Preprint 6/2002

July 30, 2002

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Michal Feèkan

Joseph Gruendler

The existence of chaos for ordinary

differential equations with a center

manifold

PREPRINT SERIES

THE EXISTENCE OF CHAOS FOR ORDINARY DIFFERENTIAL EQUATIONS WITH A CENTER MANIFOLD

MICHAL FEČKAN

Department of Mathematical Analysis Comenius University Mlynská dolina, 842 48 Bratislava, Slovakia and Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, 814 73 Bratislava - Slovakia

JOSEPH GRUENDLER

Department of Mathematics North Carolina A&T State University Greensboro, North Carolina 27411 U.S.A.

August 9, 2002

Abstract. Ordinary differential equations are considered consisting of two equations with nonlinear coupling where the linear parts of the two equations have equilibria which are, respectively, a saddle and a center. Perturbation terms are added which correspond to damping and forcing. A reduced equation is obtained from the hyperbolic equation by setting to zero the variable from the center equation. Melnikov theory is used to obtain a transverse homoclinic solution, and hence chaos, in the reduced equation. Conditions are then established such that the chaos for the reduced equation is shadowed by chaos for the full equation. The resonant case is also studied when the chaos of the full system is not detected from the reduced equation. The techniques make use of exponential dichotomies.

AMS Subject Classification (2000) 34C37, 37C29, 37D45.

Key words and phrases. ordinary differential equations, homoclinic solutions, bifurcations, center manifold.

This work supported by National Science Foundation grant INT9603054 and grant GA-SAV 2/1140/21

Typeset by AMS-TEX 1

Introduction

To illustrate the ideas of this work consider the equations

ẍ = x − 2x(x^2 + y^2) − 2μ_2ẋ + μ_1 cos ωt,

(1a)

ÿ = (1 − k)y − 2y(x^2 + y^θ) − 2μ_2ẏ + μ_1 cos pωt

(1b)

where θ ∈ N \ {1}, p ∈ N. This system consists of a (radially symmetric for θ = 2) Duffing oscillator with an additional spring of stiffness k in the y equation along with damping and external forces added as perturbation terms.

Let us assume k > 1 in (1b). Then, for the unperturbed equation i.e., when μ_1 = μ_2 = 0, the linear part of (1a) has a hyperbolic equilibrium and the linear part of (1b) has a center. Furthermore, for small μ_2, the eigenvalues of ÿ = (1 − k)y − 2μ_2ẏ are complex functions, λ(μ_2), with ℜ(λ(μ_2)) = −μ_2 so that we have ℜ(λ(0)) = 0 and ℜ(λ^′(0)) = −1. Thus, for small μ_2 ≠ 0, the equilibrium of (1b) is weakly hyperbolic.

If we set y = 0 in (1a) we get the standard forced, damped Duffing equation. Using Melnikov theory one can show that for small μ_1 ≠ 0 and for μ_2 ≠ 0, within an appropriate range, this equation has a transverse homoclinic orbit and hence exhibits chaos. (These ideas are explained in detail below.) The first purpose of the present work is to show that if μ_1 ≠ 0, μ_2 ≠ 0 are chosen to produce chaos in (1a) when y = 0 and if pω ≠ √ k − 1 then, as a consequence of the weak hyperbolicity in the y equation, there exists chaos in the full equation (1) which, in some sense, shadows the chaos obtained in (1a) with y = 0. Condition pω ≠ √ k − 1 means non-resonance in (1b). We also study (1) when pω = √ k − 1 for θ ≥ 3, but we do not start from the reduced equation.

As an abstract version of (1) we consider differential equations of the form ẋ = f(x, y, μ, t) = f_0(x, y) + μ_1f_1(x, y, μ, t) + μ_2f_2(x, y, μ, t), (2a) ẏ = g(x, y, μ, t) = g_0(x, y) + μ_1g_1(x, y, μ, t) + μ_2g_2(x, y, μ) (2b)

with x ∈ R^n, y ∈ R^m, μ = (μ_1, μ_2) ∈ R^2.

We make the following assumptions about (2): (i) Each f_i, g_i is C^4 in all arguments.

(ii) f_1, f_2 and g_1 are periodic in t with period T .

(iii) D_2f_0(x, 0) = 0.

(iv) The eigenvalues of D_1f_0(0, 0) lie off the imaginary axis.

(v) The equation ẋ = f_0(x, 0) has a homoclinic solution γ.

(vi) g_0(x, 0) = g_2(x, 0, μ) = 0, D_{21}g_0(0, 0) = 0 and D_{22}g_0(0, 0) = 0.

(vii) The eigenvalues of D_2g_0(0, 0) lie on the imaginary axis.

(viii) If μ_2 → λ(μ_2) is a function such that λ(μ_2) is an eigenvalue of the matrix D_2g_0(0, 0) + μ_2D_2g_2(0, 0, 0) then ℜ(λ^′(0)) < 0.

(ix) D_2g_1(0, 0, 0, t) = 0.

(x) D_{222}g_0(0, 0) = 0.

Hypothesis (viii) is based on the examples for which the μ_2 perturbation represents damping which cases all the eigenvalues of (2b) to move to the left of the imaginary axis. In fact, it is sufficient to assume that ℜ(λ^′(0)) ≠ 0. In other words, (2b) is weakly hyperbolic. This more general assumption requires a little more work since it is necessary to include a nontrivial projection in Lemma 3 below.

In our analysis we shall encounter the phenomenon of resonance. Hypotheses (i)-(ix) are sufficient for the nonresonant case but (ix) is required to be replaced by (x) in order to deal with resonance.

Chaotic Dynamics on the Hyperbolic Subspace

In this section we consider the equation

(3) ẋ = f(x, 0, μ, t) = f_0(x, 0) + μ_1f_1(x, 0, μ, t) + μ_2f_2(x, 0, μ, t)

obtained by setting y = 0 in (2a). Equation (3) will be called the reduced equation obtained from (2). We apply to this equation some Melnikov theory from [3]-[6] which we summarize here.

By hypothesis, the equation ẋ = f_0(x, 0) has a hyperbolic equilibrium and a homoclinic solution γ. Then (3) has a unique small hyperbolic T -periodic solution p_μ(t) for |μ| small [1]. Let {u_1, . . . , u_d} denote a basis for the vector space of bounded solutions to the variational equation u̇ = D_1f_0(γ, 0)u with u_d = γ̇ and let {v_1, . . . , v_d} denote a basis for the vector space of bounded solutions to the adjoint equation v̇ = −D_1f_0(γ, 0)^tv.

Now define the functions a_{ij} : R → R, constants b_{ijk} and function

M : R^2 × R × R^{d−1} → R^d by a_{ij} (α) = ∫_∞ −∞ ⟨v_i(t), f_j (γ(t), 0, 0, t + α)⟩ dt, { 1 ≤ i ≤ d 1 ≤ j ≤ 2; b_{ijk} = ∫_∞ −∞ ⟨v_i, D_{11}f_0(γ, 0)u_j u_k⟩ dt, { 1 ≤ i ≤ d 1 ≤ j, k ≤ d − 1;

M_i(μ, α, β) = 2∑ j=1 a_{ij} (α)μ_j + 1 2 d−1∑ j,k=1 b_{ijk} β_j β_k, 1 ≤ i ≤ d. (4)

The function M is our bifurcation function and is used in Theorem 2 below. The integer d has a geometric interpretation. Let P = γ(0) and let W^s, W^u denote the stable, unstable manifolds respectively of the origin for the unperturbed equation from (3). Then the entire orbit of γ lies in W^s ∩ W^u so that P ∈ W^s ∩ W^u and γ̇(0) ∈ T_P W^s ∩ T_P W^u. The vectors {u_1(0), . . . , u_d(0)} are a basis for T_P W^s ∩ T_P W^u and d = dim(T_P W^s ∩ T_P W^u).

Suppose that W^s ∩ W^u has a connected component which is a manifold of dimension d and which contains the orbit of γ. Then in (4), all b_{ijk} = 0, the hypotheses of Theorem 2 below cannot be satisfied and an alternate bifurcation function is required.

Let W^h denote a homoclinic d-manifold containing γ, let U_0 be an open neighborhood of the origin in R^{d−1}, let η : U_0 → W^h be a differentiable function denoted β → η(β) with η(0) = P , let t → γ_β(t) be the solution to the unperturbed equation (3) satisfying γ_β(0) = η(β), and assume η is constructed so that (β, t) → γ_β(t) establishes local coordinates on W^h. In other words, the original orbit γ is embedded in a (d − 1)-parameter family of homoclinic orbits.

For each fixed β we let {v_{β1}, . . . , v_{βd}} denote a basis for the vector space of bounded solutions to the adjoint equation v̇ = −D_1f_0(γ_β, 0)^tv. Without loss of generality we can assume that each v_{βi} depends differentially on β. Now define functions a_{ij} : R × U_0 → R and M : R^2 × R × U_0 → R^d by a_{ij} (α, β) = ∫_∞ −∞ ⟨v_{βi}(t), f_j (γ_β(t), 0, 0, t + α)⟩ dt, { 1 ≤ i ≤ d 1 ≤ j ≤ 2; M_i(μ, α, β) = 2∑ j=1 a_{ij} (α, β)μ_j , 1 ≤ i ≤ d. (5)

This is our bifurcation function for the homoclinic manifold case.

In this paper, the concept of exponential dichotomy is important so we state the definition for easy reference. For details see Coppel [2].

1. Definition. We say that (U, P ) is an exponential dichotomy with constants (K, a) on the interval [t_1, t_2] for the linear differential equation ẋ = A(t)x if U is the fundamental solution for the differential equation with U(0) = I; P is a projection; and K, a are two positive constants such that the following hold: i) |U(t)P U(s)^{−1} | ≤ Ke^{a(s−t)} for t_1 ≤ s ≤ t ≤ t_2, ii) |U(t)(I − P )U(s)^{−1} | ≤ Ke^{a(t−s)} for t_1 ≤ t ≤ s ≤ t_2.

In this definition we allow for the possibilities t_1 = −∞ and/or t_2 = +∞ in which case the interval is open at the corresponding end(s). If both of these hold we say the differential equation has an exponential dichotomy on the whole line.

By combining results from [3]-[6] we now get the following result.

2. Theorem. Let M be as in (4) or (5) and suppose (μ_0, α_0, β_0) are such that M(μ_0, α_0, β_0) = 0 and D_{(α,β)}M(μ_0, α_0, β_0) is nonsingular. Then there exists ξ_0 > 0 such that if 0 < ξ < ξ_0 the equation ẋ = f(x, 0, ξμ_0, t) has a homoclinic solution γ_ξ to p_{ξμ0} .

Furthermore, γ_ξ(t) → p_{ξμ0} at an exponential rate as t → ±∞, γ_ξ depends continuously on ξ, lim_{ξ→0} γ_ξ(t) = γ(t) uniformly in t and the variational equation along γ_ξ has an exponential dichotomy for the whole line when ξ ≠ 0.

We can use the preceding result to obtain chaos for (3). We make this notion precise. Let Σ_N denote the space of doubly infinite sequences of N symbols with the usual topology and let φ : Σ_N → Σ_N be the Bernoulli shift map. The topological space Σ_N is compact, perfect and totally disconnected (a Cantor set) and φ is continuous with periodic orbits of every period and a dense orbit. These ideas were popularized by the work of Smale [9] and can be found in Wiggins [10]. Following Palmer [8], Theorem 2 establishes a topological conjugacy between φ and some multiple of the period map of the flow for the differential equation ẋ = f(x, 0, ξμ_0 , t).

We remark that the constant K_ξ of the exponential dichotomy for the variational equation u̇ = D_1f(γ_ξ , 0, ξμ_0, t)u along γ_ξ(t) tends to infinity as ξ → 0. Indeed, let a_ξ, P_ξ, U_ξ be the corresponding constant, projection and fundamental solution from Definition 1, respectively. The roughness theorem for exponential dichotomies [2] implies that we can take a_ξ = a_0 > 0 for some constant a_0. If sup_{ξ>0} K_ξ < ∞, then there is a sequence {ξ_i}^∞_{i=1} such that ξ_i → 0, K_{ξi} → K_0, P_{ξi} → P_0 and U_{ξi} (t) → U_0(t) point-wise. Clearly, P_0 is a projection and U_0(t) is the fundamental solution of u̇ = D_1f_0(γ, 0)u creating an exponential dichotomy for this equation on the whole line R with constants (K_0, a_0). This contradicts the existence of a bounded solution γ̇ for this equation. Consequently, K_ξ → ∞ as ξ → 0.

We finish this section with the next result.

3. Lemma. There exist constants b > 0, B > 0 independent of ξ such that given μ_{0,2} > 0 the variational equation

v̇ = [D_2g_0(γ(t), 0) + ξμ_{0,2}D_2g_2(γ(t), 0, 0)] v

has an exponential dichotomy (V_ξ, I) on R with constants (B, bξμ_{0,2}).

Proof. Write the given equation in the form v̇ = Rv + S(t)v where

R = D_2g_0(0, 0) + ξμ_{0,2}D_2g_2(0, 0, 0), S(t) = D_2g_0(γ(t), 0) − D_2g_0(0, 0) + ξμ_{0,2} [D_2g_2(γ(t), 0, 0) − D_2g_2(0, 0, 0)] .

Let V_ξ be the fundamental solution for v̇ = Rv + S(t)v with V_ξ(0) = I. Then for s ≤ t we have V_ξ(t) = e^{(t−s)R}V_ξ(s) + ∫_t s e^{(t−τ)R}S(τ )V_ξ(τ ) dτ. Using (vii) and (viii) for (2) we can, for ξ_0 sufficiently small, find K_1, b > 0 so that |e^{(t−s)R}| ≤ K_1e^{bξμ0,2(s−t)} when 0 < ξ ≤ ξ_0 and s ≤ t. Now define x(t) = |V_ξ(t)V_ξ (s)^{−1}|e^{bξμ0,2(t−s)}. Then from the preceding equation for V_ξ we get

x(t) ≤ K_1 + ∫_t s K_1|S(τ )|x(τ ) dτ. Hence, from Gronwall’s inequality, x(t) ≤ K_1e^{K1 R ts |S(τ)| dτ} ≤ B for a constant B > 0. �

Chaos in the Full Equation We construct the bifurcation function M from (4) or (5), as in the preceding section, from the reduced equation (3). If M satisfies the hypotheses for Theorem 2 we have a transverse homoclinic solution and hence chaos for (3) when μ = ξμ_0, 0 < ξ < ξ_0. We now establish a condition for chaos to exist in the full equation (2). Since the exponential constant K_ξ of u̇ = D_1f(γ_ξ , 0, ξμ_0, t)u tends to infinity as ξ → 0, as we showed in previous section, we have to deal with the full system (2). For this we consider the modification of (2) in the form (6) ẋ = f(x, λy, μ, t) , ẏ = g_0(x, y) + λμ_1g_1(x, y, μ, t) + μ_2g_2(x, y, μ) 0 ≤ λ ≤ 1 . To solve (6), we follow [3], [4] and substitute

x = γ + d−1∑ i=1 ξβ_iu_i + ξ^2u, y = ξ^2v, μ = ξ^2μ_0, |μ_0| = 1 ,

where {u_1, . . . , u_d} is a basis for the vector space of bounded solutions for u̇ = D_1f_0(γ(t), 0)u with u_d = γ̇ and μ_0 is to be determined. Introducing this change of variables into (6) yields

(7a) u̇ = D_1f_0(γ, 0)u + 1 2 d−1∑ i,j=1 D_{11}f_0(γ, 0)β_iβ_j u_iu_j

+ μ_{0,1}f_1(γ, 0, 0, t + α) + μ_{0,2}f_2(γ, 0, 0, t + α) + O(ξ) and

(7b) v̇ = [D_2g_0(γ, 0) + ξ^2μ_{0,2}D_2g_2(γ, 0, 0)]v + [ D_2g_0 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0 ) − D_2g_0(γ, 0)

+ D_{22}g_0 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0 ) ξ^2v + O(ξ^4v^2) ] v + λμ_{0,1}g_1(0, 0, 0, t + α)

+ λμ_{0,1} { g_1 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, ξ^2v, ξ^2μ_0, t + α ) − g_1(0, 0, 0, t + α) }

+ ξ^2μ_{0,2} { D_2g_2 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0, ξ^2μ_0 ) − D_2g_2(γ, 0, 0) + O(ξ^2v) } v . We consider the Banach spaces

X_n = { x ∈ C(R, R^n) | | | | sup_{t∈R} |x| < ∞ } ,

Y_n = { y ∈ X_n | | | ∫_∞ −∞ ⟨y(t), v(t)⟩ dt for every bounded solution v to v̇ = −Df_0(γ, 0)^tv } with the supremum norm ||x|| = sup_{t∈R} |x(t)|. To solve (7a), we need the following results from [5].

4. Lemma. Given h ∈ Y_n, the equation u̇ = D_1f_0(γ(t), 0)u + h has a unique solution u ∈ X_n satisfying ⟨u(0), v(0))⟩ = 0 for every bounded solution, v, to the adjoint equation v̇ = −D_1f_0(γ, 0)^tv.

5. Lemma. There exists a projection Π : X_n → X_n such that Im (I − Π) = Y_n .

We define the linear map K : Y_n → X_n by Kh = u where h, u are as in Lemma 4. Using the projection Π and the exponential dichotomy V_ξ from Lemma 3, where we suppose μ_{0,2} > 0, we can rewrite (7) as the fixed point problem

(8a) u = K(I − Π) ( 1 2 d−1∑ i,j=1 D_{11}f_0(γ, 0)β_iβ_j u_iu_j

+ μ_{0,1}f_1(γ, 0, 0, , t + α) + μ_{0,2}f_2(γ, 0, 0, t + α) + O(ξ) ) ,

(8b) v(t) = t∫ −∞ V_ξ(t)V_ξ(s)^{−1} {[ D_2g_0 ( γ(s) + ξ d−1∑ i=1 β_iu_i(s) + ξ^2u(s), 0 )

+ D_{22}g_0 ( γ(s) + ξ d−1∑ i=1 β_iu_i(s) + ξ^2u(s), 0 ) ξ^2v(s)

− D_2g_0(γ(s), 0) + O(ξ^4v(s)^2) ] v(s) + λμ_{0,1}g_1(0, 0, 0, s + α) + λμ_{0,1} { g_1 ( γ(s) + ξ d−1∑ i=1 β_iu_i(s) + ξ^2u(s), ξ^2v(s), ξ^2μ_0, s + α )

− g_1(0, 0, 0, s + α) }

+ ξ^2μ_{0,2} { D_2g_2 ( γ(s) + ξ d−1∑ i=1 β_iu_i(s) + ξ^2u(s), 0, ξ^2μ_0 )

− D_2g_2(γ(s), 0, 0) + O(ξ^2v) } v(s) } ds along with the system of bifurcation equations

(9) ∫_∞ −∞ ⟨ v_i(t), 1 2 d−1∑ i,j=1 D_{11}f_0(γ(t), 0)β_iβ_j u_i(t)u_j (t) + μ_{0,1}f_1(γ(t), 0, 0, , t + α)

+ μ_{0,2}f_2(γ(t), 0, 0, t + α) + O(ξ) ⟩ dt = 0, i = 1, 2, · · · , d where {v_1, . . . , v_d} is a basis for the space of bounded solutions to the adjoint equation.

Using (ix) we have

D_2g_0 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0 ) − D_2g_0(γ, 0) + D_{22}g_0 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0 ) ξ^2v

= O(ξ^2|γ||v|) + O(ξ^4|u||v|) + O(ξ^2|γ||u|) + O ( ξ d−1∑ i=1 β_i|u_i| ) ,

g_1 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, ξ^2v, ξ^2μ_0, t + α ) − g_1(0, 0, 0, t + α) = O(ξ^2|γ||v|) + O(ξ^4|u||v|) + O(ξ^2) + O(ξ^4|v|^2) + O(ξ^2|u|) + O(|γ|) + O ( ξ d−1∑ i=1 β_i|u_i| ) ,

D_2g_2 ( γ + ξ d−1∑ i=1 β_iu_i + ξ^2u, 0, ξ^2μ_0 ) − D_2g_2(γ, 0, 0)

= O(ξ^2) + O(ξ^2|u|) + O ( ξ d−1∑ i=1 β_i|u_i| ) . We note that |γ(t)| ≤ ce^{−a|t|} and |u_i(t)| ≤ ce^{−a|t|}, i = 1, 2, · · · , d for constants c > 0, a > 0. Moreover, it holds that t∫ −∞ e^{−bξ2μ0,2(t−s)} ds = 1 bξ^2μ_{0,2} ,

t∫ −∞ e^{−bξ2μ0,2(t−s)−a|s|} ds ≤ ∫_∞ −∞ e^{−a|s|}ds = 2/a .

Consequently, if we assume that

(H) sup 0≤α≤T sup_{ξ>0} t∫ −∞ | |Vξ(t)Vξ(s)^{−1}g1(0, 0, 0, s + α) ds | | < ∞ ,

sup 0≤α≤T sup_{ξ>0} t∫ −∞ | |Vξ(t)Vξ (s)^{−1}D4g1(0, 0, 0, s + α)ds | | < ∞

then we can apply the Banach fixed point theorem on a ball centered at 0 in the space X_n × X_m to solve (8a-b) for ξ > 0 sufficiently small. Substituting this solution into (9) yields a system of bifurcation equations of the form

(10) M(μ, α, β) + O(ξ) = 0

where M is as in (4) or (5). The case for (5) can be handled like above.

The assumptions of Theorem 2 imply the solvability of (10). This gives a transverse homoclinic orbit Γ(λ, ξ^2μ_0)(t) = ( Γ_1(λ, ξ^2μ_0)(t), Γ_2(λ, ξ^2μ_0)(t) ) of (6) near γ such that Γ_1(λ, ξ^2μ_0)(t) = γ(t) + O(ξ). The transversality follows exactly as in [3], [4], so we omit its proof. Moreover, we have Γ(0, ξ^2μ_0) = (γ_ξ, 0) for γ_ξ from Theorem 2, and Γ(1, ξ^2μ_0) is a homoclinic solution for (2). The dichotomy constants of the linearized system of (6) along Γ(λ, ξ^2μ_0)(t) are uniform for 0 ≤ λ ≤ 1 and fixed ξ. This follows from the roughness result of exponential dichotomies from [2]. Now we can follow directly Palmer’s construction [8] of a Smale horseshoe along Γ(λ, ξ^2μ_0)(t) for fixed small ξ. Thus we have a continuous family Σ_λ of Smale horseshoes for (6). This gives us the lifting of the Smale horseshoe of the reduced system to the full one.

The conditions (H) are, in fact, ones of nonresonance. To see this consider the equations

v̇ = [D_2g_0(γ, 0) + ξ^2μ_{0,2}D_2g_2(γ, 0, 0)]v + h,

ẇ = [D_2g_0(0, 0) + ξ^2μ_{0,2}D_2g_2(0, 0, 0)]w + h

where v, w, h ∈ X_m. Then we get d dt (v − w) = [D_2g_0(0, 0) + ξ^2μ_{0,2}D_2g_2(0, 0, 0)](v − w) + [ D_2g_0(γ, 0) − D_2g_0(0, 0) + ξ^2μ_{0,2}(D_2g_2(γ, 0, 0) − D_2g_2(γ, 0, 0)) ] v . This gives |v(t) − w(t)| ≤ ||v||K_1 t∫ −∞ e^{−bξ2μ0,2(t−s)−a|s|} ds ≤ 2||v||K_1/a for constants K_1 > 0, a > 0. Hence there is a constant K_2 > 0 such that ||w − v|| ≤ K_2||v||, ||w − v|| ≤ K_2||w|| . These inequalities imply that assumption (H) is equivalent to the condition that when ξ > 0 the only bounded solution, v_{α,ξ}, of

(11) v̇ = [D_2g_0(0, 0) + ξ^2μ_{0,2}D_2g_2(0, 0, 0)]v + g_1(0, 0, 0, t + α)

satisfies sup_{0≤α≤T} sup_{ξ>0} ||v_{α,ξ}|| < ∞. Then also sup_{0≤α≤T} sup_{ξ>0} ||v̇_{α,ξ}|| < ∞. Hence by the Arzela-Ascoli theorem, there is a sequence {ξ_i}^∞_{i=1}, ξ_i > 0, ξ_i → 0 such that v_{α,ξi} → v_0 and v̇_{α,ξi} → v̇_0 uniformly on compact intervals. Consequently, we get

(12) v̇_0 = D_2g_0(0, 0)v_0 + g_1(0, 0, 0, t + α) .

We note that v_{α,ξ}, v_0 are T -periodic. We know [1] that (12) has a T -periodic solution if and only if

(13) T∫ 0 ⟨w_i(t), g_1(0, 0, 0, t)⟩ dt = 0, i = 1, 2, · · · , d_1,

where {w_1, · · · , w_{d1}} is a basis of T -periodic solutions of the adjoint variational equation ẇ = −D_2g_0(0, 0)^tw. Hence assumption (H) implies the validity of (13).

Conversely, let (13) hold. Then (12) has a T -periodic solution and we put v = v_0 + w in (11) to get

(14) ẇ = [D_2g_0(0, 0) + ξ^2μ_{0,2}D_2g_2(0, 0, 0)]w + ξ^2μ_{0,2}D_2g_2(0, 0, 0)v_0 .

The above arguments and Lemma 3 give that the unique solution w_{α,ξ} ∈ X_m of (14) satisfies sup_{0≤α≤T} sup_{ξ>0} ||w_{α,ξ}|| < ∞. Summarizing, we see that assumption (H) is equivalent to condition (13).

To illustrate these ideas consider the example

ẍ = x − 2x^3 + y^2 + μ_1 cos t + μ_2ẋ, ÿ = −y + μ_1 cos t − μ_2ẏ.

For this example, (12) becomes v̈ + v = cos t which lacks a periodic solution due to resonance. Thus, (H) does not hold.

We might try to proceed anyway. The second equation for μ_2 ≠ 0 has the unique bounded solution (μ_1/μ_2) sin t. If we substitute this solution into the first equation, then for μ_i = ξ^2μ_{i,0} with ξ → 0, we do not get the original unperturbed problem. In the case of resonance (where (H) or equivalently (13) fails to hold) and where μ_{0,1} = 0 for the reduced equation we are able to utilize an alternate scaling. This is illustrated in Theorem 7 below.

Now we can state our results in the form of the next two theorems.

6. Theorem. Let (i)-(ix) hold. Let M be as in (4) or (5) and suppose (μ_0, α_0, β_0) are such that M(μ_0, α_0, β_0) = 0 and D_{(α,β)}M(μ_0, α_0, β_0) is nonsingular. If condition (13) holds then there exist ξ̄_0 > 0, K > 0 such that if 0 < ξ ≤ ξ̄_0 and if the parameters in (2) are given by μ = ξμ_0, then there exists a continuous map ϕ : Σ_N × [0, 1] → R^{n+m} and m_0 ∈ N such that:

(i) ϕ_λ = ϕ(·, λ) : Σ_N → R^{n+m} is a homeomorphism of Σ_N onto a compact subset of

R^{n+m} on which the m0th iterate, F^{m0}_λ , of the period map Fλ of (6) is invariant

and satisfies F^{2m0}_λ ∘ ϕ_λ = ϕ_λ ∘ φ where φ is the Bernoulli shift on Σ_N .

(ii) ϕ_0 = ϕ(·, 0) : Σ_N → R^n × {0} and F_0 = (G_0, 0) for the period map G_0 of the reduced equation (3).

(iii) F_1 is the period map of the full system (2). (iv) |ϕ(x, λ) − ϕ(x, 0)| ≤ K √ ξ for any (x, λ) ∈ Σ_N × [0, 1].

In the case where (H) does not hold we can get a result analogous to the preceding if we have μ_{0,1} = 0 for the reduced equation. In this case we use the scaling μ_1 = ξ^4μ_{0,1} and μ_2 = ξ^2μ_{0,2} and proceed as before. This yields the following result. 7. Theorem. Let (i)-(ix) hold. Let M be as in (4) or (5) and suppose (μ_0, α_0, β_0) with μ_0 = (0, μ_{0,2}) are such that M(μ_0, α_0, β_0) = 0 and D_{(α,β)}M(μ_0, α_0, β_0) is nonsingular. Then there exist ξ̄_0 > 0, K > 0 such that if 0 < ξ ≤ ξ̄_0 and if the parameters in (2) are given by μ_1 = ξ^2μ_{0,1}, μ_{0,1} ∈ R and μ_2 = ξμ_{0,2}, then the statement of Theorem 6 holds.

Theorems 6 and 7 roughly state that the Smale horseshoe of the reduced equation (3) can be shadowed and continued to the full system (2).

Referring back to our previous example (1) we see that resonance holds when pω = √ k − 1 so Theorem 6 does not apply in that case. Further, μ_{0,1} ≠ 0 (see Example 1 below) and so Theorem 7 also does not apply in this case.

We now develop a result for (2) when (H) fails where we now use assumption (x) for (2) instead of (ix). We modify the preceding approach by putting

x = γ + d−1∑ i=1 ξβ_iu_i + ξ^2u, y = ξv, μ_1 = ξ^3μ_{0,1}, μ_2 = ξ^2μ_{0,2} ,

in (2) to get

(15a) u̇ = D_1f_0(γ, 0)u + 1 2 d−1∑ i,j=1 D_{11}f_0(γ, 0)β_iβ_j u_iu_j

+ μ_{0,2}f_2(γ, 0, 0, t + α) + 1 2 D_{22}f_0(γ, 0)vv + O(ξ) and

(15b) v̇ = [D_2g_0(γ, 0) + ξ^2μ_{0,2}D_2g_2(γ, 0, 0)]v + ξ^2μ_{0,1}g_1(0, 0, 0, t + α) + O(ξ^2|γ||u||v|) + O ( ξ d−1∑ i=1 β_i|u_i| ) + O(ξ^2|γ|) + O(ξ^3) + O(ξγ|v|^3) .

Analogous to our preceding work, we rewrite (15) as the fixed point problem u = K(I − Π) { D_1f_0(γ, 0)u + 1 2 d−1∑ i,j=1 D_{11}f_0(γ, 0)β_iβ_j u_iu_j

(16a)

+ μ_{0,2}f_2(γ, 0, 0, t + α) + 1 2 D_{22}f_0(γ, 0)vv + O(ξ) } , v(t) = t∫ −∞ V_ξ(t)V_ξ(s)^{−1} { ξ^2μ_{0,1}g_1(0, 0, 0, s + α)

(16b)

+ O ( ξ^2|γ(s)||u(s)|v(s)| ) + O ( ξ d−1∑ i=1 β_i|u_i(s)| )

+ O ( ξ|γ(s)||v(s)|^3 ) + O ( ξ^2|γ(s)| ) + O(ξ^3) } ds , and the system of bifurcation equations

(17) ∫_∞ −∞ ⟨ v_i(t), 1 2 d−1∑ i,j=1 D_{11}f_0(γ(t), 0)β_iβ_j u_i(t)u_j (t) + μ_{0,2}f_2(γ(t), 0, 0, t + α) + 1 2 D_{22}f_0(γ(t), 0)v(t)v(t) + O(ξ) ⟩ dt = 0, i = 1, 2, · · · , d . By using the Banach fixed point theorem on a ball in X_n × X_m centered at 0, (16) has a solution (u, v) ∈ X_n × X_m for any sufficiently small ξ such that

v(t) = ξ^2μ_{0,1} t∫ −∞ V_ξ(t)V_ξ(s)^{−1}g_1(0, 0, 0, s + α) ds + O(ξ) .

We remark that the function v_ξ(t) = ξ^2μ_{0,1} t∫ −∞ V_ξ(t)V_ξ (s)^{−1}g_1(0, 0, 0, s + α) ds satisfies

sup_{0≤α≤T} sup_{ξ>0} |v_ξ(t)| < ∞ along with the equation

(18) v̇_ξ = [D_2g_0(γ, 0) + ξ^2μ_{0,2}D_2g_2(γ, 0, 0)]v_ξ + ξ^2μ_{0,1}g_1(0, 0, 0, t + α) .

To solve (18), we take v_{ξ,1}, v_{ξ,2} ∈ X_m satisfying

v̇_{ξ,1} = [D_2g_0(0, 0) + ξ^2μ_{0,2}D_2g_2(0, 0, 0)]v_{ξ,1}

(19) + ξ^2μ_{0,1}g_1(0, 0, 0, t + α) , v̇_{ξ,2} = [D_2g_0(γ, 0) + ξ^2μ_{0,2}D_2g_2(γ, 0, 0)]v_{ξ,2}

(20) + [D_2g_0(γ, 0) − D_2g_0(0, 0)]v_{ξ,1} .

Then v_ξ = v_{ξ,1} + v_{ξ,2} + O(ξ^2). We note that

v_{ξ,1} ∈ X^T_m = { v ∈ X_m | v is T -periodic } . Let Y^T_m = { v ∈ X^T_m | | ẇ = D_2g_0(0, 0)w + v for a C^1-smooth function w ∈ X^T_m } , Z^T_m = { v ∈ X^T_m ∩ C^1(R) | | v̇ = D_2g_0(0, 0)v } . There is a projection Π_T : X_m → X_m such that Im Π_T = Y^T_m . Moreover, we can split X_m = Z^T_m ⊕ U^T_m. Applying the Lyapunov-Schmidt method to (19), we split v_{ξ,1} = z_ξ + u_ξ, z_ξ ∈ Z^T_m, u_ξ ∈ U^T_m to get

u̇_ξ = D_2g_0(0, 0)u_ξ

(21)

+ ξ^2Π_T ( μ_{0,2}D_2g_2(0, 0, 0)(z_ξ + u_ξ) + μ_{0,1}g_1(0, 0, 0, t + α) ) , 0 = (I − Π_T ) ( μ_{0,2}D_2g_2(0, 0, 0)(z_ξ + u_ξ) + μ_{0,1}g_1(0, 0, 0, t + α) ) . (22)

Equation (21) can be solved and gives u_ξ = O(ξ^2) which we substitute into (22) to obtain (23) μ_{0,2}(I − Π_T )D_2g_2(0, 0, 0)z_ξ + μ_{0,1}(I − Π_T )g_1(0, 0, 0, · + α) = O(ξ^2) . If the linear map (24) (I − Π_T )D_2g_2(0, 0, 0) : Z^T_m → Im (I − Π_T ) is invertible then we can solve (23) to get v_{ξ,1} =^{μ0,1}_{μ0,2} z_α + O(ξ^2) for

z_α(t) = − ( (I − Π_T )D_2g_2(0, 0, 0) )_{−1} (I − Π_T )g_1(0, 0, 0, · + α) .

Equation (20) gives

v_{ξ,2}(t) = t∫ −∞ V_ξ(t)V_ξ (s) [ D_2g_0(γ(s), 0) − D_2g_0(0, 0) ] v_{ξ,1}(s) ds . Since D_2g_0(γ(s), 0) − D_2g_0(0, 0) = O(|γ(s)|) and V_ξ(s) → V_0(s), v_{ξ,1}(s) →^{μ0,1}_{μ0,2} z_α(s) pointwise as ξ → 0, the Lebesque dominated convergence theorem gives v_{ξ,2}(t) → μ_{0,1} μ_{0,2} w_α(t) point-wise as ξ → 0 where

w_α(t) = t∫ −∞ V_0(t)V_0(s) [ D_2g_0(γ(s), 0) − D_2g_0(0, 0) ] z_α(s) ds. Summarizing, we obtain that the solution (u, v) ∈ X_n × X_m of (16) satisfies v(t) → μ0,1 μ0,2 ( z_α(t) + w_α(t) ) point-wise. By using this for ξ → 0, our bifurcation equation takes the form M_i(μ, α, β) + o(1) = 0, i = 1, 2, . . . , d where

(25) M_i(μ, α, β) = 1 2 d−1∑ j,k=1 b_{ijk}β_j β_k + a_{i2}(α)μ_2

+ μ^2_1 2μ^2 ∞∫ −∞ ⟨ v_i(t), D_{22}f_0(γ(t), 0)(z_α(t) + w_α(t))^2 ⟩ dt . Let {z_i}^∞_{i=1} be a basis of T -periodic solutions of v̇ = D_2g_0(0, 0)v. Then the invertibility of the map (24) is equivalent to the condition

(26) det T∫ 0 ⟨ w_j (t), D_2g_2(0, 0, 0)z_i(t) ⟩ dt ≠ 0 . If for the map M in (25), there exists (μ_0, α_0, β_0) such that M(μ_0, α_0, β_0) = 0 and D_{(α,β)}M(μ_0, α_0, β_0) is nonsingular, then (17) can be solved when (α, β) is near (α_0, β_0) for ξ > 0 small. We get in this way a transversal homoclinic orbit of (2). The above results are summarized in the next theorem.

8. Theorem. Let (i)-(viii), (x) and condition (26) hold. Let M be as in (25) and suppose (μ_0, α_0, β_0), μ_{0,2} ≠ 0 are such that M(μ_0, α_0, β_0) = 0 and such that D_{(α,β)}M(μ_0, α_0, β_0) is nonsingular. Then there exists ξ̄_0 > 0, such that if 0 < ξ ≤ ξ̄_0 and if the parameters in (2) are given by μ_1 = ξ^{3/2}μ_{0,1}, μ_2 = ξμ_{0,2} then (2) has a transverse homoclinic orbit near (γ, 0).

We note that w_α(t) satisfies

(27) w_α(t) = t∫ −∞ e^{D2g0(0,0)(t−s)} ( D_2g_0(γ(s), 0) − D_2g_0(0, 0) ) (w_α(s) + z_α(s) ) ds which gives an iteration method for finding w_α(t). Examples We now illustrate the above theory with two examples. For convenience in our calculations let us denote r(t) = sech t. Note that r̈ = r − 2r^3 and

. . .r = (1 − 6r^2)ṙ.

Example 1. As our first example consider the equations from the introduction which we repeat here:

ẍ = x − 2x(x^2 + y^2) − 2μ_2ẋ + μ_1 cos ωt, ÿ = (1 − k)y − 2y(x^2 + y^θ) − 2μ_2ẏ + μ_1 cos pωt where θ ∈ N \ {1}, p ∈ N. The reduced equation is ẍ = x − 2x^3 − 2μ_2ẋ + μ_1 cos ωt which we consider as a first order system in the phase space (x, ẋ). Since this system is in

R^2 we necessarily have d = 1. A bounded solution to the adjoint equation is v = (−r̈, ṙ)

and from this we compute a_{11}(α) = ∫_∞ −∞ ṙ cos ω(t + α) dt = πω sech^{πω}_2 sin ωα,

a_{12} = ∫_∞ −∞ −2ṙ^2 dt = −^4_3 .

The bifurcation equation obtained from (4) is M(α, μ) = ( πω sech^{πω}_2 sin ωα ) μ_1 −^4_3 μ_2 = 0.

We can satisfy this equation by choosing α_0 ∈ [0, π/2] and then taking μ_{0,2} μ_{0,1} = 3πω 4 sech^{πω}_2 sin ωα_0.

Since in (4), d = 1 the transversality condition is

D_αM(μ_0, α_0) = 3πω^2 4 sech^{πω}_2 cos ωα_0 ≠ 0 which is satisfied for α_0 ∈ [0, π/2). Let m_0 = (3πω/4) sech πω/2. By varying α_0 we see that the reduced equation exhibits chaos for all sufficiently small |μ_0| satisfying −m_0 < μ_{0,2}/μ_{0,1} < m_0. Theorem 6 gives the next result.

9. Theorem. If pω ≠ √ k − 1 then the full equation (1) exhibits chaos for all sufficiently small |μ_0| satisfying |μ_{0,2}/μ_{0,1}| < m_0.

Now we consider the case pω = √ k − 1 = η > 0 for θ ≥ 3. Then (18) has the form

ẅ_{ξ,α} = −(η^2 + 2r^2)w_{ξ,α} − 2ξ^2μ_{0,2}ẇ_{ξ,α} + ξ^2μ_{0,1} cos η(t + α) .

Clearly z_α(t) = (1/2η) sin η(t + α) and w_α(t) satisfies

ẅ_α = −(η^2 + 2r^2)w_α − 1 η r^2 sin η(t + α) .

Since sin η(t + α) = sin ηt cos ηα + cos ηt sin ηα, we get w_α = (cos ηα)w_o + (sin ηα)w_e for w_o odd and w_e even. Now the map (25) has the form

M(α, μ) = − 4 3 μ_2 −

2μ^2_1 μ^2 ∞∫ −∞ ṙ(t)r(t) ( z_α(t) + w_α(t)

)_2 dt .

Since r(t) is even and ṙ(t) is odd, we obtain M(α, μ) = − 4 3 μ_2 −

2μ^2_1 μ^2 sin 2ηα × ∫_∞ −∞ ṙ(t)r(t) ( 1 2η cos ηt + w̄_e(t) η )( 1 2η sin ηt + w_o(t) ) dt while

(28) w̄_e(t) = −2 t∫ −∞ sin η(t − s)r^2(s) [ w̄_e(s) + 1 2 cos ηs ] ds,

w_o(t) = −2 t∫ −∞ sin η(t − s)r^2(s) [ w_o(s) + 1 2η sin ηs ] ds .

Summarizing we get the next result. 10. Theorem. If pω = √ k − 1, θ ≥ 3 and

0 ≠ A_η = ∞∫ −∞ ṙ(t)r(t) ( 1 2η cos ηt + w̄_e(t) η )( 1 2η sin ηt + w_o(t) ) dt ,

then (1) has a chaos for parameters μ_1 = ξ^3μ_{0,1}, μ_2 = ξ^2μ_{0,2}, μ_{0,2} ≠ 0 with |μ^3_{0,2}/μ^2_{0,1}| < 3A_η/2.

¿From (28) for t ≤ 0 we get

|w̄_e(t)| ≤ 2 ( ||w̄_e|| + 1 2 ) η t∫ −∞ (t − s)r^2(s) ds ,

|w_o(t)| ≤ 2 t∫ −∞ η(t − s)r^2(s) ( ||w_0|| − s 2 ) ds .

Since t∫ −∞ (t − s)r^2(s) ds < ∞ and t∫ −∞ η(t − s)r^2(s)(−s) ds < ∞, we get ||w̄_e|| → 0 and ||w_o|| → 0 as η → 0. By using Lebesque dominated convergence theorem, we get

lim_{η→0} ∞∫ −∞ ṙ(t)r(t) ( 1 2 cos ηt + w̄_e(t) )( 1 2η sin ηt + w_o(t) ) dt

= ∞∫ −∞ ṙ(t)r(t) 1 4 t dt > 0 .

Hence A_η > 0 for η > 0 sufficiently small. Of course, for a concrete numerical value of η, we can estimate the numerical value of A_η.

Example 2. As a generalization of the preceding example consider the equations

ẍ = x − 2x(x^2 + y^2 + z^2) − μ_2(ẋ + ẏ) + μ_1 cos ωt, ÿ = y − 2y(x^2 + y^2 + z^2) − μ_2(ẋ + ẏ), z̈ = (1 − k)z − 2z(x^2 + y^2 + z^θ) − μ_2ż + μ_1 cos pωt

where, as before, we assume k > 1 and θ ∈ N \ {1}, p ∈ N. We consider these equations as a first order system in the phase space (x, ẋ, y, ẏ, z, ż).

The reduced equations are

ẍ = x − 2x(x^2 + y^2) − μ_2(ẋ + ẏ) + μ_1 cos ωt, ÿ = y − 2y(x^2 + y^2) − μ_2(ẋ + ẏ).

The unperturbed motion of this system has a homoclinic 2-manifold with a family of homoclinic orbits given by x = r(t) cos β, y = r(t) sin β. Writing out the adjoint equation

in R^4 we obtain as a basis for the space of bounded solutions

v_{β1} = (−r̈ cos β, ṙ cos β, −r̈ sin β, ṙ sin β), v_{β2} = (−ṙ sin β, r sin β, ṙ cos β, −r cos β).

Next we compute

a_{11}(α, β) = ∫_∞ −∞ ṙ cos β cos ω(t + α) dt = πω sech^{πω}_2 sin ωα cos β,

a_{12}(α, β) = ∫_∞ −∞ −ṙ cos β(ṙ cos β + ṙ sin β) − ṙ sin β(ṙ cos β + ṙ sin β) dt

= −^2_3 (cos β + sin β)^2,

a_{21}(α, β) = ∫_∞ −∞ r sin β cos ω(t + α) dt = π sech^{πω}_2 cos ωα sin β,

a_{22}(α, β) = ∫_∞ −∞ r sin β(ṙ cos β + ṙ sin β) + r cos β(ṙ cos β + ṙ sin β) dt = 0,

In (5), d = 2, β is a scalar and the he bifurcation equations take the form

a_{11}(α, β)μ_1 + a_{12}(α, β)μ_2 = 0 a_{21}(α, β)μ_1 = 0.

A sufficient condition for a nontrivial solution is a_{21} = 0 which is satisfied by taking ωα_0 = π/2. We then have μ_{0,2} μ_{0,1} = − a_{11}(α_0, β_0) a_{12}(α_0, β_0) = 3πω sech^{πω}_2 cos β_0 2(cos β_0 + sin β_0)^2 . It is easy to see that by varying the parameter β_0 we obtain bifurcation curves through the origin in the μ_1-μ_2 plane of all slopes.

It remains to check the transversality condition which takes the form det ( D_{(α,β)}M(α_0, β_0, μ_0) )

= | | | | | | ∂a_{11} ∂α (α_0, β_0)μ_{0,1} + ∂a_{12} ∂α (α_0, β_0)μ_{0,2} ∂a_{11} ∂β (α_0, β_0)μ_{0,1} + ∂a_{12} ∂β (α_0, β_0)μ_{0,2} ∂a_{21} ∂α (α_0, β_0)μ_{0,1} + ∂a_{22} ∂α (α_0, β_0)μ_{0,2} ∂a_{21} ∂β (α_0, β_0)μ_{0,1} + ∂a_{22} ∂β (α_0, β_0)μ_{0,2}

| | | | | |

= − (μ_{0,1})^2π^2ω^2(sin β_0 + 2 cos^3 β_0) sin β_0 sech^{2 πω}_2 (cos β_0 + sin β_0)^2

≠ 0

We see that this condition is satisfied for β_0 in the set { β ∈ [0, 2π] | β /∈ {0,^{3π}_4 , π,^{7π}_4 , 2π} } . Thus, the reduced equation exhibits chaos for all sufficiently small |μ_0| in the μ_1-μ_2 plane except along the lines of slope m = ±m_0 where m_0 = (3πω/2) sech(πω/2). ¿From Theorem 6, if pω ≠ √ k − 1 then the full equation exhibits chaos for all sufficiently small |μ_0| lying except along the lines of slope m = ±m_0. The case pω = √ k − 1 can be studied like in Example 1 but computations are rather tedious, so we omit them.

References

1. E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw-Hill, New York, 1955.

2. W. A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Mathematics, v. 629, Springer- Verlag, 1978.

3. M. Fečkan, Higher dimensional Melnikov mappings, Math. Slovaca 49 (1999), 75-83. 4. J. R. Gruendler, Homoclinic solutions for autonomous dynamical systems in arbitrary dimension, SIAM J. Math. Anal. 23(3) (1992), 702-721.

5. J. R. Gruendler, Homoclinic solutions for autonomous ordinary differential equations with nonautonomous perturbations, J. Differential Equations 122(1) (1995), 1-26.

6. J. R. Gruendler, The existence of transverse homoclinic solutions for higher order equations, J.

Differential Equations 130(2) (1996), 307-320.

7. J. K. Hale, Ordinary Differential Equations, 2nd ed., Robert E. Krieger, New York, 1980. 8. K.J. Palmer, Exponential dichotomies and transversal homoclinic points, J. Differential Equations 55 (1984), 225-256.

9. S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967), 747-817. 10. S. Wiggins, Global Bifurcations and Chaos, Analytical Methods, Applied Mathematical Sciences, vol.

73, Springer-Verlag, New York, Heidelberg, Berlin, 1988.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 5249 7316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.mat.savba.sk/preprints

Latest preprints of the series:

6/2002 Michal Feèkan, Joseph Gruendler: The existence of chaos for ordinary di¸erential equations with a center manifold 5/2002 Thomas Vetterlein: Existence of states on pseudoe¸ect algebras 4/2002 Michal Feèkan: Chaos in non-autonomous di¸erential inclusions 3/2002 Ján Jakubík: Cantor-Bernstein theorem for lattices 2/2002 Anatolij Dvureèenskij : Product e¸ect algebras 1/2002 Anatolij Dvureèenskij : Perfect e¸ect algebras are categorically equivalent with Abelian interpolation po-groups 15/2001 Martin Kochol: Equivalent versions of the 3-‚ow conjecture 14/2001 Sylvia Pulmannová: Compatibility and decompositions of e¸ects 13/2001 Anatolij Dvureèenskij, Thomas Vetterlein: Archimedeaness and the MacNeille completion of pseudoe¸ect algebras and PO-groups 12/2001 Anatolij Dvureèenskij, Thomas Vetterlein: In˛nitary lattice and Riesz properties for pseudoe¸ect algebras and PO-groups 11/2001 Roman Friè: Coproducts of D-posets and their application to probability 10/2001 Roman Friè: Remarks on sequential envelopes II 9/2001 Martin Kochol: Forbidden subgraphs for the smallest counterexample to the 5-‚ow conjecture 8/2001 Martin Kochol: Reduction of the 5-‚ow conjecture to cyclically 6-edgeconnected snarks 7/2001 Martin Kochol: Decomposition formulas for the ‚ow polynomial 6/2001 Flaviano Battelli, Michal Feèkan: Chaos arising near a topologically transversal homoclinic set 5/2001 Antonio Di Nola, Anatolij Dvureèenskij : MV-test spaces versus MV-algebras 4/2001 Anatolij Dvureèenskij, Pekka Lahti, Kari Ylinen: The uniqueness question in the multidimensional moment problem with applications to phase space observables 3/2001 Anatolij Dvureèenskij, Pavel Pták: Quantum logics with the Riesz interpolation property 2/2001 Olga Nánásiová, Sylvia Pulmannová: Abelian extensions of di¸erence sets 1/2001 Ján Jakubík: Cantor-Bernstein theorem for lattices 23/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Algebras in the positive cone of po-groups

(continued on inside back cover)

22/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Generalized pseudo-e¸ect algebras 21/2000 Martin Kochol: Tension polynomials of graphs 20/2000 Martin Kochol: Sublinear defect principle in graph theory 19/2000 Martin Kochol: Polynomials associated with nowhere-zero ‚ows 18/2000 Martin Kochol: Superposition and constructions of graphs without nowherezero k-‚ows 17/2000 Sylvia Pulmannová: Divisible e¸ect algebras and interval e¸ect algebras 16/2000 Gejza Jenèa, Sylvia Pulmannová: Quotients of partial abelian monoids and the Riesz decomposition property 15/2000 Pekka Lahti, Sylvia Pulmannová: Coexistence vs. functional coexistence of quantum observables 14/2000 Beloslav Rieèan: Almost everywhere convergence in MV-algebras with product 13/2000 Ján Jakubík: Strong subdirect products of MV-algebras 12/2000 Roman Friè: Convergence and duality 11/2000 Ján Jakubík: Higher degrees of distributivity in MV-algebras 10/2000 Beloslav Rieèan: On the probability on BL algebras 9/2000 Beloslav Rieèan: On the Yager type entropy of dynamical systems 8/2000 Anatolij Dvureèenskij : States on pseudo MV-algebras 7/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. II. group representations 6/2000 Anatolij Dvureèenskij, Thomas Vetterlein: Pseudo-e¸ect algebras. I. basic properties 5/2000 Ján Jakubík: On free MV-algebras 4/2000 Anatolij Dvureèenskij : Pseudo MV-algebras are intervals in l-groups 3/2000 Anna Jenèová: Geometry of quantum states: dual connections and divergence functions 2/2000 Anatolij Dvureèenskij : MV-observables and MV-algebras 1/2000 Michal Feèkan: Transversal bounded solutions for di¸erence equations 21/1999 Roman Friè:Lukasiewicz tribes are absolutely sequentially closed bold algebras 20/1999 Miroslav Repický: Spaces not distinguishing convergences 19/1999 Beloslav Rieèan: On the probability theory on MV algebras 18/1999 Beloslav Rieèan, Jozefína Petrovièová: Kolmogorov-Sinai theorem for fuzzy T -dynamical systems 17/1999 Beloslav Rieèan: On a Banach space valued observables 16/1999 Michal Feèkan: Criteria on the nonexistence of invariant submanifolds for dynamical systems 15/1999 Anatolij Dvureèenskij : On Loomis-Sikorski’s theorem for MV-algebras and BCK-algebras 14/1999 Otakar Groźek, Ladislav Satko, Karol Nemoga: ZKDWCNDPDC... 13/1999 Otakar Groźek, Karol Nemoga, Ladislav Satko: A remark to Luby-Racko¸ and Ueli M. Maurer pseudorandom generators 12/1999 Beloslav Rieèan: On the sum of observables in product MV algebras 11/1999 Peter Eliaź: A hierarchy of thin sets related to the boundedness of trigonometric series 10/1999 Miloslav Duchoò, Peter Malièký: On Herglotz theorem in partially ordered vector spaces