jointly compatible. In a regular e¸ect algebra, a block is a maximal system of pairwise compatible elements.

The following special cases are known.

Case 1. Let E be an orthoalgebra. It is well known that the range of every observable α is a sube¸ect algebra of E which, endowed with "local" lattice operations ∨_α, ∧_α taken with respect to ran(α), is a Boolean algebra. Moreover, the mapping α : B → ran(α) is a Boolean algebra homomorphism. The corresponding "global" suprema and in˛ma in E need not exist, and even if they exist, they need not belong to ran(α).

Let (α_i)_{i∈I} be a maximal coexistent system of ˛nite observables, so that ∪_{i∈I} ran(α_i) is a block. Then (ran(α_i))_{i∈I} form a directed system of Boolean algebras. Indeed, if ran(α_i) ⊆ ran(α_j), then by well known theorems by

Sikorski and Varadarajan [36], there is a function f : ˙_j → ˙_i where ˙_i, ˙_j are ˛nite sets such that α_i(˙_i) = 1, α_j(˙_j) = 1, such that for every X ∈ 2^{Ωi} , α_i(X) = α_j(f^{−1}(X)). Let a, b ∈ ran(α_i), a = α_i(X), b = α_i(Y ). Then

a ∧_i b = α_i(X ∩ Y ) = α_j (f^{−1}(X ∩ Y )) = α_j(f^{−1}(X) ∩ f^{−1}(Y )) = α_j(f^{−1}(X)) ∧_j α(f^{−1}(Y )) = a ∧_j b.

Let A = ∪_{i∈I} ran(α_i) be a block. It is clear that A is a bounded orthocomplemented poset. For every a, b, c ∈ A there is a k ∈ I such that a, b, c ∈ran(α_k). It follows that A is a sube¸ect algebra of E and with suprema and in˛ma taken in A, it is a distributive lattice, hence a Boolean algebra. The lattice operations in a block coincide with those in E i¸ E is an orthomodular poset.

Case 2. Let E be a lattice ordered e¸ect algebra. It has been proved in [32], that the maximal pairwise compatible subsets are sube¸ect algebras of E which are closed under the lattice operations and form MV-algebras. It follows that lattice ordered e¸ect algebras are regular and blocks are MValgebras with the lattice operations inherited from E.

Case 3. Homogeneous e¸ect algebras introduced in [22] have blocks that form sube¸ect algebras of E satisfying the Riesz decomposition property. Homogeneous e¸ect algebras include orthoalgebras and lattice ordered e¸ect algebras as special cases. In both these subcases, blocks form distributive lattices, but the nature of lattice operations may be di¸erent.

Case 4. According to [8], if an e¸ect algebra satis˛es the Riesz interpolation property (RIP) and so called di¸erence meet property (DMP), that is if a, b, c ∈ E, a ≤ b are such that a ∧ c, b ∧ c exist in E, then (b ⊖ a) ∧ c exists in E, then E can be covered by MV-algebras, which are maximal sets of pairwise strongly compatible subsets of E. The lattice operations in the MV-algebras coincide with the lattice operations in E. Since every lattice ordered e¸ect algebra satis˛es RIP and DMP, and in a lattice ordered e¸ect algebras any two compatible elements are also strongly compatible, this case generalizes the case of lattice ordered e¸ect algebras. It is not known whether the maximal strongly compatible sets coincide with the maximal compatible sets.

Case 5. Let H be a Hilbert space (complex, separable). Consider a maximal subset A of the e¸ect algebra E(H) consisting of pairwise commuting elements. Using well-known results of von Neumann [27] and Varadarajan [36], there is an observable (self-adjoint operator) u and Borel functions f_a :

