Preprint 5/2002

July 30, 2002

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Thomas Vetterlein

Existence of states on pseudoeffect

algebras

PREPRINT SERIES

EXISTENCE OF STATES ON PSEUDOEFFECT ALGEBRAS

THOMAS VETTERLEIN

Abstract. Pseudoe¸ect (PE-) algebras have been introduced as

a non-commutative generalization of e¸ect algebras. We study in this paper PE-algebras with the special property of having a nonempty state space.

To this end, we consider PE-algebras which are, in a certain sense, non-commutative only in the small. Such an PE-algebra is shown to possess a non-trivial commutative homomorphic image { which is equivalent to saying that there exist states. A typical example is given by an interval of the lexicographical product of two po-groups the ˛rst of which is abelian.

1. Introduction

MV-algebras, introduced by Chang in the 1950s, provide an algebraic semantics for the Łukasiewicz multi-valued logics [CiOtMu]. Not long ago, Georgulescu and Iorgulescu [GeIo] introduced a non-commutative counterpart of MV-algebras, the pseudo-MV algebras, heading towards the conception of a logic which in general does not allow to interchange the two arguments of a conjunction. MV- as well as pseudo-MV algebras are intervals of ℓ-groups, in the first case of the abelian ones [Mun1, Dvu1].

Effect algebras, introduced in 1993 [FoBe], generalize MV-algebras. They are partial additive algebras modeled upon the Hilbert space quantum effects, which in turn represent the positive outcomes of the yes-no tests performable at some physical system [BuGrLa]. Any interval of an abelian po-group, not necessarily a lattice-ordered one, gives rise to an effect algebra.

Now, pseudoeffect algebras – or PE-algebras for short – have been recently introduced in [DvVe1]. They generalize effect algebras in that

1991 Mathematics Subject Classification. 03G12, 81P10, 06F05, 06F15. Key words and phrases. pseudoe¸ect algebras, po-groups, PE-algebras with Riesz properties.

The paper has been supported by the grant VEGA 2/7193/20 SAV, Bratislava. 1

they are no longer necessarily commutative; and the same time, they contain pseudo-MV algebras as a subclass. PE-algebras arise from intervals of po-groups of any kind; if this is the case, we talk about interval PE-algebras. In the present article, we are focussed exclusively on this kind of PE-algebra.

The dependences among the mentioned structures is illustrated by the following scheme. Note that there is a corresponding scheme for pogroups: containing po-groups, abelian po-groups, ℓ-groups, and abelian ℓ-groups.

interval pseudoeffect ⇐ interval effect (interval PE-) algebras algebras (E; +, 0, 1) (E; +, 0, 1) (commutative) ⇑ ⇑ pseudo-MV algebras ⇐ MV-algebras (E; ⊕,^−,^∼, 0, 1) (E; ⊕,^⋆ , 0, 1) (lattice ordered, (lattice ordered, fulfilling (RDP)) commutative, fulfilling (RDP))

The interval PE-algebras are probably not characterizable in a purely algebraic manner. But by [DvVe2], there is certain kind of Riesz decomposition property, called (RDP_1), which implies for a PE-algebra to be an interval PE-algebra.

We are working towards a structure theory for interval PE-algebras. In [DvVe3], congruences have been considered and in particular, states have been examined to a certain extent. This article may be understood as a continuation of this discussion.

Given an interval PE-algebra, the first question to be asked might be, if there is a state at all. This question has already been considered for the subclasses of PE-algebras shown in our scheme. States on MV-algebras were studied in [Cho, Mun2]; in particular, MV-algebras always possess states. The same is true for interval effect algebras [Goo], although it is not true in general for effect algebras [Gre, Rie]. In the noncommutative case, the situation is more difficult. States reflect the commutative part of an algebra only; so it is not amazing, although far from easy to see, that even a pseudo-MV algebra need not have any state [Dvu2]. An algebraic criterion which exactly would tell that at least one state exists, is not known.

This paper is organized as follows. After providing in Section 2 a condensed version of all the background material needed, we discuss in Section 3 in a first step the exact condition for a PE-algebra to possess a state. Here, we in particular generalize the result of Goodearl [Goo] about abelian interpolation groups.

In what follows, we are guided by the following idea. Rather than further considering the general case, we ask which classes of PE-algebras seem interesting and reasonable to be studied at all in the present context. In a first step, in Section 4, we will actually study a class of concrete examples – intervals in the lexicographical product of abelian po-groups and possibly non-abelian ones. For them, we give the exact conditions to fulfil the Riesz decomposition property.

These lexicographical products may be considered the typical examples of PE-algebras being non-commutative only in the small. In Section 5, this idea is developed on general algebraic grounds. We will define order-regular and nearly commutative PE-algebras. We will prove that algebras of this kind always possess a non-trivial interval effect algebra as a homomorphic image. As a particular consequence, the state space is then non-empty.

Furthermore, we introduce a slightly strengthened version of orderregularity, and based on it, we give an improved version of the state existence theorem. Namely, by assuming this property we may show that a PE-algebra is represented by a po-group whose commutator subgroup is purely infinitesimal.

2. Interval PE-algebras

PE-algebras have been introduced in [DvVe1] as a generalization of effect algebras. The axiom of commutativity, holding for the latter structures, is replaced by what is called here pseudocommutativity. Consequently, also the uniqueness of a complement is no longer assumed and replaced by the uniqueness of a left and of a right complement. We recall the basic definitions.

Definition 2.1. A structure (E; +, 0, 1), where + is a partial binary operation and 0 and 1 are constants, is called a pseudoeffect algebra, or a PE-algebra for short, if, for all a, b, c ∈ E, the following holds.

(PE1) a + b and (a + b) + c exist if and only if b + c and a + (b + c) exist, and in this case (a + b) + c = a + (b + c) (strong law of associativity).

(PE2) If a + b exists, there are elements d, e ∈ E such that a + b = d + a = b + e (pseudocommutativity).

(PE3) There is exactly one d ∈ E and exactly one e ∈ E such that a + d = e + a = 1 (unique left and right complementation).

(PE4) If 1 + a or a + 1 exists, then a = 0 (zero-one law). Furthermore, for any a, b ∈ E, we define a ≤ b to hold if a + c = b for some c ∈ E.

Finally, a PE-algebra E is called an effect algebra if, for all a, b ∈ E, a + b is defined if and only if b + a is defined, in which case a + b = b + a.

By ≤, a PE-algebra is partially ordered, and this order is, by the pseudocommutativity, two-sided.

In view of (PE3), we may introduce unary operations for the two complements. Furthermore, since a PE-algebra has the cancellation property [DvVe1, Lemma 1.4(v)], we may introduce a left and a right difference.

Definition 2.2. Let (E; +, 0, 1) be a PE-algebra. Let^∼,^− be those unary operations on E such that, for any a ∈ E, a + a^∼ = a^− + a = 1.

We call a PE-algebra symmetrically complemented if^∼ =^−. Furthermore, let^/ ,^\ be the partial binary operations on E such that, for a, b ∈ E, b^/ a is defined iff b^\ a is defined iff a ≤ b, in which case we have (b^/ a) + a = a + (b^\ a) = b.

We then call b^\ a the left and b^/ a the right difference of b and a. Remark 2.3. We note that for elements a, b of a symmetrically complemented PE-algebra, the existence of a + b and of b + a is equivalent.

We next clarify the notions of homomorphisms and congruences of PEalgebras; for further details, see [DvVe3].

Definition 2.4. Let (E; +, 0, 1) and (F ; +, 0, 1) be PE-algebras.

(i) A mapping φ: E → F is called a homomorphism if the constants are preserved and, whenever a + b is defined for a, b ∈ E, also φ(a) + φ(b) is defined and equals φ(a + b).

(ii) A homomorphism φ: E → F is called an epimorphism if its image φ(E) generates the whole algebra F .

(iii) An equivalence relation ∼ on E is called a congruence if the following holds: For any a, a^′, b, b^′ ∈ E such that a ∼ a^′, b ∼ b^′ and a + b, a^′ + b^′ are both defined, we have a + b ∼ a^′ + b^′.

A congruence ∼ on E is called a PE-algebra congruence if the quotient algebra [E]_∼ = {[a]_∼ : a ∈ E} is again a PE-algebra. Here, the addition on [E]_∼ is defined according to rule

[a]_∼ + [b]_∼ is defined iff for some a^′ ∼ a and b^′ ∼ b, and equals [c]_∼ a^′ + b^′ is defined and a^′ + b^′ ∼ c

for some a, b, c ∈ E, and the constants are [0]_∼ and [1]_∼.

A congruence does in general not lead again to a PE-algebra; but we have the following [DvVe3, Proposition 3.3(ii)].

Proposition 2.5. Let (E; +, 0, 1) be a PE-algebra, and let ∼ be a congruence on E such that, for any pair a, b ∈ E the sum of which is defined, the following condition holds: For any a^′ ∼ a, there is a b^′ ∼ b, such that a^′ + b^′ is defined; and for any b^{′′} ∼ b there is an a^{′′} ∼ a, such that a^{′′} + b^{′′} is defined. Then ∼ is a PE-algebra congruence.

Note that a congruence on a PE-algebra may identify any pair of elements; this results in an algebra with only one element. We shall call a PE-algebra (E; +, 0, 1) non-trivial if this is not the case, that is, if 0 ≠ 1.

Now, as explained in the introduction, we are interested in those PEalgebras which arise from intervals of po-groups.

Definition 2.6. A structure (G; +, ≤, u), where (G; +, ≤) is a po-group and u is a strong unit of G, is called a unital po-group. We will usually refer to it simply by (G, u).

For a unital po-group (G, u), let Γ(G, u)^{def}= {g ∈ G : 0 ≤ g ≤ u}, and define + to be the partial binary operation on Γ(G, u) that is the restriction of the group addition to those pairs of elements whose sum lies in Γ(G, u). Then the structure (Γ(G, u); +, 0, u) is called an interval PE-algebra.

It is easily checked that an interval PE-algebra is actually a PE-algebra.

Among the unital po-groups representing a given interval PE-algebra, there is a canonical one, defined and constructed as follows [DvVe3, Definition 5.2, Proposition 5.3].

Definition 2.7. Let (E; +, 0, 1) be a PE-algebra and let (G, u) be a unital po-group. Let ι: E → Γ(G, u) be an injective epimorphism such that, for every mapping ψ from E into a group H preserving existing sums, there is a group homomorphism h_ψ: G → H such that ψ = h_ψ ∘ι. Then (G, u) together with ι is called a universal ambient group for E.

Certainly, if a PE-algebra has a universal ambient group, then it is the only one up to isomorphism.

Proposition 2.8. Let (E; +, 0, 1) be an interval PE-algebra. Let U(E) be the group given by the generators E and the defining relations a+b = c for a, b, c ∈ E whenever this equation holds in E; let ι be the natural embedding of E in U(E); and let u = ι(1). We may then partially order U(E) by letting U(E)^+ the subsemigroup generated by ι(E). Moreover, ((U(E), u), ι) is a universal ambient group for E.

For an interval PE-algebra E, we will in the sequel identify E and Γ(U(E), u), which in particular means u = 1, and we will refer to (U(E), 1), or U(E), simply as the extension of E to its universal ambient group.

Now, under the following condition a PE-algebra is always a po-group interval [DvVe2, Theorem 5.7].

Definition 2.9. We say that a PE-algebra (E; +, 0, 1) fulfils (RDP) if for any a, b, c, d ∈ E such that a + b = c + d, there are e_1, e_2, e_3, e_4 ∈ E such that the following scheme holds: e_1 e_2 → a e_3 e_4 → b ↓ ↓ c d (1)

Moreover, we say that E fulfils (RDP_1) if for any a, b, c, d ∈ E such that a + b = c + d, there are e_1, e_2, e_3, e_4 ∈ E such that (i) the scheme (1) holds and (ii) for every e^′_2 ≤ e_2 and e^′_3 ≤ e_3, we have e^′_2 + e^′_3 = e^′_3 + e^′_2.

Herein, by the scheme (1) to hold, we mean that every row and every column sums up to what the arrow points to; see [DvVe1]. Theorem 2.10. Any PE-algebra (E; +, 0, 1) fulfilling (RDP_1) is an interval PE-algebra.

It is clear how the representing po-groups of symmetrically complemented PE-algebras are to be characterized.

Recall that the center of a group is the subset of those group elements which commute with all other elements.

Lemma 2.11. Let (E; +, 0, 1) be an interval PE-algebra and (U(E), 1) the extension of E to its universal ambient group. Then E is symmetrically complemented if and only if 1 as an element of U(E) is in the center of U(E).

3. States on interval PE-algebras

To analyze the structure of some algebra, we may consider the set of all homomorphisms to a certain simple kind of the same type of algebra. The probably simplest non-trivial kind of a PE-algebra is given by the real unit interval, that is, by Γ(R, 1), where R is the additive group of real numbers. The homomorphisms to it are called states [DvVe3].

Definition 3.1. Let (E; +, 0, 1) be a PE-algebra. Let ([0, 1]; +, 0, 1) be the PE-algebra whose ground set is the real unit interval and whose addition is the usual sum of real numbers whenever defined within [0, 1]. Then a state on E is a homomorphism s: E → [0, 1] of PE-algebras.

Moreover, let (G, u) be a unital po-group. Then a state on G is a homomorphism s: G → R of the unital po-groups (G, u) and (R, 1).

In other words, a state on a PE-algebra E is a function from E to the real unit interval preserving any existing sum and mapping the constant 1 to 1. Similarly, a state on a po-group (G, u) is a function from G to the real numbers preserving addition and positivity and mapping u to 1. So states on a PE-algebra E, which is possibly non-commutative, are homomorphisms to the commutative algebra [0, 1]. Possible different elements a+b and b+a for some a, b ∈ E, are mapped to the same value. So one may wonder if there is an effect algebra underlying a PE-algebra having the same state space. This is, under certain assumptions, indeed the case [DvVe3].

Theorem 3.2. Let (E; +, 0, 1) be an interval PE-algebra possessing a state. Then there is an interval effect algebra (F ; +, 0, 1) and an epimorphism ε: (E; +, 0, 1) → (F ; +, 0, 1) such that the following holds. Any state s on E is of the form s = s^F ∘ ε for some state s^F on F ; so the mapping s → s^F establishes a one-to-one correspondence between the states of E and the states of F .

Now note that Theorem 3.2 makes one crucial assumption: At least one state on the PE-algebra under consideration must exist. Only if this is case, we may reduce a non-commutative PE-algebra to a commutative one in a way which preserves the states – and, by the way, also the other homomorphisms to commutative PE-algebras. Now, to find sufficient conditions under which this situation is given, is the motivation underlying the present article.

In this section, we formulate exact conditions for a state on a PEalgebra to exist.

Let us see first how the states on a PE-algebra are related to those on a representing group.

Proposition 3.3. Let (E; +, 0, 1) be an interval PE-algebra, and let (U(E), 1) be the extension of E to its universal ambient group. Then any state on E may be extended uniquely to a state on (U(E), 1); and the reduction of any state on (U(E), 1) to E is a state on E.

In particular, E possesses a state if and only if (U(E), 1) possesses a state.

Proof. Let s: E → [0, 1] be a state. Then s, viewed as a mapping from E to R, preserves existing sums, whence by Definition 2.7, s may be extended to a group homomorphism S: U(E) → R.

Then S is a state. Indeed, S is, as stated, a group homomorphism; furthermore, it maps U(E)^+ to R^+, because S(E) = s(E) ⊆ [0, 1] and U(E)^+ is generated by E; and, certainly, we have S(1) = s(1) = 1.

For a unital po-group, we have in turn the following exact criterion for a state to exist.

Definition 3.4. Let (G; +, ≤) be a po-group. Let G_{nc} be the subgroup of G generated by the elements of the form (a + b) − (b + a), a, b ∈ G, endowed with the order inherited from G. We call G_{nc} the commutator sub-po-group of G.

Moreover, let (G, u) be a unital po-group. Let G_{nc,}u be the subgroup of G generated by u and G_{nc}, endowed with the order inherited from G. We call (G_{nc,}u, u) the unital commutator sub-po-group of (G, u).

Remark 3.5. Given a po-group G, note how we may describe the elements of G_{nc}. Namely, G_{nc} contains exactly all sums of elements or negated elements of G such that every element occurs the same number of times negated and non-negated. In particular, G_{nc} is a normal subgroup and thus, endowed with the order of G, a po-group.

More general, let H be a subgroup of G containing G_{nc}. If then any sum of elements of G is contained in H, also any permutation of this sum is in H. So again, H is automatically normal and, endowed with the order from G, a po-group.

Finally, given a unital po-group (G, u) such that u is in the center of G, note how we may describe G_{nc,}u. Namely, we simply have G_{nc,}u = G_{nc} ∪ {k u: k ∈ Z}. Proposition 3.6. Let (G, u) be a unital po-group. Then (G, u) possesses a state if and only if there is no a ≥ u in G_{nc}.

Proof. Let s be a state on (G, u). Then a ≥ u for some a ∈ G_{nc} would mean s(a) ≥ 1; but s is constantly 0 on the whole of G_{nc}. This proves one direction of the statement.

Let now conv(G_{nc}) be the convex hull of G_{nc} in the partially ordered set G; then conv(G_{nc}) is closed under the group operations and under conjugation, so it is a convex normal subgroup of G. So we may form the quotient group [G]_{conv(Gnc)} of G by conv(G_{nc}), which has [u]_{conv(Gnc)} as a strong unit.

If for no a ∈ G_{nc} we have u ≤ a, then u ∉ conv(G_{nc}), and so ([G]_{conv(Gnc)}, [u]_{conv(Gnc)}) is non-trivial abelian unital po-group. Every such group possesses a state by [Goo, Corollary 4.4]. It follows that also (G, u) possesses a state.

We will now relate the states on a unital po-group (G, u) to its unital commutator sub-po-group (G_{nc,}u, u). For, we will see that, if there is a state on one of these groups, then there is one on the other one. What we prove is even more: any state on a subgroup of G containing G_{nc,}u is extendible to the whole of G.

We note that this result is in perfect analogy to [Goo, Chapter 4] about abelian po-groups fulfilling (RDP) and, furthermore, in accordance with [Dvu3].

Proposition 3.7. Let (G, u) be a unital po-group such that u is in the center of G.

(i) Let H be a normal sub-po-group of G containing G_{nc,}u. Let s be a state on (H, u). Then s is extendible to a state on (G, u).

(ii) (G, u) possesses a state if and only if (G_{nc,}u, u) possesses a state.

Proof. (i) Let S be the set of all extensions of the state s: H → [0, 1] to a state on a larger normal subgroup of G, and let S be partially ordered by the extension relation. Since then every chain in S possesses a supremum, there is, by Zorn’s Lemma, a maximal element s^′: H^′ →

[0, 1]. Let us assume that there is some c ∈ G \ H^′. We will show that then s^′ is extendible to a state s^{′′} on the normal subgroup H^{′′} generated by H^′ and c; this contradicts the maximality of s^′, and it follows that s^′ is a state on the whole of G.

Since H^′ contains G_{nc}, it follows from Remark 3.5 that the subgroup generated by H^′ and c is normal and thus equal to H^{′′}. Furthermore, we again conclude from G_{nc} ⊆ H^′ that H^{′′} = {k + ic: k ∈ H^′ and i ∈ Z}. Let now

p = sup { s^′(a) m : a ∈ H^′, m ∈ N, a ≤ mc}, r = inf { s^′(b) n : b ∈ H^′, n ∈ N, nc ≤ b}. We claim that then −∞ < p ≤ r < ∞. Indeed, choose k ∈ N such that −ku ≤ c ≤ ku; then −∞ < −k = s^′(−ku) ≤ p, and similarly, we have r ≤ k < ∞. Furthermore, choose a, b ∈ H^′ and m, n ∈ N such that a ≤ mc and nc ≤ b. Then na ≤ mnc ≤ mb, and we conclude s^′(a) m = s^′(na) mn ≤ s^′(mb) mn = s^′(b) n , which means p ≤ r.

Now choose q ∈ [p, r]. We claim that we may define s^{′′}: H^{′′} → R, k + ic → s^′(k) + iq, where k ∈ H^′ and i ∈ Z.

Indeed, assume k_1 + i_1c = k_2 + i_2c for some k_1, k_2 ∈ H^′, i_1, i_2 ∈ Z, i_2 ≤ i_1; this means −k_1 + k_2 = (i_1 − i_2)c. In the case i_1 = i_2 we have s^′(k_1) = s^′(k_2), hence s^′(k_1) + i_1q = s^′(k_2) + i_2q. Otherwise we have s′(−k1+k2) i1−i2 ≤ p ≤ q ≤ r ≤ s′(−k1+k2) i1−i2 , that is, s

′(−k_1 + k_2) = (i_1 − i_2)q or s^′(k_1) + i_1q = s^′(k_2) + i_2q.

Moreover, s^{′′} is positive. Indeed, assume k + ic ≥ 0 for some k ∈ H^′ and i ∈ Z. If then i < 0, we have^{s′(k)}_{−i} ≥ r ≥ q, that is, s^{′′}(k + ic) = s^′(k) + iq ≥ 0. If i = 0, we have k ≥ 0, whence s^{′′}(k) = s^′(k) ≥ 0. If i > 0, we have^{s′(−k)}_i ≤ p ≤ q, that is, s^{′′}(k + ic) = s^′(k) + iq ≥ 0. This concludes the proof that s^{′′} is a state on (H^{′′}, u). (ii) This follows easily from part (i).

Given a group G, let G^0 = G and, for n ≥ 1, G^n = G^{n−1}_{nc} . Recall that G is called solvable, if for some n, G^n = {0}. An easy consequence of Proposition 3.7 is the following.

Proposition 3.8. Let (G, u) be a unital po-group such that u is in the center, and let G be solvable. Then G possesses a state.

Proof. We have G_{nc,}u = G_{nc} ∪ {k u : k ∈ Z} by Remark 3.5. Now, by repeated application of Proposition 3.7(ii), we conclude that (G, u) possesses a state iff this is the case for the sub-po-group {k u: k ∈ Z}, which evidently is true.

We shall finally apply our results to PE-algebras.

Theorem 3.9. Let (E; +, 0, 1) be a symmetrically complemented interval PE-algebra, and let (U(E), 1) be the extension of E to its universal ambient group. Then E the following statements are equivalent:

(i) E possesses a state.

(ii) (U(E), 1) possesses a state.

(iii) There is no a ≥ 1 in U(E)_{nc}.

(iv) (U(E)_{nc,1}, 1) possesses a state.

Proof. (i) ⇔ (ii). By Proposition 3.3, E has a state iff (U(E), 1) has a state.

(ii) ⇔ (iii) This is the content of Proposition 3.6.

(ii) ⇔ (iv) This holds by Proposition 3.7(ii), because, by Lemma 2.11, 1 is in the center of U(E).

4. Lexicographical product of an effect algebra and a po-group

We now turn our attention to a kind of PE-algebras for which it is natural to study homomorphisms to effect algebras and thus to study states. Independently from that, these special PE-algebras are quite interesting in their own right. What we will consider are PE-algebras which are built up from a commutative part, namely an effect algebra, and a non-commutative part changing elements, so to say, only in the small. The construction resembles the lexicographical product of a pair of po-groups.

In the subsequent chapter, we will discuss certain algebraic conditions on PE-algebras, for which the PE-algebras introduced here provide the typical examples.

Definition 4.1. Let (E; +, 0, 1) be a PE-algebra and (H; +, ≤) a pogroup. Let

E ×_{lex} H^{def}= {(e, h) ∈ E × H: e = 0 and h ≥ 0 or 0 < e < 1 or e = 1 and h ≤ 0};

and define a partial addition on E ×_{lex} H componentwise whenever this is possible and leads to a result in E ×_{lex} H. Then (E ×_{lex} H; +, (0, 0), (1, 0)) is called the lexicographical product of the PE-algebra E and the po-group H.

This definition is motivated by the following facts.

Lemma 4.2. Let (E; +, 0, 1) be a PE-algebra and (H; +, ≤) be a pogroup.

(i) The lexicographical product (E ×_{lex} H; +, (0, 0), (1, 0)) of E and H is a PE-algebra.

(ii) Let E be an interval PE-algebra. Then so is E ×_{lex} H. Indeed, let (U(E), 1) be the extension of E to its universal ambient group, and let U(E) ×_{lex} H be the usual lexicographical product of po-groups; then E ×_{lex} H is isomorphic to Γ(U(E) ×_{lex} H, (1, 0)).

Moreover, let H be directed. Then U(E) ×_{lex} H is the extension of E ×_{lex} H to its universal ambient group.

Proof. (i) It is not difficult to verify the axioms (PE1) to (PE4).

(ii) The first half of what is claimed is obvious.

Assume now that H is directed. We show first that U(E ×_{lex} H) and U(E) × H are isomorphic groups. From Proposition 2.8 we know that the first group of the two is generated by all (e, h) ∈ E ×_{lex} H and subject to the defining relations (e_1, h_1) + (e_2, h_2) = (e_3, h_3) whenever this equation holds in E ×_{lex} H. Now, by the directedness of H we have H = H^+ − H^+; and in U(E ×_{lex} H) we have that any (0, h), h ∈ H^+ commutes with any (e, 0), e ∈ E. This means that the group is actually generated by all (e, 0) for e ∈ E and all (0, h) for h ∈ H^+ under the conditions (e_1, 0)+(e_2, 0) = (e_3, 0) for e_1, e_2, e_3 ∈ E such that e_1 + e_2 = e_3, and (0, h_1) + (0, h_2) = (0, h_3) for h_1, h_2, h_3 ∈ H^+ such that h_1 + h_2 = h_3. But then it is clear that U(E ×_{lex} H) may be identified with the product of U(E) and H, that is, with the group U(E) × H.

Now, under this identification, U(E ×_{lex} H)^+ is the by Proposition 2.8 the subsemigroup generated by the elements (e, h), where e ∈ E, h ∈ H and either e > 0 or else h ∈ H^+. If follows that U(E ×_{lex} H)^+ is identified with (U(E) ×_{lex} H)^+.

We note that for lexicographical products of PE-algebras and po-groups, symmetric complementation is not unnatural. Besides, we see that a symmetrically complemented PE-algebra is not necessarily commutative.

Proposition 4.3. The lexicographical product of an effect algebra and a po-group is symmetrically complemented.

Proof. This is easily checked.

We shall now establish the exact conditions under which the lexicographical product of a PE-algebra and a po-group is of the kind we are primarily interested in – by fulfilling the Riesz condition (RDP). Note that we will not be concerned with the condition (RDP_1) here. Indeed, (RDP_1) would have rather strong consequences; it would typically imply the abelianess of the po-group involved. Anyhow, the more general discussion of the subsequent Section 5 is about interval PE-algebras fulfilling (RDP); so it is the latter property which is of primary interest in the present context.

We note that we generalize [Goo, Corollary 2.12] to the non-commutative case.

Theorem 4.4. Let (E ×_{lex} H; +, (0, 0), (1, 0)) be the lexicographical product of an at least three-element PE-algebra E and a po-group H. Then E ×_{lex} H fulfils (RDP) if and only if E as well as H fulfil (RDP) and one of the following conditions holds.

(α) E is atomless, and for any pair of non-comparable elements a, b ∈ E whose sum a + b exists, there is a non-zero x < a, b such that

a^/ x + b = b^/ x + a.

(β) For any g, h, k ∈ H there is an f ≥ g, h commuting with k.

(γ) E has a smallest non-zero element. Furthermore, for any g ∈ H there is a positive f ≥ g commuting with g.

Proof. Assume first that E ×_{lex} H fulfils (RDP). It is clear that then E as well as H fulfil (RDP).

Assume now that (α) does not hold for the reason that there is an atom a. Then either there is a b ∈ E such that a ∧ b = 0, or a is the only atom and lies below all non-zero elements.

In the first case, (β) follows. Indeed, we have a + b = b + a by [DvVe1, Lemma 3.2(ii)]. For g, h, k ∈ H, we may apply (RDP) to the equation (a, −g) + (b, k − h) = (b, −g + k) + (a, −h), to get f^1, . . . , f^4 ∈ H such that

(0, f^1) (a, f^2) → (a, −g) (b, f^3) (0, f^4) → (b, k − h) ↓ ↓ (b, −g + k) (a, −h). Because then f^1, f^4 ≥ 0, we have f^2 ≤ −g, −h and so f^{def}= −f^2 ≥ g, h; and f^2 commutes with f^3, so f commutes with f^3 − f^2 = (f^3 + f^4) − (f^2 + f^4) = k.

In the second case, (γ) follows. Indeed, let g ∈ H. The sum a + a exists, because otherwise E would contain only the two elements 0 and 1 = a. So we may apply (RDP) to the equation (a, 0) + (a, 0) = (a, g) + (a, −g), to get f^1, f^2 ∈ H such that either the scheme

(0, f^1) (a, f^2) → (a, −g) (a, −f^1) (0, −f^2) → (a, g) ↓ ↓ (a, 0) (a, 0). holds, in which case we have f^{def}= −f^2 ≥ 0, g and f + g = −f^2 − f^1 − f^2 = g + f; or

(a, f^1) (0, f^2) → (a, −g) (0, −f^1) (a, −f^2) → (a, g) ↓ ↓ (a, 0) (a, 0). holds, in which case we have f^{def}= −f^1 ≥ 0, g and f + g = g + f.

Assume now that (α) does not hold for the reason that there is are noncomparable, summable a, b ∈ E such that for no non-zero x ≤ a, b, we have a^/ x + b = b^/ x + a. Choose then a^′ ∈ E such that a + b = b + a^′, and let e^1, e^2 ∈ E such that

e^1 a^\ e^1 → a b^\ e^1 e^2 → b ↓ ↓ b a^′ holds. This means a + b^\ e^1 + e^2 = b + a^\ e^1 + e^2, that is, a^/ e^1 + b = b^/ e^1 + a; so we have by assumption e^1 = 0 and thus e^2 = 0 and a^′ = a. We may now proceed as above to prove (β).

This finishes the proof of one direction of the claimed equivalence.

Assume now that E and H fulfil (RDP), and let (α) or (β) or (γ) hold. We are going to prove that (RDP) holds in E ×_{lex} H; so let the equation (a_1, a_2) + (b_1, b_2) = (c_1, c_2) + (d_1, d_2) hold in E ×_{lex} H. Since (RDP) holds in E, we may easily determine the first components of the four elements we are looking for; choose e_1, . . . , e_4 ∈ E such that

e^1 e^2 → a_1 e^3 e^4 → b_1 ↓ ↓ c_1 d_1. (2)

To determine the appropriate second components from H, we will distinguish several cases, dependent on at which places in (2) zeros appear.

The case that all entries in (2) are 0 is easily handled by the fact that (RDP) holds in H.

Assume now that one whole row or column in (2) is 0; a typical example would be e^1 = e^2 = 0. If then, furthermore, e^3 = c_1 > 0 the scheme

(0, a_2) (0, 0) → (0, a_2) (c_1, −a_2 + c_2) (d_1, d_2) → (b_1, b_2) ↓ ↓ (c_1, c_2) (d_1, d_2)

fulfils the requirements. If, on the other hand, e^3 = c_1 = 0 and e^4 = b_1 = d_1 > 0, we have a_2, c_2 ≥ 0. We may then apply (RDP) to the equation a_2 + c_2 = c_2 + (−c_2 + a_2 + c_2) to get f^1, . . . , f^4 ∈ H such that f^1 + f^2 = a_2, f^3 + f^4 = f^1 + f^3 = c_2, and f^2 + f^4 = −c_2 + a_2 + c_2. Set f^{′4} = −f^3 + b_2 = −f^2 + d_2, and consider the scheme

(0, f^1) (0, f^2) → (0, a_2) (0, f^3) (b_1, f^{′4}) → (b_1, b_2) ↓ ↓ (0, c_2) (b_1, d_2).

Assume next that in (2), there is a zero in the e^1-e^4 diagonal, for instance e^1 = 0, and that e^2 = a_1 > 0 and e^3 = c_1 > 0.

If (α) holds and a_1, c_1 are either non-comparable or equal, there is some x ∈ E such that 0 < x < a_1, c_1 and a_1^/ x + c_1 = c_1^/ x + a_1. Then the scheme

(x, a_2) (a_1^\ x, 0) → (a_1, a_2) (c_1^\ x, −a_2 + c_2) (e^{′4}, d_2) → (b_1, b_2) ↓ ↓ (c_1, c_2) (d_1, d_2) (3)

fulfils, for some non-zero e^{′4} ∈ E, the requirements.

If (α) holds and a_1 < c_1, set x = a_1 and e^{′4} = d_1 in (3). Similarly, we proceed in the case c_1 < a_1.

If (β) holds, then there is an f^1 ≤ a_2, d_2 such that f^1 commutes with f^{2 def}= f^1 + b_2 − d_2. We get

(0, a_2 − f^1) (a_1, f^1) → (a_1, a_2) (c_1, f^2) (e^4, −f^1 + d_2) → (b_1, b_2) ↓ ↓ (c_1, c_2) (d_1, d_2).

If (γ) holds, let a be the atom. Then a commutes with all b < 1; indeed, choose a^′, a^{′′} such that a + b = b + a^′ and b + a = a^{′′} + b; then a + b = b + a + (a^{′ \} a) = (a^{′′ /} a) + a + b + (a^{′ \} a), whence a = a^′ = a^{′′}. So if c_1 > a, set x = a and e^{′4} = x + e^4 in (3). Similarly, we proceed in the case c_1 = a, but a_1 > a. If a_1 = c_1 = a, choose an f ∈ H^+ such that f ≥ −c_2 + a_2 and f commutes with −c_2 + a_2, and consider the scheme

(a, a_2 − f) (0, f) → (a, a_2) (0, f − a_2 + c_2) (b_1, −f + d_2) → (b_1, b_2) ↓ ↓ (a, c_2) (b_1, d_2). (4)

Assume next that in (2), there is a zero in the e^2-e^3 diagonal, for instance e^2 = 0, and that e^1 = a_1 > 0 and e^4 = d_1 > 0.

If, moreover, e^3 > 0, we have

(a_1, a_2) (0, 0) → (a_1, a_2) (e^3, −a_2 + c_2) (d_1, d_2) → (b_1, b_2) ↓ ↓ (c_1, c_2) (d_1, d_2),

So let e^3 = 0.

If (α) holds, we choose some x ∈ E such that 0 < x < a_1, d_1, and we have (a_1^/ x, a_2) (x, 0) → (a_1, a_2) (x, −a_2 + c_2) (b_1^\ x, d_2) → (b_1, b_2) ↓ ↓ (a_1, c_2) (b_1, d_2).

If (β) holds, choose r, s ∈ H such that r ≥ −a_2, −c_2 and s ≥ −b_2, −d_2, and apply (RDP) to the equation (r + a_2) + (b_2 + s) = (r + c_2) + (d_2 + s) to get f^1, . . . , f^4 ∈ H^+ such that f^1 + f^2 = r + a_2, f^3 + f^4 = b_2 + s, f^1 + f^3 = r + c_2, f^2 + f^4 = d_2 + s. Then we have the scheme

(a_1, −r + f^1) (0, f^2) → (a_1, a_2) (0, f^3) (b_1, f^4 − s) → (b_1, b_2) ↓ ↓ (a_1, c_2) (b_1, d_2)

If (γ) holds, choose an f ∈ H^+ such that f ≥ −c_2 + a_2 and f and −c_2 + a_2 commute, to get a scheme similar to (4). If in (2) there appears no zero, we have

(e^1, a_2) (e^2, 0) → (a_1, a_2) (e^3, −a_2 + c_2) (e^4, d_2) → (b_1, b_2) ↓ ↓ (c_1, c_2) (d_1, d_2).

This finishes the proof the the second half of the theorem.

We have in particular the following.

Theorem 4.5. Let (E ×_{lex} H; +, (0, 0), (1, 0)) be the lexicographical product of a PE-algebra E and a po-group H. Then also E ×_{lex} H fulfils (RDP) if E as well as H fulfil (RDP) and one of the following conditions holds.

(α) For any non-zero a, b ∈ E such that a + b exists, there is an x ∈ E such that 0 < x < a, b and a^/ x commutes with b^/ x.

(β) Any pair of elements from H has an upper bound in the center of H. Now, although the lexicographical products discussed so far involve possibly non-commutative PE-algebras, the example we have in mind is the lexicographical product of an effect algebra and a, possibly nonabelian, po-group.

It is clear that considering states on such algebras means considering states on the underlying effect algebra. Compare Theorem 3.2.

Proposition 4.6. Let (E ×_{lex} H; +, (0, 0), (1, 0)) be the lexicographical product of an effect algebra E and a directed po-group H. Let ι: E ×_{lex} H → E, (a, 0) → a. Then any state s on E ×_{lex} H is of the form s = s^E ∘ ι for some state s^E on E; so the mapping s → s^E establishes a one-to-one correspondence between the states of E ×_{lex} H and the states of E.

Proof. For any state s: E ×_{lex} H → [0, 1], we have s((0, h)) = 0 for all h ∈ H, because n s((0, h)) = s((0, n h)) ≤ s((1, 0)) = 1 for all n ∈ N. Since H is directed, it follows that s((a, h)), h ∈ H, does not depend on h.

5. Order-regular and nearly commutative PE-algebras

The lexicographical product of an effect algebra and a possibly noncommutative po-group, as studied in the previous section, is just the simplest example of a PE-algebra about which we may say that it is noncommutative only in the small. In the present section, we shall make precise this idea, by introducing the appropriate algebraic conditions.

Namely, we shall introduce order-regular and nearly commutative PEalgebras. These two properties imply, under certain further natural assumptions, that a PE-algebra possesses a non-trivial effect algebra as a homomorphic image. In view of Theorem 3.2, this is equivalent to the existence of states on the algebra.

Moreover, we will slightly strengthen the property of being order-regular. We will see that this has an amazingly far-reaching consequence; the commutator subgroup of the po-group representing the PE-algebra is then purely infinitesimal.

Definition 5.1. Let (E; +, 0, 1) be a PE-algebra. We shall call a ∈ E infinitesimal if n a is defined for all n ∈ N. We denote the set of all infinitesimal elements of E by E_{infts}.

Furthermore, let (G, u) be a unital po-group. We shall call a ∈ G infinitesimal if n a ≤ u for all n ∈ Z. We denote the set of all infinitesimal elements of G by G_{infts}.

Now, if the commutator subgroup of the po-group representing a PEalgebra is purely infinitesimal, the question if the algebra has a state is easily answered affirmatively.

Proposition 5.2. Let (E; +, 0, 1) be an interval PE-algebra, and let U(E) the extension of E to its universal ambient group. If then the commutator sub-po-group of U(E) contains only infinitesimal elements, that is, if

U(E)_{nc} ⊆ U(E)_{infts},

then E possesses a state.

Proof. Under the given assumptions it is clear that there is no a ≥ u in U(E)_{nc}; so the claim follows from Propositions 3.6 and 3.3.

For what follows, we need the following preparatory definitions.

Definition 5.3. Let (E; +, 0, 1) be a PE-algebra.

(i) Let a, b ∈ E. We say that a is essentially smaller than b if a < b and neither the left nor the right difference of b and a is infinitesimal. In this case, we write a ¯< b.

(ii) Two elements a, b ∈ E are called close if for any c ∈ E we have c ¯< a if and only if c ¯< b, and if for any d ∈ E we have a ¯< d if and only if b ¯< d. In this case, we write a ≈ b.

Remark 5.4. It is easily verified that, for elements a, b of a symmetrically complemented interval PE-algebra E such that a ≤ b, we have a ¯< b iff a^\ b is not infinitesimal iff a^/ b is not infinitesimal.

Based on the notion of closeness, we newly introduce two properties of PE-algebras. The algebras of the special type discussed in Section 4 provide typical examples.

Definition 5.5. Let (E; +, 0, 1) be a PE-algebra.

(i) E is called order-regular if any two comparable elements whose left or right difference is infinitesimal, are close.

(ii) E is called nearly commutative if, for any a, b ∈ E, a + b exists if and only if b + a exists, in which case we have a + b ≈ b + a.

Proposition 5.6. The lexicographical product of an archimedean effect algebra and a po-group is order-regular and nearly commutative.

Let us first state the crucial property of an order-regular PE-algebra.

Recall [DvVe3, Definition 3.4(i)] that an ideal of a PE-algebra E is a set I ⊆ E such that (i) for any b ∈ I and a ∈ E, a ≤ b implies a ∈ I and (ii) for any a, b ∈ I such that a + b exists, also a + b ∈ I. An ideal is called normal if for a, r, s ∈ E such that r + a = a + s, we have r ∈ I if and only if s ∈ I.

Proposition 5.7. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented and order-regular. Then E_{infts} is a normal ideal of E. Moreover, any infinitesimal element of E lies below any non-infinitesimal one.

Proof. Clearly, E_{infts} is closed under smaller elements. To see that E_{infts} is closed under sums, let a, b ∈ E_{infts} such that a + b exists. We then have 0 ≈ a, because E is order-regular, and a ¯≮ a + b; so it follows 0 ¯≮ a + b, which means that a + b ∈ E_{infts}. So E_{infts} is an ideal. Because E is symmetrically complemented, it easily follows that E_{infts} is normal.

Let now a ∈ E_{infts} and b non-infinitesimal. Then, in view of Remark 5.4, we have a ¯< a + b. On the other hand, we have by the order-regularity b ≈ a + b, so it follows a ¯< b and in particular a < b.

Note that, given a PE-algebra E as specified in Proposition 5.7, we may by [DvVe3, Proposition 3.6] form the quotient algebra [E]_{Einfts}, to get a PE-algebra which is archimedean.

Here, we are interested in the closeness relation ≈, which, as we will see now, proves to be a structure preserving congruence relation as well.

We will from now on assume tacitly that the PE-algebras we deal with are non-trivial.

Theorem 5.8. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented and order-regular. Then the relation ≈ on E is a PE-algebra congruence; the quotient algebra [E]_≈ is a non-trivial PE-algebra fulfilling (RDP).

Proof. Let us first note the following. For a, b ∈ E such that a ≈ b, we easily see that a^∼ ≈ b^∼. Furthermore, for a, b ∈ E such that a + b exists, we have b ≈ a^∼ iff a + b ≈ 1. Indeed, since b ≤ a^∼, we have b ≈ a^∼ iff (a + b)^∼ = a^{∼ \} b ∈ E_{infts} iff (a + b)^∼ ≈ 0 iff a + b ≈ 1.

We now prove that ≈ is a congruence according to Definition 2.4(iii). It is, first of all, clear that ≈ is an equivalence relation on E. Let now a, a^′, b, b^′ ∈ E be given such that a + b and a^′ + b^′ exist and a ≈ a^′ and b ≈ b^′. We claim that a + b ≈ a^′ + b^′.

In case that b ≈ a^∼, we have, as shown, a + b ≈ 1; and from b^′ ≈ b ≈ a^∼ ≈ a^{′∼}, it follows a^′ + b^′ ≈ 1 ≈ a + b. In the opposite case, we have b ¯< a^∼, which implies by a^{′∼} ≈ a^∼ that b ¯< a^{′∼} holds and thus a^′ + b exists. Let now c ∈ E such that c ¯< a + b; we shall see that c ¯< a^′ + b. We then have c = c_a + c_b for some c_a ≤ a, c_b ≤ b. If then a^\ c_a is not infinitesimal, we have c_a ¯< a, and it follows c_a ¯< a^′ and so c = c_a + c_b ¯< a^′ + c_b ≤ a^′ + b. Otherwise, because c = c_a + c_b ¯< a + b = c_a + a^\ c_a + b^/ c_b + c_b and so a^\ c_a + b^/ c_b ∉ E_{infts} and because E_{infts} is by Proposition 5.7 an ideal, b^/ c_b is not infinitesimal. Then from a^′ ¯< a^′ + b^/ c_b and a^′ ≈ a ≈ c_a we conclude c_a ¯< a^′ + b^/ c_b and so c = c_a + c_b ¯< a^′ + b. In a similar manner, we proceed to show that c ¯< a^′ +b^′. Finally, we may prove by analogous reasoning that c ¯< a+b iff c ¯< a^′ + b^′, and, for any d ∈ E, that a + b ¯< d iff a^′ + b^′ ¯< d.

We now prove that ≈ is actually a PE-algebra congruence, using Proposition 2.5. So let a, a^′, b ∈ E such that a + b exists and a^′ ≈ a; we will show that there is a b^′ ≈ b such that a^′ + b^′ exists. We have a ≤ b^−. If even a ¯< b^−, it follows a^′ ¯< b^− and thus a^′ + b exists. Otherwise b^{− \} a is infinitesimal; so a^′ ≈ a ≈ b^− and, setting b^′ = a^{′∼}, we have b^′ = a^{′∼} ≈ b and a^′ + b^′ = 1 exists. Analogously, we see that for any b^{′′} ≈ b, there is an a^{′′} ≈ a such that a^{′′} + b^{′′} exists.

So we have proved that [E]_≈ is a PE-algebra. Now, since the constants 0 and 1 are not close, [0]_≈ and [1]_≈ are different elements, that is, [E]_≈ is non-trivial.

It remains to show that [E]_≈ fulfils (RDP); so let a, b, c, d ∈ E be given such that [a]_≈ + [b]_≈ = [c]_≈ + [d]_≈. By what was just proved, there are b^′ ≈ b and d^′ ≈ d such that a + b^′ and c + d^′ are defined, and we have a + b^′ ≈ c + d^′. Now the case that b^′ is infinitesimal is easy, because then [a]_≈ = [c]_≈ + [d]_≈. Otherwise, we have b^′ ¯> 0, so a ¯< a + b^′ and consequently a ¯< c + d^′, that is, a + b^{′′} = c + d^′ for some b^{′′} ≈ b^′. Thus (RDP), holding in E, enables us to choose the appropriate four elements from [E]_≈, as required by Definition 2.9.

We are finally ready to formulate our first state existing theorem.

Theorem 5.9. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented, order-regular, and nearly commutative. Then the quotient algebra [E]_≈ is a non-trivial interval effect algebra. In particular, E possesses a state.

Proof. From Theorem 5.8, we know that [E]_≈ is a non-trivial PEalgebra fulfilling (RDP).

Now, by Remark 2.3, for any a, b ∈ E, a+b is defined iff b+a is defined, and it follows that [a]_≈ +[b]_≈ is defined iff [b]_≈ +[a]_≈ is defined. Because

E is nearly commutative, we have a + b ≈ b + a if these sums exist. It easily follows that [E]_≈ is commutative.

So we have proved that [E]_≈ is an effect algebra fulfilling (RDP). Since for effect algebras, (RDP) and (RDP_1) are equivalent, [E]_≈ is by Theorem 2.10 an interval of an abelian po-group. Namely, [E]_≈ is the unit interval of (U([E]_≈), [1]_≈).

(U([E]_≈), [1]_≈) possesses by [Goo, Corollary 4.4] a state, which reduces to a state on [E]_≈. So also E possesses a state.

Now, on our way to show the existence of states, we did not make use of the strong criterion used in Proposition 5.2, where it was assumed that the commutator sub-po-group U(E)_{nc} is purely infinitesimal. But interestingly, we may force such a situation, by slightly strengthening one of our conditions.

Definition 5.10. Let (E; +, 0, 1) be a PE-algebra. E is called strongly order-regular if E is order-regular and if for any non-infinitesimal close elements a, b ∈ E, there is a non-infinitesimal element c ≤ a, b.

The typical example for strong order-regularity is given by those lexicographical products of PE-algebras and po-groups which fulfil the Riesz decomposition property – that is, by those PE-algebras which have been characterized in Theorem 4.4.

Proposition 5.11. The lexicographical product of an archimedean at least five-element PE-algebra and a po-group such that this product fulfils (RDP), is strongly order-regular.

We need two preparatory lemmas.

Lemma 5.12. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented, order-regular and nearly commutative. Let U(E) be the extension of E to its universal ambient group. Then there is a po-group congruence ≈ on U(E) whose restriction to E is the equally denoted relation on E.

Proof. Let κ: E → [E]_≈, a → [a]_≈ the natural homomorphism from E to [E]_≈. By Theorem 5.9, [E]_≈ is an interval effect algebra, represented by U([E]_≈). We see from Definition 2.7 and Proposition 2.8 that κ extends to a po-group homomorphism from U(E) to U([E]_≈). Now, κ induces a po-group congruence ≈ on U(E) which identifies two elements a, b ∈ E if and only if κ(a) = κ(b) if and only if a ≈ b in E.

In what follows, we will use the essential order relation ¯< for U(E), the universal ambient group of some PE-algebra E, just in the same way as for E: Let, for a pair a, b ∈ U(E), a ¯< b hold if a < b and b^/ a, b^\ a ∉ U(E)_{infts}. If then a, b ∈ E, this relation has obviously the same meaning as with respect to the PE-algebra E.

Lemma 5.13. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented, strongly order-regular, and nearly commutative. Let U(E) be its extension to its universal ambient group, and let ≈ be the extension of the closeness relation from E to U(E). Then, for a, b, c ∈ U(E), a ¯< b and b ≈ c imply a ¯< c.

Proof. We shall first prove the following preliminary statement with respect to U(E): For b, c ∈ E and d ∈ U(E)^+, b ≈ c and d ¯> 0 imply b ¯< d + c. By replacing d by a smaller, but still non-infinitesimal element if necessary, we may assume that d ∈ E. Let d = d_c + d_c− such that d_c ≤ c and d_c− ≤ c^−. If d_c− ¯> 0, then from c ¯< d_c− + c we have b ¯< d_c− + c ≤ d + c. In the other case, we have d_c ≈ d. If then, in addition d_c ¯< c, it follows d_c ¯< b, and we may conclude from c^− ¯< c^− + d_c that c^− ¯< b^− + d_c ≤ b^− + d, whence b^− + b = c^− + c ¯< b^− + d + c and b ¯< d + c. If, otherwise, d_c ≈ c ≈ d and, in addition c ¯< c^−, we have d_c ¯< c^− and so b ≈ c ¯< d_c + c and b ¯< d + c. It remains the case d_c ≈ c ≈ c^− ≈ d; then, by strong order-regularity, there is an e ¯> 0 such that e ≤ d_c, c^−, and we have b ≈ c ¯< e + c and so b ¯< d + c. This completes the proof of the preliminary statement.

Assume now a ¯< b and b ≈ c, where a, b, c ∈ U(E); we shall prove a ¯< c. Since U(E) is directed and the involved relations are translationinvariant, we may assume that a, b, c ≥ 0. Furthermore, b ≈ c then holds exactly if [b]_≈ = [c]_≈ in U([E]_≈)^+; and U([E]_≈)^+ is the semigroup freely generated by the elements of E with the defining relations x+y = z for x, y, z ∈ E such that this equation holds in E, and x = y for x, y ∈ E such that x ≈ y in E. So we may further assume that b = b_1 + b_2 + b_3, c = b_1 + c_2 + b_3 for b_2, c_2 ∈ E such that b_2 ≈ c_2; the general claim follows from this special case by induction.

Let a = a_1 + a_2 + a_3 such that a_1 ≤ b_1, a_2 ≤ b_2, and a_3 ≤ b_3. If then a_2 ¯< b_2, we have a_2 ¯< c_2 and thus a ¯< c. Otherwise we have a_2 ≈ b_2, and it follows a_1 ¯< b_1 or a_3 ¯< b_3, because E_{infts} is by Proposition 5.7 a normal ideal; suppose e.g. that the first inequality holds. So we have a_2 ≈ c_2 and b_1^\ a_1 ¯> 0, and by what was proved above, we know a_2 ¯< (b_1^\ a_1) + c_2, or a_1 + a_2 ¯< b_1 + c_2. It follows a ¯< c.

In view of Proposition 5.2, the subsequent Theorem 5.14 may be considered the strengthened version of a state existence theorem.

Theorem 5.14. Let (E; +, 0, 1) be an interval PE-algebra fulfilling (RDP) which is symmetrically complemented, strongly order-regular, and nearly commutative. Let U(E) be the extension of E to its universal ambient group. Then the commutator sub-po-group of U(E) contains only infinitesimal elements, that is, we have U(E)_{nc} ⊆ U(E)_{infts}.

Proof. Let ≈, as before, be the extension of the closeness relation from E to U(E), according to Lemma 5.12. Since [E]_≈ is, by Theorem 5.9, an interval effect algebra, U([E]_≈) is abelian, so we have for all a, b ∈ U(E) that [a + b]_≈ = [b + a]_≈, or a + b ≈ b + a. This means for all g ∈ U(E)_{nc} that g ≈ 0. By 0 ¯< 1 and Lemma 5.13, it follows g ¯< 1, so in particular, g ≤ 1. We conclude U(E)_{nc} ⊆ U(E)_{infts}.

References

[BuGrLa] P. Busch, M. Grabowski, and P. J. Lahti, \Operational quantum physics", Springer-Verlag, Berlin, Heidelberg, 1995.

[Cho] F. Chovanec, States and observables on MV-algebras, Tatra Mt. Math.

Publ. 3 (1993), 55{64.

[CiOtMu] R. L. O. Cignoli, I. M. L. D’Ottaviano, and D. Mundici, \Algebraic Foundations of Many-Valued Reasoning", Trends in Logic { Studia Logica Library 7, Kluwer Academic Publ., Dordrecht, 2000.

[Dvu1] A. Dvureèenskij, Pseudo-MV algebras are intervals in ℓ-groups, J. Austr.

Math. Soc. 72 (2002), to appear.

[Dvu2] A. Dvureèenskij, States on pseudo-MV algebras, Studia Logica 68 (2001), 301{327.

[Dvu3] A. Dvureèenskij, States on unital partially-ordered groups, Kybernetika 38 (2002), to appear.

[DvPu] A. Dvureèenskij and S. Pulmannová, \New Trends in Quantum Structures", Kluwer Academic Publ., Dordrecht, Ister Science, Bratislava, 2000.

[DvVe1] A. Dvureèenskij and T. Vetterlein, Pseudoe¸ect algebras. I. Basic properties, Inter. J. Theor. Phys. 40 (2001), 685{701.

[DvVe2] A. Dvureèenskij and T. Vetterlein, Pseudoe¸ect algebras. II. Group representations, Inter. J. Theor. Phys. 40 (2001), 703{726.

[DvVe3] A. Dvureèenskij and T. Vetterlein, Congruences and states on pseudoeffect algebras, Found. Phys. Letters 14 (2001), 425{446.

[FoBe] D. J. Foulis and M. K. Bennett, E¸ect algebras and unsharp quantum logics, Found. Phys. 24 (1994), 1325{1346.

[GeIo] G. Georgescu and A. Iorgulescu, Pseudo-MV algebras, Multi. Val. Logic 6 (2001), 95{135.

[Goo] K. R. Goodearl, \Partially Ordered Abelian Groups with Interpolation", Mathematical Surveys and Monographs 20, American Mathematical Society, Providence, 1986.

[Gre] R. J. Greechie, Orthomodular lattices admitting no states, J. Comb.

Theory, Ser. A 10 (1971), 119{132.

[Mun1] D. Mundici, Interpretation of AF C^�-algebras inLukasiewicz sentential calculus, J. Funct. Anal. 65 (1986), 15{63.

[Mun2] D. Mundici, Averaging the truth-value inLukasiewicz logic, Stud. Log.

55 (1995), 113{127.

[Rav] K. Ravindran, On a structure theory of e¸ect algebras, Ph.D. Thesis, Kansas State University, Manhattan, 1996.

[Rie] Z. Rieèanová, Proper e¸ect algebras admitting no states, Inter. J. Theor.

Phys. 40 (2001), 1683{1691.

Mathematical Institute, Slovak Academy of Sciences, ľtefánikova 49, SK - 814 73 Bratislava, Slovakia

E-mail address: vetterl@mat.savba.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

5/2002 Thomas Vetterlein: Existence of states on pseudoe¸ect algebras 4/2002 Michal Feèkan: Chaos in non-autonomous di¸erential inclusions 3/2002 Ján Jakubík: Cantor-Bernstein theorem for lattices 2/2002 Anatolij Dvureèenskij : Product e¸ect algebras 1/2002 Anatolij Dvureèenskij : Perfect e¸ect algebras are categorically equivalent with Abelian interpolation po-groups 15/2001 Martin Kochol: Equivalent versions of the 3-‚ow conjecture 14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups 22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs

(continued on inside back cover)

20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces 9/1999 Ján Jakubík: Torsion classes of specker lattice ordered groups 8/1999 Ján Jakubík: Graph automorphisms and cells of lattices 7/1999 Miloslav Duchoò, Peter Malièký: Positive linear maps on trigonometric polynomials