Preprint 4/2002

April 21, 2002

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Michal Feèkan

Chaos in non-autonomous

differential inclusions

PREPRINT SERIES

CHAOS IN NON{AUTONOMOUS DIFFERENTIAL INCLUSIONS

Michal Fečkan

Department of Mathematical Analysis, Comenius University Mlynská dolina, 842 48 Bratislava, Slovakia, and Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, 814 73 Bratislava, Slovakia

Abstract. The existence of a continuum many chaotic solutions are shown for certain differential inclusions which are small non-autonomous multivalued perturbations of ordinary differential equations possessing homoclinic solutions to hyperbolic fixed points. Applications are given to dry friction problems.

1. Introduction

Differential equations with non-smooth terms arise in many cases. For instance, as the effect of dry friction in mechanical systems, or as the case of impacts. Non-smooth functions are used in biological systems or electrical circuits to model switches. They also occur in control theory [1], [13], [14], [15]. To handle mathematically non-smooth differential equations, they are considered as differential inclusions [4].

Motivated by coupled several oscillators with small quasiperiodic forcing terms and with small dry friction effects (see (4.4) and (4.12) below), in this paper, we consider differential inclusions of the form

(1.1) ẋ(t) ∈ f(x(t)) + ϵg(x(t), ϵ, t) a.e. on R

with x ∈ R^n, ϵ ∈ R. By a solution of any differential inclusion in this paper we mean a function which is absolutely continuous and satisfies the differential inclusion almost everywhere.

We make the following assumptions about (1.1):

(i) f ∈ C^2(R^n, R^n) and g : R^n × R × R → 2^{R n} \ ∅, i = 1, · · · , k has a form g(x, ϵ, t) = F (x, ϵ) + G(x, ϵ, t), where mapping F : R^n × R → 2^{R n} \ ∅ is upper–semicontinuous [4, 21] with compact and convex values, and G ∈ C(R^{n+2}, R^n). Moreover, for any bounded subset Ω ⊂ R^{n+1}, mapping G(x, ϵ, t) is bounded and uniformly continuous on Ω × R.

E-mail address: Michal.Feckan@ fmph.uniba.sk AMS Subject Classification (2000) 34 A60, 34C37, 37D45.

Key words and phrases. multivalued mappings, differential inclusions, chaotic solutions. This work is supported by Grant GA-SAV 2/1140/21

Typeset by AMS-TEX 1

(ii) f(0) = 0 and the eigenvalues of Df(0) lie off the imaginary axis.

(iii) The unperturbed equation has a homoclinic solution. That is, there exists a differentiable function t → γ(t) ≠ 0 such that lim_{t→+∞} γ(t) = lim_{t→−∞} γ(t) = 0 and γ̇(t) = f(γ(t)).

The most interesting case is when (1.2) g(x, ϵ, t) = q(x, ϵ, ω_1t, · · · , ω_mt) for ω_1, · · · , ω_m ∈ R and the multivalued mapping q : R^n × R × R^m → 2^{R n} \ ∅ is upper– semicontinuous [4, 21] with compact and convex values. Moreover, the multivalued mapping q(x, ϵ, θ_1, · · · , θ_m) is 1-periodic in each θ_i, i = 1, 2, · · · , m. We note that our method of Section 4 of this paper is applicable to (1.2). When q is periodic in t, this problem is solved by J. Awrejcewicz and M.H. Holicke [2], and by the author [6]. Almost periodic ordinary differential equations are investigated by K.J. Palmer and D. Stoffer [18], K.R. Meyer and G.R. Sell [16], and S. Wiggins [22]. For partial differential equations, such problems are studied by M. Berti and C. Carminati [3].

The purpose of this paper is to find conditions ensuring that for any sequence {e_j }_{j∈Z} , e_j ∈ {0, 1} and ϵ > 0 small, there is a bounded solution of (1.1) on R. Moreover, we have different solutions for different sequences and in addition, sequences characterize (or count) turnings of corresponding solutions around γ. These chaotic solutions are in a narrow layer around γ. Consequently, we extend the deterministic chaos of [12] and [17] to (1.1). The proof of the main theorem of this paper is very similar to [6], but for the reader convenience we present it here.

In many cases, the assumption (iii) is replaced by (iv) The unperturbed equation ẋ = f(x) has a manifold of homoclinic solutions. That is, there exists a C^2–smooth mapping γ : R^{d−1} × R → R^n such that t → γ(θ, t) is a

homoclinic solution of ẋ = f(x) to 0 and {_{∂γ} ∂θ_i (θ, t), γ̇(θ, t) }_{d−1} i=1 , θ = (θ_1, · · · , θ_{d−1}) form a basis of bounded solutions on R of the variational equation u̇(t) = Df(γ(θ, t))u(t). We finish this paper with almost periodically perturbed problems. We show like in [16], [18] and [20], that there are chaotic solutions over the hull [16] of the almost periodic perturbation function. We also present an example of two coupled nonlinear oscillators with multivalued and quasiperiodic perturbations when the unperturbed equation has a rotational symmetry creating a 2-dimensional homoclinic manifold. Such a system was not studied in [16], [18] and [20].

2. The Variational Equation

We repeat here some results from [6]. Let W^s, W^u be the stable and unstable manifolds, respectively, of the origin of the unperturbed equation (2.1) ẋ = f(x) .

By the variational equation of (2.1) along γ we mean the linear differential equation (2.2) u̇(t) = Df(γ(t))u(t) . We need the following result.

Theorem 2.1. ([11]) Let d_s = dim(W^s), d_u = dim(W^u) for (2.1) and let I_s, I_u denote the identity matrices of order d_s, d_u respectively. There exists a fundamental solution U for (2.2) along with a non–singular matrix C, constants M > 0, K_0 > 0 and four projections P_{ss}, P_{su}, P_{us}, P_{uu} such that P_{ss} + P_{su} + P_{us} + P_{uu} = I and that the following hold:

(i) |U(t)(P_{ss} + P_{us})U(s)^{−1}| ≤ K_0e^{2M(s−t)} for 0 ≤ s ≤ t ,

(ii) |U(t)(P_{su} + P_{uu})U(s)^{−1}| ≤ K_0e^{2M(t−s)} for 0 ≤ t ≤ s ,

(iii) |U(t)(P_{ss} + P_{su})U(s)^{−1}| ≤ K_0e^{2M(t−s)} for t ≤ s ≤ 0 ,

(iv) |U(t)(P_{us} + P_{uu})U(s)^{−1}| ≤ K_0e^{2M(s−t)} for s ≤ t ≤ 0 ,

(v) lim_{t→+∞} U(t)(P_{ss} + P_{us})U(t)^{−1} = C ( I_s 0 0 0 ) C^{−1} ,

(vi) lim_{t→+∞} U(t)(P_{su} + P_{uu})U(t)^{−1} = C ( 0 0 0 I_u ) C^{−1} ,

(vii) lim_{t→−∞} U(t)(P_{ss} + P_{su})U(t)^{−1} = C ( 0 0 0 I_u ) C^{−1} ,

(viii) lim_{t→−∞} U(t)(P_{us} + P_{uu})U(t)^{−1} = C ( I_s 0 0 0 ) C^{−1} . Also, there exists an integer d with rank P_{ss} = rank P_{uu} = d.