R → [0, 1] such that every a ∈ A is a function of u, a = f_a(u). Since A is maximal, the set {f_a : a ∈ A} consists of all measurable functions. The functions f_a : R → [0, 1] can be endowed with a structure of an MV-algebra, if we de˛ne ([4]) (f ⊕ g)(x) = max(1, f(x) + g(x)), x ∈ R. Using the functional calculus, we can transfer the MV-algebra structure to the operators in A. In this way, E(H) can be covered by MV-algebras. By the functional calculus, we have a ∧_A b = Z_1 0 max(f_a(λ), f_b(λ)u(dλ) = Z_b a 1 2 (f_a + f_b − |f_a − f_b|)u(dλ) = 1 2 (a + b − |a − b|) = a ⊓ b. According to [20], a ⊓ b ≥ 0 and it is a maximal lower bound of a, b. Since, again by the functional calculus, a+(b−a⊓b) =^1_2 (a+b+|a−b|) = a⊔b ≤ 1, a, b are strongly compatible. The in˛mum of a, b in A is then equal to a ⊓ b, which is equal to a ∧ b i¸ a ∧ b exists in E(H). We note that a ∧ b need not exist in E(H) even if a and b commute. Let a ∈ E(H) be a regular e¸ect such that 0, 1 do not belong to the point spectrum of a (recall that a is regular if a and a^′ are incomparable). By [1], the in˛mum a ∧ a^′ in E(H) exists i¸

Z_{1−} 0+ λdu(λ) and Z_{1−} 0+ (1 − λ)du(λ) where λ → u(λ) is the spectral measure of a, are comparable, and then the in˛mum is the smaller of both. But if the point spectrum of a does not contain 0, 1, then the above integrals coincide with a and a^′ = 1 − a, respectively, which are regular, hence incomparable. Therefore a ∧ a^′ does not exist.

We conclude that in the MV-algebras A corresponding to maximal sets of commuting e¸ects, the lattice operations in A need not coincide with the lattice operations in E(H).

It can be shown that there are noncommuting e¸ects a, b in E(H) such that (a, b) have a Mackey decomposition (a ⊖ a ⊓ b, b ⊖ a ⊓ b, a ⊓ b). Let ϕ and ψ be di¸erent unit vectors in H. Put a = λϕ, b = μψ, 0 < λ, μ < 1. We can choose λ and μ such that a + b ≤ I. Then a ∧ b = 0 = a ⊓ b in E(H), and (a, b, 0) is a strong Mackey decomposition of (a, b).

We conclude that the above MV-algebras do not correspond to maximal compatible sets in E(H).

5 Effect test spaces

In [10], [11] and [19], close relations between e¸ect algebras and so-called Dtest spaces ([10], [11]) or e¸ect test spaces ([19]) were shown. D-test spaces and e¸ect test spaces are essentially equivalent and they are a generalized form of test spaces introduced by Foulis and Randall [16], [34]. Let us recall some basic facts about e¸ect test spaces.

Let X be a nonempty set, elements of X are called outcomes. Let I be a nonempty set. A function F : I → X is said to be of finite multiplicity if for every x ∈ X, F^{−1}(x) is of ˛nite cardinality. Observe that if I = ∅ then X^I = {∅}. For arbitrary sets I, J and functions F ∈ X^I , G ∈ X^J de˛ne F ⊂ G if there is an injection σ : I → J such that F = G ∘ σ, i.e., F (i) = G(σ(i)) for all i ∈ I. If F ⊂ G and σ : I → J is a bijection, we say that F and G are equivalent, in symbols F ∼ G, sometimes we will identify equivalent functions, and write F = G. Let F ∈ X^I , G ∈ X^J . We can now de˛ne unambiguously a function F _∪G as follows: Let K = I^′ ∪ J^′, I^′ ∩ J^′ = ∅, and ϕ : I → I^′, ψ : J → J^′ be bijections. Then F _∪G ∈ X^K, and F _∪G(k) = F (i) if k = ϕ(i), i ∈ I, and F _∪G(k) = G(j) if k = ψ(j), j ∈ J. Evidently, _∪ is commutative and associative.

For F ∈ X^I , let R(F ) := {x ∈ X : x = F (i) for some i ∈ I}, denote the range of F .

Definition 1 Let J be a nonvoid family of index sets, X ≠ ∅, and let T = {T ∈ X^I : I ∈ J }. We say that (X, T ) is an effect test space if the following conditions are satisfied:

(i) any T ∈ T is of finite multiplicity,

(ii) for every x ∈ X there is a T ∈ T such that x ∈ R(T ),

(iii) if S, T ∈ T and S ⊂ T , then S ∼ T .

An element T ∈ T is said to be a test.

