Preprint 3/2002

January 17, 2002

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Ján Jakubík

Generalized cardinal properties of

lattices and lattice ordered groups

PREPRINT SERIES

CANTOR-BERNSTEIN THEOREM FOR LATTICES

Ján Jakubík, Košice

Abstract. This paper is a continuation of the author’s article [6]; the result of [6] is extended to the case when the lattice under consideration need not have the least element.

In the paper [6] a result of Cantor-Bernstein type was proved for lattices which (a) have the least element, (b) are σ-complete, and (c) are infinitely distributive.

In the present paper we modify the method from [6] to obtain a generalization of the mentioned result such that the condition (a) is omitted and the conditions (b), (c) are substantially weakened.

We remark that a theorem of Sikorski [10] (proved independently by Tarski [13], cf. also Sikorski [11]) concerning σ-complete Boolean algebras is a corollary of the result from [6].

1. Preliminaries

We denote by T^0_σ the class of all lattices satisfying the conditions (a), (b) and (c) above.

Let L be a lattice and x_0 ∈ L. An indexed system (x_i)_{i∈I} of elements of L will be called orthogonal over x_0 if (i) x_i = x_0 for each i ∈ I, and (ii) x_{i(1)} ∧ x_{i(2)} = x_0 whenever i(1) and i(2) are distinct elements of I. The orthogonality under x_0 is defined dually.

Let α be an infinite cardinal. Consider the following conditions for L: (b^′_α) If x_0 ∈ L and (x_i)_{i∈I} is an indexed system of elements of L which is orthogonal over x_0 and if card I 5 α, then the join ⋁ i∈I x_i exists in L.

(b^{′′}_α) If the assumption of (b^′_α) is satisfied and if, moreover, the system (x_i)_{i∈I} is upper bounded in L, then ⋁ i∈I x_i exists in L.

(c^′_α) If the assumption of (b^′_α) is satisfied and if, moreover, the join ⋁ i∈I x_i exists in L, then for each Selement y ∈ L the relation y ∧ ( ⋁ i∈I x_i) = ⋁ i∈I (y ∧ x_i)

is valid in L.

1991 Mathematics Subject Classification. 06B05.

Key words and phrases. Lattice, direct product decomposition, Cantor-Bernstein Theorem. Supported by grant VEGA 2/5125/98

Typeset by AMS-TEX 1

We denote by (b^′_{αd}), (b^{′′}_{αd}) and (c^′_{αd}) the conditions which are dual to (b^′_α), (b^{′′}_α) or (c^′_α), respectively.

Let T^1_α be the class of all lattices which satisfy the conditions (b^{′′}_α), (c^′_α), (b^{′′}_{αd}) and (c^′_{αd}). Next let T^2_α be the class of all lattices satisfying (b^′_α), (c^′_α), (b^′_{αd}) and (c^′_{αd}).

We use the notion of internal direct factor with a given central element of a lattice in the same sense as in [6].

The main results of the present paper are Theorem 2.7 and Theorem 3.8. The first one of these theorems says that if L ∈ T^1_α and x^0 ∈ L, then the Boolean algebra of all internal direct factors of L with the central element s^0 is α-complete. Theorem 3.8 is a result of Cantor-Bernstein type for lattices belonging to T^2_α , where α = ℵ_0; this result is stronger than Theorem 2 of [6].

We substiantially apply the methods from [6].

Some theorems of Cantor-Bernstein type for lattice ordered groups and for MV - algebras were proved in [1]–[5], [7]–[9].

2. Internal direct product decompositions

Let L be a lattice belonging to T^1_α , where α is an infinite cardinal. Further let s^0 be an arbitrary but fixed element of L.

We use the terminology and the notation as in [5]; the reader is assumed to be acquainted with the results of Section 2 of [5].

Let I be a set with card I = α. Assume that for each i ∈ I we have an internal direct product decomposition

(1) L = (s^0)L_i × L^′_i

with the central element s^0. We suppose that whenever i(1) and i(2) are distinct elements of I, then

(2) L_{i(1)} ∩ L_{i(2)} = {s^0}.

For x ∈ L and i ∈ I we denote

x_i = x(L_i), x^′_i = x(L^′_i).

Let x, y ∈ L. We put xR_iy if x(L^′_i) = y(L^′_i). Analogously, we set xR^′_iy if x(L_i) = y(L_i). Then R_i and R^′_i are permutable congruence relations on L with R_i ∧ R^′_i = R_{min} and R_i ∨ R^′_i = R_{max}.

For each congruence relation ρ on L and each x ∈ L we put x_ρ = {y ∈ L : xρy}. Then we have

(3) L_i = s^0_R0_i , L^′_i = s^0_{Ri} , {x(L_i)} = s^0_{Ri} ∩ x_R0_i , {x(L^′_i)} = s^0_R0_i ∩ x_{Ri} .