Let u_j denote column j of U and assume these are numbered so that

P_{uu} = I_d 0_d 0 0_d 0_d 0 0 0 0 , P_{ss} = 0_d 0_d 0 0_d I_d 0 0 0 0 .

Here, I_d denotes the d × d identity matrix and 0_d denotes the d × d zero matrix.

For each i = 1, · · · , n we define u^⊥_i (t) by ⟨u^⊥_i (t), u_j (t)⟩ = δ_{ij} , where ⟨·, ·⟩ is the inner product. The vectors u^⊥_i can be computed from the formula U^{⊥t} = U^{−1} where U^⊥ denotes the matrix with u^⊥_j as column j. Differentiating UU^{⊥t} = I we obtain U̇ U^{⊥t} + UU̇^{⊥t} = 0 so that U̇^⊥ = −(U^{−1}U̇ U^{⊥t})^t = −Df(γ)^tU^⊥. Thus, U^⊥ is the adjoint of U. The function γ̇ is always a solution to the variational equation (2.2). If γ̇ appears as a column of U we shall assume u_{2d} = γ̇. In general we shall always assume < u^⊥_{2d}, γ̇ >≠ 0.

Fix τ > 0 and define the following Banach spaces:

Z_τ = C ([−τ, τ ] , R^n) , Y_τ = L_∞ ([−τ, τ ] , R^n) .

We take as norm ‖ · ‖_τ , the supremum for Z_τ , respectively | · |_τ , the usual L_∞ norm for Y_τ .

Integration of the inequalities in Theorem 2.1 yields the following result.

Theorem 2.2. ([10]) Let U be the solution to (2.2) along with the projections P_{ss}, P_{su}, P_{us}, P_{uu} as in Theorem 2.1. Then there exists a constant A > 0 such that for any τ > 0 and any z ∈ Y_τ the following hold: (i) ∫_t 0 |U(t)(P_{ss} + P_{us})U(s)^{−1}z(s)| ds ≤ A|z|_τ for t ∈ [0, τ ] , (ii) ∫_τ t |U(t)(P_{su} + P_{uu})U(s)^{−1}z(s)| ds ≤ A|z|_τ for t ∈ [0, τ ] , (iii)

∫_0 t |U(t)(P_{ss} + P_{su})U(s)^{−1}z(s)| ds ≤ A|z|_τ for t ∈ [−τ, 0] , (iv) ∫_t −τ |U(t)(P_{us} + P_{uu})U(s)^{−1}z(s)| ds ≤ A|z|_τ for t ∈ [−τ, 0] . Now we consider the linear equation (2.3) v̇(t) = Df(0)v(t) , and put

V (t) = e^{tDf(0)}, Q_{us} = C ( I_s 0 0 0 ) C^{−1} Q_{ss} = 0, Q_{uu} = 0, Q_{su} = C ( 0 0 0 I_u ) C^{−1} , where C is from Theorem 2.1.

Theorem 2.3. ([6]) By considering in Theorems 2.1 − 2 the exchanges U(t) ↔ V (t), P_{ss} ↔ Q_{ss}, P_{su} ↔ Q_{su}, P_{us} ↔ Q_{us}, P_{uu} ↔ Q_{uu} , Theorems 2.1 − 2 are valid for (2.3).

For any finite sequence E = {e_j }^p_{j=−p} ∈ {0, 1}^{2p+1}, p ∈ N we put: if e_j = 1 then A_j (t) = Df(γ(t)), U_j = U, P^j_{ss} = P_{ss} P^j_{su} = P_{su}, P^j_{us} = P_{us}, P^j_{uu} = P_{uu} ; if e_j = 0 then A_j (t) = Df(0), U_j = V, P^j_{ss} = Q_{ss} P^j_{su} = Q_{su}, P^j_{us} = Q_{us}, P^j_{uu} = Q_{uu} . We put I_p = {−p, −p + 1, · · · , p}.

Now we fix a sequence {t_i}_{i∈Z} , t_i < t_{i+1} such that t_i → ±∞ as i → ±∞. For any α ∈ A_E, where the set A_E is defined by

A_E = { (α_{−p}, · · · , α_p) ∈ R^{2p+1} : α_j ∈ R if e_j = 1 and α_j = 0 if e_j = 0 } , we consider the non–homogeneous coupled linear equations ż_j = A_j (t − α_j )z_j + h_j, j ∈ I_p, h_j ∈ Y_{τj}

(2.4) z_j (τ_j ) = z_{j+1}(−τ_{j+1}) for − p ≤ j ≤ p − 1 z_p(τ_p) = z_{−p}(−τ_{−p}) , for τ_j = (t_{j+1} − t_j )/2, j ∈ I_p. We put Y_p = ×_{j∈Ip} Y_{τj} with the norm |h|_p = max_{j∈Ip} |h_j|_{τj} , h = (h_{−p}, · · · , h_p), h_j ∈ Y_{τj} , j ∈ I_p. We prove a Fredholm–like alternative result for (2.4).

Theorem 2.4. For any K > 0, there exist m_0 > 0, A > 0, B > 0 such that if τ_j > m_0 for every j ∈ I_p and α ∈ A_E such that |α| ≤ K, then there exist linear functions L_{α,j} : Y_p →

R^n, j ∈ Ip with ‖P^j_{uu}Lα,j ‖ ≤ Ae^{−2Mτj} and with the property that if h ∈ Yp satisfies ∫_{τj} −τ_j P^j_{uu}U_j (t − α_j )^{−1}h_j (t) dt + P^j_{uu}L_{α,j} h = 0 for every j ∈ I_p, then (2.4) has solutions in z_j ∈ Z_{τj} satisfying P^j_{ss}U_j (−α_j )^{−1}z_j (0) = 0 and max_{j∈Ip} ‖z_j ‖_{τj} ≤ B max_{j∈Ip} |h_j |_{τj} .

Moreover, these solutions z_j depend linearly on h and continuously on α as well. Proof. We follow [6] by putting Ũ_j (t) = U_j (t − α_j ), j ∈ I_p. Given h_j ∈ Y_{τj} , j ∈ I_p we use variation of constants to construct the following two solutions to (2.4): z_{1,j}(t) = Ũ_j (t)P^j_{su}ξ_{1,j} + Ũ_j (t)(P^j_{us} + P^j_{uu})Ũ_j (−τ_j )^{−1}φ_{1,j} + Ũ_j (t) ∫_t 0 (P^j_{ss} + P^j_{su})Ũ_j (s)^{−1}h_j (s) ds + Ũ_j (t) ∫_t −τ_j (P^j_{us} + P^j_{uu})Ũ_j (s)^{−1}h_j (s) ds , z_{2,j}(t) = Ũ_j (t)P^j_{us}ξ_{2,j} + Ũ_j (t)(P^j_{su} + P^j_{uu})Ũ_j (τ_j )^{−1}φ_{2,j} + Ũ_j (t) ∫_t 0 (P^j_{ss} + P^j_{us})Ũ_j (s)^{−1}h_j (s) ds − Ũ_j (t) ∫_{τj} t (P^j_{su} + P^j_{uu})Ũ_j (s)^{−1}h_j (s) ds .

Here ξ_{1,j}, ξ_{2,j}, φ_{1,j}, φ_{2,j} are arbitrary. Each of these represents the general solution to (2.4) satisfying P^j_{ss}Ũ_j (0)^{−1}z_j (0) = 0. We consider z_{1,j} (t) for t ∈ [−τ_j, 0] and z_{2,j}(t) for t ∈ [0, τ_j ].

The conditions z_{1,j} (0) − z_{2,j} (0) = 0 decompose into the following three families of equations:

P^j_{su}ξ_{1,j} − P^j_{su}Ũ_j (τ_j )^{−1}φ_{2,j} + ∫_{τj} 0 P^j_{su}Ũ_j (s)^{−1}h_j(s) ds = 0 ,

(2.5a)

P^j_{us}Ũ_j (−τ_j )^{−1}φ_{1,j} +

∫_0 −τ_j P^j_{us}Ũ_j (s)^{−1}h_j (s) ds − P^j_{us}ξ_{2,j} = 0 ,

(2.5b)

P^j_{uu}Ũ_j (−τ_j )^{−1}φ_{1,j} − P^j_{uu}Ũ_j (τ_j )^{−1}φ_{2,j} + ∫_{τj} −τ_j P^j_{uu}Ũ_j (s)^{−1}h_j (s) ds = 0 .

(2.5c)

We can solve (2.5a), (2.5b) for ξ_{1,j}, ξ_{2,j} respectively. If we write out the equations z_{1,j+1}(−τ_{j+1}) − z_{2,j}(τ_j ) = 0, substitute the formulas for ξ_{1,j+1}, ξ_{2,j} and rearrange terms we get the equations [( I_s 0 0 0 ) + R_{1,j}(α) ] C^{−1}φ_{1,j+1} + [ − ( 0 0 0 I_u ) + R_{2,j}(α) ] C^{−1}φ_{2,j} (2.6)

+ R_{3,j} (α)C^{−1}φ_{2,j+1} + R_{4,j}(α)C^{−1}φ_{1,j} = Ψ_j (α, h) ,

where the matrix C is taken from Theorem 2.1 and

R_{1,j} (α) = C^{−1} [ Ũ_{j+1}(−τ_{j+1})(P^{j+1}_{us} + P^{j+1}_{uu} )Ũ_{j+1}(−τ_{j+1})^{−1} − C ( I_s 0 0 0 ) C^{−1} ] C R_{2,j} (α) = C^{−1} [ −Ũ_j (τ_j )(P^j_{su} + P^j_{uu})Ũ_j (τ_j )^{−1} + C ( 0 0 0 I_u ) C^{−1} ] C R_{3,j} (α) = C^{−1}Ũ_{j+1}(−τ_{j+1})P^{j+1}_{su} Ũ_{j+1}(τ_{j+1})^{−1}C R_{4,j} (α) = −C^{−1}Ũ_j (τ_j )P^j_{us}Ũ_j (−τ_j )^{−1}C

CΨ_j(α, h) = Ũ_{j+1}(−τ_{j+1})

∫_0 −τ_j+1 (P^{j+1}_{ss} + P^{j+1}_{su} )Ũ_{j+1}(s)^{−1}h_{j+1}(s) ds

+ Ũ_j (τ_j ) ∫_{τj} 0 (P^j_{ss} + P^j_{us})Ũ_j (s)^{−1}h_j (s) ds + Ũ_j (τ_j )

∫_0 −τ_j P^j_{us}Ũ_j (s)^{−1}h_j (s) ds

+ Ũ_{j+1}(−τ_{j+1}) ∫_{τj+1} 0 P^{j+1}_{su} Ũ_{j+1}(s)^{−1}h_{j+1}(s) ds .

Using Theorems 2.1–3 we see that each |R_{i,j} (α)| → 0 as m_0 → ∞ and τ_j > m_0 for any j ∈ I_p. Moreover, we get |Ψ_j (α, h)| = O(|h|_p) as well. If we write

C^{−1}φ_{1,j} = [ u_{1,j−1} 0 ] , C^{−1}φ_{2,j} = − [ 0 u_{2,j} ] , ũ_j = [ u_{1,j} u_{2,j} ] , where u_{1,j}, u_{2,j} are of order s, u respectively, (2.6) become [ I + R_{1,j}(α) ( I_s 0 0 0 ) − R_{2,j} (α) ( 0 0 0 I_u )] ũ_j − R_{3,j} (α) [ 0 u_{2,j+1} ] + R_{4,j}(α) [ u_{1,j−1} 0 ] = Ψ_j (α, h) .

There exists m_0 > 0 so that the coefficient matrices of ũ_j in the preceding equations are invertible whenever τ_j > m_0 for any j ∈ I_p. We note that m_0 is independent of p. In this case the equations can be solved for ũ_j which leads to functions φ_{i,j}(α, h) such that max_{j∈Ip} |φ_{i,j} | = O (|h|_p). By (2.5c) we obtain ∫_{τj} −τ_j P^j_{uu}Ũ_j (s)^{−1}h_j (s) ds + P^j_{uu}L_{α,j} h = 0

for any j ∈ I_p, where

L_{α,j} h = Ũ_j (−τ_j )^{−1}φ_{1,j}(α, h) − Ũ_j (τ_j )^{−1}φ_{2,j}(α, h) .

It follows from the properties of the φ_{i,j} and Theorems 2.1–3 that ‖P^j_{uu}L_{α,j} h‖ = |h|_pO ( e^{−2Mτj} ) . � Using the preceding result we define closed linear subspaces Y_{α,j,E} ⊂ Y_p by

Y_{α,j,E} = { z ∈ Y_p : ∫_{τj} −τ_j P^j_{uu}U_j (t − α_j )^{−1}z_j (t) dt + P^j_{uu}L_{α,j} z = 0 } .

We can define a variation of constants map K_{α,E} : Y_{α,E} = ⋂ j∈I_p Y_{α,j,E} → ×_{j∈Ip} Z_{τj} = Z_p

by taking K_{α,E} (h), h = (h_1, · · · , h_p) to be the solution in Z_p to (2.4) from Theorem 2.4 satisfying P^j_{ss}U_j (−α_j )^{−1}K_{α,E} (h)_j (0) = 0 for any j ∈ I_p. Furthermore, the norm ‖K_{α,E} ‖ is uniformly bounded with respect to E and α ∈ A_E bounded. Moreover, K_{α,E} is a compact linear operator. We note that the norm on Z_p is defined as max_{j∈Ip} ||z_j ||_{τj} .

Remark 2.5. We note that if e_j = 0 then Y_{α,j,E} = Y_p and P^j_{uu} = 0.

3. Chaotic Solutions We still follow [6]. We find chaotic solutions of (1.1) in this section. To this end, we first find solutions of (1.1) associated to any E = {e_j }_{j∈Ip} ∈ {0, 1}^{2p+1}, p ∈ N and then by passing to the limit p → ∞, we show the desired solutions.

We consider α ∈ A_E and put: if e_j = 1 then γ_j (t) = γ(t − α_j), β_j = (β_{1,j} , · · · , β_{d−1,j} ) ∈ R^{d−1} u_{i+d,j}(t) = u_{i+d}(t − α_j ), i ∈ {1, · · · , d − 1} ; if e_j = 0 then γ_j (t) = 0, β_j = (0, · · · , 0) ∈ R^{d−1}, u_{i+d,j} = 0, i ∈ {1, · · · , d − 1} . We define the functions b_j , j ∈ I_p by

b_j (α_j , α_{j+1}, β_j , β_{j+1}, r_1, r_2)

= γ_{j+1}(−r_2) − γ_j (r_1) + d−1∑ i=1 ( β_{i,j+1}u_{i+d,j+1}(−r_2) − β_{i,j} u_{i+d,j}(r_1) ) .

Note that

|b_j (α_j , α_{j+1}, β_j , β_{j+1}, r_1, r_2)| = O(e^{−2Mr}) as r = min{r_1, r_2} → ∞ uniformly with respect to bounded α_j, α_{j+1}, β_j , β_{j+1} .

Now we take s > 0 and a sequence {t_i}_{i∈Z} such that τ_i = (t_{i+1} − t_i)/2 ≥ 1/s for any i ∈ Z. Then we consider (1.1) with ϵ = s^2 on the interval [t_{−p}, t_{p+1}] and we make on each interval [t_j , t_{j+1}], j ∈ I_p the changes of variables

x (t + t̄_j ) = γ_j (t) + s^2z_j (t) + d−1∑ i=1 sβ_{i,j} u_{i+d,j}(t) (3.1) + 1 2τ_j b_j (α_j , α_{j+1}, sβ_j , sβ_{j+1}, τ_j , τ_{j+1})(t + τ_j), z_j ∈ Z_{τj} ,

where t̄_j = (t_{j+1} + t_j )/2, j ∈ I_p and we set τ_{p+1} = τ_{−p}. The functions b_j are constructed so that if z_j (τ_j ) = z_{j+1}(−τ_{j+1}) for −p ≤ j ≤ p − 1 and z_p(τ_p) = z_{−p}(−τ_{−p}), and z_j are continuous then x is continuously extended on [t_{−p}, t_{p+1}].

The differential inclusions for z_j , j ∈ I_p are ż_j (t) − Df(γ_j (t))z_j (t) ∈ g_{s,j,E} (z_j (t), α_j , α_{j+1}, β_j , β_{j+1}, t) (3.2) a.e. on [−τ_j, τ_j ], j ∈ I_p , where g_{s,j,E}(x, α_j , α_{j+1}, β_j , β_{j+1}, t) = { v ∈ R^n : v ∈^1_{s2}^{f^(s^2x + γj (t) + s^{d−1∑}_{i=1} βi,j ui+d,j(t) + 1 2τ_j b_j (α_j , α_{j+1}, sβ_j , sβ_{j+1}, τ_j , τ_{j+1})(t + τ_j ) ) − f(γ_j (t))

− s d−1∑ i=1 β_{i,j}u̇_{i+d,j}(t) − 1 2τ_j b_j (α_j , α_{j+1}, sβ_j , sβ_{j+1}, τ_j, τ_{j+1}) − Df(γ_j (t))s^2x }

+ g ( s^2x + γ_j (t) + s d−1∑ i=1 β_{i,j} u_{i+d,j}(t)

+ 1 2τ_j b_j (α_j , α_{j+1}, sβ_j , sβ_{j+1}, τ_j , τ_{j+1})(t + τ_j ), s^2, t + t̄_j ) } . We note that Df(γ_j (t)) = A_j (t − α_j ) in the notations of Section 2. Now we can repeat with the help of Theorem 2.4 the arguments of Section 3 in [7] to solve (3.2) in Z_p. We omit details, since we can directly modify the proofs without any changes. For j ∈ I_p such that e_j = 1, according to Section 3 of [7] (see (3.6) of [7]), (3.2) is homotopically associated to a mapping M̃_j : R^d → 2^{R d} \ ∅ given by

M̃_j (α_j , β_j ) = M(t̄_j + α_j , β_j ), M = (M_1, · · · , M_d) , M_l(α, β) = { ∫_∞ −∞ ⟨h(s), u^⊥_l (s)⟩ ds : h ∈ L_{2,loc}(R, R^n) satisfying a.e. on R

(3.3)

h(t) ∈ ( 1 2 d−1∑ i,r=1 β_iβ_rD^2f(γ(t))(u_{d+i}(t), u_{d+r}(t)) + g(γ(t), 0, t + α) ) } . While for j ∈ I_p such that e_j = 0, according to Section 3 of [7] and Remark 2.5 (see again (3.6) of [7]), (3.2) is homotopically solvable. We note that the mappings M̃_j are upper– semicontinuous with compact convex values and they map bounded sets into bounded ones [7].

Consequently, the solvability of (3.2) is reduced to the solvability of the system of p_E inclusions 0 ∈ M̃_{j1} , · · · , 0 ∈ M̃_{jpE} p_E times ,

where p_E is the number of 1 in E and each above M̃_{jk} , k = 1, 2, · · · , p_E corresponds to such j_k that e_{jk} = 1.

Now let us take any infinite sequence E = {e_j }^∞_{j=−∞} ∈ {0, 1}^Z and apply the above procedure to E_p = {e_j }^p_{j=−p}, p ∈ N for obtaining the solution x_{Ep} on [t_{−p}, t_{p+1}]. By passing to the limit p → ∞, then the proof of Theorem 7.1 of [7] immediately implies the following main results of this paper.

Theorem 3.1. Let (i) − (iii) hold and d > 1. If there are non–empty open bounded sets B_j ⊂ R^{d−1}, j ∈ Zalong with a sequence of intervals {(a_j , b_j )}_{j∈Z} such that (i) a_j → +∞ as j → +∞, and b_j → −∞ as j → −∞, (ii) ⋃ j∈Z B_j is bounded and sup_{j∈Z} (b_j − a_j ) < ∞,

(iii) inf_{j∈Z} dist ( 0, M ( ∂((a_j , b_j ) × B_j) )) > 0 , (iv) deg (M, (a_j , b_j ) × B_j , 0) ≠ 0 , where deg is the topological degree in the sense of [4, pp. 154-155] and [21, p. 20].

Then there is a constant K > 0 and for any sufficiently small s > 0 there are increasing sequences {t_j }_{j∈Z} , t_{j+1} − t_j ≥ 2/s, ∀j ∈ Z, and {k(j)}_{j∈Z} , k(j) ∈ Z, such that for ϵ = s^2 and any infinite sequence E = {e_j }_{j∈Z} ∈ {0, 1}^Z , the differential inclusion (1.1) possesses a solution x_{E,s} satisfying, according to (3.1), sup t_j ≤t≤t_j+1 | |x_{E,s}(t) − γ(t − ᾱ_{j,E,s}) | | ≤ Ks when e_j = 1 , (3.4) sup t_j ≤t≤t_j+1 | |x_{E,s}(t) | | ≤ Ks^2 when e_j = 0 ,

where ᾱ_{j,E,s} ∈ (a_{k(j)}, b_{k(j)}) ⊂ (t_j , t_{j+1}) for any j ∈ Zwith e_j = 1. The mapping E → z_{E,s} is injective.

Proof. It remains to construct the sequence {t_j }_{j∈Z} in the above considerations. The idea is to find such {t_j }_{j∈Z} that

t̄_j = t^{j+1} + t^j 2 = a_{k(j)} + b_{k(j)} 2 . So we consider the sequence S = {_{ak+bk} 2 } k∈Z . From t̄_j =^{tj+1+tj}_2 , we get

t_j = 2t̄_{j−1} − 2t̄_{j−2} + · · · + (−1)^{j+1}2t̄_0, j ≥ 1 t_0 = 0

(3.5) t_j = 2t̄_j − 2t̄_{j+1} + · · · + (−1)^{j+1}2t̄_{−1}, j ≤ −1 .

Now we take a small s with^2_{supj}2Z_{(bj−aj )} > s > 0, and we find t̄_j ∈ S such that t_{j+1} − t_j ≥ 2/s, i.e. by (3.5) we must have

t̄_j ≥ 1 s + 2t̄_{j−1} − 2t̄_{j−2} + · · · + (−1)^{j+1}2t̄_0, j ≥ 0

(3.6)

t̄_j ≤ − 1 s + 2t̄_{j+1} − 2t̄_{j+2} + · · · + (−1)^j 2t̄_{−1}, j ≤ −1 .

So by using (3.6) and assumptions (i), (ii), we choose step by step an increasing sequence {k(j)}_{j∈Z} , k(j) ∈ Z such that t̄_j =^{ak(j)+bk(j)}_2 , j ∈ Z satisfying (3.6). Then we get by

(3.5) an increasing sequence {t_j }_{j∈Z} such that t_{j+1} − t_j ≥ 2/s and t̄_j =^{tj+1+tj}_2 . Then we consider in (3.1) for any j with e_j = 1 that β_j ∈ B_{k(j)} and α_j ∈ ( −^{bk(j) −ak(j)}_2 ,^{bk(j) −ak(j)}_2 ) . Assumption (ii) implies that β_j , α_j are uniformly bounded with respect to j ∈ Z. Consequently, we can perform the above considerations to finish the proof. �

Similarly we get the next result.

Theorem 3.2. Let (i)−(iii) hold and d = 1. If there is a sequence of intervals {(a_j , b_j )}_{j∈Z} along with a constant δ > 0 such that

(i) a_j → +∞ as j → +∞, b_j → −∞ as j → −∞, and sup_{j∈Z} (b_j − a_j ) < ∞,

(ii) Either M(a_j ) ⊂ [δ, ∞) and M(b_j ) ⊂ (−∞, −δ], or M(a_j ) ⊂ (−∞, −δ] and M(b_j ) ⊂ [δ, ∞), for any j ∈ Z, where M : R → 2^R \ ∅ is defined by

M(α) = { ∫_∞ −∞ ⟨h(s), u^⊥_1 (s)⟩ ds : h ∈ L_{2,loc}(R, R^n) ,

h(t) ∈ g(γ(t), 0, t + α) a.e. on R } . Then there is a constant K > 0 and for any sufficiently small s > 0, there are increasing sequences {t_j }_{j∈Z} , t_{j+1} − t_j ≥ 2/s, and {k(j)}_{j∈Z} , k(j) ∈ Z, such that for ϵ = ±s^2 and any infinite sequence E = {e_j }_{j∈Z} ∈ {0, 1}^Z , the differential inclusion (1.1) possesses a solution x_{E,s} satisfying, according to (3.1), sup t_j ≤t≤t_j+1 | x_{E,s}(t) − γ(t − ᾱ_{j,E,s}) | ≤ Ks^2 when e_j = 1 ,

(3.7) sup t_j ≤t≤t_j+1 | |x_{E,s}(t) | | ≤ Ks^2 when e_j = 0 ,

where ᾱ_{j,E,s} ∈ (a_{k(j)}, b_{k(j)}) ⊂ (t_j , t_{j+1}) for any j ∈ Zwith e_j = 1. The mapping E → z_{E,s} is injective.

Hence for any ϵ > 0 sufficiently small and E ∈ {0, 1}^Z , (1.1) possesses a solution z_{E,s} satisfying either (3.4) or (3.7). These estimates (3.4) and (3.7) give the chaotic behaviour of solutions z_{E,s} for any E ∈ E = { E ∈ {0, 1}^Z } . Now we suppose condition (iv). Let U(θ, t) denote a fundamental solution of u̇(t) = Df(γ(θ, t))u(t). Then Theorem 2.1 is valid for each parameter θ. Let u_j (θ, t) be the jth column of U(θ, t) and define u^⊥_i (θ, t) by ⟨u^⊥_i (θ, t), u_j (θ, t)⟩ = δ_{ij} . Now we can repeat the above procedure. Instead of (3.1), we make on each interval [t_j, t_{j+1}], j ∈ I_p the changes of variables

x (t + t̄_j ) = γ_j (θ_j , t − α_j) + ϵz_j (t)

(3.8) + 1 2τ_j ( γ_{j+1}(θ_{j+1}, −τ_{j+1} − α_{j+1}) − γ_j (θ_j , τ_j − α_j ) ) (t + τ_j ), z_j ∈ Z_{τj} , where γ_j(θ, t) = γ(θ, t) for e_j = 1 and γ_j (θ, t) = 0 for e_j = 0. In this way for e_j = 1, we arrive at a mapping M̃_j : R^d → 2^{R d} \ ∅ given by

M̃_j (α_j , θ_j ) = M(t̄_j + α_j , θ_j ), M = (M_1, · · · , M_d) , M_l(α, θ) = { ∫_∞ −∞ ⟨h(s), u^⊥_l (θ, s)⟩ ds : h ∈ L_{2,loc}(R, R^n) , (3.9)

h(t) ∈ g(γ(θ, t), 0, t + α) a.e. on R } .