Notice that if T ∈ T and T ∈ X^I , then I ≠ ∅. For otherwise by (iii), ∅ ⊂ T ⇒ ∅ = T for all tests T , contradicting (ii). A function G ∈ X^J is called an event if there is a T ∈ T such that G ⊂ T . Denote the set of all events by E = E(X, T ).

Definition 2 Let F, G be events. We say that F and G are

(i) orthogonal (written F ⊥ G) if there is a T ∈ T such that F _∪G ⊂ T ,

(ii) local complements of each other (F loc G) if there si a T ∈ T with F _∪G = T , (iii) perspective with axis H (F ≈_H G, or simply F ≈ G) if they share a common complement H.

Observe that if ∅ ≈ G then G ∼ ∅. Moreover, arbitrary two tests R, S are perspective with axis ∅.

Definition 3 An effect test space (X, T ) is algebraic if for F, G, H ∈ E, F ≈ G and F ⊥ H implies G ⊥ H.

Equivalently, (X, T ) is algebraic i¸ F, G, H ∈ E, F loc H and F ≈ G implies G loc H. If (X, T ) is algebraic, then the relation ≈ becomes an equivalence relation. Denote by ˝ = ˝(X, T ) the set of all equivalence classes of events. For F ∈ E, de˛ne ˝(F )^′ = ˝(G), where G is any local complement of F . Then ˝(F )^′ is well de˛ned. For F, G ∈ E de˛ne ˝(F ) ⊕ ˝(G) := ˝(H) i¸ F ⊥ G and H = F _∪G. Putting 0 := ˝(∅) and 1 := ˝(T ), for any T ∈ T , it can be proved that ˝(X, T ) becomes an e¸ect algebra.

Conversely, let (E, ⊕, 0, 1) be an e¸ect algebra. A ˛nite sequence (a_1, a_2, . . . , a_n) of nonzero elements of E is a finite partition of unity if a_1 ⊕ a_2 · · · ⊕ a_n is de˛ned in E and equals to 1. Put X := E \ {0} and F be the family of all ˛nite partitions of unity in E. Then (X, F) is an algebraic e¸ect test space, where two events A = (a_i)_{i≤n}, B = (b_j)_{j≤m} are perspective i¸ ⊕_{i≤n}a_i = ⊕_{j≤m}b_j. The logic ˝(X, F) is isomorphic with E. Such a test space is called the standard test space for the e¸ect algebra E.

In what follows, we consider an algebraic e¸ect test space (X, T ). Let T ∈ T be a test, we may assume that T ∈ X^{IT} , where I_T denotes the index set of T . Let σ(I_T ) be an ordered partition of I_T . Then there is a mapping f_σ : I_T → σ(I_T ), such that f_σ(i) = j i¸ i ∈ P_j where P_j ∈ σ(I_T ). Let ||σ|| denote the cardinality of σ(I_T ). We may consider {j : P_j ∈ σ(I_T )} as a new index set and assume that there exists a test σ(T ) in T such that σ(T )(j) ≈ _∪_{i∈f}�1_{σ (j)}T (i) = _∪_{i∈Pj} T (i). We will say that σ(T ) is a coarsening of T , or that T is a refinement of σ(T ).

Consider the index set I_{σ(T )} of σ(T ). Let τ be any ordered partition of I_{σ(T )}. We can build a function τ (σ(T )) putting

τ (σ(T ))(j) ≈ _∪_{k∈f}�1_{τ (j)} _∪_{i∈f}�1_{σ (k)}T (i) = _∪_{k∈Qj} ( _∪_{i∈Pk} T (i)), where Q_j ∈ τ (σ(T )).

Using the re˛nement mappings f_σ, f_τ , f_κ we can show associativity of compositions . If σ is an ordered partition of I_T , τ is an ordered partition of I_{σ(T )} and κ is an ordered partition of I_{τ (σ(T ))}, then we have κ · (τ · σ)(T ) = (κ · τ ) · σ(T ). For every n ∈ N let σ_n denote the n-ary partition of I_T , so ||σ_n|| = n. Then I_{σn(T )} = {1, · · · , n}, and we obtain an n-ary test

σ_n(T ) = (σ_n(T )(1), · · · , σ_n(T )(n)).

In what follows, we show examples of test spaces, where coarsenings and re˛nements make sense.

Example 1. Let X = 2^Y \ {∅} be the set of all nonempty subsets of nonempty set Y , and consider a classical test space (X, T ), i.e., for every test T ∈ T the cardinality of T^{−1}(x), x ∈ X, is at most 1. For any test T ∈ X^{IT} and any ordered partition σ = {P_j : j ∈ J} of I_T , the sets ∪{T (i) : i ∈ P_j}, j ∈ J belong to X. Therefore it makes sense to de˛ne a function F : J → X putting F (j) = ∪{T (i) : i ∈ P_j}. Instead of 2^Y we can consider a subfamily of it, e.g., a σ ˛eld of sets, and consider partitions with members in that family.

Example 2. Let (X, +, 0) be a positive cone. Let U be a subset of X such that v ∈ X, u ≤ v for some u ∈ U implies v /∈ U. Put I_n = {1, . . . , n} n ∈ N, and de˛ne a function f : I_n → X to be a test if P^n_{i=1} f(i) belongs to U. Let T denote the set of all tests. Then (X \{0}, T ) is an e¸ect test space, and the structure of X enables us to take into account partitions of index sets and the corresponding coarsenings, resp. re˛nements.. If f is an event, we denote by P f := P_{i∈If} f(i), where I_f is the index set of f. An event h is a local complement of f if P_i f(i) + P_j h(j) ∈ U. Events f and g are perspective if they share a common complement. The test space is algebraic i¸ whenever two events share one local complement, they share all local complements. In this case, the quotient with respect to the perspectivity relation is an e¸ect algebra. For example, if U = {u} is a one-element set, then by cancellativity of the positive cone, the test space is algebraic, and we obtain an interval e¸ect algebra. More generally, a positive cone may be replaced by a partial abelian monoid (cf. [37], [31], [30]).

Example 3. Let (E \ {0}, T ) be a standard e¸ect test space of an e¸ect algebra E. Tests in T are orthogonal subsets (a_1, . . . , a_n) of nonzero elements such that ⊕^n_{i=1}a_i = 1. If (P_1, . . . , P_s) is any partition of the set {1, . . . , n}, then (b_1, . . . , b_s), where b_i = ⊕_{{j∈Pi}}a_j, is also a test. This example is a special case of Example 2.

Example 4. Let (X, T ) be an e¸ect test space, E the set of its events. Put Z := E \ {∅}. Consider the set F of functions ~F : I_n → Z, where I_n denotes the set {1, . . . , n}, n ∈ N, such that _∪^n_{i=1} ~F (i) ∈ T . We prove that (Z, F) is an e¸ect test space. Let E ∈ E \ {∅}, then for any local complement E^′ of E, the function ~F : {1} → Z, ~F (1) = E if E is a test, ~F : {1, 2} → Z, ~F (1) = E, ~F (2) = E′ otherwise, belongs to F. Hence the union of ranges of functions in F covers Z. Assume that ~F : I_m → Z, ~G : I_n → Z belong to F, and ~F ⊂ ~G. Then there must be an injection σ : I_m → I_n such that ~F (σ(i)) = ~G(j) whenever σ(i) = j. Then _∪_{{j∈In:j=σ(i)}} ~G(j) = _∪_{{i∈Im}} ~F (i) ∈ T and hence ~G(k) = 0 for k ∈ I_n \ σ(I_m), so that ~F = ~G. This proves that (Z, F) is an e¸ect test space. Denote by ~E the set of events of (Z, F). For every ~E : I_n → Z in ~E, de˛ne w( ~E) := _∪_{i∈In} ~E(i). Clearly w( ~E) belongs to E and w : ~E → E is a surjective mapping. In addition, if ~E ⊥ ~F , then w(E) ⊥ w(F ) and w( ~E _∪ ~F ) = w( ~E) _∪w( ~F ), and also w( ~E) ⊥ w( ~F ) implies ~E ⊥ ~F . Assume that (X, T ) is an algebraic e¸ect test space. We show that (Z, F) is also an algebraic e¸ect test space. Moreover, the corresponding e¸ect algebras ˝(X) and ˝(Z) are isomorphic. To prove it, assume that ~E, ~F , ~G ∈ ~E, and ~E ≈_{G̃} ~F . Then w( ~E) _∪w( ~G) ∈ T , w( ~F ) _∪w( ~G) ∈ T , and hence w(( ~E) ≈_{w(G̃)} w( ~F ).

Conversely, let w( ~E) ≈_{w(}~_{G)} w( ~F ). Then w( ~E) _∪w( ~G) ∈ T , w( ~F ) _∪w( ~G) ∈ T , so that ~E _∪ ~G ∈ F, ~F _∪ ~G ∈ F, and hence ~E ≈~_G ~F .

De˛ne ν : ˝(Z) → ˝(X) by ν(˝( ~E)) = ˝(w( ~E)). If ~E ⊥ ~F , then

ν(˝( ~E) ⊕ ˝( ~F )) = ν(˝( ~E _∪ ~F )) = ˝(w( ~E _∪ ~F )) = ˝(w( ~E) _∪w( ~F )) = ˝(w( ~E)) ⊕ ˝(w( ~F )) = ν(˝( ~E)) ⊕ ν(˝( ~F )).

Clearly, ν(˝(0)) = 0, and ν(˝( ~T )) = ˝(w( ~T ) = 1 whenever ~T ∈ F. Hence ν is a surjective morphism of e¸ect algebras. Since

ν(˝( ~E) ⊥ ν(˝( ~F )) ⇒ ˝(w( ~E)) ⊥ ˝(w( ~F )) ⇒ w( ~E) ⊥ w( ~F ) ⇒ ~E ⊥ ~F , ν is an isomorphism.

It is easy to see that if ~E is any event in (Z, F), ~E : I_n → Z, and κ(I_n) = (P_1, . . . , P_{||κ||}) is any partition of I_n, then ~F : I_{||κ||} → Z, ~F (i) = _∪( ~E(j) : j ∈ P_i)} is an event in (Z, F).

6 Test spaces with refinements

The following de˛nition is inspired by [21].

Definition 4 Let (X, T ) be an effect test space. We will say that (X, T ) is a leveled effect test space if for every test T : I_T → X in T and every finite partition σ(I_T ) = (P_1, . . . , P_n), ||σ|| = n, n ∈ N, of the set I_T , there is a test σ(T ) : {1, . . . , n} → X such that σ(T )(i) = _∪_{j∈Pi} T (j).

Let (X, T ) be a leveled algebraic e¸ect test space, E its set of events. We say that an event F is a refinement of an event E if there is a mapping κ : I_F → I_E such that for every i ∈ I_E, E(i) ≈ _∪{F (j) : j ∈ κ^{−1}(i)}. Clearly, if F is a re˛nement of E, then F ≈ E. We say that two events E and G have a common refinement, if there is an event F which is a re˛nement of both E and G. Clearly, if E and G have a common re˛nement, then E ≈ G.

We say that events E_1, . . . , E_k can be built from an event F if there are sub-events F_1, . . . , F_k of F which are re˛nements of E_1, . . . , E_k, respectively.

Let A, B : {1, 2} → X be binary events, and let C : I_C → X be their common re˛nement. Then there are partitions (I_1, I_2) and (J_1, J_2) of the set I_C such that A(1) = _∪_{i∈I1} C(i), A(2) = _∪_{i∈I2} C(i), B(1) = _∪_{j∈J1} C(j), B(2) = _∪_{j∈J2} C(j). We can construct a partition of I_C consisting of sets I_1 ∩ J_1, I_1 ∩ J_2, I_2 ∩ J_1, I_2 ∩ J_2 and de˛ne the events W_{ij} = _∪_{k∈Ii∩Jj} C(k), i, j = 1, 2, the four-element event (W_{ij})^2_{i,j=1} is a common re˛nement of A and B. Any two binary events A, B which have a common re˛nement, have also a common re˛nement of the latter type. We say that the events A, B admit a strong common refinement if they have a common re˛nement (W_{ij})^2_{i,j=1} such that W_{12} ∩ W_{21} = ∅, that is, there is no nonempty event V under W_{12} and W_{21}.

Theorem 4 Let (X, T ) be an algebraic leveled effect test space. Let E = ˝(E) be the corresponding effect algebra. The following statements are equivalent.

(i) Elements a_1, . . . , a_n in E are compatible.

(ii) There are events A_1, . . . , A_n in E, ˝(A_i) = a_i, that can be built from a test T in T .

(iii) There are binary tests B_i with ˝((B_i)(1)) = a_i, i = 1, . . . , n which have a common refinement.

Moreover, elements a, b in E are strongly compatible if and only if there are binary events A, B, such that ˝(A) = a, ˝(B) = b and A, B admit a strong common refinement.

Proof. (i)⇒(ii). By (i), there is an orthogonal set (c_1, . . . , c_k) such that a_i = ⊕_{j∈Ii} c_j, I_i ⊂ {1, . . . , k}, i = 1, . . . , n. Hence there are orthogonal events C_1, . . . , C_k with ˝(C_i) = c_i, i = 1, . . . , k, and a test T ∈ T to which C_1, . . . , C_k belong. We then have a_i = ˝( _∪_{j∈Ii} C_j), i = 1, . . . , n, and A_i = _∪_{j∈Ii} C_j , i = 1, . . . , n can be built from T .

(ii)⇒(iii). Let a_i = ˝(A_i), i = 1, . . . , n, and A_1, . . . , A_n can be built from a test T . We may assume, with no loss of generality, that A_1, . . . , A_n are subevents of T . Then there are subsets I_1, . . . , I_n of the index set I_T of T such that A_k = _∪_{j∈Ik} T (j), k = 1, . . . , n. Taking partitions (I_k, I_T \ I_k) of I_T , we obtain binary tests B_k, k = 1, . . . , n with B_k(1) ≈ A_k = _∪_{i∈Ik} T (j), which can be built from T .

(iii)⇒(i). Let B_i, i = 1, . . . , n be binary tests with ˝(B_i) = a_i which can be built from a test T . Then there are subsets I_i of I_T with B_i ≈ _∪_{j∈Ii} T (i). Taking a suitable coarsening if necessary, we may assume that I_T is ˛nite, I_T = {1, . . . , k}. Then c_j = π(T (j), j = 1, . . . , k is an orthogonal sequence, and a_i = ˝( _∪_{j∈Ii} T (j)) = ⊕_{j∈Ii} c_j.

To prove the remaining part, assume that (a, b) in E have a strong Mackey decomposition (a_1, b_1, c) and put d = a_1 ⊕b_1 ⊕c. Let A, B be any events such that ˝(A) = a, ˝(B) = b. Then there are orthogonal events A_1, B_1, C, D^′ belonging to a test T , such that ˝(A_1) = a_1, ˝(B_1) = b_1, ˝(C) = c and ˝(D^′) = d^′. We have ˝(A_1 _∪C) = a, ˝(B_1 _∪C) = b, hence A ≈ A_1 _∪C, B ≈ B_1 _∪C, and (A_1, B_1, C, D^′) is a common re˛nement of the binary tests (A, A^′) and (B, B^′). From a_1 ∧ b_1 = 0, we obtain that there is no event V ≠ ∅ lying under A_1 and B_1.

The proof of the opposite statement is analogous. 2 In the following theorem, we give a characterization of the most important types of e¸ect algebras by properties of leveled e¸ect test spaces. Notice that statements similar to (ii) and (iii) in terms of ordinary e¸ect test spaces have been proved in [7].

Theorem 5 Let (X, T ) be a leveled algebraic effect test space, E its set of events and E = ˝(E) the corresponding effect algebra. Following statements hold.

(i) E is an orthoalgebra if and only if every test is an injective function.

(ii) E is an OMP if and only if every pairwise orthogonal events E, F, G can be built from one test T .

(iii) E has the RDP if and only if every two perspective binary events have a common refinement.

(iv) E is an MV-algebra if and only if every two perspective binary events have a strong common refinement.

Proof. (i) Is well-known. (ii) Easily follows from the fact that an e¸ect algebra E is an OMP i¸ for any a, b, c in E which are pairwise orthogonal a ⊕ b ⊕ c exists.

(iii) Let E have the RDP. Let A : {1, 2} → X, B : {1, 2} → X be perspective binary events. Put π(A(1)) = a_1, π(A(2)) = a_2, π(B(1)) = b_1, π(B(2)) = b_2. By assumption A ≈ B, which implies A(1) _∪A(2) ≈ B(1) _∪B(2), and this in turn implies a_1 ⊕ a_2 = b_1 ⊕ b_2. By RDP, there are elements w_{11}, w_{12}, w_{21}, w_{22}, jointly orthogonal and such that a_1 = w_{11} ⊕ w_{12}, a_2 = w_{21} ⊕ w_{22}, b_1 = w_{11} ⊕ w_{21}, b_2 = w_{12} ⊕ w_{22}. Then there are events W_{ij}, i, j ∈ {1, 2}, such that w_{ij} = ˝(W_{ij}), which all belong to one test. The event W = (W_{11}, W_{12}, W_{21}, W_{22}) is a common re˛nement of A and B.

Conversely, assume that every two perspective binary events have a common re˛nement. Let a_1 ⊕ a_2 = b_1 ⊕ b_2, where a_1, a_2, b_1, b_2 are elements in E. Then there are perspective binary events A, B such that A(i) = a_i, i = 1, 2 and B(j) = b_j, j = 1, 2. By supposition, they have a common re˛nement W = (W_{11}, W_{12}, W_{21}, W_{22}), A_i ≈ _∪^2_{j=1}W_{1j}, i = 1, 2, B_j = _∪^2_{i=1}W_{ij}, j = 1, 2. It follows that a_1 = ⊕^2_{j=1}˝(W_{ij}), i = 1, 2, b_j = ⊕^2_{i=1}˝(W_{ij}), j = 1, 2, which yields the RDP.

(iv) Let E be an MV-algebra and let A, B be perspective binary events. Put ˝(A(i) = a_i and ˝(B_j) = b_j, i, j = 1, 2. Then we have a_1 ⊕ a_2 = b_1 ⊕ b_2, and since E is an MV-algebra, there are jointly orthogonal elements w_{ij}, i, j = 1, 2 such that a_i = ⊕^2_{j=1}w_{ij}, b_j = ⊕^2_{i=1}w_{ij} and w_{12} ∧ w_{21} = 0 [17]. Then there are orthogonal events W_{ij}, i, j = 1, 2 such that ˝(W_{ij}) = w_{ij}, so that W_{12} ∩ W_{21} = ∅. It follows that A and B have a strong common re˛nement. By reversing the arguments, the converse statement is proved. 2 References

[1] Ando, T., problem of in˛mum in the positive cone, Analytic and geometric Inequalities and Applications (eds. T. M. Rassias and H.M. Srivastava), Kluwer Academic Press, 1999, pp. 1-12.

[2] Belavkin, V.P., The semilogics, quasilogics and other quantum structures, Tatra Mt. Math. Publ. 10, (1997), 199-223, (in Russian: MIEM, Moscow, 1987).

[3] Busch, P., Lahti, P., Mittelstaedt, P., The Quantum Theory of Measurement, Lecture Notes in Physics, Springer-Verlag, Berlin, Heidelberg, New York, London, Budapest 1991.

[4] Cattaneo, G., Dalla Ciara, M.L., Giuntini, R., Pulmannová, S., E¸ect algebras and para-boolean manifolds, Inter. J. Theor. Phys. 39, (2000), 551-564.

[5] Chang, C.C., Algebraic analysis of many-valued logic, Trans.

Amer. Math. Soc. 88, (1958), 467-490.

[6] Chovanec, F., Kôpka, F., D-lattices, Inter. J. Theor. Phys. 34, (1995), 1297-1302.

[7] Di Nola, A., Dvureèenskij, A., MV-test spaces versus MValgebras,Preprint 5/2001, MU SAV, Bratislava.

[8] Dvureèenskij, A., On e¸ect algebras which can be covered by MV-algebras, Preprint.

[9] Dvureèenskij, A., Pták, P., Quantum logics with the Riesz interpolation property, Preprint 3/2001, MU SAV, Bratislava.

[10] Dvureèenskij, A., Pulmannová, S., D-test spaces and di¸erence posets, Rep. Math. Phys. 34, (1994), 251-275.

[11] Dvureèenskij, A., Pulmannová, S. New Trends in Quantum Structures, Kluwer Academic Publishers, Dordrecht, Boston, London, 2000.

[12] Dvureèenskij, A., Vetterlein, T., On pseudo-e¸ect algebras which can be covered by pseudo MV-algebras, Preprint.

[13] E¸ross, E.G., Handelman, D.E., Shen, C.L.,Dimension groups and their a‹ne representations, Amer. j. Math. 102, (1980), 385- 407.

[14] Foulis, D.J., Bennett, M.K., E¸ect algebras and unsharp qauntum logics, Found. Phys. 24, (1994), 1325-1346.

[15] Foulis, D., Bennett, M.K., Greechie, R., Test groups and e¸ect algebras, Inter. J. Theor. Phys. 35, (1996), 1117-1140.

[16] Foulis, D.J., Randall C., Operational statistics I., Basic concepts, J. Math. Phys. 13, (1972), 1667-1675.

[17] Fuchs, L., Partially Ordered Algebraic Systems, Pergamon Press, Oxford, London, NY, Paris, 1963.

[18] Giuntini, R., Greuling, H., Toward a formal language for unsharp properties, Found. Phys. 19, (1989), 931-945.

[19] Gudder, S., E¸ect test spaces, Inter. J. Theor. Phys. 36, (1997), 2681-2705.

[20] Gudder, S., Lattice properties of quantum e¸ects, J. Math. Phys.

37, (1996), 2637-2642.

[21] Harding, J., Axioms of an experimental system, Inter. J. Theor.

Phys. 40, (2001),1061-1069.

[22] Jenèa, G., Blocks of homogeneous e¸ect algebras, Bull. Austral.

Math. Soc.

[23] Kôpka, F., Compatibility in D-posets, Inter. J. Theor. Phys. 34 (1995), 1525-1531.

[24] Kôpka, F., Chovanec, F., D-posets, Math. Slovaca 44, (1994), 21-34.

[25] Moreland, T., Gudder, S., In˛ma of Hilbert space e¸ects, Lin.

Algebra Appl. 286, (1999), 1-17.

[26] Extending addition in Elliott’s local semigroup, J. Funct. Anal.

171, (1993), 461-472.

[27] von Neumann, J., Mathematical Foundations of Quantum Mechanics, Princeton Univ. Press, Princeton 1955.

[28] Pták, P., Pulmannová, S., Orthomodular Structures as Quantum Logics, Kluwer Acad. Publ., Dordrecht, 1991.

[29] Pulmannová, S.,On connections among some orthomodular structures, Demonstratio Math. 30, (1997), 313-328.

[30] Pulmannová, S., Congruences on partial abelian semigroups, Algebra Universalis 37, (1997), 119-140, Corrigendum ibid. 42, (1999), 59-60.

[31] Pulmannová, S., Wilce, A., Representation of D-posets, Inter. J.

Theor. Phys. 34, (1995) 1689-1696.

[32] Ravindran, K., On a structure theory of effect algebras, PhD thesis, Kansas State Univ., 1996.

[33] Rieèanová, Z., Generalization of blocks for D-lattices and lattice ordered e¸ect algebras, Inter. J. Theor. Phys. 2000, 231-237.

[34] Randall, C.H., Foulis, D.J., Operational statistics II. Manuals of operations and their logics, J. Math. Phys. 14 (1973), 1472-1480.

[35] Topping, D.,Von Neumann Algebras, Van Nostrand, New York- Cincinnati-Toronto- Melbourne, 1971.

[36] Varadarajan, V.S., Geometry of Quantum Theory, Springer- Verlag, Berlin, Heidelberg, New York, 1985.

[37] Wilce, A., Perspectivity and congruence in partial abelian semigroups, Math. Slovaca 48, (1998), 117-135.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property

(continued on inside back cover)

15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices 4/1999 Georges Chevalier, Anatolij Dvureèenskij, Karl Svozil: Piron’s and Bell’s geometric lemmas and Gleason’s theorem 3/1999 Jarmila Hedlíková: Relatively orthomodular lattices