We shall systematically apply the relations (3).

2.1. Lemma. Let x^0 ∈ L. Then x^0_{Ri(1)} ∩ x^0_{Ri(2)} = {x^0}

whenever i(1) and i(2) are distinct elements of I.

Proof. This is an immediate consequence of (3). � Let a, b ∈ L, a 5 b. Further let i ∈ I. There exist uniquely determined elements x^i and y^i in L such that (x^i)_i = b_i, (x^i)^′_i = a^′_i, (y^i)_i = a_i, (y^i)^′_i = b_i.

Then (4) {x^i} = a_{Ri} ∩ b_R0_i , {y^i} = a_R0_i ∩ b_{Ri} .

From the definition of x^i and y^i we obtain (5) x^i, y^i ∈ [a, b] for each i ∈ I. 2.2. Lemma. Let i(1) and i(2) be distinct elements of I. Then x^{i(1)} ∧ x^{i(2)} = a, y^{i(1)} ∨ y^{i(2)} = b.

Proof. Put x^{i(1)} ∧ x^{i(2)} = t. In view of (5), t = a. Then t ∈ [a, x^{i(1)}] and hence according to (4), t ∈ a_{Ri(1)} ; similarly, t ∈ a_{Ri(2)} . Thus 2.1 yields that t = a. Therefore x^{i(1)} ∧ x^{i(2)} = a. Analogously we obtain y^{i(1)} ∨ y^{i(2)} = b. � 2.3. Corollary. Under the notation as above, the indexed system (x^i)_{i∈I} is orthogonal over a, and the indexed system (y^i)_{i∈I} is orthogonal under b.

Since these systems are bounded, we get 2.4. Corollary. There exist elements x and y in L such that x = ⋁ i∈I x^i , y = ⋀ i∈I y^i .

2.5. Lemma. x ∧ y = a and x ∨ y = b.

Proof. We apply the same steps as in proving the relations (4) and (5) in [6], Section 4 with the distinction that instead of infinite distributivity we apply 2.3 and the relation L ∈ T^1_α . � The assertions of 4.3, 4.4 and 4.5 in [6] remain valid for our case (again, in the proof of 4.3 we have to use Lemma 2.3 above).

Now we can use the same argument as in Section 5 of [6] (instead of Lemma 4.2 of [5] we take Lemma 2.5 above). We apply the definitions of R and R^′ on L (cf. [5]) and we obtain

2.6. Lemma. L = (s^0)s^0_R × s^0_R0 and the relation s^0_R = ⋁ i∈I L_i

is valid in the Boolean algebra F (L, s^0).

By applying the well-known theorem of Smith and Tarski [12] (cf. also Sikorski [11], Chapter II, Theorem 20.1) we conclude from 2.6 that the following theorem holds.

2.7. Theorem. Let α be an infinite cardinal and let L ∈ T^1_α . Then the Boolean algebra F (L, s^0) is α-complete. 3. On lattices belonging to T^2_σ If α = ℵ_0, then instead of T^2_α we write T^2_σ .

Let L be a lattice belonging to T^2_σ and s^0 ∈ L. Suppose that for each n ∈ N we have an internal direct product decomposition (1) L = (s^0)L_n × L^′_n such that, whenever n(1) and n(2) are distinct positive integers, then (2) L_{n(1)} ∩ L_{n(2)} = {s^0}.

We use analogous notation as in Section 2 with the distinction that we now have N instead of I.

In particular, the relation (3) s^0_R = ⋁ n∈N L_n

is valid in the Boolean algebra F (L, s^0); we have (4) L = (s^0)s^0_R × (s^0_R)^′ and, in view of the duality, (3) yields (5) (s^0_R)^′ = ⋂ n∈N L^′_n .

If a, b, x and y are as in 2.5, then we write x = x(a, b), y = y(a, b). 3.1. Lemma. Let x^0 ∈ L. Then x^0_R is the set of all elements z ∈ L such that there exist u, v ∈ L with x^0, z ∈ [u, v], x(x^0, v) = v and y(u, x^0) = u. Proof. This is a consequence of the definition of R (cf. [5], Section 5). �

3.2. Lemma. Let m and n be distinct positive integers. Then L_m j L^′_n. Proof. In view of (1) and according to 3.7 in [5] we have L_m = (s^0)(L_m ∩ L_n) × (L_m ∩ L^′_n).

Thus according to (2), L_m = (s^0){s^0} × (L_m ∩ L^′_n) = L_m ∩ L^′_n.

�

Since the element s^0 was arbitrarily chosen, we get 3.3. Corollary. Let m, n be as in 3.2 and x ∈ L. Then x_{Rm} ⊆ x_R0_n . 3.4. Lemma. Let x^0 ∈ L and suppose that (x^n)_{n∈N} is an indexed system of elements of L such that (i) this system is orthogonal over x^0, and (ii) x^n ∈ x^0_{Rn} for each n ∈ N. Let x = ⋁ n∈N x^n. Then for each n ∈ N, xR^′_nx^n.

Proof. Let n ∈ N. Since L ∈ T^2_σ , there exists t ∈ L with t = ⋁ m∈N\{n} x^m .

According to 3.3, all elements x^m under consideration belong to x^0_R0_n . Thus t belongs to the set x^0_R0_n as well. Clearly x = x^n ∨ t. Then xR^′_n (x^n ∨ x^0), whence xR^′_nx^n. � 3.5. Lemma. Let (y^n)_{n∈N} be an indexed system of elements of L such that for each n ∈ N, y^n ∈ L_n. Then there exists p ∈ s^0_R such that for each n ∈ N, p(L_n) = y^n.

Proof. For each n ∈ N we denote y^n ∨ s^0 = x^n, y^n ∧ s^0 = z^n .

Then in view of (2), the indexed system (x^n)_{n∈N} is orthogonal over s^0, and (z^n)_{n∈N} is orthogonal under s^0. Hence there exist elements x = ⋁ n∈N x^n, z = ⋀ n∈N z^n

in L. Thus xRs^0Rz, whence [z, x] ⊆ s^0_R. Also, y^n ∈ s^0_R for each n ∈ N.

Let n ∈ N. There exists a uniquely determined element t^n in L such that {t^n} = x^n_R0_n ∩ z_{Rn} .

Then from the relation z 5 x^n we obtain that t^n belongs to the interval [z, x^n] and hence t^n ∈ s^0_R. Put p^n = t^n ∧ y^n. We have p^n ∈ [z, t^n], thus (6) p^nR_nz. Therefore 3.2 yields that the indexed system (p^n)_{n∈N} is orthogonal over z. Hence there exists p = ⋁ n∈N p^n in L. Clearly p ∈ [z, x] ⊆ s^0_R. In view of 3.4, for each n ∈ N we have (7) pR^′_np^n. Since x^nR^′_nt^n we get (x^n ∧ y^n)R^′_n(t^n ∧ y^n),

thus y^nR^′_np^n. Hence in view of (7), y^nR^′_np. But y^n ∈ L_n and hence p(L_n) = y^n. �

3.6. Lemma. Let x, y ∈ s^0_R. Suppose that x(L_n) = y(L_n) for each n ∈ N. Then x = y. Proof. Denote a = x ∧ y, b = x ∨ y. Then a(L_n) = b(L_n) = x(L_n) for each n ∈ N. It suffices to show that a = b.

Let n ∈ N. Put a(L_n) = t. Then {t} = L_n ∩ a_R0_n . Hence aR^′_nt and similarly bR^′_nt, which implies that aR^′_nb.

We have a, b ∈ s^0_R. Then there exists an indexed system (x^n)_{n∈N} which is orthogonal over a such that aR_nx^n for each n ∈ N and ⋁ n∈N x^n = b (cf. the definition of R in [6]).

From the relations a 5 x^n 5 b and aR^′_nb we obtain aR^′_nx^n, whence a = x^n for each n ∈ N. Thus b = a. �

Consider the mapping φ : s^0_R → ∏ n∈N L_n defined by φ(x) = (x(L_n))_{n∈N} for each x ∈ s^0_R.

From the definition of φ we immediately obtain that φ is a homomorphism. In view of 3.5, φ is an epimorphism. According to 3.6, φ is a monomorphism. Hence φ is an isomorphism of s^0_R onto ∏ n∈N L_n. All L_n are sublattices of s^0_R containing the element s^0. If x ∈ L_n for some n ∈ N, then (φ(x))_n = x and (φ(x))_m = s^0 for m ≠ n. Hence in view of (3) we have

3.7. Lemma. Let (1) and (3) be valid. Then ⋁ n∈N L_n = (s^0) ∏ n∈N L_n.

3.8. Theorem. Let L_1 and L_2 be lattices belonging to T^2_σ . Suppose that (i) L_1 is isomorphic to some direct factor of L_2; (ii) L_2 is isomorphic to some direct factor of L_1.

Then L_1 is isomorphic to L_2.

Proof. It suffices to apply the same argument as in proving Theorem 2 of [6] (Section 6) with the distinction that instead of Lemma 6.3 from [6] we now use Lemma 3.7.

�

Theorem 3.8 generalizes Theorem 2 of [6].

4. Examples

4.1. Let N be the set of all positive integers with the usual linear order and let A be a two-element lattice. Put B = A × N, L = B ∪ {ω}, where b < ω for each b ∈ B. Then L ∈ T^1_α ∩ T^2_α for each infinite cardinal α, but L fails to be infinitely distributive.

4.2. Let L be as in 4.1 and let L_1 be a sublattice of L such that L_1 = L \ {ω}. Then L_1 ∈ T^1_α ∩ T^2_α , L_1 is infinitely distributive and fails to be σ-complete.

Now let us return to the conditions (b^′_α), (b^′_{αd}), (b^{′′}_α), (b^{′′}_{αd}), (c^′_α) and (c^′_{αd}). We denote the system of these condition by S. Let α be an arbitrary infinite cardinal.

It is obvious that (b^′_α) ⇒ (b^{′′}_α) and (b^′_{αd}) ⇒ (b^{′′}_{αd}).

4.3. Let F be the system of finite subsets of the set N; the system F is partially ordered by the set-theoretics inclusion. Then F satisfies all the conditions from S except (b^′_α).

4.4. Let F be as in 4.3 and let F_1 be a lattice which is dual to F . Let α be an arbitrary infinite cardinal. Then F_1 satisfies all the conditions from S except the condition (b^′_{αd}).

4.5. Let F be as in 4.3 and let N be the set of all positive integers with the natural linear order. The lattice dual to N will be denoted by N^′. We may assume that F ∩ N^′ = ∅. Put L = F ∪ N^′. The partial order in L is defined as follows: for each x ∈ F and each y ∈ N^′ we put x < y. If x, y ∈ F or x, y ∈ N^′, then the relation

x = y has its original meaning (deduced from F or from N^′, respectively). The

lattice L satisfies all conditions from S except (b^′_α) and (b^{′′}_α).

4.6. Let L be as in 4.5 and let L_1 be a lattice dual to L. Then L_1 satisfies all conditions from S except (b^′_{αd}) and (b^{′′}_{αd}).

4.7. Let L be as in 4.5. We denote by ω the greatest element of L. Further, let L_1 be the sublattice of L with the underlying set F ∪ {ω}. Then L_1 satisfies all the conditions of the system S except (c^′_α).

4.8. Let L_1 be as in 4.7 and let L_2 be a lattice dual to L_1. Then L_2 satisfies all the conditions of S except (c^′_{αd}).

References . [1] A. De Simone, D. Mundici, M. Navara, A Cantor-Bernstein theorem for σ-complete MV - algebras, Czechoslovak Math. J. (to appear).

[2] J. Jakubík, Cantor-Bernstein theorem for lattice ordered groups, Czechoslovak Math. J. 22 (1972), 159-175.

[3] J. Jakubík, On complete lattice ordered groups with strong units, Czechoslovak Math. J. 46 (1996), 221-230.

[4] J. Jakubík, Convex isomorphisms of archimedean lattice ordered groups, Mathware and Soft Computing 5 (1998), 49-56.

[5] J. Jakubík, Cantor-Bernstein theorem for MV -algebras, Czechoslovak Math. J. 49 (1999), 517–526.

[6] J. Jakubík, Direct product decompositions of infinitely distributive lattices, Math. Bohemica 125 (2000), 341-354.

[7] J. Jakubík, On orthogonally σ-complete lattice ordered groups, Czechoslovak Math. J. (to appear).

[8] J. Jakubík, Convex mappings of archimedean MV -algebras, Math. Slovaca, (submitted). [9] J. Jakubík, A theorem of Cantor-Bernstein type for orthogonally σ-complete pseudo MV - algebras, (submitted).

[10] R. Sikorski, A generalization of theorem of Banach and Cantor-Bernstein, Coll. Math. 1 (1948), 140-144.

[11] R. Sikorski, Boolean Algebras, Second Edition, Springer Verlag, Berlin, 1964. [12] E. C. Smith, jr., A. Tarski, Higher degrees of distributivity and completeness in Boolean algebras, Trans. Amer. Math. Soc. 84 (1957), 230-257.

[13] A. Tarski, Cardinal Algebras, New York, 1949.

Matematický ústav SAV, Grešákova 6, 040 01 Košice, Slovakia E-mail address: musavke@saske.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

3/2002 Ján Jakubík: Generalized cardinal properties of lattices and lattice ordered groups 2/2002 Anatolij Dvureèenskij : Product e¸ect algebras 1/2002 Anatolij Dvureèenskij : Perfect e¸ect algebras are categorically equivalent with Abelian interpolation po-groups 15/2001 Martin Kochol: Equivalent versions of the 3-‚ow conjecture 14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory

(continued on inside back cover)

19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials