Preprint 2/2002

January 2, 2002

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Anatolij Dvureèenskij

Product effect algebras

PREPRINT SERIES

Product Effect Algebras

Anatolij DVUREÈENSKIJ

1 Mathematical Institute, Slovak Academy of Sciences, ľtefánikova 49, SK-814 73 Bratislava, Slovakia

E-mail: dvurecen@mat.savba.sk

Abstract

We introduce a product on an effect algebra. We prove that every product effect algebra with the Riesz decomposition property, (RDP), is an interval in an Abelian unital interpolation po-ring, and we show that the category of product effect algebras with the (RDP) is categorically equivalent with the category of unital Abelian interpolation po-rings. In addition, we show that every product effect algebra with the (RDP) and with 1 as a product unity is a subdirect product of antilattice product effect algebras with the (RDP).

1 Introduction

E¸ect algebras entered mathematics in 1994 due to Foulis and Bennett [FoBe] as partial algebras with a partially de˛ned addition +. They are additive counterparts to D-posets introduced by Kôpka and Chovanec [KoCh], where the subtraction of comparable elements is a primary notion. They met interest of mathematicians, physicists while they give a common base for algebraic as well as fuzzy set properties of the system E(H) of all e¸ects of a Hilbert space H, i.e., of all Hermitian operators A on H such that O ≤ A ≤ I, where O and I are the null and the identity operators on H. In many cases, e¸ect algebras are intervals in unital po-groups, e.g., E(H) is the interval in

1Keywords: effect algebra, the Riesz decomposition property, product effect algebra, po-ring, perfect effect algebra, categorical equivalence.

AMS classification: 06F20, 03G12, 03B50.

The paper has been supported by the grant 2/7193/20 SAV, Bratislava, Slovakia.

the po-group B(H) of all Hermitian operators on H; this group is of great importance for physics.

We recall that every MV-algebra of Chang [Cha] can be understood also as an e¸ect algebra. For example, if M is a maximal set of mutually commuting e¸ects on a separable Hilbert space H, then M can be converted into an MV-algebra: There is a system of Borel measurable functions f_A : [0, 1] → [0, 1], and a ˛xed e¸ect operator A_0 ∈ M such that A = f_A(A_0). The MVoperations on M are then de˛ned by A ⊕ B = (max{f_A + f_B, 1})(A_0), A^′ = I − A, and moreover, we can de˛ne in a natural way the product A · B of A and B via A · B := (f_A · f_B)(A), A, B ∈ M, where f_A · f_B is a usual product of functions f_A and f_B.

Inspiring that, in the present note we introduce product e¸ect algebras. We use similar notions for MV-algebras which were studied in [DvRi] and [DiDv]. We show that every product e¸ect algebra with the Riesz decomposition property is isomorphic with the interval in an Abelian unital interpolation po-ring, Section 2. We give some examples of products, including the product on perfect e¸ect algebras, Section 3. In Section 4, we show that the category of product e¸ect algebras with the (RDP) is categorically equivalent with the category of Abelian unital interpolation po-groups. Finally, we show that every product e¸ect algebra with the (RDP) and with 1 as a product unity is a subdirect product of antilattice product e¸ect algebras with the (RDP), Section 5.

2 Product Effect Algebras

An effect algebra is a partial algebra E = (E; +, 0, 1) with a partially de˛ned operation + and two constant elements 0 and 1 such that, for all a, b, c ∈ E,

(i) a+b is de˛ned in E i¸ b+a is de˛ned, and in such the case a+b = b+a; (ii) a + b, (a + b) + c are de˛ned i¸ b + c and a + (b + c) are de˛ned, and in such the case (a + b) + c = a + (b + c);

(iii) for any a ∈ E, there exists a unique element a^′ ∈ E such that a+a^′ = 1; (iv) if a + 1 is de˛ned in E, then a = 0.

If we de˛ne a ≤ b i¸ there exists an element c ∈ E such that a + c = b, then ≤ is a partial ordering, and we write c := b − a.

Let a be any element of an e¸ect algebra E and n an integer (n ≥ 0). We de˛ne recurrently

0 a := 0, 1 a = a, (n + 1) a = n a + a, n ≥ 1,

supposing that n a and n a + a are de˛ned in E.

For example, if (G, u) is an Abelian unital po-group with a strong unit u,^2 and if `(G, u) := {g ∈ G : 0 ≤ g ≤ u} is endowed with the restriction of the group addition +, then (`(G, u); +, 0, u) is an e¸ect algebra. More about e¸ect algebras can be found in [DvPu].

Let E and F be two e¸ect algebras. A mapping h : E → F is said to be a homomorphism if (i) h(a+b) = h(a)+h(b) whenever a+b is de˛ned in E, and (ii) h(1) = 1. A bijective homomorphism h such that h^{−1} is homomorphism is said to be an isomorphism of E and F .

A product on an e¸ect algebra E = (E; +, 0, 1) is any total binary operation · on E such that, for all a, b, c ∈ E, the following holds: If a + b is de˛ned in E, then a · c + b · c and c · a + c · b exist in E and (a + b) · c = a · c + b · c, c · (a + b) = c · a + c · b, and we say that E with a product · is a product effect algebra, and we write E = (E; +, ·, 0, 1). An element u of a product e¸ect algebra E is said to be a unity, if a · u = u · a = a for any a ∈ E.

A product · on E is

(i) associative if (a · b) · c = a · (b · c), a, b, c ∈ E; (ii) commutative if a · b = b · a, a, b ∈ E.

It is worth saying that if · is a product on E, then

(iii) a · 0 = 0 = 0 · a;

(iv) if a ≤ b, then for any c ∈ E, a · c ≤ b · c and c · a ≤ c · b.

Property (iii) follows easily from the following: a·0 = a·(0+0) = a·0+a·0, and the cancellation property gives a · 0 = 0. Similarly, 0 · a = 0.

2An element u ∈ G^+ is said to be a strong unit for a po-group G, if given an element g ∈ G, there is an integer n ≥ 1 such that −nu ≤ g ≤ nu.

We recall that every e¸ect algebra E possesses at least one commutative and associative product, namely the zero product, i.e. a·b = 0 for all a, b ∈ E.

We recall that a po-ring is a ring (R; +, ·, 0) such that (i) (R; +, 0) is an additive Abelian po-group, and c · a ≥ 0 and a · a ≥ 0 for any c, a ≥ 0. If u is a strong unit for R, i.e., for any a ∈ R there is an integer n ≥ 1 such that a ≤ nu, and if u · u ≤ u, then the e¸ect algebra E = `(R, u) is a product e¸ect algebra with the product · which is the restriction of the ring product · to E × E; the product · is commutative or associative on `(R, u) whenever so is · on R.

For example, if (R; +, ·, 0) is the ring of the real numbers, then the standard interval [0, 1] := `(R, 1) is a product e¸ect algebra.

We say that an e¸ect algebra E satis˛es (i) the Riesz interpolation property, (RIP) for short, if, for all x_1, x_2, y_1, y_2 in E, x_i ≤ y_j for all i, j implies there exists an element z ∈ E such that x_i ≤ z ≤ y_j for all i, j; (ii) the Riesz decomposition property, (RDP) for short, if x ≤ y_1 + y_2 implies that there exist two elements x_1, x_2 ∈ with x_1 ≤ y_1 and x_2 ≤ y_2 such that x = x_1 + x_2.

We recall that (1) if E is a lattice, then E has trivially the (RIP); the converse is not true as wee see below. (2) E has the (RDP) i¸, [DvPu, Lem 1.7.5], x_1 + x_2 = y_1 + y_2 implies there exist four elements c_{11}, c_{12}, c_{21}, c_{22} ∈ E such that x_1 = c_{11} + c_{12}, x_2 = c_{21} + c_{22}, y_1 = c_{11} + c_{21}, and y_2 = c_{12} + c_{22}. (3) the (RDP) implies the (RIP), but the converse is not true (e.g. if E = L(H), the system of all closed subspaces of a Hilbert space H, then E is a complete lattice but without the (RDP)). On the other hand, every ˛nite poset with the (RIP) is a lattice.

We recall that a poset (E; ≤) is an antilattice if only comparable elements of E have a supremum (in˛mum). It is clear that any linearly ordered poset is an antilattice and every ˛nite e¸ect algebra with the (RIP) is a lattice.

There exists an e¸ect algebra with (RIP) which is not a lattice:

Example 2.1 Let G be the additive group R^2 with the positive cone of all (x, y) such that either x = y = 0 or x > 0 and y > 0. Then u = (1, 1) is a strong unit for G. The effect algebra E = `(G, u) is an antilattice having the (RIP) and the (RDP) but E is not a lattice. Moreover, if we define (x_1, y_1) · (x_2, y_2) := (x_1 · x_2, y_1 · y_2), for (x_1, y_1), (x_2, y_2) ∈ E, then · is a commutative and associative product on E and with unity u.

A partially ordered Abelian group (G; +, 0) is said to satisfy the Riesz decomposition property provided, given x, y_1, y_2 in G^+ such that x ≤ y_1 + y_2, there exist x_1, x_2 in G^+ such that x = x_1 + x_2 and x_j ≤ y_j for each j. This condition is equivalent by [Goo, Prop. 2.1] with the following two equivalent conditions:

(a) Given x_1, x_2, y_1, y_2 in G such that x_i ≤ y_j for all i, j, there exists z in G such that x_i ≤ z ≤ y_j for all i, j.

(b) Given x_1, x_2, y_1, y_2 in G^+ such that x_1 + x_2 = y_1 + y_2, there exist z_{11}, z_{12}, z_{21}, z_{22} in G^+ such that x_i = z_{i1} +z_{i2} for each i and y_j = z_{1j} +z_{2j} for each j.

According to [Goo], a group G with the Riesz decomposition property is said to be the interpolation group.

It is clear that if (G, u) is a unital interpolation group, then E = `(G, u) is with the (RDP).

We recall that by a universal group for an e¸ect algebra E we mean a pair (G, γ) consisting of an additive Abelian group G and a G-valued measure γ : E → G (i.e., γ(a + b) = γ(a) + γ(b) whenever a + b is de˛ned in E) such that the following conditions hold: (i) γ(E) generates G. (ii) If H is an additive Abelian group and ϕ : E → H is an H-valued measure, then there is a group homomorphism ϕ^∗ : G → H such that ϕ = ϕ^∗ ∘ γ. Due to [FoBe], every e¸ect algebra possesses a universal group.

Ravindran [Rav] ([DvPu, Thm 1.17.17]) proved the following important result.

Theorem 2.2 Let E be an effect algebra with the Riesz decomposition property. Then there exists a unital interpolation group (G, u) with a strong unit u such that `(G, u) is isomorphic with E, and there is a G-valued injective measure γ such that (G, γ) is a universal group for E.

In [Dvu, Thm 5.8] we have proved that the category of e¸ect algebras with the (RDP) is categorically equivalent to the category of unital Abelian interpolation po-groups: Let EA_{RDP} be the category of e¸ect algebras with the (RDP) whose objects are e¸ect algebras and morphisms are homomorphisms of e¸ect algebras, and let UIG be the category of unital interpolation po-groups (G, u) with a ˛xed strong unit u and morphisms are homomorphisms of unital po-groups, i.e., positive homomorphisms of unital po-groups which preserve ˛xed strong units.

Theorem 2.3 The mapping ` : UIG → EA_{RDP} defines the categorical equivalence of the category UIG of unital interpolation po-groups and the category of effect algebras with the (RDP).

In addition, suppose that h : `(G, u) → `(H, v) is a homomorphism of effect algebras with the (RDP), then there is a unique homomorphism f : (G, u) → (H, v) of unital po-groups such that h = `(f), and

(i) if h is surjective, so is f; (ii) if h is injective, so is f.

We present now a crucial result for our investigation.

Theorem 2.4 Let (E; +, ·, 0, 1) be a product effect algebra with the Riesz decomposition property. Then there exists a unique (up to isomorphism) unital po-ring (R, u) satisfying the Riesz decomposition property with the product · and with u · u ≤ u such that E ∼= `(R, u) and ϕ(a · b) = ϕ(a) · ϕ(b), where ϕ is an isomorphism of E onto `(R, u) preserving the product ·.

If · is commutative or associative, so is · on R.

Proof. Let E be an e¸ect algebra with a product ·. According to Theorem 2.2, there is a unital group (R, u) with a strong unit u satisfying the Riesz decomposition property, and an isomorphism ϕ from E onto `(R, u) We can de˛ne the product · on `(R, u) as follows ϕ(a) · ϕ(b) := ϕ(a · b), a, b ∈ E. Because `(R, u) generates the positive cone R^+ of R, ϕ preserves all existing + in R, we see that · is a product on `(R, u).

Given g ∈ R^+ there exist a_1, . . . , a_n ∈ E such that g = ∑_n i=1 ϕ(a_i). For any ϕ(c), where c ∈ E, we de˛ne

g · ϕ(c) = ϕ(a_1 · c) + · · · + ϕ(a_n · c). (2.1)

We claim that (2.1) is de˛ned unambiguously. Indeed, if g = ∑_m j=1 ϕ(b_j), for some b_1, . . . , b_m ∈ E, due to the Riesz decomposition property, there exist elements c_{ij} ∈ E such that a_i = ∑_m j=1 c_{ij} and b_j = ∑_n i=1 c_{ij} for all i, 1 ≤ i ≤ n, and all j, 1 ≤ j ≤ m. Then n∑ i=1 ϕ(a_i · c) = n∑ i=1 ϕ(( m∑ j=1 c_{ij}) · c) = n∑ i=1 ϕ( m∑ j=1 (c_{ij} · c))

= n∑ i=1 m∑ j=1 ϕ(c_{ij} · c) = m∑ j=1 n∑ i=1 ϕ(c_{ij} · c)

= m∑ j=1 ϕ( n∑ i=1 c_{ij} · c) = m∑ j=1 ϕ(( n∑ i=1 c_{ij}) · c)

= m∑ j=1 ϕ(b_j · c), which proves that · on R^+ ×`(R, u) is correct. We now extend · to R×`(R, u) as follows: If g = g_1 − g_2, g_1, g_2 ∈ R^+, then g · ϕ(c) := g_1 · ϕ(c) − g_2 · ϕ(c). Since if g_1 − g_2 = h_1 − h_2 for g_i, h_i ∈ R^+, i = 1, 2, then g_1 + h_2 = h_1 + g_2, by (2.1) we have

(g_1 + h_2) · ϕ(c) = (h_1 + g_2) · ϕ(c), g_1 · ϕ(c) + h_2 · ϕ(c) = h_1 · ϕ(c) + g_2 · ϕ(c), g_1 · ϕ(c) − g_2 · ϕ(c) = h_1 · ϕ(c) − h_2 · ϕ(c).

Let now c ∈ R^+. Then c = ϕ(c_1)+ · · · + ϕ(c_s), where c_t ∈ M, t = 1, . . . , s. We extend · to R × R^+ as follows g · c := s∑ t=1 g · ϕ(c_t), g ∈ G. If c = ∑_v w=1 ϕ(d_w), using the Riesz decomposition property, we have as above_s ∑ t=1 g · ϕ(c_t) = v∑ w=1 g · ϕ(d_w). It is clear that the \multiplication" · can be extended to the whole R × R: If c = c_1 − c_2, where c_1, c_2 ∈ R^+, let g · c := g · c_1 − g · c_2.

It is evident that if g, h ∈ R^+, then g · h ∈ R^+, and u · u ≤ u, and due to (ii), · is associative on R, so that (R; +, ·, 0) is a po-ring with a strong unit u, which proves Theorem.

The commutativity or associativity of the product on the ring R follows from its construction. 2

We present now some e¸ect algebras which admit products.

Proposition 2.5 If e is unity of a product effect algebra E, then e = 1. Moreover, 1 is unity for · if and only if, for any a ∈ E, a · 1 ≥ a and 1 · a ≥ a. Proof. Let e be unity for the product ·. Then 1 · 1 ≤ 1 = 1 · e ≤ 1 · 1 which proves 1 · 1 = 1. Let a ∈ E. Then a · 1 ≥ a · e = a and 1 · a ≥ e · a = a. In addition, a+a^′ = 1 = 1·1 = (a+a^′)·1 = a·1+a^′ ·1 ≥ a+a^′, which entails a · 1 = a. By symmetry, we have 1 · a = a for any a ∈ E, and in addition 1 = 1 · e = e.

Assume now that for any a ∈ E, a · 1 ≥ a and 1 · a ≥ a. Then 1 = a + a^′ ≤ a · 1 + a^′ · 1 = (a + a^′) · 1 = 1 · 1 ≤ 1 which proves that 1 is unity for · on E. 2

Proposition 2.6 A finite effect algebra E which is a lattice and with the (RDP) admits a product · such that a · 1 = a = 1 · a for any a ∈ E if and only if E is a Boolean algebra, i.e., a ∨ a^′ = 1 for any a ∈ E. If this is the case, then a · b = a ∧ b ∈ E.

Proof. Every lattice e¸ect algebra with the (RDP) can be converted into an MV-algebra. Therefore, the assertion follows from [DvPu, Thm 5.3.17]. 2 3 Product on Perfect Effect Algebras

In the present Section, we show that we can even de˛ne a product on perfect e¸ect algebras. Such e¸ect algebras were introduced and studied in [Dvu].

Let G be a directed Abelian po-group and de˛ne the lexicographical prod- uct G(Z) := Z×lex G, (3.1) where Zis the group of all integers. Then the element (1, 0) is a strong unit in the po-group G(Z) and

E(G) := `(G(Z), (1, 0)), (3.2) is an e¸ect algebra. Every element a ∈ E(G) is of the form either a = (1, −g) or a = (0, g), where g ∈ G^+. In addition, if G is a directed interpolation group, then G(Z) is an interpolation group, [Goo, Cor. 2.12], and E(G) satis˛es the Riesz interpolation property.

An ideal of an e¸ect algebra E is a non-empty subset I of E such that (i) x ∈ E, y ∈ I, x ≤ y imply x ∈ I, and (ii) if x, y ∈ I and x + y is de˛ned in E, then x + y ∈ I. An ideal I is said to be the Riesz ideal if x ∈ I, a, b ∈ E and x ≤ a + b, there exist a_1, b_1 ∈ I such that x ≤ a_1 + b_1 and a_1 ≤ a and b_1 ≤ b.

For example, if E is with the (RDP), then any ideal of E is Riesz. A proper ideal I of an e¸ect algebra E is said to be maximal if is not a proper subset of another proper ideal of E. By Zorn’s lemma E possesses at least one maximal ideal, and let M(E) be the set of all maximal ideals of E. We de˛ne the radical of E, Rad(E), via

Rad(E) = ⋂ {I : I ∈ M(E)}. An element a is said to be infinitesimal if na is de˛ned in E for any integer n ≥ 1, and denote by In˛nit(E) the set of all in˛nitesimals of E. Then (i) 0 ∈ In˛nit(E), (ii) if b ∈ E, a ∈ In˛nit(E) and b ≤ a, then b ∈ In˛nit(E), and (iii) 1 /∈ In˛nit(E). By [Dvu, Prop 4.1] if E is an e¸ect algebra satisfying the (RDP), then In˛nit(E) ⊆ Rad(E). (3.3)

Since it can happen that in (3.3) we have the proper inclusion, according to [Dvu], an e¸ect algebra E with the (RDP) is said to have the Rad-property if in (3.3) we have the equality. In [Dvu], we have introduced perfect e¸ect algebras: We say that an e¸ect algebra E with the Rad-property is perfect if, for any element a ∈ E either a ∈ Rad(E) or a^′ ∈ Rad(E). According to [Dvu, Prop 5.3], every perfect e¸ect algebra E is of the form (3.2) for some directed Abelian interpolation po-group G.

We say that G^+ of a po-group G is Archimedean if, for some a, b ∈ G^+ with na ≤ b for any n ≥ 1, a = 0.

Proposition 3.1 Let E be a perfect effect algebra and define a binary operation · as follows. For a, b ∈ Rad(E), let a · b = 0, a · b^′ = a, a^′ · b = b, a^′ · b^′ = (a + b)^′.

(3.4)

Then · is a commutative product on E such that a · 1 = a = 1 · a for any a ∈ E. Let E = `(Z×_{lex} G, (1, 0)) and let G^+ be Archimedean. Then on E there is a unique product · such that a · 1 = a = 1 · a for any a ∈ E; this product is defined by (3.4).

Proof. Since Rad(E) ∩ Rad^′(E) = ∅, we see that · is correctly de˛ned by (3.4), and it is easy to verify that it is a product in question on E.

Let a and b be two element of Rad(E). Then nb is de˛ned in E for any integer n ≥ 1, and by [Dvu, Prop 5.1], we have a = a · 1 = a · ((nb) + (nb)^′) = n(a · b) + a · (nb)^′ ≥ n(a · b). The Archimedeanicity of G^+ entails that a·b = 0. Hence a = a·b+a·b^′ = a·b^′. Similarly a = (b^′ · a) + (b · a) = b^′ · a, and a^′ = a^′ · b^′ + a^′ · b = a^′ · b^′ + b which gives a^′ · b^′ = (a + b)^′. 2

Proposition 3.2 Let E be an effect algebra with the (RDP) satisfying the Rad-property such that Rad(E) is Archimedean, i.e., if na ≤ b for any n ≥ 1 and for some b ∈ Rad(E), then a = 0. If · is a product on E such that a · 1 = a = 1 · a for any a ∈ E, then, for any a, b ∈ Rad(E), (3.4) holds.

Proof. The ˛rst three identities follow the same ideas as the proof of Proposition 3.1. For the last one we have

1 = (a + a^′) · (b + b^′) = a · b + a · b^′ + a^′ · b + a^′ · b^′ = (a + b) + (a^′ · b^′),

which entails that a^′ · b^′ = (a + b)^′. 2

Remark 3.3 It is worth recalling that if an e¸ect algebra E satisfying the (RDP) and the Rad-property has an Archimedean radical, then there is a unique binary operation · : (Rad(E) ∪ Rad^′(E)) × (Rad(E) ∪ Rad^′(E)) → Rad(E) ∪ Rad(E)^′ which is commutative, associative, and for all a, b, c ∈ Rad(E) ∪ Rad(E) we have (a + b) · c = a · c + b · c, a · 1 = a; it is de˛ned via (3.4). On the other hand it does not mean that · can be extended to a product on the whole E satisfying a · 1 = a = 1 · a for any a ∈ E. For example, if E is a ˛nite lattice, then Rad(E) = {0}, and · can be extended i¸ E is a Boolean algebra, Proposition 2.6. An extension of · is possible, e.g., if E is a perfect e¸ect algebra with an Archimedean radical, Proposition 3.1.

4 Product Effect Algebras and Categorical Equivalence

In this Section, we show that the category of product e¸ect algebras with the (RDP) is categorically equivalent with the category of Abelian unital interpolation po-rings.

Denote by PROD_{EA} the category of product e¸ect algebras, i.e., its objects are product e¸ect algebras, and morphisms are homomorphisms of e¸ect algebras preserving also ·. We denote by R the category of associative unital interpolation po-rings (R, u) with a distinguished strong unit u such that u · u ≤ u, and its morphisms are homomorphisms of po-groups which preserve · and the distinguished strong units. We denote by `_R a map from R into PROD_{EF} de˛ned by `_R((R; +, ·, 0, ≤, u)) := (`(R, u); +, ·, 0, u), and `_R(f) := f|`(R, u). Proposition 4.1 `_R is a faithful and full functor from R to PROD_{EA}.

Proof. Let h_1 and h_2 be two morphism from (R; +, ·, 0, ≤, u) into (R^′; +, ·, 0, ≤, u^′) such that `_R(h_1) = `_R(h_2). Then h_1(a) = h_2(a) for any a ∈ `(R, u). Since `(R, u) generates R^+ and R, we have that h_1(g) = h_2(g) for any g ∈ R which proves that `_R is faithful.

To prove that `_R is a full functor, suppose that f is a morphism from `(R, u) into `(R^′, u^′). Since `(R, u) generates R, due to the Riesz decomposition property, f can be uniquely extended to a group-homomorphism ^f from R into R^′.

We show that ^f preserves the product · in R.

Let a, b ∈ R^+. There exist a_1, . . . , a_n, b_1, . . . , b_m ∈ `(R, u) such that a = a_1 + · · · + a_n and b = b_1 + · · · + b_m. Then a · b = ∑_n i=1 ∑_m j=1 a_i · b_j and a_i · b_j ∈ `(R, u). Calculate ^f(a · b) = ∑_n i=1 ∑_m j=1 ^f(a_i · b_j) = ∑^n_{i=1} ∑^m_{j=1} ^f (a_i) · ^f(b_j) = (∑^n_{i=1} ^f(a_i)) · (∑^m_{j=1} ^f(b_j)) = ^f(a) · ^f(b).

If now a, b ∈ R, then a = a_1 − a_2 and b = b_1 − b_2, where a_1, a_2, b_1, b_2 ∈ R^+. Then ^f(a·b) = ^f(a_1·b_1−a_1·b_2−a_2·b_1 +a_2·b_2) = ^f (a_1·b_1)− ^f (a_1·b_2)− ^f (a_2·b_1)+ ^f(a_2 ·b_2) = ^f(a_1)· ^f (b_1)− ^f (a_1)· ^f (b_2)− ^f (a_2)· ^f (b_1)+ ^f (a_2)· ^f (b_2) = ^f(a)· ^f (b).

Consequently, we have proved that ^f is a morphism from (R; +, ·, 0, ≤, u) into (R^′; +, ·, 0, ≤, u^′) such that `_R( ^f) = f. 2

We are now ready to present the main statement of the present section.

Theorem 4.2 The functor `_R defines a categorical equivalence of the category R of unital associative interpolation po-rings with a strong unit u such that u · u ≤ u and the category PROD_{EA} of product effect algebras.

Proof. According to [MaL, Thm IV.4.1], to prove that `_R is an equivalence of the categories in question, it is necessary and su‹cient to show that `_R is faithful and full, and each object E from PROD_{EA} is isomorphic to `_R((R; +, ·, 0, ≤, u)) for some object (R; +, ·, 0, ≤, u) in R.

Due to Proposition 4.1, `_R is faithful and full, and by Theorem 2.4, there exists an object (R; +, ·, 0, ≤, u) in R such that `_R((R; +, ·, 0, ≤, u)) is isomorphic to E. That proves Theorem. 2

5 Subdirect Product of Product Effect Algebras

In the present Section, we show that every product e¸ect algebra with the (RDP) and with 1 as a product unity is a subdirect product of antilattice product e¸ect algebras with the (RDP). To show that, we give some results on ideals and quotient e¸ect algebras.

Let · be a product on an e¸ect algebra E. We say that an ideal I of E is a ·-ideal of E if a ∈ I and b ∈ E entail a · b ∈ I and b · a ∈ I. If 1 is a product unity, then every ideal of E is a ·-ideal of E.

Let P be a proper ideal of E. We de˛ne a relation ∼_P on E via a ∼_P b i¸ a − e = b − f for some e, f ∈ P . According to [DvPu, Sec. 3.1.2], we have that ∼_P is an equivalence such that (i) a + b ∈ E, a_1 + b_1 ∈ E, a ∼_P a_1, b ∼_P b_1 imply (a+b) ∼_P (a_1 +b_1), (ii) a ∼_P b implies a^′ ∼_P b^′, (iii) a+b ∈ E, c ∼_P a imply there exists an element d ∈ E such that d ∼_P b and d + c ∈ E, (iv) a + b, a_1 + b_1 ∈ E, a_1 ∼_P a, (a_1 + b_1) ∼_P (a + b) imply b_1 ∼_P b. If we de˛ne a/P := [a] := [a]_P := {b ∈ E : b ∼_P a}, then E/P := {[a]_P : a ∈ E} is an e¸ect algebra, where [a]+[b] = [c] i¸ there exist a_1 ∈ [a], b_1 ∈ [b], c_1 ∈ [c] such that a_1 + b_1 = c_1. As the constant elements in E/P we take [0] and [1]. We recall that

[a]_P ≤ [b]_P in E/P ⇔ there exists a_1 ∈ [a]_P such that a_1 ≤ b. (5.1)

We say that an ideal P of an e¸ect algebra E with the (RDP) is prime if, for all ideals I and J of E, I ∩ J ⊆ P implies I ⊆ P or J ⊆ P . We denote by P(E) the set of all prime ideals of E.

Let a be a non-zero element of E. By Zorn’s lemma, there exists an ideal V not containing a and which is maximal with respect to this property. Such an ideal is said to be a value of a in E.

According to [Dvu], (i) every value is a prime ideal of E, (ii) E/P is an e¸ect algebra with the (RDP) whenever P is a proper ideal of E with the (RDP), (iii) E/P is antilattice e¸ect algebra if P is prime.

Proposition 5.1 Let P be a proper ideal of a product effect algebra (E; +, ·, 0, 1) with the (RDP). If a_1 ∼_P a_2 and b_1 ∼_P b_2, then a_1 · b_1 ∼_P a_2 · b_2. In addition, E/P is a product effect algebra with the induced product · defined via [a]_P · [b]_P := [a · b]_P , (a, b ∈ E), (5.2)

and the canonical mapping f : E → E/P given by f(a) = [a]_P , a ∈ E, is a surjective homomorphism preserving all existing joins, meets and the product in E.

Proof. There are e, f, u, v ∈ P such that a_1−e = a_2−f and b_1−u = b_2−v. Then

(a_1 − e) · (b_1 − u) = (a_2 − f) · (b_2 − v), a_1 · (b_1 − u) − e · (b_1 − u) = a_2 · (b_2 − v) − f · (b_2 − v), a_1 · b_1 − (a_1 · u + e · (b_1 − u)) = a_2 · b_2 − (a_2 · v + f · (b_2 − v)).

Since x := a_1 · u + e · (b_1 − u) ∈ P and y := a_2 · v + f · (b_2 − v) ∈ P , we have a_1 · b_1 − x = a_2 · b_2 − y, i.e., a_1 · b_1 ∼_P a_2 · b_2. Therefore, the product · on E/P de˛ned by (5.2) is a product in question.

The rest is now clear, see also [Dvu, Prop 6.9]. 2

Let {E_i]_{i∈I} be an indexed system of e¸ect algebras. The Cartesian prod- uct ∏ i∈I E_i can be organized into an e¸et algebra with the partial addition de˛ned by coordinates. Each E_i is with the (RDP) i¸ so is ∏ i E_i. If every E_i is a product e¸ect algebra, then so is ∏ i E_i, where the product is de˛ned by coordinates.

We say that an e¸ect algebra is a subdirect product of e¸ect algebras {E_i}_{i∈I} if there is an injective homomorphism f : E → ∏ i∈I E_i such that, for every j ∈ I, π_j ∘ f is a surjective homomorphism from E onto E_j , where π_j is the j-th projection of ∏ i E_i onto E_j. In an analogical manner we de˛ne a subdirect product of product e¸ect algebras assuming that the function f preserves also the product in E, and every π_j ∘f is a surjective homomorphism of e¸ect algebras preserving product.

Theorem 5.2 Every product effect algebra (E; +, ·, 0, 1) with the (RDP) having 1 as a product unity is a subdirect product of antilattice product effect algebras with the (RDP). In addition, we can find an injective homomorphism into the subdirect product which preserves all existing meets, joins and the product in E.

Proof. According to [Dvu, Thm 7.2], every e¸ect algebra with the (RDP) is a subdirect product of antillatice e¸ect algebras {E/P : P ∈ P(E), P ≠ E} and each of them is with the (RDP). The corresponding injective mapping f : E → ∏ P E/P is de˛ned via f(a) = ([a]_P )_{P ∈P(E)}, a ∈ E.

Due to Proposition 5.1, every E/P is a product e¸ect algebra. In addition, the mapping f preserves all existing meets, joins (see [Dvu, Thm 7.2]), and the product in E, and π_P ∘f is a surjective homomorphism from E onto E/P preserving ·. 2

References

[Cha] C.C. Chang, Algebraic analysis of many valued logics, Trans. Amer.

Math. Soc. 88 (1958), 467{490.

[DiDv] A. Di Nola, A. Dvureèenskij, Product MV-algebras, Multi. Val. Logic 6 (2001), 193{215.

[Dvu] A. Dvureèenskij, Perfect effect algebras are categorically equivalent with Abelian interpolation po-groups.

[DvPu] A. Dvureèenskij, S. Pulmannová, “New Trends in Quantum Structures”, Kluwer Acad. Publ., Dordrecht, Ister Science, Bratislava, 2000.

[DvRi] A. Dvureèenskij, B. Rieèan, Weakly divisible MV-algebras and product, J. Math. Anal. Appl. 234 (1999), 208{222.

[FoBe] D.J. Foulis, M.K. Bennett, Effect algebras and unsharp quantum logics, Found. Phys. 24 (1994), 1325{1346.

[Goo] K.R. Goodearl, “Partially Ordered Abelian Groups with Interpolation”, Math. Surveys and Monographs No. 20, Amer. Math. Soc., Providence, Rhode Island, 1986.

[KoCh] F. Kôpka, F. Chovanec, D-posets, Math. Slovaca 44 (1994), 21{34.

[MaL] S. Mac Lane, “Categories for the Working Mathematician”, Springer-Verlag, New York, Heidelberg, Berlin, 1971.

[Rav] K. Ravindran, On a structure theory of effect algebras, PhD theses, Kansas State Univ., Manhattan, Kansas, 1996.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

2/2002 Anatolij Dvureèenskij : Product e¸ect algebras 1/2002 Anatolij Dvureèenskij : Perfect e¸ect algebras are categorically equivalent with Abelian interpolation po-groups 15/2001 Martin Kochol: Equivalent versions of the 3-‚ow conjecture 14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows

(continued on inside back cover)

17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials 6/1999 Miloslav Duchoò, Anna Kolesárová: Fourier transforms of vector-valued measures on a certain compact semigroup 5/1999 Miroslav Ploźèica: Separation properties in congruence lattices of lattices