Then like for Theorem 3.1, we get the next result.

Theorem 3.3. Let (i), (ii), (iv) hold. If there is a non–empty open bounded set B ⊂ R^{d−1} along with a sequence of intervals {(a_j , b_j )}_{j∈Z} such that

(i) a_j → +∞ as j → +∞, and b_j → −∞ as j → −∞, (ii) sup_{j∈Z} (b_j − a_j ) < ∞, (iii) inf_{j∈Z} dist ( 0, M ( ∂((a_j , b_j ) × B) )) > 0 , (iv) deg (M, (a_j , b_j ) × B, 0) ≠ 0 , where M is given by (3.9).

Then there is a constant K > 0 and for any sufficiently small ϵ ≠ 0 there are increasing sequences {t_j }_{j∈Z} , t_{j+1} − t_j ≥ 2/|ϵ|, ∀j ∈ Z, and {k(j)}_{j∈Z} , k(j) ∈ Z, such that for any infinite sequence E = {e_j }_{j∈Z} ∈ {0, 1}^Z , the differential inclusion (1.1) possesses a solution x_{E,ϵ} satisfying, according to (3.8), sup t_j ≤t≤t_j+1 | |x_{E,ϵ}(t) − γ(θ_j , t − ᾱ_{j,E,ϵ}) | | ≤ K|ϵ| when e_j = 1 , sup t_j ≤t≤t_j+1 | |x_{E,ϵ}(t) | | ≤ K|ϵ| when e_j = 0 ,

where ᾱ_{j,E,ϵ} ∈ (a_{k(j)}, b_{k(j)}) ⊂ (t_j , t_{j+1}) and θ_j ∈ B for any j ∈ Z with e_j = 1. The mapping E → z_{E,ϵ} is injective.

Finally we note that like above, we can extend the results of Section 4 in [6] about singular periodic differential inclusions to singular nonautonomous differential inclusions.

4. Examples We study the case when

(4.1) g(x, ϵ, t) = ϵμ_1F (x) + ϵμ_2h(t) with μ_{1,2} ∈ R, F : R^n → 2^{R n} \ ∅ is upper-semicontinuous with compact and convex values, and h ∈ C(R, R^n) is almost periodic [16]. Then (3.3) has the form

M_l(α, β) = μ_1 { ∫_∞ −∞ ⟨h(s), u^⊥_l (s)⟩ ds : h ∈ L_{2,loc}(R, R^n) , (4.2)

h(t) ∈ F (γ(t)) a.e. on R } + 1 2 d−1∑ i,r=1 β_iβ_rb_{irl} + μ_2a_l(α) ,

where

b_{irl} = ∞∫ −∞ ⟨D^2f(γ(t))(u_{d+i}(t), u_{d+r}(t)), u^⊥_l (t)⟩ dt

a_l(α) = ∞∫ −∞ ⟨h(t + α), u^⊥_l (t)⟩ dt ,

while (3.9) has the form

M_l(α, θ) = μ_1 { ∫_∞ −∞ ⟨h(s), u^⊥_l (θ, s)⟩ ds : h ∈ L_{2,loc}(R, R^n) , (4.3)

h(t) ∈ F (γ(θ, t)) a.e. on R } + μ_2a_l(α, θ) ,

where a_l(α, θ) = ∞∫ −∞ ⟨h(t + α), u^⊥_l (θ, t)⟩ dt . The functions a(α) = (a_1(α), · · · , a_d(α)) and a(α, θ) = (a_1(α, θ), · · · , a_d(α, θ)) are also almost periodic in α, while a(α, θ) uniformly on bounded sets of θ.

Theorem 4.1. Let d > 1. If there is a non–empty open bounded set B ⊂ R^{d−1} along with an interval (a, b) ⊂ R such that

(i) 0 /∈ M ( ∂((a, b) × B) ) , (ii) deg (M, (a, b) × B, 0) ≠ 0 , where M is given by either (4.2) or (4.3). Then the statements of Theorems 3.1 and 3.3, respectively, hold for (1.1) with perturbation (4.1).

Proof. We consider the case (4.2), the case (4.3) is similar. We have to show the validity of the assumptions of Theorem 3.1. Since a(α) is almost periodic, for any δ > 0 there is a sequence {c_k}_{k∈Z} , c_k → ±∞ as k → ±∞ such that |a(α + c_k) − a(α)| ≤ δ, ∀ α ∈ R .

For any j ∈ Z, we put B_j = B, a_j = c_j + a, b_j = c_j + b .

If δ is sufficiently small, then assumptions (i)-(iv) of Theorem 3.1 are satisfied. This gives the statement of Theorem. � Similarly we have the next result.

Theorem 4.2. Let d = 1. If there is an interval (a, b) ⊂ R such that

M(a) contains only positive (respectively negative) numbers and M(b) contains only negative (respectively positive) ones, where M is given by

M(α) = μ_1 { ∫_∞ −∞ ⟨h(s), u^⊥_1 (s)⟩ ds : h ∈ L_{2,loc}(R, R^n) ,

h(t) ∈ F (γ(t)) a.e. on R } + μ_2a_1(α) .

Then the statement of Theorem 3.2 holds for (1.1) with perturbation (4.1).

Now we want to show that conditions of Theorems 4.1 and 4.2 imply the validity of these conditions also for any h^∗ in the hull H(h) of h [16], [18], where we say h^∗ ∈ H(h) if there is a sequence τ_n ∈ R, n ∈ N such that h(t + τ_n) → h^∗(t) as n → ∞ uniformly on R. We note that h^∗ is also almost periodic. We again consider the case (4.2). We know that

a^h_l (α) = ∞∫ −∞ ⟨h(t + α), u^⊥_l (t)⟩ dt ,

a^h � l (α) = ∞∫ −∞ ⟨h^∗(t + α), u^⊥_l (t)⟩ dt

for l = 1, 2, · · · , d. Theorem 2.1 implies that |u^⊥_l (t)| ≤ K_0e^{−2M|t|} ∀ t ∈ R . For any δ > 0, there is an τ ∈ R such that |h(t + τ ) − h^∗(t)| ≤ δ ∀ t ∈ R .

Hence_∞ ∫ −∞ | |⟨h(t + α) − h^∗(t + α − τ ), u^⊥_l (t)⟩ | | dt ≤ δK_0/M .

This gives |a^h_l (α) − a^h �_l (α − τ )| ≤ δK_0/M . By taking δ > 0 sufficiently small, the assumptions of Theorems 4.1 and 4.2 are satisfied for h^∗ in (4.1) instead of h with the set B and with an interval (a − τ, b − τ ). Consequently, Theorems 4.1 and 4.2 imply chaos of (1.1) with the perturbation (4.1) over any element of the hull H(h). This result is a generalization of similar ones from [16], [18], [22] to multivalued perturbations. We state this result in the next theorem.

Theorem 4.3. Under conditions of Theorem 4.1 or Theorem 4.2, differential inclusion (1.1) is also chaotic with perturbation (4.1) when h is replaced in perturbation (4.1) by any h^∗ ∈ H(h).

Clearly the above results hold also for continuous h(x, t) in perturbation (4.1) when h(x, t) is uniformly almost periodic in t on any bounded set of variable x [16].

Finally, we present a concrete example given by

ẍ = x + 2x(x^2 + y^2) + ϵμ_1 cos ω_1t − ϵδ_1 sgn ẋ ,

(4.4)

ÿ = y + 2y(x^2 + y^2) + ϵμ_2 cos ω_2t − ϵδ_2 sgn ẏ ,

where ω_1 > ω_2, δ_{1,2} and μ_{1,2} are positive constants and ϵ > 0 is a small parameter. By introducing the multivalued mapping

Sgn r = { sgn r for r ≠ 0 , [−1, 1] for r = 0 ,

we consider (4.4) as a differential inclusion given by

ẍ − x − 2x(x^2 + y^2) − ϵμ_1 cos ω_1t ∈ −ϵδ_1 Sgn ẋ ,

ÿ − y − 2y(x^2 + y^2) − ϵμ_2 cos ω_2t ∈ −ϵδ_2 Sgn ẏ .

The unperturbed equation of (4.4) with the form

(4.5) ẍ = x + 2x(x^2 + y^2), ÿ = y + 2y(x^2 + y^2)

has a rotational symmetry [11]. So (4.5) has a homoclinic manifold given by γ(θ, t) = ( r(t) cos θ, ṙ(t) cos θ, r(t) sin θ, ṙ(t) sin θ ) where r(t) = sech t, and then [11]

u^⊥_1 (θ, t) = ( − ṙ(t) sin θ, r(t) sin θ, ṙ(t) cos θ, −r(t) cos θ ) , u^⊥_2 (θ, t) = ( − r̈(t) cos θ, ṙ(t) cos θ, −r̈(t) sin θ, ṙ(t) sin θ ) , where θ ∈ [0, 2π). Now (4.3) has for θ ≠ 0, π/2, π, 3π/2 the form

M_1(α, θ) = πμ_1sech ω_1π 2 sin θ cos ω_1α − πμ_2sech ω_2π 2 cos θ cos ω_2α ,

M_2(α, θ) = πμ_1ω_1sech ω_1π 2 cos θ sin ω_1α + πμ_2ω_2sech ω_2π 2 sin θ sin ω_2α

(4.6) −2δ_1| cos θ| − 2δ_2| sin θ| .

To handle (4.6), we consider that θ ∈ (0, π/2) and α ∈ ( 0,^π_{2ω1} ) = I_0. Then equation M(α, θ) = 0 has the form

A_1(α) sin θ + A_2(α) cos θ = 0

(4.7) A_3(α) sin θ + A_4(α) cos θ = 0 ,

where functions A_i(α), i = 1, 2, 3, 4 are given by the definition. Note that A_1(α) ≠ 0 and A_2(α) ≠ 0 on I_0. It is clear that (4.7) is equivalent to

B(α) = A_1(α)A_4(α) − A_2(α)A_3(α) = 0

(4.8) A_1(α) sin θ + A_2(α) cos θ = 0 .

Since B(α) is nonzero and analytic, it could have only isolated zeroes with finite orders. Consequently, if B(α) changes the sign over I_0, then there are α_0 ∈ I_0, η > 0 such that B(α) has the only zero α = α_0 in the interval [α_0 − η, α_0 + η] ⊂ I_0 and B(α_0 − η)B(α_0 + η) < 0. We take θ(α) = − arctan(A_2(α)/A_1(α)) , and put θ^+_0 =

2ω_1θ(α_0) + π

4ω_1

, θ^−_0 = θ(α_0)/2 .

Then on the set I = [α_0 − η, α_0 + η] × [θ^−_0 , θ^+_0 ] ⊂ I_0 × (0, π/2), mapping M(α, θ) has the only zero point (α_0, θ(α_0)). To show the non-vanishing of the Brouwer index I(α_0) of this zero point, we consider the equation

A_1(α) sin θ + A_2(α) cos θ = 0

(4.9) A_3(α) sin θ + A_4(α) cos θ = c_1 ,

for c_1 ≠ 0 small and (α, θ) ∈ I. (4.9) gives

(4.10) c_1 = A_3(α) sin θ(α) + A_4(α) cos θ(α) = B(α) cos θ(α) A_1(α) = C(α) . A boring computation gives

(4.11) det L(α) = C^′(α) ( A_2(α) sin θ(α) − A_1(α) cos θ(α) ) , where L(α) is the linearization of the left hand side of (4.9) at point (α, θ(α)). We note that ( A_2(α) sin θ(α) − A_1(α) cos θ(α) ) ≠ 0 on [α_0 − η, α_0 + η]. Let { (α_i, θ(α_i)) }_N i=1 be the solutions of (4.9) in I. Then for c_1 sufficiently small such that C^′(α_i) ≠ 0, i = 1, 2, · · · , N, by the definition of the Brouwer degree and (4.11), we have

|I(α_0)| = | | | N∑ i=1 sgn det L(α_i) | | | = | | | N∑ i=1 sgn C^′(α_i) | | | = | |deg (C(α), (α_0 − η, α_0 + η), 0) | | = 1 ,

since by (4.10), function C(α) has the only zero α = α_0 in [α_0 − η, α_0 + η] and C(α_0 − η)C(α_0 + η) < 0. Hence Theorem 4.1 can be used. It remains to ensure that function B(α) changes the sign over I_0. We have

B(α) = π^2 2 μ^2_1ω_1 ( sech ω_1π 2 )_2

sin 2ω_1α + π^2 2 μ^2ω_2 ( sech ω_2π 2 )_2

sin 2ω_2α

−2δ_1μ_1πsech ω_1π 2 cos ω_1α − 2δ_2μ_2πsech ω_2π 2 cos ω_2α .

Then clearly B(0) < 0 and

B ( π 4ω_1 ) = π^2 2 μ^2_1ω_1 ( sech ω_1π 2 )_2 + π^2 2 μ^2ω_2 ( sech ω_2π 2 )_2 sin πω_2 2ω_1 − √ 2δ_1μ_1πsech ω_1π 2 − 2δ_2μ_2πsech ω_2π 2 cos πω_2 4ω_1 .

By assuming B (_π 4ω1 ) > 0, we get from Theorem 4.1 the following result.

Theorem 4.4. If

π^2 2 μ^2_1ω_1 ( sech ω_1π 2 )_2 + π^2 2 μ^2ω_2 ( sech ω_2π 2 )_2 sin πω_2 2ω_1 > √ 2δ_1μ_1πsech ω_1π 2 + 2δ_2μ_2πsech ω_2π 2 cos πω_2 4ω_1 , then (4.4) is chaotic for any ϵ > 0 small.

The condition of Theorem 4.4 reads that the forcing terms must be sufficiently large in (4.4) with respect to damping terms, to get chaos in (4.4), and the rate is given by this condition.

We note that if the ratio ω_2/ω_1 is irrational, then [16] the hull of the function h(t) = (μ_1 cos ω_1t, μ_2 cos ω_2t) is given by H(h) = { (μ_1 cos(ω_1t + ξ_1), μ_2 cos(ω_2t + ξ_2)) | ξ_1, ξ_2 ∈ R are defined mod 2π } .

So (4.4) considered over H(h) has the form

ẍ = x + 2x(x^2 + y^2) + ϵμ_1 cos Ω_1 − ϵδ_1 sgn ẋ ,

ÿ = y + 2y(x^2 + y^2) + ϵμ_2 cos Ω_2 − ϵδ_2 sgn ẏ ,

(4.12) Ω̇_1 = ω_1 ,

Ω̇_2 = ω_2 .

Theorem 4.3 implies chaos of (4.12) under conditions of Theorem 4.4, which is a generalization of similar ones of [16] and [22] to multivalued and quasiperiodic perturbations. We stress that methods of [16] and [22] can not be used in our case.

Of course, other discontinuous perturbations than sgn r could be considered in (4.4). For instance [7], we can take for any η ≥ 0, ζ ≥ 1, 0 < κ ≤ 1 the multivalued function Sgn_{η,ζ,κ} r defined by

Sgn_{η,ζ,κ} r = −1 for r < −η , [−ζ, −κ] for − η ≤ r < 0 , [−ζ, ζ] for r = 0 , [κ, ζ] for 0 < r ≤ η , 1 for r > η .

The term Sgn_{η,ζ,κ} ẋ can be considered as an extension for modelling dry friction forces. We are motivated for considering Sgn_{η,ζ,κ} r by the fact that the smooth approximation of sgn r given, for instance, by

Φ(r) = 1 π ( 7 arctan 8kr − 5 arctan 4kr ) , k ≫ 1 seems to be physically more relevant than the mathematically convenient approximation of the form r → 2 π arctan kr, k ≫ 1 . The function Φ has two symmetric spikes at r = ±^{√6}_{8k} of the values ±1, 2261 . Moreover, Φ(r) is quickly near to 1, respectively −1, when r > 0, respectively r < 0, tends off 0. The derivation of the map M(α, θ) and its analysis is much more difficult for Sgn_{η,ζ,κ} r than for (4.6).

References

1. A.A. ANDRONOW, A.A. WITT & S.E. CHAIKIN, “Theorie der Schwingungen I”, Akademie Verlag, Berlin, 1965.

2. J. AWREJCEWICZ & M.H. HOLICKE, Melnikov’s method and stick-slip chaotic oscillations in very weakly forced mechanical systems, Int. J. Bif. Chaos 9 (1999), 505-518.

3. M. BERTI & C. CARMINATI, Chaotic dynamics for perturbations of infinite dimensional Hamiltonian systems, Technical Report (Ref. SISSA 65/99/M), ISAS - International School for Advanced Studies (1999).

4. K. DEIMLING, “Multivalued Differential Equations”, W. De Gruyter, Berlin, 1992. 5. J.P. DEN HARTOG, “Mechanische Schwingungen”, 2nd ed., Springer–Verlag, Berlin, 1952. 6. M. FEČKAN, Chaotic solutions in differential inclusions: chaos in dry friction problems, Tran. Amer.

Math. Soc. 351 (1999), 2861-2873.

7. , Bifurcation from homoclinic to periodic solutions in ordinary differential equations with multivalued perturbations, J. Differential Equations 130 (1996), 415-450.

8. , Bifurcation from homoclinic to periodic solutions in singularly perturbed differential inclusions, Proc. Royal Soc. Edinburgh 127A (1997), 727-753.

9. , Bifurcation of periodic solutions in differential inclusions, Appl. Math. 42 (1997), 369-393. 10. M. FEČKAN & J. GRUENDLER, Bifurcation from homoclinic to periodic solutions in ordinary differential equations with singular perturbations, J. Math. Anal. Appl. 246 (2000), 245-264.

11. J. GRUENDLER, Homoclinic solutions for autonomous ordinary differential equations with nonautonomous perturbations, J. Differential Equations 122 (1995), 1-26.

12. J. GUCKENHEIMER & P. HOLMES, “Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields”, Springer–Verlag, New York, 1983.

13. H. KAUDERER, “Nichtlineare Mechanik”, Springer–Verlag, Berlin, 1958.

14. M. KUNZE & T. KÜPPER, Non-smooth dynamical systems: an overview, in “Ergodic theory, analysis and efficient simulation of dynamical systems”, Springer, Berlin, 431-452, 2001.

15. M. KUNZE & T. KÜPPER, Qualitative bifurcation analysis of a non-smooth friction-oscillator model, Z. angew. Meth. Phys. (ZAMP) 48 (1997), 87-101.

16. K.R. MEYER & G.R. SELL, Melnikov transforms, Bernoulli bundles, and almost periodic perturbations, Trans. Amer. Math. Soc. 314 (1989), 63-105.

17. K.J. PALMER, Exponential dichotomies and transversal homoclinic points, J. Differential Equations 55 (1984), 225-256.

18. K.J. PALMER & D. STOFFER, Chaos in almost periodic systems, J. Appl. Math. Phys. (ZAMP) 40 (1989), 592-602.

19. K. POOP & P. STELTER, Stick-slip vibration and chaos, Phil. Trans. Roy. Soc. London A 332 (1990), 89-105.

20. D. STOFFER, Transversal homoclinic points and hyperbolic sets for non-autonomous maps I, II, J.

Appl. Math. Phys. (ZAMP) 39 (1988), 518-549, 783-812.

21. T. PRUSZKO, Some applications of the topological degree theory to multi–valued boundary value problems, Dissertationes Math. 229 (1984).

22. S. WIGGINS, “Chaotic Transport in Dynamical Systems”, Springer–Verlag, New York, 1992.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

4/2002 Michal Feèkan: Chaos in non-autonomous di¸erential inclusions 3/2002 Ján Jakubík: Cantor-Bernstein theorem for lattices 2/2002 Anatolij Dvureèenskij : Product e¸ect algebras 1/2002 Anatolij Dvureèenskij : Perfect e¸ect algebras are categorically equivalent with Abelian interpolation po-groups 15/2001 Martin Kochol: Equivalent versions of the 3-‚ow conjecture 14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory

(continued on inside back cover)

19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials